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A hybrid optimization strategy for integrated topological optimization design of piezoelectric cylindrical flat shell structure
is proposed. The method combines the genetic algorithm (GA) and linear-quadratic-regulator (LQR) theory to optimize the
performance of coupling structure/control system. The GA is used to choose the optimal structure topology and number
and placements of actuators and control parameters; meanwhile, the LQR is used to design control system to suppress
vibration of optimal structure under sinusoidal excitation, which is based on the couple-mode space control. In addition, the
mathematical morphology operators are used for repairs of disconnected structure topology. The results of numerical simulation
and computations show that the proposed method is effective and feasible, with good performance for the optimal and coupling
piezoelectric cylindrical shell structure/control system.

1. Introduction

The cylindrical shell structure is widely used as main parts
of the large structure design in many fields, such as civil
engineering and architecture, marine, and aerospace. For
instance, the roofs of many stadiums and solid fuel tank of
rocket are this type of structure due to their excellentmechan-
ical properties, especially their high specific stiffness and
strength [1]. However, the vibrations of those structures
under complex and extreme dynamic loads are inevitable,
as they are excited by strong wind and wave. So it is also
necessary to design control system to suppress the amplitude
of vibration for those structures in engineering practice [2, 3].

The optimization design can effectively improve various
performances of structure; for example, it can make the
optimal structure more lightweight and controllable. In par-
ticular, the topology optimization design has huge potential
of saving material in structure design, which is verified
by many applications of this technique in aerospace and
automobile industry. For example, the application of topology
optimization in the design of A380 leading edge ribs led
to the forty-five percentage weight reduction compared to

traditional design, and so forth. At present, smart or adaptive
structures are widely used in industrial or engineering fields,
so engineers can monitor and control the normal work of
structures in real-time. However, because of the complexity
of the adaptive structure, the structure and control system is
coupled. For instance, the vibration controller’s coefficients
are strongly dependent on the topology of structure, the
placements, and number of the actuators/sensors, which
determine the effectiveness of structural vibration control.
Therefore, researching the structure and control of integrated
optimization strategies for smart structures is theoretically
and practically significant. It can simultaneously realize the
optimal design of structure and control system and simplify
design links of huge and complex structure/control inte-
grated system. So the integrated optimization design greatly
improves the efficiency of traditional sequential optimization
design (namely, the designer firstly optimizes the structure
parameters and then optimizes the controller parameters).

Presently, for the active control of truss or plate and
shell structures, piezoelectric patches and stacks or piezo-
electric ceramic transducer (PZT) is used as one of the main
actuators. For the optimization strategy, the GA is the main
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optimization algorithm. There have been some works pub-
lished on intelligent piezoelectric structure integrated opti-
mization. For instance, Li and Huang [4] combined the
GA and the linear quadratic Gaussian (LQG), studied the
integrated optimization of actuator placement and vibration
control for piezoelectric adaptive trusses, and verified that the
result of experiment is consistent with numerical results. Zhu
et al. [5] investigated simultaneous optimization with respect
to the structural topology, actuator locations, and control
parameters of an actively controlled plate structure; its results
showed that it can produce systems with clear structural
topology and high control performance by the proposed
approach. Kang and Tong [6] investigated the integrated
optimization of structural topology and control voltage of
piezoelectric laminated plates. Xu et al. [7] discussed some
issues associated with integrated optimization of structural
topology, the number and placement of actuators and control
parameters for piezoelectric smart trusses; some optimal
strategies based on genetic algorithms were adopted in their
study. Xu et al. [8] studied the integrated optimization
of structural topology and number and positions of the
actuators and control parameters for piezoelectric smart
plates, which is based on the optimal control effect in the
independentmode control and singular value decomposition
of the distributed matrix of total performance index for all
physical control forces with the GA as optimization strategy.
However, almost all the efforts described in the literatures
involve the integrated optimization design of piezoelectric
truss or plate, not including shell structure. In general,
it is more complicated to construct the piezoelectric shell
finite element for mathematical modeling and finite element
analysis (FEA) for shell structure. Shell structure usually has
more DOF and more complicated structural characteristic
andmechanical behavior than truss and plate structure. Shell
structure hasmore complicated geometric shape, which leads
to its greater difficulties for modeling and analysis. If the shell
structure is in vibration, its vibration suppression technique
is usually invalid andmore complicated than that of truss and
plate structure. Thus, the main concern of this paper is to
extend the integrated topology optimization design into shell
structure.

In the present paper, the integrated topology optimization
of structure/control for piezoelectric cylindrical flat shell is
studied. Firstly, the piezoelectric coupling finite element (FE)
model was built. Then the integrated optimization modeling,
including the design variables, the objective function, and
the constraint functions, was proposed, and the LQR was
used for the design of control system in coupling modal
space. In addition, in order to ensure the realization of inte-
grated optimization, the GA and mathematical morphology
treatment was applied to solution of the above problems. To
verify the validity of the integrated optimization design of
shell structure and promote engineering applications of this
approach, the numerical simulations and computations were
conducted.The results show that the integrated optimizations
of piezoelectric cylindrical shell structure are successful and
feasible.
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Figure 1: Four-node piezoelectric coupling rectangular flat shell ele-
ment.
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Figure 2: The coordinate system of cylindrical flat shell.

2. The Piezoelectric Coupling Dynamic Model
of Cylindrical Flat Shell Structure

In general, it is more complicated to construct the piezo-
electric shell finite element for mathematical modeling and
finite element analysis (FEA) of shell structure. Shell structure
usually has more DOF and more complicated structural
characteristic and mechanical behavior than truss and plate
structure. For simplification, we utilized the four-node rect-
angular flat shell element with 24 displacement degrees of
freedom (DOF) and 2 electrical DOF to build the piezoelec-
tric coupling dynamic model of cylindrical shell structure [3,
8]. The ideal element is shown in Figure 1. The piezoelectric
flat shell element is composed of middle isotropic base
layer with upper and lower surfaces of base layer that are
completely covered by PZT patches, where 𝑡

1
and 𝑡
2∼3

are the
thickness of base layer and piezoelectric patches, respectively.
The approximate cylindrical flat shell structure is shown in
Figure 2.

In finite element derivation, the node displacement vector
of flat shell structural element is defined as

d
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T

𝑖 = 1, 2, 3, 4, (1)

where 𝑖 is denoted by the four nodes of the flat shell structural
element.
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Assume that the element stiffness matrix corresponding
to the plane stress state is expressed as
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=
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where superscript “𝑚” is corresponding to the stiffnessmatrix
of plane stress; k𝑚

𝑖𝑗
is denoted by 2 × 2 submatrix.

Similarly, assume that the element stiffness matrix corre-
sponding to the bending stress state is expressed as
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where superscript “𝑏” is corresponding to the stiffness matrix
of bending stress; k𝑏

𝑖𝑗
is denoted by 3 × 3 submatrix.

By combining with (2) and (3), the element stiffness
matrix of flat shell structural element in local coordinate
system is obtained as

k
𝑒

=

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

k𝑚
11

0 0 k𝑚
12

0 0 k𝑚
13

0 0 k𝑚
14

0 0

0 k𝑏
11

0 0 k𝑏
12

0 0 k𝑏
13

0 0 k𝑏
14

0

0 0 0 0 0 0 0 0 0 0 0 0

k𝑚
21

0 0 k𝑚
22

0 0 k𝑚
23

0 0 k𝑚
24

0 0

0 k𝑏
21

0 0 k𝑏
22

0 0 k𝑏
23

0 0 k𝑏
24

0

0 0 0 0 0 0 0 0 0 0 0 0

k𝑚
31

0 0 k𝑚
32

0 0 k𝑚
33

0 0 k𝑚
34

0 0

0 k𝑏
31

0 0 k𝑏
32

0 0 k𝑏
33

0 0 k𝑏
34

0

0 0 0 0 0 0 0 0 0 0 0 0

k𝑚
41

0 0 k𝑚
42

0 0 k𝑚
43

0 0 k𝑚
44

0 0

0 k𝑏
41

0 0 k𝑏
42

0 0 k𝑏
43

0 0 k𝑏
44

0

0 0 0 0 0 0 0 0 0 0 0 0

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

,

(4)

where k
𝑒
is derived in local coordinate system, which is a 24×

24matrix.
By eliminating the singularity of the whole stiffness

matrix of shell structure, we should transform all the local
element stiffness matrices into global coordinate system by
coordinate transformation.

The transformation matrix is defined as follows:
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(5)

where f is denoted by direction cosine matrix of local coordi-
nate system versus global coordinate system.

After coordinate transformation by (6), the local element
stiffness matrix is transformed into global element stiffness
matrix:

k
𝑒
= Τ

Tk
𝑒
Τ
T
. (6)

Finally, we can get the whole stiffness matrix in global
coordinate system through elements assembly process.

By using the Hamilton principle, we can obtain the
formula as follows:

𝛿∫

𝑡
2

𝑡
1

(𝑇
𝑒
− 𝑈
𝑒
+ 𝑊
𝑒
) 𝑑𝑡 = 0, (7)

where𝑇𝑒,𝑈𝑒, and𝑊
𝑒 are the kinetic energy, potential energy,

and external work of the piezoelectric coupling flat shell
element shown in Figure 1, respectively.

Substituting the kinetic energy, potential energy, and
external work of the piezoelectric coupling flat shell element
into (7), and calculating the variation of (7), the piezoelectric
coupling equation is obtained as follows:
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(8)
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𝑓
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where q𝑒 is denoted by node displacement vector of the
piezoelectric coupling flat shell element, and the meanings of
the other symbols are similar to the utilizations of these in the
literature [3, 9].

By reducing the 𝑉
𝑒

𝑠𝑧
and 𝑉

𝑒

𝑎𝑧
terms in (8)–(10), the

piezoelectric coupling finite element equation is obtained as
follows:
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where
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The equivalent control force of input voltage in actuator
layer is calculated as

{F𝑒control} = Κ
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Similarly, we can finally establish the piezoelectric cou-
pling dynamic FE equation for the global coupled piezo-
electric structure/control system through elements stiffness
matrix assembly process as follows:

Mq̈ (𝑡) + Kq (𝑡) = Fload (𝑡) + Fcontrol (𝑡) , (21)

where M and K are the coupled system mass matrix and
system stiffness matrix, respectively; q and q̈ are the structure
nodal displacement vector and acceleration vector, respec-
tively; Fload(𝑡) and Fcontrol(𝑡) are the load vector and control
force vector, respectively. Fcontrol(𝑡) can be expressed asBu(𝑡),
where B and u(𝑡) are the actuator distributing matrix and the
control force vector, respectively. In (21), we did not consider
the damping term in order to emphasize the vibration sup-
pression by active control. This section is used for modeling
and finite element analysis of piezoelectric coupling flat shell
structure and is followed by the LQR control design in the
integrated optimization procedure.

3. The Mathematical Modeling for
Integrated Optimization Design
of Piezoelectric Cylindrical Shell Structure

The standard form of the integrated optimization problem
for piezoelectric smart cylindrical flat shell structure can be
described as

find 𝑑
𝑠

𝑖
, 𝑑
𝑐

𝑘
(𝑖 = 1, 2, . . . , 𝑁; 𝑘 = 1, 2, . . . ,𝑀)

min 𝑆 =

𝑁

∑

𝑖=1

4𝜌
𝑖
𝑎
𝑖
𝑏
𝑖
𝑡
𝑖

s.t 𝑔 (𝑑
𝑠

𝑖
, 𝑑
𝑐

𝑘
)
𝑗
≤ 0 (𝑗 = 1, 2, . . . , 𝑝) ,

(22)

where 𝑑
𝑠

𝑖
and 𝑑

𝑐

𝑘
are the structural design variable and

control design variable, respectively; to minimize the struc-
ture/control system mass 𝑆 is the objective function; 𝑁, 𝜌

𝑖
,

𝑎
𝑖
, 𝑏
𝑖
, and 𝑡

𝑖
are the number of elements (including ordinary

elements and piezoelectric coupling elements), the density,
half-length of long side and short side for rectangular flat shell
element, and thickness of structure element or piezoelectric
element, respectively; 𝑚, 𝑛 are the number of structural
design variable and control design variable, respectively;
𝑔(𝑑
𝑠

𝑖
, 𝑑
𝑐

𝑘
)
𝑗
is coupled constraint functions, which means it is

simultaneously in relation to the structural design variable
and control design variable.

3.1. Design Variables. The topology design variable 𝑑
𝑐

𝑖
indi-

cates the presence or absence of structure material: that is,

𝑑
𝑠

𝑖
∈ {0, 1} (23)

if 𝑑𝑠
𝑖
= 1 indicates that the corresponding element exists, or

else it is removed in optimization process. On the contrary,
𝑑
𝑠

𝑖
= 0 indicates that it is a void element without material.
The elements of 𝑑𝑐

𝑘
may be the control design parameters

and the number and positions of actuators (PZT patches):

𝑑
𝑐

𝑘
=

{{{{

{{{{

{

𝑛
𝑎
, 𝑛
𝑎
∈ [1, 𝑆]

𝑝
𝑛
𝑎

, 𝑝
𝑛
𝑎

∈ [1,𝑁]

𝑅
𝑛
𝑎

, 𝑅
𝑛
𝑎

∈ [𝑅
𝑙
, 𝑅
𝑢
] ,

(24)

where 𝑛
𝑎
, 𝑝
𝑛
𝑎

, and 𝑅
𝑛
𝑎

are the number of actuators, the posi-
tions of actuators, and weight factor of control weight matrix,
respectively. 𝑆, 𝑁, 𝑅𝑙, and 𝑅

𝑢 indicate the allowable maximal
number of actuators, the allowablemaximal element position
of actuators, and the lower bound and upper bound of weight
factor, respectively.

3.2. Constraint Function. Here, the constraint functions con-
tain the first natural frequency constraint function, voltage
constraint function, and weight factor constraint function.

3.2.1. Natural Frequency Constraint Function. In engineering
practice, structure usually suffers from dynamic load, which
may cause resonance or coupled effect between the struc-
ture and external excitation. These cases should be avoided
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because of their huge destruction to structure. In general,
we impose natural frequency constraint to the optimization
mathematical modeling, especially for the first natural fre-
quency. So the natural frequency constraint is expressed as

𝑓
𝐼

1
− 𝑓
𝑅

1
≤ 0, (25)

where 𝑓
𝐼

1
and 𝑓

𝑅

1
are the first anticipant minimal natural

frequency of optimization structure and the first actual
natural frequency of optimal structure, respectively.

3.2.2. Voltage Constraint Function. Presently, piezoelectric
patches or PZT are used as one of themain actuators in active
vibration control of structure. However, there is a break-
over voltage for the piezoelectric patches and the applied
voltage by the voltage amplifier is limited; the active control
system cannot provide the unlimited and necessary control
force beyond the break-over voltage. Then the constraint
on the active control force can be transformed into the
corresponding voltage constraint: that is,

𝑉
𝑎

𝑘
− 𝑉
𝑎

𝑘
≤ 0, (26)

where 𝑉
𝑎

𝑘
and 𝑉

𝑎

𝑘
are the actual applied voltage and its

corresponding allowed upper limit, respectively.

3.2.3.Weight Factor Constraint Function. In LQR control, the
selections of control weight matrixes have great impact on
the velocity of response suppression and size of control force.
So we choose weight factor as control design parameter and
make it confined to a specified range: that is,

𝑅
𝑙

𝑘
≤ 𝑅
𝑘
≤ 𝑅
𝑢

𝑘
, (27)

where 𝑅
𝑙

𝑘
and 𝑅

𝑢

𝑘
are the corresponding lower bound and

upper bound of control weight factor, respectively.

4. LQR Control Modeling and Design

In modern control theory, LQR is one of the mature and
effective optimal controller’s design methods, which is based
on state space expression and is applied in many literatures,
such as in the literature [8]. In general, the vibration suppres-
sion of flat shell structure is more complicated than truss and
plate structure. For simplifications, we still utilize the LQR for
control modeling and design here. In the following, the LQR
approach for design of control system is given out.

By considering the first several waiting controlmodes and
combining with the initial conditions, aftermodal coordinate
transformation, (21) can be rewritten as in the modal space:

{

ÿ
𝑐
(𝑡)

ÿ
𝑟
(𝑡)

} + [

Λ
𝑐

0

0 Λ
𝑟

]{

y
𝑐
(𝑡)

y
𝑟
(𝑡)

} = {

𝜙
T
𝑐

𝜙
T
𝑟

}Bu (𝑡) , (28)

𝜙
𝑐
= [𝜙1 𝜙

2
⋅ ⋅ ⋅ 𝜙
𝑛
𝑚
] ,

𝜑
T
𝑖
𝑀𝜑
𝑗
= 𝛿
𝑖𝑗
,

Λ
𝑐
= diag (𝜔2

1
, 𝜔
2

2
, . . . , 𝜔

2

𝑛
𝑚

) ,

(29)

where y
𝑐
(𝑡) and y

𝑟
(𝑡) are denoted by the modal displacement

vector for waiting control and the rest modal displacement
vector, respectively; Λ

𝑐
is expressed as the eigenvalues diago-

nal matrix for waiting control modes.
Equation (28) can be expressed as in state space with

matrix form:

Ż (𝑡) = AZ (𝑡) + Bu (𝑡) , (30)

Z (𝑡) = [

y
𝑐
(𝑡)

ẏ
𝑐
(𝑡)

] ,

A = [

0
𝑛
𝑚
×𝑛
𝑚

I
𝑛
𝑚
×𝑛
𝑚

−Λc 0
𝑛
𝑚
×𝑛
𝑚

] ,

B = [

0
𝑛
𝑚
×𝑛
𝑎

𝜑
T
𝑐
B

] .

(31)

To ensure that the waiting control system is stable
and controllable, the allocation number of actuators 𝑛

𝑚
in

coupled structure/control system should be met with the
condition as

rank [B AB A2B ⋅ ⋅ ⋅ A2𝑛𝑚−1B] = 2𝑛
𝑚
, (32)

where rank[] is denoted as the rank computation of matrix.
For obtaining the quadratic form optimal control design

u(𝑡) is to minimize the objective function 𝐽:

𝐽 =
1

2
∫

∞

0

(ZT
(𝑡)QZ (𝑡) + uT (𝑡)Ru (𝑡)) 𝑑𝑡

→ min,
(33)

Q = [

Λ
𝑐

0
𝑛
𝑚
×𝑛
𝑚

0
𝑛
𝑚
×𝑛
𝑚

Ι
𝑛
𝑚
×𝑛
𝑚

] ,

R =

[
[
[

[

𝑟
1

0

d

0 𝑟
𝑛
𝑎

]
]
]

]

,

(34)

whereR is expressed as the control design parametersmatrix.
To minimize (33), we can obtain u(𝑡) as

u (𝑡) = −R−1 (B)
T
PZ (𝑡) , (35)

where P is a 2𝑛
𝑚

× 2𝑛
𝑚
semidefinite and symmetric matrix,

which satisfied the Riccati equation as follows:

PA + ATP +Q − PBR−1 (B)
T
P = 0. (36)

By substituting (35) into (30), we can obtain the state
equation of closed-loop system as

Ż (𝑡) = AZ (𝑡) ,

A = A − BR−1 (B)
T
P.

(37)

Thus, this section is used for calculating the optimal
control force vector u(𝑡) by (35) and determining the optimal
control design parameters for (33).
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(a) Original topology (b) Final topology

Figure 3: Effect for deletions of some low-stress elements.

5. Integrated Optimization
Algorithm and Strategy

5.1. Optimization Algorithm. Theproblem in (22) has contin-
uous and discrete design variables, which lead to its solution
being more difficult and complex than ordinary optimization
problem with single type’s design variable. For the sake
of coupling between the structure and control system and
complexion of constraint functions, it is very difficult to
find the optimum solution for combined optimization design
problem with structural topology and control parameter.
Generally, there exist several equal or not equal suboptimal
solutions. For the saving of computational cost and simpli-
fying of optimization design, we can find the suboptimal
solution instead. Because of wide adaptability of the GA to
the different types of optimization problems, then it may be
an effective method for the solution of the above problem. So
the GA is applied for the integrated optimization design in
this paper. The binary is selected for coding of chromosome
with structural design variable and control parameter design
variable [8].Meanwhile, the individual fitness forminimizing
the objective function is expressed as

eval (𝑑𝑠
𝑖
, 𝑑
𝑐

𝑘
) =

1

𝑆
× (1 + penal ×

∑
𝑝

𝑗=1
𝐷
𝑗

𝑝
) , (38)

where 𝑝 is the number of constraints functions and penal is
the penalty factor. For natural frequency constraint function,
𝐷
1

= (𝑓
𝑅

1
− 𝑓
𝐼

1
)/𝑓
𝐼

1
, the other 𝐷

𝑗
are obtained by similar

method as𝐷
1
.

5.2. Deletions of Some Low-Stress Elements. There generally
exist massive low-stress or inefficient material elements in
topological optimizing structure at each iteration because
of control requirements realization for integrated design of
coupled structure/control system. Those elements make the
maximal lightweight potential of structure be not achieved
by topology optimization. Here we delete a part of low-stress

Figure 4: Morphology bridge operator.

elements at each iteration to make the topology structure be
more clear and lightweight. The steps of the above strategy
are summarized as follows: firstly, according to results of
von Mises stress computation, we sort the whole elements
of structure in ascending order; secondly, we delete certain
percentages of low-stress elements. The deletion percentages
are usually about 20%. For example, let us see a comparison
between the original topology and final topology treated by
deletions of some low-stress elements, which is shown in
Figure 3.

5.3. Repair Strategy for Disconnected Topology Based on Mor-
phology Operator. The literature [10] points out that some
disconnected topologies created by genetic algorithm com-
monly appear. The disconnected topology configuration is
invalid and uncontrollable for integrated optimization design
of structure/control system. So the repair strategy based on
image mathematical morphology operators is applied to the
disconnected topology in integrated optimization design in
this paper. Firstly, topology of structure or topology variable
matrix is considered as a gray imagewith solid and void areas.
Thenweuse basicmorphology operators “bridge” and “dilate”
to filter the gray image that is obtained from each iteration.
The detailed morphology operators and related formulations
are expressed in the literature [11]. At first, let us simply
understand the effects of two morphology operators, which
are shown in Figures 4 and 5.
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Figure 5: Morphology dilate operator for a piezoelectric smart plate with four simple supported corners.

Begin: k = 1

Generate the initial population

Binary decode

The finite element analysis (FEA)

Sort elements for deleting some low-stress elements

Morphology operations by bridge and dilate
operators for disconnected topology

Control design by LQR

Evaluate the fitness of individual

Execute genetic operators: selection,
crossover, and mutation

k = k + 1

Satisfy the termination
criterion

Yes End

No

Figure 6: Flowchart for integrated optimization design of flat shell.

6. The Integrated Optimization
Design Steps of Structure/Control

Thedetailed steps of integrated topology optimization design
for piezoelectric cylindrical flat shell structure/control are
shown in Figure 6.

The general genetic algorithm, LQRandFEA,was utilized
for integrated topology optimization design for piezoelectric
cylindrical flat shell structure/control in this paper, which
appeared in many literatures [7–9]. Some steps in flowchart
such as deletions of some low-stress elements and repair

0.3

0.2

0.1

0

0.2 0 −0.2 0

0.2

0.4

0.6

Figure 7: The original flat shell structure and the appointed node
(labeled with red color).

strategy for disconnected topology based on morphology
operator are described in Sections 5.2 and 5.3.

7. Numerical Examples

The simulation computations for two piezoelectric cylin-
drical flat shell structures are carried out by the proposed
method. Here, the base material for two simulated structures
is used by steel, and its material properties are as follows:
Young’s elastic modulus 𝐸 = 2.1 × 10

11N/m2, Poisson’s
ratio V = 0.3, and density 𝜌 = 7800 kg/m3. Meanwhile, the
material properties of PZT patches are as follows: Young’s
elasticmodulus𝐸

𝑝
= 6.3×10

10N/m2, Poisson’s ratio V
𝑝
= 0.3,

and density 𝜌
𝑝
= 7600 kg/m3. Piezoelectric strain constants

𝑑
31

= 𝑑
32

= −171 × 10
−12 C/N, and dielectric constant

𝜀 = 15 nf/m.

7.1. Semicylindrical Piezoelectric Shell Structure. The semi-
cylindrical shell structure is shown in Figure 7. The structure
is discretized to 10 × 16 elements, with the left and right
edges being fixed, and the other edges are free. The sizes of
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0.3

0.2

0.1

0
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0.6

Figure 8: The optimal number and positions of PZT patches
(labeled with black color).

Table 1:The results for integrated optimization design of semicylin-
drical shell.

𝑓
1
/Hz 𝑉

1
/V 𝑉

2
/V 𝑉

3
/V 𝑉

4
/V 𝑆 (Kg)

19.00 39.208 39.208 62.244 62.244 7.3553

structure are as follows: the length along generatrix direction
is 𝐿 = 0.6m, the ring radius is 𝑅 = 0.3m, and the thickness
is 𝑡
𝑏

= 0.004m. The thickness of PZT patches is 𝑡
𝑝

=

0.001m. The static load condition is that the load of 1000N
is imposed in the negative 𝑧-direction of the appointed node,
which is shown in Figure 7.The genetic algorithmparameters
are as follows: population size, the crossover rate, and the
mutation rate are 40, 0.8, and 0.02, respectively.The allowable
maximal iterations and the penalty factor are 200 and 1000,
respectively.

The vibration of the cylindrical shell structure is caused
by the sinusoidal excitation 𝐹 = 1000 ∗ sin(2 ∗ 𝑝𝑖 ∗ 15 ∗ 𝑡)

that is imposed in the negative 𝑧-direction of the same node
as the static load condition.The amplitude of applied voltages
is not more than 100V; the allowable maximal number of
piezoelectric elements or actuators is not more than 6. We
hope that we can use the several PZT actuators that are not
more than 6 to control the six lower-order natural modes of
the optimization structure. The frequency constraint is that
the first natural frequency of the optimal structure is not less
than 15Hz. The upper and lower bounds for control weight
parameters are 1.0 × 10

−12 and 1.0 × 10
−13, respectively. The

optimal number and positions of PZT patches are shown in
Figure 8.

In Figure 8, the black blocks are piezoelectric coupling
elements as expressed in Figure 1.

The results of integrated topology optimization design for
semicylindrical shell structure/control are shown in Table 1.

The optimal structure topology is shown in Figure 9.
In Figure 9, the black and gray block areas are the solid

elements and void elements, respectively.The optimal control
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0.1

0

0.2
0 −0.2

0

0.2

0.4

0.6

Figure 9: The optimal structure topology.
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Figure 10: The iteration history of mass index.

weight parameters are 𝑅
𝑎
1,2

= 0.9789 × 10
−12 and 𝑅

𝑎
3,4

=

0.4155 × 10
−12, respectively. The iteration history of mass

index for the coupled structure/control is shown in Figure 10.
The vibration responses comparisons between under un-

control condition and under integrated optimization control
condition for this shell structure is shown in Figure 11.

7.2. Cantilever Piezoelectric Cylindrical Shell Structure. The
cantilever cylindrical shell structure is shown in Figure 12.
The structure is discretized to 10 × 32 elements, with the
front ring edges being fixed, and the other edges are free.The
sizes of structure are as follows: the length along generatrix
direction is 𝐿 = 0.8m, the ring radius is 𝑅 = 0.4m,
and the base thickness is 𝑡

𝑏
= 0.001m. The thickness of

PZT patches is 𝑡
𝑝

= 0.0015m. The static load condition
is that the load of 10000N is imposed in the negative 𝑧-
direction of the specified node, which is shown in Figure 11.
The genetic algorithm parameters are as follows: population
size, the crossover rate, and the mutation rate are 40, 0.8, and
0.02, respectively. The allowable maximal iterations and the
penalty factor are 100 and 10000, respectively.

The vibration of the cantilever cylindrical shell structure
is caused by the sinusoidal excitation 𝐹 = 10000 ∗ sin(2 ∗

𝑝𝑖 ∗ 17.5 ∗ 𝑡) that is imposed in the negative 𝑧-direction of
the same node as the static load condition. The amplitude
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Figure 11: The time response of vibration structure at the excitation
node along negative 𝑧-direction.
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Figure 12: The original flat shell structure and the specified node
(labeled with red color).

of applied voltages is not more than 100V; the allowable
maximal number of PZT patches is not more than 6. We
hope that we can use the several PZT patches that are not
more than 6 to control the six lower-order natural modes of
the optimization structure. The frequency constraint is that
the first natural frequency of the optimal structure is not less
than 2Hz. The upper and lower bounds for control weight
parameters are 1.0 × 10

−8 and 1.0 × 10
−9, respectively. The

optimal number and positions of PZT patches are shown in
Figure 13.The four piezoelectric flat shell elements are 55, 66,
96, and 105, respectively.

The results of integrated optimization design for can-
tilever cylindrical shell structure/control are shown in
Table 2.

The optimal structure topology is shown in Figure 14.
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Figure 13: The optimal number and positions of PZT patches.
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Figure 14: The optimal structure topology.

Table 2:The results for integrated optimization design of cantilever
cylindrical shell.

𝑓
1
/Hz 𝑉

1
/V 𝑉

2
/V 𝑉

3
/V 𝑉

4
/V 𝑆 (Kg)

2.886 8.842 8.842 24.806 24.806 7.8205

The optimal control weight parameters are 𝑅
𝑎
1,2

=

0.9561×10
−8 and 𝑅

𝑎
3,4

= 0.7574×10
−8, respectively.The iter-

ation history of mass index for the coupling structure/control
is shown in Figure 15.

The vibration responses comparisons between under un-
control condition and under integrated optimization control
condition for this shell structure is shown in Figure 16.
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Figure 15: The iteration history of mass index.
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Figure 16: The time response comparisons at the excitation node
along negative 𝑧-direction.

8. Conclusions

In order to enlarge the scope of application of the integrated
optimization design of structure/control in engineering and
practice, the integrated topology optimization design of
piezoelectric cylindrical flat shell structure/control is studied
in this paper. Firstly, the piezoelectric flat shell element
is used for dynamic modeling of piezoelectric cylindrical
shell structure. Secondly, based on the LQR control in
coupling modal space, the integrated topology optimization
design modeling with the GA is presented. Meanwhile, the
strategies with the deletions of some low-stress elements and
morphology operators are used for realization of integrated
optimization design and smooth structure topology. Finally,
numerical simulation computations are carried out for two
cylindrical flat shell structures.

The results of numerical examples show that the proposed
method can produce clear structure topology and high
control performance. In two examples, the number and the
positions of PZT patches are reasonable, and the amplitude of
applied voltages is small, which are valuable to the realization
and efficiency of integrated topology optimization design of
piezoelectric cylindrical flat shell structure in engineering
practice.
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