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The investigation of the effects ofmass eccentricity on stability of a gravity dominated cracked Jeffcott rotor would generally provide
practical applicability to crack detection and instability control of the heavy loading turbo-machinery system. Based upon the
numerical Floquet method, the stability and bifurcations of the periodic time-dependent rotor with a transverse breathing crack
are studied with respect to the varied mass eccentricity at different rotation speed, and the stability diagrams in the parameter plane
are obtainedwhich the previous studies have not covered.Thenumerical response of the cracked rotor system is also analyzed by the
frequency spectrum to present the vibration characters while the rotation speed approaches the critical ratio.The detailed numerical
eigenvalues of the transition matrix are applied to analyze the types of the bifurcations of the cracked rotor system. Three types of
bifurcations are found and responses of the cracked rotor system at these bifurcations are presented for the visualized comparisons.

1. Introduction

Fatigue cracks of rotating machinery shaft might lead to
catastrophic accidents. Dynamic characteristics of cracked
rotor have been studied in the last three decades [1, 2]. Many
factors can affect the stability of the cracked rotor system,
such as crack depth ratio, crack position, the system damping
ratio, mass eccentricity, and unbalance orientation angle.
Although there are many researches of the influential param-
eters such as the crack depth ratio and damping ratio [3–8],
as for heavy loading turbo-machinery system, the breathing
cracked rotor coupled with mass eccentricity, which may
excite abundance unstable behavior and bifurcations during
the horizontal rotating motion, is in need of consideration.

As the motion equations of the cracked rotor systems are
nonlinear and nonautonomous differential equations due to
the open-close of the crack during the rotation of the rotor,
the response is analyzed by means of the qualitative theory
of nonlinear dynamics [9]. In the survey of Genesio [10],
the existing methods on estimation of the region of asymp-
totic stability for continuous, autonomous, and nonlinear
systems are mainly the perturbation methods to numerically

approach to stability border lines. But owing to theoretical
idealized setting, the approximation appears to be quite
hard to be applied to more complicated rotor models with
multivaried parameters.

Based on the stability analyses of higher linear differential
equations with periodic coefficients [11], Meng and Gasch
[3] and Untaroiu et al. [4] explored its applications to
cracked rotor system. The transition matrix approach based
on Floquet theorem, instead of perturbation methods, was
employed to make the analysis of stability of a cracked rotor
system. Bymeans of evaluating the eigenvalues of the Floquet
transition matrix, Guo et al. [5] investigated the effect of
damping on the instability regions of a cracked rotor system
in the complex plane, and Chu et al. [6–8] examined the
effects of crack depth and position on the instability of
multidisk cracked rotors and slant cracked rotors. The works
show that the stability degree (determined by the eigenvalues
of the Floquet transition matrix) can act as an efficient index
to analyze the stability and bifurcation of a cracked rotor
system.

On the other hand, in the field of numerical simulations
of the response of a cracked rotor, scientists tried to find
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some more efficient ways to express the breathing motion
of the rotating cracked rotor. There are primarily two types
of cracks which are studied in the literature. They are called
both open crack and breathing crack model [12–16]. The
open crack model, which is considered to be more suitable
for the small mass rotor (less than 10 kg) with a relatively
high rotation speed, is proposed as the stiffness asymmetry
rotors approached by Chu et al. [7, 17] and Genesio et al.
[10]. As for the crack on the large quantity (larger than
20 kg) rotors, which are normally operating on a relatively low
speed, usually breath from closed state in the compression
zone to open state in tension zone is the case for breathing
crack model [15, 16].

Bachschmid et al. [12–15] proposed the breathing cracked
model as the coefficients of the Fourier series based on the
finite element models to simulate the dynamic response of
the actual experimental rotors. But the complicate calcula-
tion limits its application in the Jeffcott model. Mayes and
Davies [16] presented a classical form for the breathing crack
function to simulate the actual breathing behavior, which is
assumed to be a more feasible approximation process for the
cracked rotor systems.

Although the breathing mechanism in rotating shafts can
be accurately reproduced by 3D nonlinear finite element
models, Bachschmid et al. [13, 14] showed that a simple
approximate model can also accurately simulate the breath-
ing behavior of the rotating cracked rotor. Han [18] and
Patel and Darpe [19] showed that the method based on
fracture mechanics, using stress intensity factors and the
energy release rate to calculate the stiffness, combined with a
breathing function, can increase the efficiency of the dynamic
analysis. Bifurcation diagram, orbit plot, and Poincare map
were employed to investigate the numerical simulation of
transient response of the cracked rotor system to find the
nonlinear dynamic characteristic of the cracked rotor [20–
24] based on the two basic model of open-close cracked
rotor, both switching and breathing models. These studies
exhibited the splendid visualized comparisons and provide
the nonlinear signals directly for monitoring and diagnosing
fault of rotating machines. The nonlinear signals of the
harmonically varying stiffness breathingmodelswere showed
to be in high compliance with the actual experimental rotors.

In view of the accurate actual experimental crack model,
the previous researches of stability analyses of multidegree-
of-freedom rotor system are mainly limited to investigate the
influence of the crack depth ratio and the system damping
ratio on the stability of cracked rotor system [3–8, 17, 25].
In fact, there are many other factors influencing the stability
degree and stable region of the vibration dynamic of a
rotating cracked rotor.Mass eccentricity is another important
parameter that has significant influence on the stability of
gravity dominated cracked rotor dynamic system. In prac-
tical experience, the mass eccentricity can be detected and
modified by attaching an additional massive on the rotating
machinery shaft. The research on the influence of varied
mass eccentricity on the stability and bifurcations at the
critical value of stability degree of cracked rotor is necessary
to improve the understanding of the nonlinear dynamic
characters of the cracked rotor system and consequently may

help in the identification of cracks in rotatingmachinery.The
study is presented as follows.

Firstly, we facilitate the evaluation of the transitionmatrix
by calculating the stability degree of periodic vibration based
on transient response. Secondly, in order to generate the
transient response of the cracked rotor system in high com-
pliance with the actual experimental rotors, the crack model
is simulated by using stress intensity factors and the energy
release rate to calculate the harmonically varying stiffness
combinedwith a breathing function to describe the breathing
motion during the rotating of the cracked rotor with weight
dominance. Consequently, we apply the improved numerical
transition matrix approach method to examine the dynamic
response of a rotating rotor with a transverse breathing crack.
We exhibit the influence of the varied mass eccentricity on
the stability of the breathing cracked rotor system in different
rotation speed in a stability diagram in the parameter plane.
The numerical response of the cracked rotor system is also
analyzed by the frequency spectrum to present the vibration
characters, as the rotation speed approach the critical rotation
speed, to view the differences between the dynamics of
cracked and uncracked shaft which may cause the change
of stabilities. Finally, the detailed numerical eigenvalues of
the transition matrix are applied to analyze the types of the
bifurcations in the response of the cracked rotor system.
Three types of bifurcations are found and responses of the
cracked rotor system at these bifurcations are presented to for
the visualized comparisons.

2. Transition Matrix Approach Method Based
on the Floquet Theory

2.1. Stability Degree of Periodic System. Given a nonlinear
nonautonomous dynamic system described by the equation,

𝑑𝑥

𝑑𝑡
= 𝐹 (𝑥, 𝑡) . (1)

(𝑥, 𝑡) ∈ 𝑅
𝑛

×𝑅,𝑥 is the state vector, and𝐹(𝑥, 𝑡) is a periodic
function of 𝑡 with the rotation period 𝑇. Suppose that 𝑥∗(𝑡)
is the periodic solution of this nonlinear system with period
𝑇. The linear approximate disturbing equation is obtained by
putting a perturbation 𝛿𝑥(𝑡) to 𝑥∗(𝑡) where 𝑥(𝑡) = 𝑥

∗

(𝑡) +

𝛿𝑥(𝑡):

𝛿�̇� = 𝐴 (𝑡) 𝛿𝑥 (𝑡) , (2)

where𝐴(𝑡+𝑇) = 𝐴(𝑡). Suppose thatΦ(𝑡) is the basic solution
matrix of (2); by the Floquet theory [10, 11], we have

Φ (𝑡 +𝑇) = Φ (𝑡) 𝐵, (3)

where 𝐵 is the Floquet matrix.Then all solutions of (2) can be
expressed as

𝜑 (𝑡 +𝑇) = 𝐵𝜑 (𝑡) = Φ (𝑡 +𝑇)Φ
−1
(𝑡) 𝜑 (𝑡)

= Φ (𝑡)Φ
−1
(𝑡) 𝜑 (𝑡) .

(4)
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Then the perturbation 𝛿𝑥(𝑡) to 𝑥∗(𝑡) is

𝛿𝑥 (𝑡 +𝑇) = Φ (𝑡) 𝐵Φ
−1
(𝑡) 𝛿𝑥 (𝑡) ,

𝛿𝑥 (𝑡 + 2𝑇) = Φ (𝑡) 𝐵Φ−1 (𝑡) 𝛿𝑥 (𝑡 +𝑇) ,

.

.

.

𝛿𝑥 (𝑡 + 𝑛𝑇) = Φ (𝑡) 𝐵Φ
−1
(𝑡) 𝛿𝑥 (𝑡 + (𝑛 − 1) 𝑇) ;

(5)

let 𝑆 = [𝛿𝑥(𝑡 + 𝑇), . . . , 𝛿𝑥(𝑡 + 𝑛𝑇)][𝛿𝑥(𝑡), . . . , 𝛿𝑥(𝑡 + (𝑛 −

1)𝑇)]−1; from (5), we have 𝑆 = Φ(𝑡)𝐵Φ(𝑡)
−1. Matrix 𝑆 has

same eigenvalues with the Floquet matrix 𝐵, which are called
Floquet multipliers. By [9–11], we know the fact that the
system is Lyapunov stable if the modulus of all multipliers
are less than or equal to 1 (the algebraic multipliers of all
the eigenvalues with modulus 1 equal to their geometric
multipliers) and unstable if there is at least one of the Floquet
multipliers that has modulus greater than one.

The stability degree of the periodic system (1) is defined
as [11]

𝜆 = −
1
𝑇
ln (max 𝜇𝑖

) , (6)

where 𝜇
𝑖
(𝑖 = 1 ⋅ ⋅ ⋅ 𝑛) are Floquet multipliers, which are

eigenvalues of the discrete state transition matrix 𝑆(𝑡). It
is obvious that the stability degree acts as an index to
point out the stability of the periodic motion. The system
is stable as 𝜆 > 0 and unstable as 𝜆 < 0. 𝜆 = 0
denote a critical state of the system. We can use a simplified
numericalmethod to determine the characteristicmultipliers
in practical computation as follows.

2.2. A Numerical Method of Calculation of State Transition
Matrix of Periodic Solution. To express 𝛿𝑥(𝑡) by 𝑥(𝑡) will
be more convenient in the measurement in engineering.
Considering the periodic property of 𝑥∗(𝑡), we have the
following equations:

𝑥 (𝑡) = 𝑥
∗

(𝑡) + 𝛿𝑥 (𝑡) ,

𝑥 (𝑡 + 𝑇) = 𝑥
∗

(𝑡) + 𝛿𝑥 (𝑡 +𝑇) ,

.

.

.

𝑥 (𝑡 + 𝑛𝑇) = 𝑥
∗

(𝑡) + 𝛿𝑥 (𝑡 + 𝑛𝑇) .

(7)

Obviously,

𝐻(𝑘) = 𝛿𝑥 (𝑡 + (𝑘 + 1) 𝑇) − 𝛿𝑥 (𝑡 + 𝑘𝑇)

= 𝑥 (𝑡 + (𝑘 + 1) 𝑇) − 𝑥 (𝑡 + 𝑘𝑇)
(8)

for 𝑘 = 0, . . . , 𝑛. Considering (5), we have

𝐻(𝑘+ 1) = Φ (𝑡) 𝐵Φ (𝑡)−1𝐻(𝑘) . (9)

And the eigenvalues of matrix Γ(𝑡) = [𝐻(1), . . . , 𝐻(𝑛)][𝐻(0),
. . . , 𝐻(𝑛 − 1)]−1 are also the Floquet multipliers. The infor-
mation of 𝑥(𝑡) can be obtained by numerical integration of

Integral of the response trajectory at differential initial 

speed

Calculate the stability degree of the periodic 
transient numerical solution in each initial condition

No

Yes

Out-putting the boundaries of the stable region and 
analyzing the behaviors of bifurcations at the 

boundaries

|𝜆| = 0

time for n periods at the corresponding rotation

Figure 1: Procedures in estimation of stability of a nonlinear
dynamic system.

the motion equations of the rotor system or be measured in
practical engineering. So it will be a convenient method to
evaluate the Floquet multipliers based on transient response.
The procedures in estimation of stability of a nonlinear
dynamic system based on the transient response are shown
as the following strategies in Figure 1.

3. Crack Breathing Models

Figure 2 shows a Jeffcott rotor of which having the disc mass
𝑚 in the center 𝑜 of the shaft with length 𝐿 is assumed to be
fixed on rigid bearing supports. The transverse crack in the
middle of the span of the shaft with depth 𝑎 is deemed to
be smooth on the edge. 𝑜𝑋𝑌𝑍 are the stationary coordinates,
where 𝑜𝑋 is the axial direction and 𝑜 − 𝑌𝑍 is the stationary
coordinates in the cross section plane of the cracked shaft. 𝑜−
𝜉𝜂 is the rotating coordinates in the crack cross section where
𝑜𝜉 is supposed to be the crack direction. 𝜀 is the unbalance
eccentricity of the disc; 𝛽 is the unbalanced oriented angle
measured from the crack direction 𝑜𝜉; and Ω is the rotation
speed.

The crack on the shaft is assumed to be breathing from
completely close in the compression zone to open gradually
in tension zone. Different from the rough approach to the
breathing behavior of the rotating cracked rotor, switch
model, on which the crack is assumed to be in either fully
open state or fully close state, the breathing crackmodel takes
the partial opening and closing state into account [9, 13, 16,
18, 19]. In the breathing crack model, the stiffness of a shaft
varies periodically during the revolutionwith the domination
of gravitational force and the unbalance deviation from crack
plane.

3.1. The Stiffness Models for a Cracked Rotor. Suppose that 𝑘0
is the stiffness of the uncracked shaft, and the reduced amount
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Figure 2: Stationary and rotational coordinates of a crack in a Jeffcott rotor.

of the stiffness in 𝜉 and 𝜂 directions is Δ𝑘
𝜉
and Δ𝑘

𝜂
, and then

the stiffness of the cracked shaft in the rotational coordinates
can be expressed as follows:

(
𝑘
𝜉

0
0 𝑘
𝜂

) = (
𝑘0 0
0 𝑘0

)−Ξ (𝜉)(
Δ𝑘
𝜉

0
0 Δ𝑘

𝜂

) , (10)

where Δ𝑘
𝜉
= 𝑘0 − �̂�𝜉 and Δ𝑘𝜂 = 𝑘0 − �̂�𝜂. �̂�𝜉 and �̂�𝜂 are

the stiffness of the cracked shaft in 𝜉 and 𝜂 direction. Switch
function is denoted by Ξ(𝜉) to describe the breathing motion
of the cracked rotor.

In the actual operation, switched function jumps from 1
to 0 to express the motion of the cracked rotating rotor from
the fully opened crack to fully close crack. The response in 𝜉
direction is the independent variable of the switch function,
Ξ(𝜉) = sign(𝜉), which means that the crack is open when the
response of rotor centre along crack direction 𝜉 is positive and
closed when it is negative.

Although the switching model is the simplest expression
of a breathing crack [4, 19, 24, 25], it is considered that the
switching model is more adaptive for the very small cracks
than a common case [17, 21, 24]. In addition, the switch
function is response-dependent function resulting nonlinear
motion equations which are too abrupt to be analysed as a
periodic-time dependent system.

Utilizing the model methods, a harmonic model pro-
posed by Mayes and Davies [16] expresses the smooth
transition between the opening and closing of the breathing
crack, Ξ(Ω) = (1 + cos(Ω + 𝛽))/2, where Ω = 𝜔(𝑡), which is

assumed to be the suitablemodel for the larger cracks, and the
partial opening and closing states are also taken into account.

Cheng et al. [26] proposed a the breathing function based
on the strain energy release rate method, which can be
expressed as higher order harmonics of (1 + cos(Ω + 𝛽)),
and the nonlinear signals of the higher order harmonically
varying stiffness breathing models is showed to be highly
compliance with the actual experimental rotors [18, 19, 26].

Therefore we use the 5th order harmonic model to
simulate the breathing motion of the cracked rotor system as
the following form:

Ξ (Ω) =
1 + cos (Ω + 𝛽)

2
− 4.012(

1 + cos (Ω + 𝛽)

2
)

3

+ 9.913(
1 + cos (Ω + 𝛽)

2
)

5

.

(11)

Then the stiffnessmatrix in the stationary coordinates can
be expressed as follows:

𝐾 = 𝑇
−1
(
𝑘
𝜉

0
0 𝑘
𝜂

)𝑇, (12)

where the transformation matrix is 𝑇 = (
cos(Ω) sin(Ω)
−sin(Ω) cos(Ω) ) and

the periodic time-dependent form of stiffness matrix is sim-
plified as follows:

𝐾 = (
𝑘0 0
0 𝑘0

)−
1
2
Ξ (Ω)(

2𝑘0 − �̂�𝜉 − �̂�𝜂 + (�̂�𝜂 − �̂�𝜉) cos (2Ω) (�̂�
𝜂
− �̂�
𝜉
) sin (2Ω)

(�̂�
𝜂
− �̂�
𝜉
) sin (2Ω) 2𝑘0 − �̂�𝜉 − �̂�𝜂 − (�̂�𝜂 − �̂�𝜉) cos (2Ω)

) . (13)
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3.2. The Equations of Motion of a Rotating Cracked Rotor.
The equations of motion of a rotating cracked rotor with the
rotation speed Ω are constructed under the disk stationary
coordinates as shown in the following [9, 16]:

𝑀�̈�+𝐶�̇� +𝐾𝑥 = 𝐺+𝑓, (14)

where 𝑥 is the position vector 𝑥 = ( 𝑌
𝑍
);𝑀 is the mass matrix

of rotor system 𝑀 = (𝑚 0
0 𝑚 ); 𝐶 is the damping matrix 𝐶 =

( 𝑐 00 𝑐 );𝐾 is the stiffnessmatrix showed in (13);𝐺 = ( −𝑚𝑔0 ), and
𝑓 = 𝑚𝜀𝜔

2
(
cos(Ω+𝛽)
sin(Ω+𝛽) ) where 𝜀 is the unbalance eccentricity of

disc.
We simplify the above equations to the dimensionless

form as follows:

�̈� + 2𝜁𝜄�̇� + [(
(𝜄)

2 0

0 (𝜄)
2)

−Ξ (Ω)(
𝛿1 + 𝛿2 cos (2Ω) 𝛿2 sin (2Ω)
𝛿2 sin (2Ω) 𝛿1 − 𝛿2 cos (2Ω)

)]𝑥

= 𝑒(
cos (Ω + 𝛽)

sin (Ω + 𝛽)
)−(

(𝜄)
2

0
) ,

(15)

by using following nondimensional parameters:
𝑥 = ( 𝑌

𝑍

) = (
𝑌/𝜎

𝑍/𝜎
), 𝜁 = 𝑐/2√𝑘0𝑚, Ω = 𝜔𝑡, 𝑒 = 𝜀/𝜎, 𝛿1 =

2(𝜄)2 − (𝛿
𝜉
)
2
− (𝛿
𝜂
)
2, 𝛿2 = (𝛿𝜂)

2
− (𝛿
𝜉
)
2, 𝜄 = 𝜔0/𝜔, 𝛿𝜉 = 𝜔𝜉/𝜔,

𝛿
𝜂
= 𝜔
𝜂
/𝜔, where 𝜎 = 𝑚𝑔/𝑘0, 𝜔0 = √𝑘0/𝑚, 𝜔

𝜉
= √�̂�

𝜉
/𝑚,

𝜔
𝜂
= √�̂�
𝜂
/𝑚.

4. Dynamic Analysis of Cracked Rotors

The dimensionless equations of motion equation (15) is
solved by Runge-Kutta fourth-order numerical integration

methodwith physical rotor parameters [17–19] for the numer-
ical simulations shown as follows: shaft diameter, 𝐷 =

135mm; length, 𝐿 = 627mm; disk mass, 𝑚 = 34.2 kg;
damping ratio, 𝜁 = 0.01.

The stiffness coefficients in the rotational frame are
calculated by the flexibility values of shaft [27], as follows:

�̂�
𝜉
=

𝐶
𝜂

𝐶
𝜉
𝐶
𝜂
− (𝐶
𝜉𝜂
)
2 ,

�̂�
𝜂
=

𝐶
𝜉

𝐶
𝜉
𝐶
𝜂
− (𝐶
𝜂𝜉
)
2 ,

(16)

where𝐶
𝜉
and𝐶

𝜂
are the flexibility of the cracked shaft in 𝜉 and

𝜂 direction and 𝐶
𝜉𝜂
and 𝐶

𝜂𝜉
is the the coupling flexibility:

𝐶
𝜉
= 𝐶0 +

32
𝐷2 ∫
ℎ/𝐷

−ℎ/𝐷

∫

𝑎/𝐷

0
[1−(2𝑤

𝐷
)

2
] (

2𝛼
𝐷
)

⋅ 𝐹
2
1 (

𝛼

ℎ
) 𝑑𝑤𝑑𝛼,

𝐶
𝜂
= 𝐶0 +

64
𝐷2 ∫
ℎ/𝐷

0
∫

𝑎/𝐷

0
(
2𝑤
𝐷
)

2
(
2𝛼
𝐷
)

⋅ 𝐹
2
2 (

𝛼

ℎ
) 𝑑𝑤𝑑𝛼,

𝐶
𝜉𝜂
= 𝐶
𝜂𝜉
=

32
𝐷2 ∫
ℎ/𝐷

−ℎ/𝐷

∫

𝑎/𝐷

0
√1 − (2𝑤

𝐷
)

2
(
2𝑤
𝐷
)

⋅ (
2𝛼
𝐷
)(𝐹1 (

𝛼

ℎ
))(𝐹2 (

𝛼

ℎ
))𝑑𝑤𝑑𝛼,

(17)

where ℎ = √𝐷2 − 4𝑤2. And 𝐶0 = 𝐿
3
/48𝐸𝐼 is flexibility of the

uncracked shaft, and 𝐹1 and 𝐹2 are the geometry correction
factor (Figure 3):

𝐹1 (
𝛼

ℎ
) =

√(2ℎ/𝜋𝛼) tan (𝜋𝛼/2ℎ) [0.752 + 2.02 (𝛼/ℎ) + 0.37 (1 − sin (𝜋𝛼/2ℎ))3]
cos (𝜋𝛼/2ℎ)

,

𝐹2 (
𝛼

ℎ
) =

√(2ℎ/𝜋𝛼) tan (𝜋𝛼/2ℎ) [0.923 + 0.199 (1 − sin (𝜋𝛼/2ℎ))4]
cos (𝜋𝛼/2ℎ)

.

(18)

The diagrams of flexibilities of the cracked shaft with respect
to the cracked depth ratio are shown in Figure 4. The figures
demonstrate that the flexibility of the cracked rotor increases
in both the weak and strong crack direction. Obviously,
flexibility in the weak crack direction grows more rapidly
than the strong one. And the concaved up curve means that
the influence of larger crack depth ratio appears to be more
intense than slighter one. Coincidentally, the calculation
show that when the crack depth ratio 𝑎/𝐷 > 0.5, compared
with the diagonal elements, effects of nondiagonal elements
of dynamic behavior of the rotor system is relatively small just
as the results of experimental analysis in [15, 16, 18, 19].

4.1. Transient Response. Setting constant acceleration strat-
egy, the angular rotation function of time 𝑡 can be indicated
as 𝜃(𝑡) = ∫(𝜔(𝑡))𝑑𝑡 + 𝐶 = (1/2)𝐴𝑡2 + 𝐵𝑡 + 𝐶, where 𝐴 is
the angular acceleration of the rotor, 𝐵 is the initial rotation
speed, and 𝐶 is the initial angular position of the shaft.
The static response with different initial conditions can be
obtained by using Runge-Kutta numerical integration of the
motion equations. The nondimensional unbalance response
of the Jeffcott rotor with different mass eccentricity ratio,
𝜀 = 0.021; 0.001, and crack depth ratio, 𝑎/𝐷 = 0.45; 0,
and unbalanced orientation angle, 𝛽 = 𝜋/2, is listed in
Figure 5.
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Figure 3: Cross section at crack location [27].

The responses of the rotating rotors with breathing crack
in higher unbalance level exhibit the extreme instability
as they approach the critical region comparing with the
uncracked ones with lower unbalance level. The diagrams
also show that both the responses in vertical and horizontal
direction of rotor system each 𝑡 near their peak as they
approach the critical speed. And then, due to the critical
point excitation, the large amplitude free vibration with its
natural frequency is not completely attenuated. The transient
forced vibration synthesis causes the oscillation amplitude
decreasing regularly. Due to the crack breathing, the peaks
of the crackeds rotor are slightly later than the critical
speed of the system. The critical resonance region near the
critical speed of cracked rotors appears to be wider than the
uncracked ones, and the amplitude of the responses of rotors
with higher unbalance level increases much more rapidly
than the ones with lower unbalance level. The orbital view
of the cracked rotor with higher unbalance level deviates
from the elliptic orbital in the vertical direction (Figure 5(b)).
This interesting phenomenon demonstrates the compound
influence of breathing crack and higher mass eccentricity on
the nonlinear response of the rotating rotor as the rotation
speeded up. In the supercritical region, there are basically
three resonance peaks regions for the cracked rotor, which
are the parametric resonances at (3/2)𝜔0, 2𝜔0, (5/2)𝜔0.
Each peak is also later than the steady-state operation. As
the rotation speeding up, resonance peaks still exist. But
the magnitude of the peak is decreasing. And the higher
the rotational speed, the more rapidly the resonance peak
decreasing (Figures 5(e) and 5(f)). The transient responses of
the periodic time-dependent rotor with varying parameters
of themotion equations are generatedwith highly compliance
with the actual experimental rotors.

Logarithmic amplitude spectrum comparison diagrams
with respect to the dimensionless compound responses
signal samples of cracked rotor and uncracked rotor
near its critical speed with different mass eccentricity,
𝜀 = 0.001; 0.021; 0.042; 0.059, are listed by FFT (Figure 6).
Figure 6 shows that the mass eccentricity affects the ampli-
tudes of the bending vibration of rotating rotors both cracked
and uncracked significantly. The compound response of
uncracked rotor rises smoothly near the critical speed with
lower unbalance level (Figures 6(a) (A); 6(b) (A)), and the
vibration has peaks of subcritical resonance and supercritical
resonance at higher unbalance level (Figures 6(c) (A); 6(d)
(A)). Contrary to the uncracked rotor, the response of cracked
rotors is no longer smooth in both subcritical region and
supercritical region not only for the higher unbalance level
(Figures 6(c) (B); 6(d) (B)) but also for the lower unbalance
level (Figures 6(a) (B); 6(b) (B)). The cracked rotors display
abundant forms of nonlinear behavior. Near the critical
region, the response of cracked rotor oscillates and does
not have definite diagnostic speed, but a critical resonance
region. There are subharmonic resonances in subcritical and
supercritical region.

The cracked rotor system exhibits strong nonlinear
motion due to the opening and closing crack. The response
of the system in general is periodic motion, appears to
be the double period motions in some speed, and also
often appears to be harmonic components. When the crack
depth is deep, there will be many nonlinear responses, such
as double periodic motion, quasiperiodic motion, chaotic
motion, Hopf bifurcation, and period doubling bifurcation
[4, 5, 18, 19]. The transverse vibration response appeared in
the harmonic components which is obvious, such as 2-, 3-,
and 4-octave frequency doubling and 5 octaves, and in a
certain speed, there will be 3/2 frequency.

4.2. Stability Analyze. Owning to the emergences of the
crack, the stiffness of the rotor in two axes is not equal.
In the preceding discussion, we know that the stiffness
of the cracked rotor in two axes can be calculated by
the stiffness of the uncracked rotor and crack depth ratio.
Cracked rotor coupled with mass eccentricity may excite
abundance unstable behavior and bifurcations during the
horizontal rotating motion. Stability and bifurcations of a
rotating gravity dominated cracked rotor with varied mass
eccentricity are studied by the presented numerical method
of computing eigenvalues of Floquet matrix based on the
disturbing response. With the mass eccentricity 𝜀 increased
from 0 to 0.075 as the rotation speed ratio 𝑝 = 𝜔/𝜔0 varied
from 0.02 to 2.8, the influence of the mass eccentricity on the
stability of the dynamic system of cracked rotor is presented
as a stability diagrams in the parameter plane in Figure 7(b)
with parameters crack depth ratio 𝑎/𝐷 = 0.45, unbalance
orientation angel 𝛽 = 𝜋/2, and damping ratio, 𝜁 = 0.01. And
the stability analyst for uncracked rotor is also demonstrated
as the comparisons to show the differences of influence of
mass eccentricity on the uncracked rotor and cracked one in
Figure 7(a).

For the uncracked rotor system, the unstable region (dark
strips) around dimensionless rotation speed ratio appears
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Figure 4: The flexibility-crack depth ratio curve.

on the resonance region with the unbalance level of mass
eccentricity larger than 𝜀 = 0.0054, which means that the
uncracked rotor can keep stable to pass through its resonance
as the mass eccentricity less than 𝜀 = 0.0054.This result coin-
cides with the orbital tube plots of the responses of uncracked
rotating rotor with minimal mass eccentricity in Figure 5. It
is also observed from Figure 7(a) that the uncracked rotor
system has unstable regions as the mass eccentricity becomes
greater enough.Due to the overwhelmedperturbation caused
by the high level of unbalance with mass eccentricity (𝜀 ≥
0.051) which is far beyond the attraction region of the system
asymptotically stable zone, the uncracked rotor systemwhich
normally has been considered have no nonlinear effect
transforms to be a periodic excitation system and begins
to produce the nonlinear phenomenon not only nearby the
first harmonic resonance but also in the subharmonic and
superharmonic regions. The gradually expanded unstable
zone around the resonance as the mass eccentricity growing
testifies that the uncracked rotor with large mass eccentricity
may also burst the abundant unbalance motion near its
resonance [2, 12, 15, 17, 26].

For the cracked rotor system, the unstable regions (dark
strips) are arisen around dimensionless rotation speed ratio
𝑝 = 𝜔/𝜔0 = . . . ; 4/5; 3/2; 2; 12/5; . . . even in case of non-
mass eccentricity and expand gradually with respect to the
increasing mass eccentricity ratio [3, 4].The resonance of the
cracked rotor will occur earlier than the uncracked one [3, 5–
7, 9]. So as the speed ratio approaches to be𝑝 = 1, there are no
unstable strips between the first harmonic unstable and the
second one until the mass eccentricity ratio exceeding 0.057.

The result shows that the instable motion in the resonance
region of the rotating cracked shaftwhich arose from themass
eccentricity is offset by the nonlinear breathing of the crack as
themass eccentricity nomore than 𝜀 = 0.057 and the cracked
rotor system can even hardly keep its stable motion in a quit
wide speed range around the first harmonic resonance and
sub harmonic resonance with high level of unbalance degree
shaft (i.e., the mass eccentricity ratio exceeding 0.057). These
appearances are in agreement with the findings of previous
works of Han and Chu [17] and are also consistent with the
researches of Patel and Darpe [19].

The unstable regions of both uncracked and cracked
rotors at relatively low rotation speed (less than (1/2)(𝜔0))
and high rotation speed (larger than 3/2 ∗ (𝜔0)) are also
observed merely as the system with comparatively high
mass eccentricity ratio. The unstable region (dark strips) for
uncracked rotor in subharmonic and superharmonic regions
emerges in case of comparatively higher unbalance level (𝜀 >
0.051 and 𝜀 > 0.07) than the cracked rotor (𝜀 > 0.003
and 𝜀 > 0.021), which means that the cracked shaft can be
distinct from the uncracked one by their unstable motion in
subharmonic resonance given themass eccentricity 𝜀 < 0.051
and in superharmonic as the mass eccentricity 𝜀 < 0.07.
However, the instable motion in the resonance region of the
rotating cracked shaft which arose from themass eccentricity
is offset by the nonlinear breathing of the crack as the mass
eccentricity no more than 𝜀 = 0.057.

Moreover, the unstable region for cracked rotor near
dimensionless rotation speed ratio 𝑝 = 𝜔/𝜔0 = 2; 12/5
just occurs as the mass eccentricity ratio exceeding 0.021,
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Figure 5: Nondimensional unbalance response of the Jeffcott rotor with a breathing crack with different mass eccentricity ratio 𝜀 =
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Figure 6: Continued.
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Figure 6: Logarithmic amplitude spectrum comparisons of cracked rotor and uncracked rotor near its critical speed with different mass
eccentricity: (a) 𝜀 = 0.001; (b) 𝜀 = 0.021; (c) 𝜀 = 0.042; (d) 𝜀 = 0.059, (A) for uncracked rotor; (B) for cracked rotor with parameters
𝑎/𝐷 = 0.45, 𝛽 = 𝜋/2.

while the unstable region near dimensionless rotation speed
ratio 𝑝 = 𝜔/𝜔0 = 4/5; 2/3 originates even the mass
eccentricity ratio approaches to non. However, the width of
the unstable zones for the cracked rotor around𝑝 = 𝜔/𝜔0 = 1
seems to be reduced slightly than the superharmonic unstable
zones. For the mass eccentricity less than 0.021, the unstable
region (dark strips) for the cracked rotor disappears at the
superharmonic resonances area as 𝑝 > 1.6. Particularly
for the trivial unbalance degree (i.e., the mass eccentricity
less than 0.003), the unstable region shrinks to be quite
narrow strips, which means the cracked rotor system can
keep its stability of the rotation motion with high stable
degree as the rotation speed fleeting through the sharp unsta-
ble region near the subharmonic and harmonic resonance
[13, 18, 19, 25].

4.3. Bifurcations at Boundary of the Stable Region near the
Critical Rotation Speed. We use Floquet theory to analyze
the bifurcations at the boundary points of the stable region
near the critical rotation speed. The periodic solution is
asymptotically stable if the unit circle in the complex plane
encloses all the Floquet multipliers [9, 11]. The periodic
solution is critical stable if there is at least one Floquet
multiplier lies exactly on the unit circle and all the others
inside the unit circle. The periodic solution is unstable if one
of the Floquet multipliers lies outside the unit circle.

There are basically three types bifurcations for the period-
ical solutions for the breathing crack model with parameters
𝑎/𝐷 = 0.45, 𝛽 = 𝜋/2, 𝜀 = 0.021 shown in Figure 8. Periodic
solutions generate saddle node bifurcations and instability
when there is at least one Floquet multiplier going out the



12 Shock and Vibration

0 0.33 0.66 0.99 1.32 1.65 1.98

0.006

0.012

0.021

0.03

0.039

0.048

0.057

0.066

0.075

0.084

0.093

Dark strips are 
unstable regions 

Rotation speed ratio

M
as

s e
cc

en
tr

ic
ity

(a)

0.4 0.8 1.2 1.6 2.0 2.4 2.8

0.003

0.012

0.021

0.03

0.039

0.048

0.057

0.066

0.075

Rotation speed ratio
M

as
s e

cc
en

tr
ic

ity

Dark strips are 
unstable regions 

(b)

Figure 7: Stability diagrams with respect to the varied mass eccentricity with parameters for the speed up uncracked rotor (the dark zones
are unstable regions and the white zones are stable regions) (a) with parameters: 𝑎/𝐷 = 0, unbalance orientation angel 𝛽 = 𝜋/2, and damping
ratio 𝜁 = 0.01; and the cracked rotor (b): crack depth ratio 𝑎/𝐷 = 0.45, unbalance orientation angel 𝛽 = 𝜋/2, and damping ratio 𝜁 = 0.01.

unit circle through the point (1, 0) and others keeping inside
the unit circle. Periodic solutions generate double period
bifurcations when there is at least one Floquet multiplier
going out the unit circle through the point (−1, 0) and others
keeping inside the unit circle. Periodic solutions generate
Hopf bifurcations and second Hopf bifurcations when there
are a pair of conjugate Floquet multipliers going out the unit
circle and others keeping inside the unit circle. Figure 8 shows
that the probability statistics of the Floquet multiplier dots
demonstrate higher densities near the point (1, 0) and the
point (−1, 0) than others boundaries, which mean that the
Hopf bifurcations aremore exiguous than the other two kinds
of bifurcations. This specific appearance is consistent with
the results of Guo et al. in [5] and Patel and Darpe [19].
Due to the mass eccentricity, which makes the additional the
disturbance, Hopf bifurcations exist inside the unstable zones
as the rotating speed approach the critical rotation speed.
This indicates that rotor with fatigue cracks (even the crack
depth ratio is not extremely large) may excite abundance
unstable behavior and bifurcations especially coupled with
the disturbance of themass eccentricity during the horizontal
rotating motion.

4.3.1. Double Period Bifurcations. We study the bifurcation
behaviors of the rotating cracked rotor with the parameters
𝑎/𝐷 = 0.45, 𝛽 = 𝜋/2, and 𝜀 = 0.021. According to
Floquet theory, there are double period bifurcations when
one of Floquet multiplier goes out the unit circle through
the point (−1, 0). And the period of response will be double.
We find that the response is periodic one motion at 𝑝 =

0.6015 (Figure 9(a)) while the response turns to be periodic

two motion at 𝑝 = 0.6018 (Figure 9(b)). We evaluate the
eigenvalues of the state transition matrix (Floquet matrix)
and find one of the eigenvalue is −1.0018, whichmean there is
a double period bifurcation. Another example is taken from
𝑝 = 1.3570 to 𝑝 = 1.3573 (Figures 9(c) and 9(d)).Themotion
bifurcates from period 4 to period 8. One of the eigenvalue of
the Floquet matrix is −1.0027 in this time which means that
the double period bifurcation occurs here.

4.3.2. Saddle-Node Bifurcations. There are saddle-node bifur-
cations when one of Floquet multiplier go out the unit circle
through the point (1, 0). And the system response bifurcates
from a periodic motion to another periodic motion. The
motion of rotor bifurcates from period 8 at 𝑝 = 1.4576 to
period 6 at 𝑝 = 1.4578 (Figures 9(g) and 9(h)). We evaluate
the eigenvalues of the Floquet matrix and find an eigenvalue
is 1.006, whichmeans there is a saddle-node bifurcation here.
Another saddle-node bifurcation can be find between 𝑝 =

1.3573 and𝑝 = 1.4576 (Figures 9(f) and 9(g)). Although both
of theirmotions are period 8, their orbit plots are far different.
We find the Floquet multiplier at 1.4257 is 0.9989. It involves
a saddle-node bifurcation there.

4.3.3. Hopf Bifurcations. From Floquet theory, the system
response has Hopf bifurcations when there is a pair of
conjugate Floquet multipliers being out the unit circle. And
responses bifurcate from periodical motion to quasiperiod
motion. We take the example of responses at 𝑝 = 0.6529
and 𝑝 = 0.6531 (Figures 9(c) and 9(d)), and the motion of
rotor bifurcates from period 3 to quasiperiod. We evaluate
the eigenvalues of the Floquet matrix and find that a pair of
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complex eigenvalues is 0.5021 + 𝑖0.8680, and its modulus is
1.0028, which means a Hopf bifurcation there.

The bifurcationmay happen to be chaotic (Figure 9(l)) or
quasiperiodic (Figures 9(j) and 9(k)) or subharmonic motion
(Figure 9(i)) from periodic motion once the rotation speed
approaches the critical or subcritical speed.

Beside the abundant form of quasiperiodic motion (Fig-
ures 9(e), 9(j), and 9(k)), chaotic and quasiperiodic nature at
some speed ratio are also observed in the rotating cracked
rotor system (Figures 9(j) and 9(l)).

The noted three kinds of bifurcations mainly bifurcate
from periodic motion to chaotic or quasiperiodic motion,
which are consisted with the researches of Guo et al. [5], Patel
and Darpe [19], and Untaroiu et al. [4]. The motion of the
cracked rotor system usually bifurcates from periodicmotion
to quasiperiodic motion at Hopf bifurcations. The dynamic
response usually bifurcates from a kind of periodic motion to
another periodic motion at saddle-node bifurcations. There
also exists period doubling bifurcation at the boundary points
of the stable region of the cracked rotor system.

Based on the numerical analyses of Floquet multipliers,
we can detect the type of bifurcations of the transient
response of the rotating cracked rotor system, which may
provide an efficient quantitative methodology in the iden-
tification of cracks in rotating machinery and consequently
undertake the visualized comparisons for the responses of the
cracked rotor system at these bifurcations.

5. Conclusions

The study is proposed to give a feasible method to diagnose
the stable and unstable regions of the rotating cracked rotor
system and to investigate the bifurcations on boundary points
based on the detailed numerical eigenvalues of the transition
matrix which may provide the basis for monitoring and
diagnosing fault of rotating machines. The motion of the
gravity dominated rotating cracked rotor is described by
the equations with the harmonic breathing crack function
and the periodic time-dependent cross-coupled stiffness
originated from the flexibility of the shaft in the direction
of the crack and orthogonal to the crack direction. The

transient response of the rotationmotion of the cracked rotor
is analyzed by the magnitude of the modulus of eigenvalues
of Floquet matrix derived from the disturbing response.

By means of the numerical transition matrix approach,
the influence of the variedmass eccentricity on the stability of
the periodic time-dependent rotor with a transverse breath-
ing crack is listed as a stability diagram in the parameter
plane as the rotation speed up. Consisted with the presented
frequency spectrum as the rotation speed approaching the
critical rotation speed, the stability diagram shows that the
cracked rotor systemcanhardly keep its stablemotion around
the first harmonic resonance and sub harmonic resonance
with high level of unbalance degree shaft (i.e., the mass
eccentricity ratio exceeding 0.057). However, for low level
of unbalance degree shaft (i.e., the mass eccentricity ratio
less than 0.003), the cracked rotor system can keep its stable
motionwith higher stability degree as the rotation speedfleet-
ing through the sharp unstable region near the subharmonic
and harmonic resonance.The difference between the instable
motions of the cracked rotor and noncrack one excited by
mass eccentricity is extremely distinguished inside the mass
eccentricity range 𝜀 < 0.051 at subharmonic resonance
and 𝜀 < 0.07 in superharmonic resonance. But at the first
resonance region, the instablemotion in the resonance region
of the rotating cracked shaft which arose from the mass
eccentricity is offset by the nonlinear breathing of the crack
as the mass eccentricity no more than 𝜀 = 0.057. These result
may provide a way for crack detection and instability control
of the heavy loading turbo-machinery system.

The detailed numerical eigenvalues of the transition
matrix are applied to analyze the types of the bifurcations
of the cracked rotor system. Three types of bifurcations
are found and responses of the cracked rotor system at
these bifurcations are presented to undertake the visualized
comparisons. Distinct from the foregoing researches by Guo
et al. [5] and Patel and Darpe [19], Hopf bifurcations are
also found inside the unstable zones as the rotating speed
approaches the critical rotation speed beside the period
doubling bifurcations and saddle-node bifurcations. This
indicates that rotor with fatigue cracks (even the crack depth
ratio is not extremely large) may excite abundance unstable
behavior and bifurcations especially coupled with the rela-
tively high unbalance level of the mass eccentricity during
the horizontal rotating motion. From simulation results, the
jumping from one periodic to another periodic motion is
observed at saddle-node bifurcation and the motion from
period to quasiperiod at Hopf bifurcation is also presented.
There also exists period doubling bifurcation at the boundary
points of the stable region of the rotor system.

Nomenclature

𝐶
𝜉𝜂
= 𝐶
𝜂𝜉
: Coupling flexibility coefficient

�̂�
𝜉
: The stiffness of the cracked shaft in 𝜉

direction
�̂�
𝜂
: The stiffness of the cracked shaft in 𝜂

direction
Ξ(Ω): Breathing function for the crack
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Figure 9: Continued.
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Figure 9: Orbit plots at different rotation speed ratio: (a) 𝑝 = 0.6015; (b) 𝑝 = 0.6018; (c);𝑝 = 0.6529; (d) 𝑝 = 0.6531; (e) 𝑝 = 1.3570; (f)
𝑝 = 1.3573; (g) 𝑝 = 1.4576; (h) 𝑝 = 1.4578; (i) 𝑝 = 0.7570; (j) 𝑝 = 0.7882; (k) 𝑝 = 0.7919; (l) 𝑝 = 0.8109.
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𝑜: Center of disc
𝑜 − 𝑋𝑌𝑍: Stationary coordinates
𝑜𝜉: Crack direction
𝑜𝜉𝜂: Rotating coordinates on the cross

section of cracked shaft
𝑜𝑋: Axial direction of rotating shaft
𝑜𝑌𝑍: Stationary cross section of cracked

shaft
𝛽: Unbalanced oriented angle measured

from the crack direction
Δ𝑘
𝜂
: The reduce amount of the stiffness in

𝜂 direction
Δ𝑘
𝜉
: The reduce amount of the stiffness in

𝜉 direction
𝜆: Stability degree of the periodic

system
𝜇
𝑖
: Floquet multipliers

Ω: The rotation speed of rotor
𝑌: Dimensionless rotor response in

vertical direction
𝑍: Dimensionless rotor response in

horizontal direction
𝜎: Static weight deflection
𝜀: Mass eccentricity of disc
Ξ(𝜉) = sign(𝜉): Switching function for the crack
𝜁: Dimensionless damping coefficient
𝑎: Crack depth
𝑐: Damping coefficient
𝐶0: Flexibility of the uncracked shaft
𝐶
𝜂
: Flexibility of the uncracked shaft in 𝜂

direction
𝐶
𝜉
: Flexibility of the uncracked shaft in 𝜉

direction
𝐷: Diameter of the shaft
𝑒 = 𝜀/𝜎: Dimensionless mass eccentricity of

the disc
𝑘0: The stiffness of the uncracked shaft
𝐿: Length of shaft
𝑚: Mass of disc
𝑝: Rotational speed ratio.
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