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The vibration-based damage identificationmethod extracts the damage location and severity information from the change ofmodal
properties, such as natural frequency andmode shape. Its performance and accuracy depends on themeasurement precision. Laser
Doppler vibrometer (LDV) provides a noncontact vibration measurement of high quality, but usually it can only do sampling on
a single point. Scanning LDV is normally used to obtain the mode shape with a longer scanning time. In this paper, a damage
detection technique is proposed using a self-synchronizing multipoint LDV. Multiple laser beams with various frequency shifts
are projected on different points of the object, reflected and interfered with a common reference beam. The interference signal
containing synchronized temporal vibration information of multiple spatial points is captured by a single photodetector and can
be retrieved in a very short period. Experiments are conducted to measure the natural frequencies and mode shapes of pre- and
postcrack cantilever beams. Mode shape curvature is calculated by numerical interpolation and windowed Fourier analysis. The
results show that the artificial crack can be identified precisely from the change of natural frequencies and the difference of mode
shape curvature squares.

1. Introduction

The structural damages, caused by aging, mechanical vibra-
tion, shock and chemical attack, and so forth, can debase
the mechanical properties of structure and even yield catas-
trophic failures, and thus detecting the structural damage at
earliest possible stages is significant in engineering related
fields. Conventional nondestructive testing techniques, such
as X-ray imaging, ultrasonic scans, and eddy current
inspection, require the approximate flaw area to be known
in advance and accessible for testing. Consequently, the
vibration-based damage identification, as a global approach,
has attracted the scientific and technical community over the
past few decades [1–5]. The foundational principle is that the
damage exerts effect on the physical properties of structure
such as damping and stiffness and further changes the modal

properties; thus, inversely, it can be diagnosed by analyzing
the difference between modal properties before and after the
defect occurrence.

Generally, there are two categories of currently used
damage detection methods, frequency-based method and
mode shape-based method. The former reaps the benefit of
easy and precise natural frequency measurement; however,
its practicability is limited by the following disadvantages: (1)
the frequency-based method can be only applied to typical
structures and damages which can be theoretically modeled
via mathematical approximation; (2) damage induced fre-
quency change may be very small even if the damage is
considerable, and thus the method is easy to be affected by
other factors such as the temperature variation; (3) different
damages may cause identical frequency change especially
when they occur on a symmetrical structure. In order to
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overcome these problems, mode shape-based approach is
presented, since mode shape is globally distributed and more
robust to environmental conditions.

In practice, mode shape derivative-based indicators, such
as mode shape curvature (MSC) [6–8], strain mode shape,
and modal strain energy (MSE) [9], are more commonly
in use due to their higher sensitivities to damage than
displacement mode shape [10]. MSC is the second-order
spatial derivative of displacement mode shape. For an Euler-
Bernoulli beam, the surface strain under bending is propor-
tional to the curvature, so the strainmode shape andMSE can
be regarded as special forms of MSC.

MSC can be computed from the measured displacement
mode shape by finite difference approximation or other
algorithms or determined by directly measuring the strain
mode shape. However, either the displacement mode shape
or the strain mode shape is much more complicated to be
measured than the natural frequency. The electrical measur-
ing method is most popular these days, such as commonly
using accelerometers for displacement metrology or using
strain gauges [11] or piezoelectric strain sensors [7, 12]
for strain metrology. However, the electrical method is a
contact measurement, in which the additional sensor mass
restricts density of sensor placing and influences metrical
precision. Besides, it is easily influenced by electromagnetic
interference.

Numerous investigations have been conducted on dam-
age diagnosis via optical measuring techniques. Optical fiber
sensors, in particular the distributed fiber sensors which
have a long strain sensing range along the entire fiber,
have gained plenty of interest [13, 14]. They are immune to
electromagnetic interference but still need adhering to the
target.The noncontact optical measuring techniques, such as
digital image correlation (DIC) method [15], full-field optical
interferometry [16, 17], and laser Doppler vibrometer (LDV),
also have been paid more and more attention. DIC and full-
field interferometry employ the high-speed camera to record
digital images. The camera provides a measurement with
high resolution and sampling rate in spatial domain, but at
present its temporal resolution and sampling rate are still
low. Moreover, the measurement calls for a high stability to
prevent environmental vibration and a lighting condition to
capture the image.

Photodetector-based LDV can offer a much higher tem-
poral sampling rate anddemands less for stability and lighting
contrasted with camera-based full-field interferometry. The
dominating demerit is LDV which can only play a pointwise
measurement as a single-pixel detector. Formode shapemea-
surement, usually a scanning LDV (SLDV) [18] is adopted
to measure the vibration on different spatial points. Ability
of providing extremely high sampling density makes SLDV
a popular metrical tool in damage identification [12, 19–22].
However, the scanning procedure is time consuming, and the
accuracy relies on the stability and repeatability of the scan-
ning device which utilizes mirrors to shift the measurement
laser beam. The asynchronous sampling is more sensitive
to noise. An instantaneous holistic rigid move of structure
or metrical system can be eliminated in synchronous sam-
pling, but it may engender a perturbation in asynchronous
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Figure 1: An Euler-Bernoulli cantilever beam model with a single
crack.

sampling. Moreover, unlimited sampling points are unnec-
essary in respect that the quality of damage detection is not
always improved with the increase of sampling, in practice
[22].

In our previous research, amultipoint LDVwas proposed
to realize a twenty-point synchronized measurement in the
form of a 5 × 4 beam array [23, 24]. The beam array limits
the metrical flexibility. To solve this problem, the laser beams
are recoupled into optical fibers; hereby, for each channel,
a fiber-based interferometer is formed to do measurement
independently [25]. This multipoint LDV is potential in
mode analysis. In this paper, a 14-point fiber-based LDV is
applied to diagnose the crack in beam-like structure using
a combination of frequency-based and mode shape-based
methods.Thedamage location is determined by the change of
MSC squares, and the severity is evaluated using a proposed
frequency-based method. Numerical interpolation and win-
dowed Fourier transform are presented toMSC computation,
in order to prevent the noise magnification in differentiation.
The results show that an accurate identification of both
damage location and depth information can be achieved by
using the proposed multipoint LDV system.

2. Theoretical Analysis of
Damage Identification

2.1. Frequency-Based Damage Severity Analysis. The basic
theory of vibration-based fault detection method is estab-
lished on the characteristics of beam-like structures [26].
Figure 1 shows an Euler-Bernoulli cantilever beam model
with a single notch crack. The length of the beam is 𝐿 and
the crack of a depth 𝑟 is at the position of distance 𝑙 to the
clamping end. Normally the ratio 𝑒 = 𝑙/𝐿 is used to represent
the crack relative location and the relative depth 𝛼 = 𝑟/𝐻 is
used to represent the crack severity.

Mostly, the crack is assumed to be fully open during
the vibration and equivalent to a rotational spring at the
crack location, and the cracked beam is considered as
two uniform beams connected by the spring [27–29]. The
vibration equation of an Euler-Bernoulli beam is then valid
for each segment of the beam separately, with the appropriate
boundary condition. For such a beam-like structure, the
relationship between natural frequency change ratio and the
nondimensional spring stiffness 𝐾 is [29] as follows:

Δ𝑓
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− 𝑓
𝑑
is the natural frequency change before

and after the damage occurrence, subscript 𝑛 demotes the 𝑛th
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mode, and subscripts 𝑢 and 𝑑 imply the undamaged case and
damaged case, respectively. The function 𝑔
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where 𝜙
𝑛
is the 𝑛th mode shape, and for a cantilever beam, it

can be expressed as
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The nondimensional spring stiffness 𝐾 = 𝐾
𝑟
𝐿/𝐸𝐼, where
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For the first mode being selected (𝑛 = 1), 𝛽
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Putting it in (5), we can get
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When the second mode shape is selected (𝑛 = 2), 𝛽
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The relationship between higher natural frequency, rela-
tive crack location, and relative crack depth can be derived
from (1) and (2) according to the above deduction. If the
natural frequency and crack location 𝑒 are known, the relative
crack depth 𝛼 can be calculated by (7) or (8).

2.2. Mode-Shape-Based Damage Localization. The mode
shape variation happens with the defect-induced changes in
dynamic characteristics of the beam. The damage alters the
local stiffness, and thus subsequently the local mode shape
changes. Mode shape derivatives are more commonly in use
especially the MSC, the second-order spatial derivative of
mode shape. Absolute difference of MSC squares (MSCS)
[20] between intact and damaged structures can be used as
the damage indicator:
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The healthy structure’s mode shape, used as the baseline,
can be measured experimentally or shaped via numerical
simulation. Notwithstanding in most real applications, the
baseline is unavailable to be measured, and this paper is
principally focused on metrical technique; thus, the baseline
is acquired by experiment.

General algorithm to compute MSC is the central differ-
ence approximation:

𝜙
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ℎ
2

, (10)

where 𝑘 implies the 𝑘th sampling point and ℎ is the uniform
distance between the sampling points. The algorithm is sim-
ple, but unfortunately it amplifies the measurement errors,
especially when the spatial sampling points is sparsely placed.
An improved way is computing the slope from curve fitting
through the mode shape, but the error is still considerable.

In this paper, windowed Fourier ridges (WFR) algorithm
[30] is introduced to extract MSC from the mode shape
pretreated with a numerical interpolation. The interpolation
inserts new data into the original sampling points to increase
the number of data points. WFR transform the interpolated
mode shape into its windowed Fourier amplitude spectro-
gram, searches out themaximumpoint at each specific spatial
coordinate, and regards the corresponding frequency as the
approximate local frequency. The algorithm has been proved
to be a powerful tool to calculate the derivative of a signal
when the window is selected appropriately [31]. For a signal
in the form of 𝑠(𝑥) = 𝐴(𝑥) exp{𝑗𝜑(𝑥)}, its windowed Fourier
transform is
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2

2𝜎
2

} exp {−𝑗𝜉𝑥} 𝑑𝑥,

(11)

where exp{−(𝑥 − 𝑢)2/2𝜎2} is the Gaussian window moving
along the signal. Mathematically, the extraction of phase 𝜑(𝑥)
and phase derivative 𝜑(𝑥) by WFR can be expressed as

𝜑 (𝑥) = angle [WFT (𝑢, 𝜉)]
𝜉=𝜑

(𝑢)
,
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max{abs[WFT(𝑢,𝜉)]} .

(12)
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Its principle of WFR is similar to that of wavelet ridges
algorithm, but in respect that WFR take the exponential
function as elemental function, as shown in (11), it is more
suitable for a signal chiefly consisting of simple harmonic
components. The mode shape is generally believed as such a
signal in mathematics. Exemplarily, for an Euler beam-type
structure, the analytical general expression of mode shape
is a combination of trigonometric functions and hyperbolic
functions, both of which can be converted into exponential
expressions.

3. Experimental Illustrations

3.1. Fiber-Based Multipoint LDV. The principle of LDV is
based on the laser Doppler effect. For the same observer,
when a laser beam with a frequency 𝑓

0
is projected onto a

target with a velocity 𝑉, a Doppler frequency shift 𝑓
𝐷
will

happen to the reflected beam and 𝑓
𝐷
is linearly related to the

velocity:

𝑓
𝐷
(𝑡) = 2

𝑓
0

𝑐

𝑉 (𝑡) cos 𝜃, (13)

where 𝑐 is the speed of light and 𝜃 is the angle between illu-
mination and observation direction. In LDV system, usually
let 𝜃 = 0. If the Doppler frequency shift is already known,
the velocity can be calculated by using (13). However, for the
current luminous intensity detector, the laser frequency is too
high to be directlymeasured, and the shift direction is impos-
sible to be determined. One normally adopted problem-
solving technique is heterodyne interferometry [32], which
employs an acousto-optic modulator (AOM) to introduce
an invariable frequency shift 𝑓AOM into the object beam.
Since 𝑓

𝐷
+ 𝑓AOM is extraordinarily small compared with

the laser frequency, a beat effect will occur when the object
beam interferes with the reference beam. In this case, a
photodetector is able to record the intensity fluctuation. The
beat frequency𝑓

𝐷
+𝑓AOM can be acquired by a demodulation

process. Since𝑓AOM is already known, if𝑓
𝐷
is between−𝑓AOM

and +𝑓AOM, the shift directional ambiguity can be solved and
the velocity of object can be calculated by (13).

In our previous study, a spatially encoding technology
was proposed to generate a beam array with various fre-
quency shifts through a combination of AOMs at different
diffraction types and realize a simultaneous vibration mea-
surement on 20 points. Then a fiber-based configuration is
adopted in optical design to couple the laser beams into
different fibers and illuminate the various spatial points on
the specimen by sensing heads. This configuration makes
the system more flexible for various objects. The fiber-
based LDV system in each channel can be treated as a
separated subsystem. In this paper, a 14-point LDV is used
to measure the modal characteristics of cantilever beams.
Fourteen sensing heads will project 14 laser beams with
frequency shifts from 30MHz to 290MHz with a frequency
interval of 20MHz onto the object, and the reflected beams

are interfered with a common reference beam. Interference
intensity detected by the photodetector is

𝐼 = 𝐼
𝐷𝐶

+

14
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(14)

where 𝑖 = 1, 2, 3, . . . , 14, 𝑝 and 𝑞 are integers, Δ𝜓 is the initial
phase difference between the two interfering beams, 𝐼

𝑂(𝑖)
is

the intensity of each object beam, and 𝐼
𝑅
is the intensity of

reference beam. The second term is the sum of interference
signals between 14 object beams and the reference beam.The
phase𝑓

𝐷(𝑖)
+𝑓AOM(𝑖) includes the useful vibration information

of 14 sampling points. However, while the object beams are
interfering with the reference, the object beams interfere with
each other to form the crosstalk as expressed in the third
term. The intensity of the interference signals of the object
beams and reference beam is determined by √𝐼

𝑅
𝐼
𝑂(𝑖)

, while
the intensity of the cross talk between any two object beams
is determined by √𝐼

𝑂(𝑝)
𝐼
𝑂(𝑞)

. In that case, if the intensity of
the reference is much higher than that of the object beams,
the interference signals of the object beams and reference
beamwill be the dominating components in the spectrogram.
By using a windowed Fourier ridge [30] or wavelet ridge
algorithm to detect the signals with the highest energy at
certain frequency range, the crosstalk can be bypassed and
the vibration information on each measurement point can be
demodulated. More details of the approach to eliminate the
crosstalk are described in [33]. Since only one photodetector
is used in this LDV system, synchronization problem is
solved automatically. This system is applied to vibration
measurement on a cantilever beam for crack inspection.

3.2. Experiments. An indefective beam and two cracked
aluminum cantilever beams with the same dimensions and
material properties are manufactured for experiments. The
three-dimensional size of the beam is 270mm × 10mm ×

10mm. An artificial single crack with a depth of 4mm and
a width of 0.2mm is made on each cracked beam by the wire
cutting technique. That means the relative crack depth 𝛼 =

0.4. The cracks on the two beams are at position of 108mm
and 135mm to the clamping end, respectively, and hence the
crack location 𝑒 is, respectively, 0.4 and 0.5. Fourteen equal-
spaced sample points aremeasured along the central line.The
distances of sampling points to the clamping end are 70 + (𝑖−
1) × 10mm, where 𝑖 = 1, 2, 3, . . . , 14. The experimental setup
is shown in Figure 2.

In the first experiment, the natural frequencies of each
cantilever beam are measured by the knocking method. A
pendulum is used to apply a shock excitation to the beam at
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Figure 2: Experimental layout of the vibration measurment.

position of 10mm from the free end. When the pendulum
almost hits the beam, the digitizer is triggered and the
temporal out-of-plane displacement variations on different
sampling points are recorded.The natural frequencies can be
extracted from spectrums of the displacement variations.

In the second experiment, the mode shape of each
cantilever beam is measured by the proposed 14-point LDV
system. The beam is subjected to an exciting force with
sinusoidal configuration provided by an electromechanical
shaker at position of 10mm to the free end. Frequency of the
exciting force is the corresponding second natural frequency
of the beam determined in the above experiment, and thus
the vibratory response is approximately the second mode
shape.

The investigations on mode-shape-based damage iden-
tification are mostly devoted to the research of lower order
modes, usually the first or second modes. It is so because
the acquirement of lower modes is much more easier than
that of higher ones, and there are less nodal points in lower
mode shape, where the displacement is close to zero and thus
the relative measurement error is high. However, the higher
mode shape ismore sensitive to the damage localization.Thus
in the experiment, we select the second mode shape which is
relatively a higher mode shape than the first mode shape.

4. Results and Discussion

Figure 3(a) shows the out-of-plane displacement of one sam-
pling point in the first 0.08 s when the pendulum hits on the
intact beam. From its spectrum, several resonances denoting
structural natural frequencies can be observed. In order to
increase the signal-to-noise ratio (SNR) of measurement, an
average operation of multiple spectrums is conducted since
the proposed LDV can provide a measurement on multiple
points in a single test. Figure 3(b) shows the averaged spec-
trum, where the 𝑦-coordinate represents natural logarithm
of the spectrum coefficient. The first and second natural

Table 1: Measured natural frequencies of the three beams.

𝑓
1
(Hz) 𝑓

2
(Hz)

Intact beam 105.6 663.6
Cracked beam (𝑒 = 0.4) 103.3 637.7
Cracked beam (𝑒 = 0.5) 104.1 633.2

Table 2: Relative crack depth calculated by (7) and (8).

Cracked beam
(𝑒 = 0.4)

Cracked beam
(𝑒 = 0.5)

𝛼 (actual) 0.4 0.4
First frequency change ratio 0.0218 0.039
𝛼 calculated by (7) 0.353 0.367
Relative error 11.75% 8.25%
Second frequency change ratio 0.0142 0.0458
𝛼 calculated by (8) 0.382 0.333
Relative error 4.5% 16.75%

frequencies of the intact beam are 105.5Hz and 663.4Hz,
respectively. The same data processing is conducted to the
cracked beams and the average spectra of the corresponding
beams with 𝑒 = 0.4 and 𝑒 = 0.5 are shown in Figures 3(c)
and 3(d), respectively.The first and second frequencies of the
three beams are showed in Table 1.

In the second experiment, vibrations on 14 points of the
beams are obtained. Figure 4 plots out-of-plane displacement
variations of the first two sampling points on the indefective
beam in the first 0.04 s. Figure 5(a) shows the normalized
second mode shape of undamaged beam, where the 𝑥-
coordinate represents the relative position 𝑒. The value of
each point is an averaged displacement in the same time
duration. Figure 5(b) shows the interpolated mode shape
by cubic spline interpolation, and Figure 5(c) is the MSC
extracted by WFR algorithm. The same data processing
is conducted to the cracked beams. The normalized 14-
point mode shapes, the interpolated versions, and the modal
curvatures of cracked beams are shown in Figures 6(a),
6(b), and 6(c), respectively. Figure 6(d) shows the absolute
difference of MSC squares of intact and defective beams. The
maximum value of the difference can indicate the location of
artificial crack precisely.

Based on the crack locations and natural frequencies
information, the relative crack depth 𝛼 can be calculated by
(7) and (8), respectively, and is then shown in Table 2. The
error is less than 20%, which is acceptable in engineering
applications. The error mainly comes from the difference
between actual beam structure and theoretical model which
relies on the theory of Euler-Bernoulli beam and rotational
spring approximation.The three beams used for experiments
may be slightly different in their actual dimensional sizes,
material constants, and other variables. Furthermore, the
clamping end of cantilever beam may not provide an exactly
strict boundary condition as the theoretical description. For
a complex structure in real application, the analytic solution
is impossible to be deduced, and thus it is complicated
and difficult to evaluate the damage severity quantitatively.
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Figure 3: (a) Out-of-plane displacement distribution of one sampling point on the intact beam in the first 0.08 s after trigger; spectrum of
the displacement distribution of (b) intact beam; (c) cracked beams with 𝑒 = 0.4; (d) cracked beams with 𝑒 = 0.5.
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Figure 4: Out-of-plane displacement variation of the first two measurement points on the intact beam in first 0.04 s.

An approximate estimation can be done according to the
reduction of natural frequency, because the natural frequency
decreases with the increase of damage severity.

Proper interpolation and differentiation algorithms are
helpful to improve the precision of MSC calculation. The
interpolation increases the number of spatial points of the
signal and thus enhances the performance of windowed
Fourier transform. Figures 5(c) and 6(c) show that WFR
is capable of extracting the second derivative with a high
precision. It can be observed that the crack position does
not superimpose with the sampling points in the experiment,
which demonstrates the combined use of interpolation and
WFR algorithms promote the crack localization. However,
primarily, the localization depends on the interval between
sampling points, and, according to the discussion centered
on the spatial sampling rate by Sazonov and Klinkhachorn
[22], the number of measurement points provided by the
proposed LDV is still less than the theoretical optimal value.
Since the approach to remove crosstalk has been established,
the number of measurement points is only restricted by the
range of frequency and velocity of vibration to be measured.
Considering that almost entirely the low-frequency vibration
in a small scale is adopted in defect diagnoses, the number
of measurement laser beams can be developed from current
fourteen to forty and more. In that case, the inspection

performance can be enhanced significantly. Besides, grad-
ually zooming out the searching range is a good solution
since the fiber-based system can adjust the spatial interval of
measurement points conveniently.

5. Concluding Remarks

In this paper, a self-synchronizing multipoint LDV is pro-
posed for vibration-based damage detection. Vibration infor-
mation of 14 spatial points on the structure can be measured
simultaneously. The location and severity of structural dam-
age can be extracted from the changes of natural frequencies
and MSC squares. Numerical interpolation and windowed
Fourier transform are adopted to calculate the MSC from
the measured mode shape and localize the flaw precisely. In
theMSC-based damage detectionmethod, a measurement of
mode shape with a high quality is required. As the proposed
fiber-based multipoint LDV can do vibration measurement
simultaneously on multiple points, it avoids the influence of
scanning mechanism and asynchronous sampling on mode
shapemeasurement. In addition, it tremendously reduces the
measurement time. Hence, it may gain more applications in
damage diagnosis field due to its high flexibility and accuracy.
No matter what damage indicator or signal processing algo-
rithm is selected, a precise measurement of modal properties
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Figure 5: (a) 14-point mode shape of the intact beam; (b) interpolated mode shape of the intact beam; (c) MSC of the intact beam extracted
by WFR method.
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Figure 6: (a) 14-point mode shapes of the cracked beams; (b) interpolated mode shapes; (c) MSCs extracted by WFR method; (d) absolute
difference of MSC squares of the intact and cracked beams.
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of the defective structure is significant to implement and
accomplish the identification.
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