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Abstract. 
For the purpose of improving the damage localization accuracy, a prewarping technology is combined with step pulse excitation and this method is used in Lamb wave imaging of plate structures with adjacent damages. Based on the step pulse excitation, various narrowband or burst response can be derived by signal processing technology and this method provides flexibility for further prewarping approach. A narrowband signal warped with a preselected distance is then designed, and the dispersion in the response of this prewarping signal will be greatly reduced. However, in order to calculate the distance for prewarping, the first arrival needs to be estimated from the burst response. From the step-pulse response, narrowband responses at different central frequencies can be obtained, and by averaging peak-value time of their first arrivals, a more accurate estimation can be calculated. By using the prewarping method to the damage scattering signals before imaging, the imaging resolution of the delay-and-sum method can be highly enhanced. The experiment carried out in an aluminum plate with adjacent damages proves the efficiency of this method.



1. Introduction
Lamb waves can travel over large distances with little energy loss and have high sensitivity to structural damages, which make them very suitable in structural health monitoring (SHM) to detect damages in plate-like structures [1–3]. A sparse matrix of transducers formed by piezoelectric wafers is enough to monitor a relatively large structure in SHM. Generally, damages are identified with certain imaging technology in Lamb wave defect detection [4–8]. Among all these imaging technologies, delay-and-sum algorithm is quite suitable for SHM imaging, because only a sparse PZT array is needed in this method.
In the delay-and-sum method, damage scattering signals obtained by subtracting the baselines from the damage signals are used for imaging. Although the signals of direct arrival and reflections from edges are removed in the damage scattering signals, imaging results are still greatly affected by the multimode and dispersion characteristic of Lamb waves, especially when there are adjacent damages.
By using low frequency burst wave as excitation, the number of Lamb wave modes can be reduced. Furthermore, with the frequency turning theory [9] or the double-side excitation method [10], one dominant mode can be selected. However, even for the single-mode signals of narrow band, the dispersive wave packets still spread out in time and space with their waveforms distorted as they propagate [11]. When there are adjacent damages, the wave packets from different damages will overlap with each other and the location of damages in the imaging results can hardly be identified. In order to improve the damage localization accuracy and enhance the spatial resolution of the imaging results, the dispersion effect must be suppressed.
The dispersion effect is caused by the nonideal transfer function of the propagation path; if we know this transfer function, we can use it reversely to compensate the dispersion. From the view point of signal selection, Lamb wave dispersion can be compensated by employing specific excitation signal. In this paper, a narrowband signal warped with a preselected distance is generated and applied as excitation in the detection. The warping function is derived from the wavenumber of the Lamb wave, and the dispersion in the response of this prewarping signal will be significantly reduced; even the wave packets from adjacent damages can also be clearly separated.
In order to calculate the distance for prewarping, the arrival time of the first peak in the damage scattering signal must be identified. Multifrequency responses and averaging method are used here to improve the estimation accuracy. According to the theory of signal and system, the response of arbitrary excitation signal can be calculated by the convolution of impulse response with this excitation. As the impulse response is the first-order derivative of step response, various narrowband responses including the response of the prewarping signal can all be derived from a one-time measurement of the step response. This technology brings much more flexibility in designing excitation signals and obtaining their responses. By combining this prewarping method with the delay-and-sum imaging method, the resolution of damage locations in Lamb wave imaging can be highly enhanced. Both the compensation result and the imaging result in an aluminum plate with adjacent damages show the efficiency of this method.
2. Dispersion Compensation with Prewarping and Step Pulse Excitation
2.1. Dispersion Effect of Lamb Waves
Assuming that there is only  mode propagating in the structure, for a transducer pair  composed of two PZT wafers, when  is applied with a burst wave , the direct arrival received by  in frequency domain can be described as
								
							where  is the Fourier transform of ,  is the distance between  and , and  is the wavenumber of the structure. As the wavenumber changes nonlinearly with frequency, dispersion is generated, and it will become more serious when the propagation distance increases. Figure 1 shows the theoretical wavenumber of  mode in an aluminum plate 1.5 mm thick. The nonlinearity in its low frequency part is particularly obvious.




	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
			
		
		


Figure 1: The wavenumber in an aluminum plate 1.5 mm thick.


In Lamb wave defect detection, damage scattering signal is usually used. Considering that there are two damages in the structure, and the propagation distances from  to  through the two damages are  and , respectively, then the main wave packets in the damage scattering signals can be expressed as
								
If  and  are close, the two wave packets will overlap together because of dispersion. Figure 2 shows the time-domain dispersive wave packets calculated from (2) and the inverse Fourier transform for a 3-cycle burst wave with the central frequency of 100 kHz when  and  are 0.6 m and 0.7 m, respectively. Due to the dispersion effect, the wave packets at the two propagation distances overlap with each other. The time-frequency representation of the wave packets is shown in Figure 3. We can see that frequency components of the two wave packets are warped with time and mixed together on the time-frequency plane because of dispersion. As the time-of-flight (TOF) of the wave packets cannot be extracted from the results in Figure 2 or Figure 3, the location of damages cannot be determined.




	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
	


Figure 2: The sensing signal calculated with (2) for a 100 kHz 3-cycle burst wave.






	
	
		
			
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
		
		
		
		
		
			
	


Figure 3: Time-frequency representation of wave packets in Figure 2.


2.2. Dispersion Compensation with the Prewarping Method
We can see from (1) that two factors are contained in the sensing signal of Lamb wave, one is the excitation signal  and the other is the phase-delay factor . By removing the phase-delay factor, the dispersion can be eliminated. As the wavenumber  is determined by the structure, it is preferred to reduce the distance  to suppress the dispersion. Considering a signal which can be expressed as
								
							then its response will be
								
The dispersion in (4) will be reduced when  is growing and can be completely eliminated if  is the same as . The result in (4) shows that the dispersion in the received signals can be suppressed by employing a prewarping signal as excitation.
When the prewarping signal is used as excitation, the extracted damage scattering signal will become
								
The compensation effect will be greatly influenced by the preselected distance . In the situation of adjacent damages,  and  are close, and the dispersion must be reduced as much as possible, so that the wave packets from different damages can be clearly separated. Practically, it is impossible to obtain the exact value of  or , but an approximate distance can be estimated from the extracted damage scattering signal in (2), as the main wave packets are from the damage area.
Figure 4 shows the envelope of the overlapped wave packets in Figure 2. The peak value of the envelope represents the most serious overlap part of the two damages, which can be used to estimate the distance for prewarping:
								
							where  is the group velocity at the central frequency of the narrowband excitation signal. The time of the peak value in Figure 4 is 315.3 μs, and the group velocity at the central frequency of 100 kHz is 2190 m/s, so the preselected distance  is about 0.69 m. Then the prewarping signal can be generated with this distance, which is shown in Figure 5. The response of this prewarping signal calculated with (5) is shown in Figure 6, and the time-frequency representation is shown in Figure 7. Compared to the result in Figure 2, the dispersion in Figure 6 is significantly reduced, and the two wave packets can be clearly distinguished. The time-frequency characteristic in Figure 7 is greatly improved. From the compensated result in Figure 6, TOF can be extracted and be used to determine the exact location of damages.




	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
			
		
		
			
	


Figure 4: The envelope of the wave packets in Figure 2.






	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
	


Figure 5: The prewarping signal with preselected distance of 0.69 m.






	
	
		
		
		
		
		
		
		
		
		
		
		
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
	


Figure 6: The response of the prewarping signal in Figure 5.






	
	
		
			
		
		
		
		
		
		
		
		
		
		
		
		
		
			
	


Figure 7: The time-frequency representation of the signal in Figure 6.


2.3. Realization of the Prewarping Method with Step Pulse Excitation
From the above discussion we can see that both  and  are needed to be applied as excitation in the prewarping method, which is complicated and time consuming. In order to simplify the process, as well as to further improve the localization accuracy, step pulse is brought in and employed as excitation in the realization of the prewarping method.
According to the theory of signals and systems, the response of arbitrary signal  can be calculated with the impulse response  as
								
							where the asterisk represents the convolution operation. In frequency domain, (7) is transferred to
								
It is difficult to generate an impulse pulse with the signal generator, but the impulse response can be expressed as the first order derivative of the step-pulse response, which is
								
							where  is the step-pulse response. From this point of view, step pulse can be applied as excitation to generate the impulse response.
Equation (8) shows that the response of both  and  can be obtained by calculation, and repetitive experiments can be avoided. Meanwhile, in the step of selecting the distance for prewarping, burst wave with different central frequencies can be employed, and the following equation is used to extract the distance for prewarping:
								
							where  is the number of the selected central frequencies,  is th selected central frequency, and  is the group velocity at this central frequency.
When step pulse is employed as excitation signal, the final compensated damage scattering signal in frequency domain can be expressed as
								
							where  is the Fourier transform of the broadband damage scattering signal :
								
							where  and  are the step-pulse response in damaged and healthy mode, respectively. As both of  and  are measured by experiment,  is also a measured signal.
According to (7), the time-domain signal of (11) can be expressed as
								
							where  is the time-domain prewarping signal, which can be obtained by
								
							where  represents the inverse Fourier transform. From (13) we can see that only the step-pulse response needs to be measured in the realization of the prewarping method with step pulse excitation; the prewarping signal  is just used for convolution, which means it is not necessary to be generated; an ideal one calculated by (14) would be appropriate. Besides, the central frequency  of the burst wave  used in (14) can also be adjusted, which offers flexibility in selecting proper frequency for different structures.
In summary, the realization of the prewarping method with step pulse excitation needs three steps. Firstly, step pulse is applied as excitation in both healthy mode and damaged mode, and the broadband damage scattering signal  is extracted from the received signals. Secondly, the response of the burst wave  is calculated with (7), and the distance for prewarping is estimated with (10); then the prewarping signal  can be obtained. Lastly, the response of the prewarping signal is calculated with (13). The dispersion in the signal calculated with (13) will be significantly reduced and even the location of adjacent damages can be accurately identified.
3. Modified Delay-and-Sum Imaging Method
The delay-and-sum method is a simple and effective imaging method widely used in Lamb wave imaging. In this method, the detected structure is discretized to many grids, and each grid point is assumed as a reflection source. When an excitation signal is applied at a transducer , the signals received by  are supposed to be a superposition of signals reflected from all the discrete points on the structure. For a point , the traveling time of the path  can be calculated by
						
					where  is the reference time,  is the group velocity at the central frequency of the narrow band signal, and  is the length of the propagation path , which is
						
In Lamb wave defect detection, the envelope of the damage scattering signal is extracted at the first step. Then each point on the envelope is mapped to its corresponding grid in the structure according to (15) and (16). If the grid is a real flaw point, its value will be enhanced by superposition of the test results of several detection paths (with different  and ); otherwise its value will be reduced by averaging, as is shown in Figure 8. The image value at grid point  is determined by the following delay-and-sum method:
						
					where  is the envelop of the damage scattering signal extracted from transducer pair . The final image will automatically focus on the real damage point by using (17).




	
	
		
		
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
			
				
					
				
					
				
			
		
		
			
				
			
			
		
	


Figure 8: Illustration of delay-and-sum imaging.


As has been pointed out, the dispersion effect will elongate the wave packets, and the imaging effect of traditional delay-and-sum method will be greatly influenced. In order to improve the resolution, the prewarping method can be employed before imaging. As the dispersion can be significantly reduced with the prewarping method, the imaging resolution can be highly improved. With the compensated damage scattering signal , the imaging value at  will become
						
4. Experimental Verification
4.1. Experimental Setup
An aluminum plate with the size of 1000 mm × 1000 mm × 1.5 mm is tested in experiment. Eight PZT wafers controlled by a switch matrix are mounted on the plate to form the detector array. The diameter of each PZT is 8 mm and its thickness is 0.48 mm. Two identical hexagonal hollow screws with circumcircle diameter of 1 cm are bonded on the plate to simulate adjacent damages. The location of PZT wafers () and the damages (, ) are shown in Figure 9. The coordinates of the two damages are (10 mm, −90 mm) and (80 mm, −30 mm), respectively.




	
	
		
			
		
		
		
			
				
					
				
					
				
				
					
				
			
		
		
		
			
				
					
				
					
				
				
					
				
			
		
		
			
			
			
			
			
			
			
			
		
		
		
		
			
				
					
				
					
				
			
		
		
			
				
					
				
					
				
			
		
		
			
				
					
				
					
				
			
		
		
			
				
					
				
					
				
			
		
		
			
				
					
				
					
				
			
		
		
			
				
					
				
					
				
			
		
		
			
				
					
				
					
				
			
		
		
			
				
					
				
					
				
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
	


Figure 9: Configuration of the specimen.


A step pulse with rise time of 0.25 μs shown in Figure 10 is produced by a LAI200-ISA arbitrary wave generator and amplified by a power amplifier to enlarge the monitoring area in the plate. According to the frequency turning theory,  mode will be dominant when the central frequency is below 105 kHz, and the sensing signal can be treated as single-mode signal, so the burst waves with the central frequencies of 50 kHz, 60 kHz, 80 kHz, and 100 kHz are selected to estimate the distance for prewarping, and the burst wave with the central frequency of 100 kHz is used to obtain the prewarping signal.




	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
			
	


Figure 10: The step pulse excitation used in the experiment.


The frequency constant of the PZT wafer is 2000 Hz·m, which means that its radial resonance frequency is about 250 kHz. Although the central frequencies used for obtaining the prewarping signal in the experiment are a little lower, they are still within the effective working range of the PZT wafer. Besides, both the excited and received signals are amplified with the amplifier to make sure that the collected signals are strong enough.
4.2. Compensation Effect of the Prewarping Method
The step pulse is applied at transducer , and  is selected to receive the response signals. Both healthy mode and damaged mode are tested. The broadband damage scattering signal calculated with (12) is shown in Figure 11(a). It can be converted to the response for the burst wave by (7). The envelopes of the calculated narrowband response at the selected central frequencies are shown in Figure 11(b). As the amplitude of all the envelopes between 650 mm and 900 mm is larger than other areas, the location of damages should be in this range. However, neither of the two damages can be exactly localized from the envelope because of dispersion. By selecting the max value at each central frequency, the distance for prewarping can be calculated with (10), which is 814.7 mm here. Then the prewarping signal with the central frequency of 100 kHz is generated, and the result is shown in Figure 11(c). By calculating the convolution of the prewarping signal in Figure 11(c) with the broadband damage scattering signal in Figure 11(a), the compensated damage scattering signal can be obtained, which is shown in Figure 11(d). We can see that both of the two damages can be clearly identified in Figure 11(d), which means that the prewarping method can effectively compensate the dispersion and improve the localization accuracy of damages.
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(d)
Figure 11: Compensation effect of the prewarping method. (a) The broadband damage scattering signal of . (b) Envelopes of the response for burst wave at selected central frequencies. (c) The generated prewarping signal with the central frequency of 100 kHz. (d) Compensation result of the prewarping method.


4.3. Imaging Results
Transducers  to  in Figure 9 are applied with the step pulse in turn, and the remaining transducers are used to receive signals each time. The damage scattering signals of all the transducer pairs are extracted and compensated with the prewarping method; then damage imaging results based on the traditional delay-and-sum method and the modified method can be obtained with (17) and (18), respectively, which are shown in Figure 12. “” shows the exact locations of damages.
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(b)
Figure 12: Imaging results. (a) Imaging result of the traditional delay-and-sum method. (b) Imaging result of the modified delay-and-sum method.


Because of dispersion, the hot spots corresponding to the two damages in Figure 12(a) are extended and mixed to an unclear bright area. However, by using the prewarping method before imaging, the spatial resolution can be greatly improved. The two damages in Figure 12(b) can be clearly identified and the centers of the hot spots locate exactly at the real damage points. The imaging results in Figure 12 show that the prewarping method can significantly improve the damage localization accuracy and enhance the damage imaging resolution.
5. Conclusion
A prewarping method is proposed to improve the damage localization accuracy in Lamb wave imaging. A narrowband signal warped with a preselected distance is generated; the dispersion in the response of this prewarping signal will be greatly reduced after propagation in the tested structure. In order to simplify the process, step pulse excitation is selected, and all the narrowband responses used in the prewarping method can be obtained from the step-pulse response by convolution. By using prewarping method to the damage scattering signals before imaging, the imaging resolution of the delay-and-sum method can be highly enhanced. The experiment carried out on an aluminum plate with adjacent damages shows the efficiency of this method.
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