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This paper deals with the design of an observed based optimal state feedback controller having pole location constraints for an active
vibration mitigation problem of an aircraft system. An eleven-degree-of-freedom detailed full aircraft mathematical model having
active landing gears and a seated pilot body is developed to control and analyze aircraft vibrations caused by runway excitation, when
the aircraft is taxiing. Ground induced vibration can contribute to the reduction of pilot’s capability to control the aircraft and cause
the safety problem before take-off and after landing. Since the state variables of the pilot body are not available for measurement
in practice, an observed based optimal controller is designed via Linear Matrix Inequalities (LMIs) approach. In addition, classical
LQR controller is designed to investigate effectiveness of the proposed controller. The system is then simulated against the bump
and random runway excitation.The simulation results demonstrate that the proposed controller provides significant improvements
in reducing vibration amplitudes of aircraft fuselage and pilot’s head and maintains the safety requirements in terms of suspension
stroke and tire deflection.

1. Introduction

The landing of an aircraft is the most critical operation, since
it directly affects the safety, comfort, taxiing performance,
and aircraft fatigue life [1]. During landing, ground induced
vibrations cause the safety and comfort problem, hence
need to mitigate quickly. It is well known that most of
the nonfatal accidents occur during the landing [2]. The
landing gear system is the intermediate element between the
aircraft fuselage and the runway [3]. Therefore, a successfully
designed landing gear system should be able to provide the
aircraft stability andmaneuverability after the landing impact
[4].

Dynamic and impact loads in aircrafts resulting from
landing and uneven runway surfaces are recognized as a
significant factor in causing fatigue damage [5]. Additionally,
runway irregularities can contribute to reduction of pilot’s
capability and the accidents may occur because of this prob-
lem [1, 6]. Therefore, landing gear systems have to attenuate

the ground induced vibrations to improve the passenger-crew
safety and comfort.

Design of landing gear systems has been studied for a
long time [7–9]. For all aircraft, landing gears are equipped
with passive damping devices that suppress the ground
induced vibrations [10]. Well-designed passive landing gears
can be able to provide the required safety and comfort and
absorb the energy during the touchdown [11]. However, the
vibration damping performance of the passive landing gear
system is not ensured since the passive damper devices
cannot be tuned for every single runway’s characteristics [12].
Therefore, semiactive and active landing gears systems are
currently being studied and experimented to overcome this
adaptability problem [13, 14].

In literature, many linear and nonlinear control methods
have been proposed for active and semiactive landing gear
systems [15, 16]. Ghiringhelli and Gualdi have designed
a hybrid semiactive controller that combines a nonlinear
PID term to mitigate the ground induced vibrations [17].

Hindawi Publishing Corporation
Shock and Vibration
Volume 2016, Article ID 2150493, 20 pages
http://dx.doi.org/10.1155/2016/2150493



2 Shock and Vibration

Gharapurkar et al. have designed a semiactive magnetorhe-
ological landing gear system by the use of Linear Quadratic
Regulator (LQR) and 𝐻∞ control methods for a three-
degree-of-freedom aircraft model considering the bounce,
the pitch, and the roll motions [18]. Sateesh and Maiti have
developed a torsional MR damper to enhance the stability
of the nose landing gear system due to the ground induced
lateral excitation [19].

Among the passive, semiactive, and active landing gears,
active landing gears can provide the best comfort and safety
performance. Therefore, active landing gears have received
much more attention in the last decades. Ross and Edson
have designed an active landing gear system to mitigate the
landing loads and ground induced vibrations under various
runway irregularities in their brief study [20]. Freymann
has applied an experimental and analytical study to show
the efficiency of active landing gears in reducing landing
loads and ground induced vibrations under different runway
excitation [21]. A full aircraft model having active landing
gears has been considered by Sivakumar and Haran, and
PID controllers have been designed to attenuate the ground
induced vibrations for passenger comfort and safety while the
aircraft is taxiing [22].

All the papers discussed above add some significant con-
tribution to the literature. However, the pilot body vibration
analysis in terms of safety and comfort performance require-
ments has not been considered using detailed full aircraft
mathematical model having an integrated biodynamic pilot
model so far which is themainmotivation factor of this study.

In this paper, landing gear control strategy for a detailed
full aircraft with biodynamic pilot model is proposed to
improve vibration suppression performance on pilot ride
comfort, ride safety, and fuselage acceleration when the
aircraft is subjected to runway disturbance during the taxiing.
An integrated pilot’s seat and detailed full aircraft model that
includes Abbas et al.’s [23] four-degree-of-freedom biody-
namic seated pilot model is presented. This detailed mathe-
matical model provides a platform to analyze ride comfort
performance in terms of pilot’s head acceleration responses
during taxiing under different type runway excitation. Based
on the detailed aircraft mathematical model, an optimal
controller is designed to attenuate the fuselage and pilot’s
head vibrations. Because the state variables of biodynamic
pilot body model are not available for measurement in
practice, an observer based state feedback optimal controller
having pole location constraints is developed using LMIs
approach. Additionally, classical LQR controller is designed
to demonstrate the effectiveness of the proposed observer
based controller. Finally, numerical simulation studies are
conducted to evaluate the performance of the designed
controller under bump and random type runway excitation.

Rest of the paper is organized as follows: Section 2
describes the dynamic model of a full aircraft system having
active landing gears and biodynamic pilot model. The design
of an observer based state feedback optimal controller having
pole location constraints is presented in Section 3. Simulation
results with discussions are given in Section 4. Finally,
Section 5 concludes the paper.

Notation. A fairly standard notation is used throughout the
paper. R stands for the set of real numbers, and R𝑛×𝑛 is the
set of 𝑛 × 𝑛 dimensional real matrices. “trace” stands for the
standard trace operator. The identity and null matrices are
denoted by 𝐼 and 0, respectively. 𝑋 > 0 (≥, < 0) denotes
that 𝑋 is a positive-definite (positive semidefinite, negative
definite) matrix. The notation “⊗” denotes the Kronecker
product. Finally, diag{𝑀1, . . . ,𝑀𝑛} stands for a diagonal
matrix with elements𝑀1, . . . ,𝑀𝑛 appearing on its diagonal.

2. Mathematical Modelling of a Full
Aircraft System Having Active Landing
Gears and Biodynamic Pilot Model

In this study, an eleven-degree-of-freedom detailed full air-
craft model is shown in Figure 1, including active landing
gears and a pilot seat suspension system, and an integrated
four-degree-of-freedom biodynamic pilot body model is
provided. The mathematical model consists of full vehicle
dynamics and vertical vibrations of seated pilot body. In this
model, aircraft dynamics include vertical motions of fuselage
and tires, angular motions of fuselage as known as roll, and
pitch.

In Figure 1, 𝑚f is the fuselage body mass which is
connected to the three masses of the front, rear left, and rear
right landing gears. 𝑚t1, 𝑚t2, and 𝑚t3 are the front, rear left,
and rear right landing gear masses, respectively. 𝑚s is the
pilot’s seat mass, and the pilot body is composed of four-
mass segment, that is, head and neck 𝑚h, upper torso 𝑚u,
lower torso 𝑚l, and thigh and pelvis 𝑚p. The arms and legs
are combined with the upper torso and thigh, respectively
[23]. 𝑧t1(𝑡), 𝑧t2(𝑡), and 𝑧t3(𝑡) are the vertical displacements of
front, rear left, and rear right tires. 𝑧f (𝑡) is bounce motion
of the fuselage and 𝜙(𝑡) and 𝜃(𝑡) are the roll and pitch
angular positions which are defined with respect to the body
fixed coordinate frame. 𝑧s(𝑡) is the vertical displacement
of pilot’s seat. 𝑧p(𝑡), 𝑧l(𝑡), 𝑧u(𝑡), and 𝑧h(𝑡) are defined as
vertical displacements of thigh and pelvis, lower torso, upper
torso, and head, respectively. 𝑧r1(𝑡), 𝑧r2(𝑡), and 𝑧r3(𝑡) are the
runway displacement inputs. 𝑐s1, 𝑘s1, 𝑐s2, 𝑘s2, and 𝑐s3, 𝑘s3 are
the damping and stiffness of the front landing gear system,
rear left landing gear system, and rear right landing gear
system, respectively. 𝑐t1, 𝑘t1, 𝑐t2, 𝑘t2, and 𝑐t3, 𝑘t3 stand for the
damping and stiffness of the front tires, rear left tires, and
rear right tires, respectively. Seat suspension stiffness and
damping elements are 𝑘fs, 𝑐fs. Stiffness and damping elements
between seat and pelvis are 𝑘sp, 𝑐sp, pelvis and lower torso are𝑘pl, 𝑐pl, pelvis and upper torso are 𝑘pu, 𝑐pu, lower torso and
upper torso are 𝑘lu, 𝑐lu, and upper torso and head are 𝑘uh, 𝑐uh,
respectively.𝐹1(𝑡),𝐹2(𝑡), and𝐹3(𝑡) represent the active control
forces that are applied to the front landing gear, rear left
landing gear, and rear right landing gear of modelled aircraft,
respectively. ℓf and ℓr denote the distance from Center of
Gravity (CG) to the front and rear landing gear along 𝑥s axis.ℓsl and ℓsr denote the distances between CG and rear left
landing gear and rear right landing gear 𝑦f direction. Finally,ℓsf and ℓss denote the distances between CG and seat along 𝑥f
and 𝑦f directions.
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Figure 1: Full aircraft vibration model having active landing gears and biodynamic pilot body subject to runway excitation.

2.1. Equilibrium Equations of Motion. The dynamic equi-
librium equations of motion for the full aircraft having
active landing gear systems, an integrated pilot’s seat and
biodynamic pilot model, are derived by Lagrange method.
The general Lagrange equation can be written as

d
d𝑡 (𝜕𝐸K𝜕�̇�𝑖 ) − 𝜕𝐸K𝜕𝑞𝑖 +

𝜕𝐸P𝜕𝑞𝑖 +
𝜕𝐸D𝜕�̇�𝑖 = 𝑄𝑖, (1)

where 𝐸K, 𝐸P, and 𝐸D are the kinetic energy, potential
energy, and dissipative energy of the system, respectively. 𝑞𝑖
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is the generalized coordinates and 𝑄𝑖 is the external forces
of the system. The generalized coordinates and forces for the
modeled full aircraft system can be written as

𝑞 (𝑡) = [𝑧t1 (𝑡) 𝑧t2 (𝑡) 𝑧t3 (𝑡) 𝜙 (𝑡) 𝜃 (𝑡) 𝑧f (𝑡) 𝑧s (𝑡) 𝑧p (𝑡) 𝑧l (𝑡) 𝑧u (𝑡) 𝑧h (𝑡)]𝑇 , (2)

𝑄 (𝑡)
= [−𝐹1 (𝑡) −𝐹2 (𝑡) −𝐹3 (𝑡) ℓsl𝐹2 (𝑡) − ℓsr𝐹3 (𝑡) ℓr (𝐹2 (𝑡) + 𝐹3 (𝑡)) − ℓf𝐹1 (𝑡) 𝐹1 (𝑡) + 𝐹2 (𝑡) + 𝐹3 (𝑡) 0 0 0 0 0]𝑇 . (3)

In order to obtain the kinetic energy, potential energy, and
dissipative energy of the full aircraft system, deflections of
each stiffness and damping element are defined as follows:

𝑑t1 (𝑡) = 𝑧t1 (𝑡) − 𝑧r1 (𝑡) , (4)

𝑑t2 (𝑡) = 𝑧t2 (𝑡) − 𝑧r2 (𝑡) , (5)

𝑑t3 (𝑡) = 𝑧t3 (𝑡) − 𝑧r3 (𝑡) , (6)

𝑑s1 (𝑡) = 𝑧f (𝑡) − ℓf sin 𝜃 (𝑡) − 𝑧t1 (𝑡)
≅ 𝑧f (𝑡) − ℓf𝜃 (𝑡) − 𝑧t1 (𝑡) , (7)

𝑑s2 (𝑡) = 𝑧f (𝑡) + ℓr sin 𝜃 (𝑡) + ℓsl sin𝜙 (𝑡) − 𝑧t2 (𝑡)
≅ 𝑧f (𝑡) + ℓr𝜃 (𝑡) + ℓsl𝜙 (𝑡) − 𝑧t2 (𝑡) , (8)

𝑑s3 (𝑡) = 𝑧f (𝑡) + ℓr sin 𝜃 (𝑡) − ℓsr sin𝜙 (𝑡) − 𝑧t3 (𝑡)
≅ 𝑧f (𝑡) + ℓr𝜃 (𝑡) − ℓsr𝜙 (𝑡) − 𝑧t3 (𝑡) , (9)

𝑑fs (𝑡) = 𝑧s (𝑡) − 𝑧f (𝑡) + ℓsf𝜃 (𝑡) − ℓss𝜙 (𝑡) , (10)

𝑑sp (𝑡) = 𝑧p (𝑡) − 𝑧s (𝑡) , (11)

𝑑pl (𝑡) = 𝑧l (𝑡) − 𝑧p (𝑡) , (12)

𝑑pu (𝑡) = 𝑧u (𝑡) − 𝑧p (𝑡) , (13)

𝑑lu (𝑡) = 𝑧u (𝑡) − 𝑧l (𝑡) , (14)

𝑑uh (𝑡) = 𝑧h (𝑡) − 𝑧u (𝑡) . (15)

By the use of (4)–(15), kinetic, potential, and dissipative
energy functions of the full aircraft system can be written as

𝐸K = 12𝑚t1�̇�2t1 (𝑡) + 12𝑚t2�̇�2t2 (𝑡) + 12𝑚t3�̇�2t3 (𝑡)
+ 12𝐼𝑥�̇�2 (𝑡) + 12𝐼𝑦�̇�2 (𝑡) + 12𝑚f �̇�2f (𝑡)
+ 12𝑚s�̇�2s (𝑡) + 12𝑚p�̇�2p (𝑡) + 12𝑚l�̇�2l (𝑡)
+ 12𝑚u�̇�2u (𝑡) + 12𝑚h�̇�2h (𝑡) ,

𝐸P = 12𝑘t1𝑑2t1 (𝑡) + 12𝑘t2𝑑2t2 (𝑡) + 12𝑘t3𝑑2t3 (𝑡)
+ 12𝑘s1𝑑2s1 (𝑡) + 12𝑘s2𝑑2s2 (𝑡) + 12𝑘s3𝑑2s3 (𝑡)

+ 12𝑘fs𝑑2fs (𝑡) + 12𝑘sp𝑑2sp (𝑡) + 12𝑘pl𝑑2pl (𝑡)
+ 12𝑘pu𝑑2pu (𝑡) + 12𝑘lu𝑑2lu (𝑡) + 12𝑘uh𝑑2uh (𝑡) ,

𝐸D = 12𝑐t1�̇�2t1 (𝑡) + 12𝑐t2�̇�2t2 (𝑡) + 12𝑐t3�̇�2t3 (𝑡)
+ 12𝑐s1�̇�2s1 (𝑡) + 12𝑐s2�̇�2s2 (𝑡) + 12𝑐s3�̇�2s3 (𝑡)
+ 12𝑐fs�̇�2fs (𝑡) + 12𝑐sp�̇�2sp (𝑡) + 12𝑐pl�̇�2pl (𝑡)
+ 12𝑐pu�̇�2pu (𝑡) + 12𝑐lu�̇�2lu (𝑡) + 12𝑐uh�̇�2uh (𝑡) .

(16)

The energy functions (16) can be used to construct the
equilibrium equations of motion by substituting them into
Lagrange equation (3) for each generalized coordinate. The
governing equilibrium equations of motion for the full
aircraft having active landing gear systems, an integrated
pilot’s seat and biodynamic pilot model, are obtained using
Lagrange method as follows:

For front landing gear motion,

𝑚t1�̈�t1 (𝑡) = −𝑘t1 [𝑧t1 (𝑡) − 𝑧r1 (𝑡)]
− 𝑘s1 [𝑧t1 (𝑡) − 𝑧f (𝑡) + ℓf𝜃 (𝑡)]
− 𝑐t1 [�̇�t1 (𝑡) − �̇�r1 (𝑡)]
− 𝑐s1 [�̇�t1 (𝑡) − �̇�f (𝑡) + ℓf �̇� (𝑡)] − 𝐹1 (𝑡) .

(17)

For rear left landing gear motion,

𝑚t2�̈�t2 (𝑡) = −𝑘t2 [𝑧t2 (𝑡) − 𝑧r2 (𝑡)]
− 𝑘s2 [𝑧t2 (𝑡) − 𝑧f (𝑡) − ℓr𝜃 (𝑡) − ℓsl𝜙 (𝑡)]
− 𝑐t2 [�̇�t2 (𝑡) − �̇�r2 (𝑡)]
− 𝑐s2 [�̇�t2 (𝑡) − �̇�f (𝑡) − ℓr�̇� (𝑡) − ℓsl�̇� (𝑡)]
− 𝐹2 (𝑡) .

(18)
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For rear right landing gear motion,

𝑚t3�̈�t3 (𝑡) = −𝑘t3 [𝑧t3 (𝑡) − 𝑧r3 (𝑡)]
− 𝑘s3 [𝑧t3 (𝑡) − 𝑧f (𝑡) − ℓr𝜃 (𝑡) + ℓsr𝜙 (𝑡)]
− 𝑐t3 [�̇�t3 (𝑡) − �̇�r3 (𝑡)]
− 𝑐s3 [�̇�t3 (𝑡) − �̇�f (𝑡) − ℓr�̇� (𝑡) + ℓsr�̇� (𝑡)]
− 𝐹3 (𝑡) .

(19)

For roll motion of the fuselage,

𝐼𝑥�̈� (𝑡) = −ℓsl𝑘s2 [ℓsl𝜙 (𝑡) + 𝑧f (𝑡) + ℓr𝜃 (𝑡) − 𝑧t2 (𝑡)]
− ℓsr𝑘s3 [ℓsr𝜙 (𝑡) − 𝑧f (𝑡) − ℓr𝜃 (𝑡) + 𝑧t3 (𝑡)]
− ℓss𝑘fs [ℓss𝜙 (𝑡) − 𝑧s (𝑡) + 𝑧f (𝑡) − ℓsf𝜃 (𝑡)]
− ℓsl𝑐s2 [ℓsl�̇� (𝑡) + �̇�f (𝑡) + ℓr�̇� (𝑡) − �̇�t2 (𝑡)]
− ℓsr𝑐s3 [ℓsr�̇� (𝑡) − �̇�f (𝑡) − ℓr�̇� (𝑡) + �̇�t3 (𝑡)]
− ℓss𝑐fs [ℓss�̇� (𝑡) − �̇�s (𝑡) + �̇�f (𝑡) − ℓsf �̇� (𝑡)]
+ ℓsl𝐹2 (𝑡) − ℓsr𝐹3 (𝑡) .

(20)

For pitch motion of the fuselage,

𝐼𝑦�̈� (𝑡) = −ℓf𝑘s1 [ℓf𝜃 (𝑡) − 𝑧f (𝑡) + 𝑧t1 (𝑡)]
− ℓr𝑘s2 [ℓr𝜃 (𝑡) + 𝑧f (𝑡) + ℓsl𝜙 (𝑡) − 𝑧t2 (𝑡)]
− ℓr𝑘s3 [ℓr𝜃 (𝑡) + 𝑧f (𝑡) − ℓsr𝜙 (𝑡) − 𝑧t3 (𝑡)]
− ℓsf𝑘fs [ℓsf𝜃 (𝑡) + 𝑧s (𝑡) − 𝑧f (𝑡) − ℓss𝜙 (𝑡)]
− ℓf𝑐s1 [ℓf �̇� (𝑡) − �̇�f (𝑡) + �̇�t1 (𝑡)]
− ℓr𝑐s2 [ℓr�̇� (𝑡) + �̇�f (𝑡) + ℓsl�̇� (𝑡) − �̇�t2 (𝑡)]
− ℓr𝑐s3 [ℓr�̇� (𝑡) + �̇�f (𝑡) − ℓsr�̇� (𝑡) − �̇�t3 (𝑡)]
− ℓsf𝑐fs [ℓsf �̇� (𝑡) + �̇�s (𝑡) − �̇�f (𝑡) − ℓss�̇� (𝑡)]
+ ℓr [𝐹2 (𝑡) + 𝐹3 (𝑡)] − ℓf𝐹1 (𝑡) .

(21)

For bounce motion of the fuselage,

𝑚f �̈�f (𝑡) = −𝑘fs [𝑧f (𝑡) − 𝑧s (𝑡) − ℓsf𝜃 (𝑡) + ℓss𝜙 (𝑡)]
− 𝑘s1 [𝑧f (𝑡) − ℓf𝜃 (𝑡) − 𝑧t1 (𝑡)]
− 𝑘s2 [𝑧f (𝑡) + ℓr𝜃 (𝑡) + ℓsl𝜙 (𝑡) − 𝑧t2 (𝑡)]
− 𝑘s3 [𝑧f (𝑡) + ℓr𝜃 (𝑡) − ℓsr𝜙 (𝑡) − 𝑧t3 (𝑡)]
− 𝑘t1 [𝑧f (𝑡) − 𝑧t1 (𝑡)]
− 𝑘t2 [𝑧f (𝑡) − 𝑧t2 (𝑡)]

− 𝑘t3 [𝑧f (𝑡) − 𝑧t3 (𝑡)]
− 𝑐fs [�̇�f (𝑡) − �̇�s (𝑡) − ℓsf �̇� (𝑡) + ℓss�̇� (𝑡)]
− 𝑐s1 [�̇�f (𝑡) − ℓf �̇� (𝑡) − �̇�t1 (𝑡)]
− 𝑐s2 [�̇�f (𝑡) + ℓr�̇� (𝑡) + ℓsl�̇� (𝑡) − �̇�t2 (𝑡)]
− 𝑐s3 [�̇�f (𝑡) + ℓr�̇� (𝑡) − ℓsr�̇� (𝑡) − �̇�t3 (𝑡)]
− 𝑐t1 [�̇�f (𝑡) − �̇�t1 (𝑡)] − 𝑐t2 [�̇�f (𝑡) − �̇�t2 (𝑡)]
− 𝑐t3 [�̇�f (𝑡) − �̇�t3 (𝑡)] + 𝐹1 (𝑡) + 𝐹2 (𝑡)
+ 𝐹3 (𝑡) .

(22)

For the vertical motion of the pilot’s seat,

𝑚s�̈�s (𝑡) = −𝑘fs [𝑧s (𝑡) − 𝑧f (𝑡) + ℓsf𝜃 (𝑡) − ℓss𝜙 (𝑡)]
− 𝑘sp [𝑧s (𝑡) − 𝑧p (𝑡)]
− 𝑐fs [�̇�s (𝑡) − �̇�f (𝑡) + ℓsf �̇� (𝑡) − ℓss�̇� (𝑡)]
− 𝑐sp [�̇�s (𝑡) − �̇�p (𝑡)]

(23)

For the vertical motion of the pilot’s pelvis,

𝑚p�̈�p (𝑡) = −𝑘sp [𝑧p (𝑡) − 𝑧s (𝑡)] − 𝑘pl [𝑧p (𝑡) − 𝑧l (𝑡)]
− 𝑘pu [𝑧p (𝑡) − 𝑧u (𝑡)]
− 𝑐sp [�̇�p (𝑡) − �̇�s (𝑡)] − 𝑐pl [�̇�p (𝑡) − �̇�l (𝑡)]
− 𝑐pu [�̇�p (𝑡) − �̇�u (𝑡)] .

(24)

For the vertical motion of the pilot’s lower torso,

𝑚l�̈�l (𝑡) = −𝑘pl [𝑧l (𝑡) − 𝑧p (𝑡)] − 𝑘lu [𝑧l (𝑡) − 𝑧u (𝑡)]
− 𝑐pl [�̇�l (𝑡) − �̇�p (𝑡)] − 𝑐lu [�̇�l (𝑡) − �̇�u (𝑡)] . (25)

For the vertical motion of the pilot’s upper torso,

𝑚u�̈�u (𝑡) = −𝑘pu [𝑧u (𝑡) − 𝑧p (𝑡)] − 𝑘lu [𝑧u (𝑡) − 𝑧l (𝑡)]
− 𝑘uh [𝑧u (𝑡) − 𝑧h (𝑡)]
− 𝑐pu [�̇�u (𝑡) − �̇�p (𝑡)] − 𝑐lu [�̇�u (𝑡) − �̇�l (𝑡)]
− 𝑐uh [�̇�u (𝑡) − �̇�h (𝑡)] .

(26)

For the vertical motion of the pilot’s head,

𝑚h�̈�h (𝑡) = −𝑘uh [𝑧h (𝑡) − 𝑧u (𝑡)]
− 𝑐uh [�̇�h (𝑡) − �̇�u (𝑡)] . (27)
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The above equations of motions can be written in the matrix
form as

𝑀s�̈� (𝑡) + 𝐶s�̇� (𝑡) + 𝐾s𝑞 (𝑡) = 𝐹s𝑢 (𝑡) + 𝐸s𝑤 (𝑡) , (28)

where 𝑞(𝑡) is the generalized coordinates, 𝑢(𝑡) is the control
force, 𝐹s ∈ R𝑛×𝑚 gives the location of the controller, 𝑤(𝑡) ∈
R𝑝 is the disturbance input, and 𝐸s ∈ R𝑛×𝑝 is a matrix that
weights the disturbances. Finally, 𝑀s, 𝐶s, 𝐾s ∈ R𝑛×𝑛 are the
mass, damping, and stiffnessmatrices of themodelled aircraft
system, respectively. These matrices are given in Appendix.

Using the definition 𝑥(𝑡) = [𝑞(𝑡) �̇�(𝑡)]𝑇, system (28) can
be expressed in state space form as

�̇� (𝑡) = 𝐴𝑥 (𝑡) + 𝐵1𝑤 (𝑡) + 𝐵2𝑢 (𝑡) , (29)

where

𝐴 = [ 0 𝐼
−𝑀−1s 𝐾s −𝑀−1s 𝐶s

] ,

𝐵1 = [ 0
𝑀−1s 𝐸s

] ,

𝐵2 = [ 0
𝑀−1s 𝐹s]

(30)

and𝑤(𝑡) = [𝑧r1(𝑡) 𝑧r2(𝑡) 𝑧r3(𝑡) �̇�r1(𝑡) �̇�r2(𝑡) �̇�r3(𝑡)]𝑇 is the
vector of disturbances and 𝑢(𝑡) = [𝐹1(𝑡) 𝐹2(𝑡) 𝐹3(𝑡)]𝑇 is the
vector of control inputs.

3. Controller Design

LMI based controller design has received considerable atten-
tion in recent years [24–26]. In this paper, to improve system
performance, an optimal observer based𝐻2 controller having
pole location constraints is designed. Based on the integrated
model, first an optimal full state feedback controller could
be designed to improve the pilot’s taxiing performance and
essential safety requirements. However, it is well known that
full sate feedback approach assumes that all the state variables
belonging to the full aircraft system having active landing
gears and pilot body are available for measurement. The
assumption is questionable, when states of the biodynamic
pilot body model are considered. In particular, the lower
torso, upper torso, and head displacements and velocities are
not practically measurable. Therefore, a full state feedback
optimal controller is not suitable to improve active landing
gear performance on pilot’s comfort and aircraft safety during
taxiing. On the other hand, dynamic output feedback con-
troller could be implemented to solve the unmeasurable states
problem; however it is an expensive and difficult solution
when the model order is increased by adding frequency
weighting performance filters [27]. Therefore, in this study
an optimal observer based𝐻2 controller having pole location
constraints which is less expensive and more practically
reliable is applied to the active landing gear system to fulfill
the desired performance requirements. The main control

objectives are guaranteed asymptotic stability of the closed
loop system and disturbance attenuation in the sense of 𝐻2
norm. First, solvability conditions for optimal observed based𝐻2 state feedback controller are expressed in terms of a set of
LMIs.Then, additional LMI constraints are added to place the
closed loop poles into the desired domains in complex plane.

Consider an open-loop state space system given by

�̇� (𝑡) = 𝐴𝑥 (𝑡) + 𝐵1𝑤 (𝑡) + 𝐵2𝑢 (𝑡) ,
𝑧 (𝑡) = 𝐶1𝑥 (𝑡) + 𝐷11𝑤 (𝑡) + 𝐷12𝑢 (𝑡) ,
𝑦 (𝑡) = 𝐶2𝑥 (𝑡) + 𝐷21𝑤 (𝑡) + 𝐷22𝑢 (𝑡) ,

(31)

where 𝑥(𝑡) ∈ R𝑛 is the state vector, 𝑢(𝑡) ∈ R𝑚 is the
control inputs vector, 𝑤(𝑡) ∈ R𝑝 is the disturbance inputs
vector acting on the system, 𝑧(𝑡) ∈ R𝑐 is the controlled
outputs vector, and 𝑦(𝑡) ∈ R𝑞 is the measured outputs vector.
Then, 𝐴 ∈ R𝑛×𝑛, 𝐵1 ∈ R𝑛×𝑝, and 𝐵2 ∈ R𝑛×𝑚 are known,
real, constant state differential equation matrices and 𝐶1 ∈
R𝑐×𝑛, 𝐷11 ∈ R𝑐×𝑝, and 𝐷12 ∈ R𝑐×𝑚 are the matrices to
represent controlled outputs and𝐶2 ∈ R𝑞×𝑛,𝐷21 ∈ R𝑞×𝑝, and𝐷22 ∈ R𝑞×𝑚 denote the measured outputs with appropriate
dimensions.

Rest of this section is organized as follows. Section 3.1
describes the synthesis of optimal state feedback 𝐻2 con-
troller having pole location constraints by the use of LMI
regions.Thereafter, design of a full order optimal𝐻2 observer
is given in Section 3.2. Finally, observer based state feedback
optimal controller design is constructed in Section 3.3.

Subscript “𝑐” stands for scalar variables or unknown
variables related to state feedback controller and subscript “𝑜”
stands for the full order observer.

3.1. Optimal State Feedback Controller Design Having Pole
Location Constraints. In this section, it is assumed that all the
state variables are available for measurement. Hence, a state
feedback control law

𝑢 (𝑡) = 𝐾𝑥 (𝑡) , (32)

which is a linear function of state vector, can be constructed.
Here, 𝐾 ∈ R𝑚×𝑛 is the state feedback controller gain. Then,
the closed loop system can be written using (31) and (32) as

�̇� (𝑡) = (𝐴 + 𝐵2𝐾)𝑥 (𝑡) + 𝐵1𝑤 (𝑡) ,
𝑧 (𝑡) = (𝐶1 + 𝐷12𝐾)𝑥 (𝑡) + 𝐷11𝑤 (𝑡) . (33)

An optimal state feedback controller must ensure stability
and specified performance against disturbances at the same
time. In the presence of exogenous inputs such as distur-
bances, minimization of𝐻2 norm is one of the well accepted
performance specifications [28]. Here, ‖𝑇𝑧𝑤‖2 stands for 𝐻2
norm of the transfer function matrices from disturbances𝑤(𝑡) to controlled outputs 𝑧(𝑡) for the closed loop system (33).

Lemma 1 presents a full state feedback 𝐻2 controller
design.
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Lemma 1 (see [29]). For a given nonnegative scalar 𝜂𝑐, the
closed loop system (33) is asymptotically stable with 𝐻2 norm
less than 𝜂𝑐, if there exist positive-definite symmetric matrix𝑋𝑐 ∈ R𝑛×𝑛 and a rectangular matrix 𝐹𝑐 ∈ R𝑚×𝑛 subject to

trace (𝑄𝑐) < 𝜂2𝑐 ,
[ 𝑄𝑐 𝐶1𝑋𝑐 + 𝐷12𝐹𝑐
𝑋𝑐𝐶𝑇1 + 𝐹𝑇𝑐 𝐷𝑇12 𝑋𝑐 ] ≻ 0,

𝐴𝑋𝑐 + 𝐵2𝐹𝑐 + 𝑋𝑐𝐴 + 𝐹𝑇𝑐 𝐵𝑇2 + 𝐵𝑇1𝐵1 ≺ 0.
(34)

Then, the control law 𝑢(𝑡) = 𝐾𝑥(𝑡) = 𝐹𝑐𝑋−1𝑐 𝑥(𝑡) is a full state
feedback𝐻2 controller associated with𝐻2 norm less than 𝜂𝑐.

It is well known that the transient response of a linear
system is related to location of its poles in complex plane.
Therefore controller design with constraints on closed loop
pole locations can ensure satisfactory transient response.
Establishing a lower bound for decay rate and an upper bound
for damping ratio can be described as domains in complex
plane as follows:

𝐻𝜏
𝑐

= {𝑥 + 𝑗𝑦 | 𝑥 < −𝜏𝑐 < 0} ,
𝐻𝜃 = {𝑥 + 𝑗𝑦 | 𝑦 < 𝑥 tan 𝜃𝑐 < 0} , (35)

where 𝜏𝑐 is the positive real number that restricts the real
part of closed loop poles and 𝜃𝑐 is the value of the angle to
prescribe desired damping ratio as cos (𝜃𝑐). Any domain in
complex plane can be represented as a LMI region, if there

exist a symmetric matrix 𝐺 ∈ R𝑑×𝑑 and unstructured matrix𝑀 ∈ R𝑑×𝑑 such that

𝐷(𝐺,𝑀) = {𝑠 ∈ 𝐶 | 𝐺 + 𝑠𝑀 + 𝑠𝑀𝑇 ≺ 0} , (36)

where 𝑠 is a complex number and superscript 𝑠 stands for
complex conjugate of 𝑠. Then,𝐷(𝐺,𝑀) is called an LMI region
[30]. Hence, closed loop pole location constraints can be
formulated in LMI approach by Lemma 2.

Lemma 2 (see [30]). For a given LMI region𝐷(𝐺,𝑀) associated
with 𝐺 and𝑀, a matrix𝑁 ∈ 𝑅𝑛×𝑛 is 𝐷(𝐺,𝑀) stable if and only
if there exists a symmetric positive-definite matrix 𝑃 ∈ R𝑛×𝑛

which satisfies

𝐺 ⊗ 𝑃 +𝑀 ⊗ (𝑁𝑃) +𝑀𝑇 ⊗ (𝑁𝑃)𝑇 ≺ 0, (37)

where ⊗ is the Kronecker product.

In the light of Lemma 2, to place the poles of the𝐴+𝐵2𝐾
into a LMI region described by (35),

𝐺𝜏
𝑐

= 2𝜏𝑐,
𝑀𝜏
𝑐

= 1,
𝐺𝜃
𝑐

= 02×2,
𝑀𝜃
𝑐

= [ sin 𝜃𝑐 cos 𝜃𝑐− cos 𝜃𝑐 sin 𝜃𝑐]
(38)

can be used [30, 31]. Then, the matrices (38) are substituted
into (37) and as follows and one obtains

2𝜏𝑐𝑃 + 𝐴𝑃 + 𝐵2𝑊𝑐 + 𝑃𝐴𝑇 +𝑊𝑇𝑐 𝐵𝑇2 ≺ 0,
[
[
(𝐴𝑃 + 𝑃𝐴𝑇 + 𝐵2𝑊𝑐 +𝑊𝑇𝑐 𝐵𝑇2 ) sin 𝜃𝑐 (𝑃𝐴𝑇 − 𝐴𝑃𝑐 +𝑊𝑐𝐵𝑇2 − 𝐵2𝑊𝑐) cos 𝜃𝑐
(𝐴𝑃 − 𝑃𝐴𝑇 + 𝐵2𝑊𝑐 −𝑊𝑇𝑐 𝐵2) cos 𝜃𝑐 (𝐴𝑃 + 𝑃𝐴𝑇 + 𝐵2𝑊𝑐 +𝑊𝑐𝐵𝑇2 ) sin 𝜃𝑐

]
]
≺ 0. (39)

Here, a change of variable 𝑊𝑐 = 𝐾𝑃 is performed to tackle
the bilinear matrix inequality problem. Hence, state feedback
controller with pole location constraints can be calculated as𝐾 = 𝑊𝑐𝑃−1 by the solution of (39).

By assuming that 𝐾 = 𝑊𝑐𝑃−1 = 𝐹𝑐𝑋−1𝑐 𝐻2 controller with
pole location constraints can be designed. 𝐹𝑐 = 𝑊𝑐 and 𝑋𝑐 =𝑃 are compulsory assumptions, since the constraint𝑊𝑐𝑌−1𝑐 =𝐹𝑐𝑋−1𝑐 is nonconvex. Consequently, computation of a𝐻2 state

feedback controller gain with pole location constraints can be
performed by the following theorem.

Theorem 3. For given positive scalars 𝜂𝑐, 𝜏𝑐, and 𝜃𝑐, the closed
loop system (33) is asymptotically stable with𝐻2 norm less than𝜂𝑐 and closed loop poles are shifted to the left side of −𝜏𝑐 with
a damping ratio which is smaller than cos (𝜃𝑐), if there exist
positive-definite symmetricmatrices𝑋𝑐 ∈ R𝑛×𝑛 and𝑄𝑐 ∈ R𝑐×𝑐

and a rectangular matrix 𝐹𝑐 ∈ R𝑚×𝑛 subject to

𝐴𝑋𝑐 + 𝐵2𝐹𝑐 + 𝑋𝑐𝐴𝑇 + 𝐹𝑇𝑐 𝐵𝑇2 + 𝐵𝑇1𝐵1 ≺ 0,
[ 𝑄𝑐 𝐶1𝑋𝑐 + 𝐷12𝐹𝑐
𝑋𝑐𝐶𝑇1 + 𝐹𝑇𝑐 𝐷𝑇12 𝑋𝑐 ] ≻ 0,

𝑡𝑟𝑎𝑐𝑒 (𝑄) < 𝜂𝑐,
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2𝜏𝑐𝑋𝑐 + 𝐴𝑋𝑐 + 𝑋𝑐𝐴𝑇 + 𝐵2𝐹𝑐 + 𝐹𝑇𝑐 𝐵𝑇2 ≺ 0,
[
[
(𝐴𝑋𝑐 + 𝑋𝑐𝐴𝑇 + 𝐵2𝐹𝑐 + 𝑌𝑐𝐹𝑇𝑐 ) sin 𝜃𝑐 (𝑋𝑐𝐴𝑇 − 𝐴𝑋𝑐 + 𝐹𝑐𝐵𝑇2 − 𝐵2𝐹𝑐) cos 𝜃𝑐
(𝐴𝑋𝑐 − 𝑋𝑐𝐴𝑇 + 𝐵2𝐹𝑐 − 𝑌𝑐𝐹𝑇𝑐 ) cos 𝜃𝑐 (𝐴𝑋𝑐 + 𝑋𝑐𝐴𝑇 + 𝐵2𝐹𝑐 + 𝐹𝑐𝐵𝑇2 ) sin 𝜃𝑐]]

≺ 0.
(40)

Then, the control law 𝑢(𝑡) = 𝐾𝑥(𝑡) = 𝐹𝑐𝑋−1𝑐 𝑥(𝑡) is state
feedback 𝐻2 controller having pole location constraints. If the
minimization of 𝜂𝑐 is considered, the resulting state feedback
controller is an optimal𝐻2 controller.
3.2. Optimal Full Order Observer Design Having Pole Location
Constraints. In this section, LMI based optimal full order
observer design is presented. It is well known that state
feedback control approach assumes that all states are available
for feedback. However, it is not the case in many real life
applications. Thus, observer design is a very important issue
and needed in many applications. An observer is another
dynamical system which aims to observe the states which are
unavailable formeasurement.Therefore, a full order observer
is given in the form of

̇̂𝑥 (𝑡) = 𝐴�̂� (𝑡) + 𝐵2𝑢 (𝑡) + 𝐿 (�̂� (𝑡) − 𝑦 (𝑡)) ,
�̂� (𝑡) = 𝐶2�̂� (𝑡) + 𝐷22𝑢 (𝑡) , (41)

where �̂�(𝑡) is the state observation vector and �̂�(𝑡) is the
observer output vector. Finally, 𝐿 ∈ R𝑛×𝑞 is the observer gain.
Observation error and dynamics are defines as

𝑒 (𝑡) = 𝑥 (𝑡) − �̂� (𝑡) ,
̇𝑒 (𝑡) = (𝐴 + 𝐿𝐶2) 𝑒 (𝑡) + (𝐵1 + 𝐿𝐷21) 𝑤 (𝑡) ,
�̂� (𝑡) = 𝐶3𝑒 (𝑡) .

(42)

An optimal full order observer design problem can be stated
as making the observation error asymptotically stable and
least sensitive to the disturbance 𝑤(𝑡). Here �̂�(𝑡) ∈ R𝑘 and𝐶3 ∈ R𝑘×𝑛 are the related vector and matrix to choose which
observation errors must be less affected by disturbances.
Thereafter, full order 𝐻2 observer gain can be computed as
given in Lemma 4.

Lemma 4 (see [29]). For a given nonnegative scalar 𝜂𝑜,
observation error (42) is asymptotically stable with 𝐻2 norm
less than 𝜂𝑜, if there exist symmetric positive-definite matrix𝑋𝑜 ∈ R𝑛×𝑛 and a rectangular matrix 𝐹𝑜 ∈ R𝑛×𝑞 subject to

𝑡𝑟𝑎𝑐𝑒 (𝑄𝑜) < 𝜂2𝑜 ,
[𝑋𝑜𝐴 + 𝐹𝑜𝐶2 + 𝐴𝑇𝑋𝑜 + 𝐶𝑇2𝐹𝑇𝑜 𝑋𝑜𝐵1 + 𝐹𝑜𝐷21

𝐵𝑇1𝑋𝑜 + 𝐷𝑇21𝐹𝑇𝑜 −𝐼 ] ≺ 0,

[𝑄𝑜 𝐶3
𝐶𝑇3 𝑋𝑜] ≻ 0

(43)

Then, 𝐿 = 𝑋−1𝑜 𝐹𝑜 is a full order𝐻2 observer gain.
In order to improve observation performance, pole loca-

tion constraints with the LMI regions are added to the full
order observer design. By the use of Lemma 2 which is given
in Section 3.1, poles of the observation error dynamics (42)
can be placed into a LMI region with guarantee of decay rate
and damping ratio associated with 𝜏𝑜 and 𝜃𝑜, as given in

2𝜏𝑜𝑌𝑜 + 𝑌𝑜𝐴 +𝑊𝑜𝐶2 + 𝐴𝑇𝑌𝑜 + 𝐶𝑇2𝑊𝑇𝑜 ≺ 0,
[
[
(𝑌𝑜𝐴 + 𝐴𝑇𝑌𝑜 +𝑊𝑜𝐶2 + 𝐶𝑇2𝑊𝑇𝑜 ) sin 𝜃𝑜 (𝐴𝑇𝑌𝑜 − 𝑌𝑜𝐴 + 𝐶𝑇2𝑊𝑇𝑜 −𝑊𝑜𝐶2) cos 𝜃𝑜
(𝑌𝑜𝐴 − 𝐴𝑇𝑌𝑜 +𝑊𝑜𝐶2 − 𝐶𝑇2𝑊𝑇𝑜 ) cos 𝜃𝑜 (𝑌𝑜𝐴 + 𝐴𝑇𝑌𝑜 +𝑊𝑜𝐶2 + 𝐶𝑇2𝑊𝑇𝑜 ) sin 𝜃𝑜]]

≺ 0, (44)

where 𝑌𝑜 = 𝑃−1 and 𝑊𝑜 = 𝑌𝑜𝐿. Hence, by assuming that𝐿 = 𝑋−1𝑜 𝐹𝑜 = 𝑌−1𝑜 𝑊𝑜 an optimal full order𝐻2 observer having
pole location constraints can be designed. Since, 𝑋−1𝑜 𝐹𝑜 =𝑌−1𝑜 𝑊𝑜 is not a convex constraint, 𝐹𝑜 = 𝑊𝑜 and 𝑋𝑜 = 𝑌𝑜 are
compulsory assumptions. Consequently, full order observer
design procedure is formulated inTheorem 5.

Theorem 5. For given positive scalars 𝜂𝑜, 𝜏𝑜, and 𝜃𝑜, obser-
vation error (42) is asymptotically stable with 𝐻2 norm less
than 𝜂𝑜 and observer poles are shifted to the left side of −𝜏𝑜
with a damping ratio which is smaller than cos (𝜃𝑜), if there
exist positive-definite symmetric matrix 𝑋𝑜 ∈ R𝑛×𝑛 and a
rectangular matrix 𝐹𝑜 ∈ R𝑛×𝑞 subject to

𝑡𝑟𝑎𝑐𝑒 (𝑄𝑜) < 𝜂2𝑜 ,
[𝑋𝑜𝐴 + 𝐹𝑜𝐶2 + 𝐴𝑇𝑋𝑜 + 𝐶𝑇2𝐹𝑇𝑜 𝑋𝑜𝐵1 + 𝐹𝑜𝐷21

𝐵𝑇1𝑋𝑜 + 𝐷𝑇21𝐹𝑇𝑜 −𝐼 ] ≺ 0,
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[𝑄𝑜 𝐶3
𝐶𝑇3 𝑋𝑜] ≻ 0,

2𝜏𝑜𝑋𝑜 + 𝑋𝑜𝐴 + 𝑆𝑜𝐶2 + 𝐴𝑇𝑋𝑜 + 𝐶𝑇2 𝑆𝑇𝑜 ≺ 0,
[
[
(𝑋𝑜𝐴 + 𝐴𝑇𝑋𝑜 + 𝐹𝑜𝐶2 + 𝐶𝑇2𝐹𝑇𝑜 ) sin 𝜃𝑜 (𝐴𝑇𝑋𝑜 − 𝑋𝑜𝐴 + 𝐶𝑇2𝐹𝑇𝑜 − 𝐹𝑜𝐶2) cos 𝜃𝑜
(𝑋𝑜𝐴 − 𝐴𝑇𝑋𝑜 + 𝐹𝑜𝐶2 − 𝐶𝑇2𝐹𝑇𝑜 ) cos 𝜃𝑜 (𝑋𝑜𝐴 + 𝐴𝑇𝑋𝑜 + 𝐹𝑜𝐶2 + 𝐶𝑇2𝐹𝑇𝑜 ) sin 𝜃𝑜]]

≻ 0.
(45)

Then, 𝜂𝑜 is an upper bound in terms of the𝐻2 norm for the error
dynamics (42), from 𝑤(𝑡) to �̂�(𝑡) for all ≥ 0, and the observer
gain is 𝐿 = 𝑋−1𝑜 𝐹𝑜. If the minimization of 𝜂𝑜 is considered, the
resulting observer is an optimal full order𝐻2 observer.
3.3. Construction of Observer Based Optimal Controller. In
this section, observer based controller structure is intro-
duced. A full order observer can be rewritten as

̇̂𝑥 (𝑡) = (𝐴 + 𝐿𝐶2) �̂� (𝑡) + (𝐵2 + 𝐿𝐷22) 𝑢 (𝑡) − 𝐿𝑦 (𝑡) , (46)

where computation of 𝐿 is formulated by Theorem 5. Here, a
full order observer (46) is a dynamical system which takes
control input 𝑢(𝑡) and measured outputs 𝑦(𝑡) as inputs to
produce the estimation of the state vector �̂�(𝑡). By combining
the state feedback gainmatrix𝐾which can be calculated with
Theorem 3, an observer based controller

̇̂𝑥 (𝑡) = (𝐴 + 𝐿𝐶2) �̂� (𝑡) + (𝐵2 + 𝐿𝐷22) 𝑢 (𝑡) − 𝐿𝑦 (𝑡) ,
𝑢 (𝑡) = 𝐾�̂� (𝑡) , (47)

is obtained. Integrated structure of the state feedback and
observer is depicted in Figure 2.

4. Numerical Simulation Study

In this section, extensive numbers of simulations are carried
out to verify the effectiveness and applicability of the pro-
posed controller in reducing the effect of runway irregular-
ities on the modeled full aircraft system and to improve ride
quality during taxiing. The full aircraft system parameters
used in the simulations are given in Table 1, where the full
aircraft model with landing gears parameters is borrowed
from [22], and the seat suspension and biodynamic pilot body
parameters are discussed in [23, 32].

In order to demonstrate proposed controller perfor-
mance, two typical runway profiles are used as disturbance
input which are applied to the aircraft tires. Bump type road
profile is considered first to reveal the transient response
characteristics which is given by

𝑧r1 (𝑡) = {{{
0.04 (1 − cos (𝜔𝑡)) , 0.2 ≤ 𝑡 ≤ 1
0, otherwise,

𝑧r2 (𝑡) = {{{
0.1 (1 − cos (𝜔𝑡)) , 5 ≤ 𝑡 ≤ 5.8
0, otherwise,

𝑧r3 (𝑡) = {{{
0.06 (1 − cos (𝜔𝑡)) , 2.6 ≤ 𝑡 ≤ 3.4
0, otherwise,

(48)

where duration of each impulse is 0.8 s and the frequency𝜔 is
7.85 rad/s [22].Then, very poor randomrunway profile is used
as the worst case disturbance input. The runway disturbance
is generated by a shaping filter method which is described in
[22, 33, 34]. It is typically specified as random process with a
ground displacement Power Spectral Density (PSD) of

𝑆 (𝜔) = 2𝛼𝑉𝜎2𝜔2 + 𝛼2𝑉2 , (49)

where 𝜎2 denotes the runway roughness variance (m2), 𝑉
is the aircraft longitudinal speed (m/s), and 𝛼 depends on
the type of runway surface (rad/m). Hence, if the aircraft
runs with the constant speed, the PSD (49) and the random
runway profile signal may be obtained as the output of a first-
order linear filter expressed as

�̇�r (𝑡) = −𝛼𝑉𝑧r (𝑡) + 𝜔 (𝑡) , (50)

where 𝜔(𝑡) is a white noise process with the spectral density𝑆(𝜔). The road roughness standard deviations for various
runway types are given in Table 2 [22].

In this study, runway excitation with E grade very poor
random road profile has been considered for the value of
longitudinal speed 𝑉 that is 50m/s. The modelled bump
and very poor random runway disturbances are shown in
Figure 3.

In this section, first, an observer based optimal state feed-
back controller is designed for active vibration control of full
aircraft system having active landing gears and biodynamic
pilot body. Then, to compare the control performance and
show the effectiveness of the proposed observer based opti-
mal state feedback controller with classical LQR controller,
the LQR is designed and simulation studies are performed.
All the simulations and computations are accomplished using
Matlab with Simulink. For the solution of the resulting LMIs,
Yalmip parser and Sedumi solver are used [35, 36].
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Figure 2: Structure of the observer based controller.

In order to ensure the responses within permissible
limits for the essential safety and comfort requirements, the
controlled output vector 𝑧(𝑡) is constructed as

𝑧 (𝑡) = [𝑟1𝜙 (𝑡) 𝑟2𝜃 (𝑡) 𝑟3𝑧f (𝑡) 𝑟4𝑧h (𝑡) 𝑟5𝑑s1 (𝑡) 𝑟6𝑑s2 (𝑡) 𝑟7𝑑s3 (𝑡)]𝑇 , (51)

where 𝑑s1(𝑡), 𝑑s2(𝑡), and 𝑑s3(𝑡) are suspension strokes and
previously given in (7), (8), and (9). In addition, each scalar𝑟𝑖 (𝑖 = 1, 2, . . . , 7) given in (51) corresponds toweighting coef-
ficients and their values are given in Table 1. The controlled
outputs vector 𝑧(𝑡) is described in matrix form as follows:

𝑧 (𝑡) = 𝐶1𝑥 (𝑡) + 𝐷11𝑤 (𝑡) + 𝐷12𝑢 (𝑡) , (52)

where 𝐶1 is the controlled outputs state matrix, 𝐷11 is the
control inputmatrix for the controlled outputs, and𝐷12 is the
disturbance input scaling matrix for the controlled outputs.

To guarantee asymptotic convergence of observed state
variables with an optimal observation performance, appro-
priate measured outputs must be chosen. In the observer
design measured outputs are selected as

𝑦 (𝑡)
= [𝑑s1 (𝑡) 𝑑s2 (𝑡) 𝑑s3 (𝑡) 𝑧s (𝑡) − 𝑧f (𝑡) 𝜙 (𝑡) 𝜃 (𝑡) 𝑧f (𝑡) 𝑧s (𝑡) �̇� (𝑡) �̇� (𝑡) ⋅ ⋅ ⋅ �̇�f (𝑡) �̇�s (𝑡) �̇�s1 (𝑡) �̇�s2 (𝑡) �̇�s3 (𝑡) �̈�t1 �̈�t2 �̈�t3 �̈� (𝑡) �̈� (𝑡) �̈�f (𝑡) �̈�s (𝑡)]𝑇 . (53)

Themeasured outputs vector 𝑦(𝑡) is described inmatrix form
as follows:

𝑦 (𝑡) = 𝐶2𝑥 (𝑡) + 𝐷21𝑤 (𝑡) + 𝐷22𝑢 (𝑡) , (54)

where 𝐶2 is the measured outputs state matrix, 𝐷21 is the
control input matrix for the measured outputs, and𝐷22 is the
disturbance input scaling matrix for the measured outputs.

In the light ofTheorem 3, in order to achieve a minimum𝐻2 norm from 𝑤(𝑡) to 𝑧(𝑡) for all 𝑡 ≥ 0, one can solve
the following optimization problem for the positive-definite
symmetric matrices 𝑋𝑐 and 𝑄𝑐, and matrix 𝐹𝑐 and positive
scalar 𝜂𝑐,

min 𝜂𝑐
s.t. (40) . (55)

If the above optimization problem has a feasible solution, a
state feedback optimal control law can be constructed as

𝑢 (𝑡) = 𝐹𝑐𝑋−1𝑐 𝑥 (𝑡) . (56)

Applying Theorem 3 to this example, 𝜂𝑐 is calculated as
28.6555. To improve control performance, the closed loop
poles are shifted to the left side of 𝜏𝑐 = −15 and damping
ratios of each pole are enforced to be less than 0.17 which is
the maximum damping ratio value of the open-loop poles.

Then, Theorem 5 is used to construct the observer
based controller. To improve observation performance, the
observer poles are shifted to the left side of 𝜏𝑜1 = −10 and
right side of 𝜏𝑜2 = −200 with damping ratios less than 0.7. In
order to achieve a minimum 𝐻2 norm from 𝑤(𝑡) to �̂�(𝑡) for
all 𝑡 ≥ 0, one can solve the following optimization problem
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Table 1: The parameter values of the proposed full aircraft model
and the numerical values of controlled variables coefficients.

Symbol Value Units
𝑚t1 130 [kg]
𝑚t2 260 [kg]
𝑚t3 260 [kg]
𝐼𝑥 65 × 103 [kgm2]
𝐼𝑦 100 × 103 [kgm2]
𝑚f 22 × 103 [kg]
𝑚s 15 [kg]
𝑚p 36 [kg]
𝑚l 5.5 [kg]
𝑚u 15 [kg]
𝑚h 4.17 [kg]
𝑘t1 1.59 × 106 [N/m]
𝑘t2 1.59 × 106 [N/m]
𝑘t3 1.59 × 106 [N/m]
𝑘s1 6.73 × 105 [N/m]
𝑘s2 4.08 × 105 [N/m]
𝑘s3 4.08 × 105 [N/m]
𝑘fs 31 × 103 [N/m]
𝑘sp 49340 [N/m]
𝑘pl 2 × 104 [N/m]
𝑘pu 144 × 103 [N/m]
𝑘lu 1 × 104 [N/m]
𝑘uh 166990 [N/m]
𝑐t1 4066 [Ns/m]
𝑐t2 4066 [Ns/m]
𝑐t3 4066 [Ns/m]
𝑐s1 1.43 × 105 [Ns/m]
𝑐s2 6.25 × 105 [Ns/m]
𝑐s3 6.25 × 105 [Ns/m]
𝑐fs 830 [Ns/m]
𝑐sp 2475 [Ns/m]
𝑐pl 330 [Ns/m]
𝑐pu 909.1 [Ns/m]
𝑐lu 200.00 [Ns/m]
𝑐uh 310.00 [Ns/m]
ℓf 7.76 [m]
ℓr 1.94 [m]
ℓsl 3.8425 [m]
ℓsr 3.8425 [m]
ℓsf 7 [m]
ℓss 0.5 [m]
𝑟1 450 —
𝑟2 450 —
𝑟3 150 —
𝑟4 1 —
𝑟5 50 —
𝑟6 50 —
𝑟7 50 —

Table 2: Road roughness and standard deviation [22].

Road class 𝜎 (10−3m) 𝜙(Ω0) (10−6m3),Ω0 = 1 𝛼 (rad/m)
A (very good) 2 1 0.127
B (good) 4 4 0.127
C (average) 8 16 0.127
D (poor) 16 64 0.127
E (very poor) 32 256 0.127

for the positive-definite symmetric matrices 𝑍𝑜 and 𝑄𝑜 and
matrix 𝑆𝑜 and positive scalar 𝜂𝑜,

min 𝜂𝑜
s.t. (45) . (57)

If the above optimization problem has a feasible solution, a
full order optimal observer gain is computed as

𝐿 = 𝑋−1𝑜 𝐹𝑜 (58)

and 𝜂𝑜 is calculated as 0.2121. Then, the observer based
controller gains can be calculated by the use of (56) and (58)
as explained in Section 3.3. For brevity, developed observer
based optimal state feedback controller is henceforth denoted
as Controller 1.

To validate and compare the control performance of
proposed observer based controller with classical LQR con-
troller, the design equations for a LQR controller can be
obtained as inTheorem 6.

Theorem6 (see [37]). LQR controller design problem is to find
an optimal full state feedback control law that minimizes the
quadratic cost function

𝐽 = ∫∞
0
𝑥𝑇 (𝑡) 𝑄𝑥 (𝑡) + 𝑢𝑇 (𝑡) 𝑅𝑢 (𝑡) 𝑑𝑡, (59)

where performance weighting matrices are symmetric and
positive semidefinite 𝑄 = 𝑄𝑇 ≥ 0 and a symmetric positive-
definite matrix 𝑅 = 𝑅𝑇 > 0. Solution of Algebraic Riccati
Equation (ARE)

𝑆𝐴 + 𝐴𝑇𝑆 + 𝑄 + 𝑆𝐵2𝑅−1𝐵𝑇2 𝑆 = 0 (60)

provides the optimal solution. Then, the LQR control law can
be obtained as

𝑢 (𝑡) = −𝑅−1𝐵𝑇2 𝑆𝑥 (𝑡) . (61)

The performance weighting matrices of the LQR con-
troller are constructed for active vibration control of full
aircraft system as

𝑄 = diag (03×11, 25, 15, 5, 04×11, 5, 01×11) ,
𝑅 = diag (400, 40, 40) . (62)
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Figure 3: Bump and random runway disturbance inputs.
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Figure 4: Block diagram of the frequency weighting.

By the use of Theorem 6, LQR control law can be easily
calculated. For brevity, designed LQR controller is henceforth
denoted as Controller 2.

It is well known that the safety and comfort are the
essential performance requirements for the active landing
gear design problem.The safety of the aircraftmainly depends
on the suspension stroke and tire deflection responses, while
the comfort level of the pilot depends on the pilot’s head
acceleration response. Ride comfort is known to be frequency
sensitive. It is defined by ISO2631-1; humans are most sensi-
tive in the frequency band 4–10Hz for the vertical direction.
Therefore, frequencyweighting operationmust be performed
with band pass filter 𝑊𝑘(𝑠) on the vertical acceleration time
histories as shown in Figure 4 [38, 39].

Band pass filter 𝑊𝑘(𝑠) coefficients are borrowed from
[38], to weight the acceleration time histories in the vertical
direction. Frequency response of the band pass filter is shown
in Figure 5.

It is apparently seen that the frequency band 4–10Hz is
the most sensitive region for humans as previously stated.

Wk(s)

101 102100

Frequency (Hz)

−20

−15

−10

−5

0

5

(d
B)

Figure 5: ISO2631 frequency weighting filter.

Figure 6 shows the time responses of roll, pitch acceleration of
fuselage, andweighted vertical acceleration of pilot’s head and
fuselage, respectively, for both controlled and uncontrolled
cases. When the acceleration response plots of considered
aircraft system with uncontrolled and controlled cases are
compared, a superior improvement in the mitigation of
the maximum amplitude values is obtained by the use of
proposed Controller 1 and Controller 2.

The corresponding peak values of roll, pitch acceleration
responses of fuselage, and weighted vertical pilot’s head and
fuselage acceleration response are compared in Table 3 for
bump and E grade very poor random road disturbance
inputs, respectively.

As it can be observed from Table 3, Controller 1 achieves
good control performance on ride comfort during taxiing in
terms of the peak value of pilot head acceleration.
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Figure 6: Controlled and uncontrolled acceleration time responses under bump and random runway excitation.

Table 3: Comparison of peak values of acceleration responses for both controlled and uncontrolled cases.

Bump Random
Passive Controller 2 Controller 1 Passive Controller 2 Controller 1

�̈�fk(𝑡) 0.5654 0.2290 0.1939 0.3860 0.4077 0.3017
�̈�hk(𝑡) 1.0303 0.2195 0.1782 2.4260 0.6801 0.4733
�̈�(𝑡) 0.6417 0.2766 0.3164 0.8143 0.3963 0.3406
�̈�(𝑡) 0.1874 0.0828 0.0667 0.6057 0.2958 0.2442

To validate and compare the control performance of
proposed observer based controller with classical LQR con-
troller, the peak values of the roll, pitch acceleration responses
of fuselage, and weighted vertical pilot’s head and fuselage
acceleration responses are shown in Figure 7 forA grade (very
good), B grade (good), C grade (average), D grade (poor), and
E grade (very poor) road disturbance inputs.

Figure 7 demonstrates that a superior improvement in the
attenuation of the maximum amplitude values is obtained by
the use ofController 1.Note that proposedController 1 largely
reduces the pilot’s head acceleration compared to Controller
2 and therefore achieves very successful taxiing performance.

The landing gear suspension stroke and tire deflection
under bump and random runway excitation are compared

for the controlled and uncontrolled cases in Figure 8. It
is observed that the main safety requirements, which are
the suspension stroke and road holding, are fulfilled by the
proposed Controller 1 and Controller 2.

Additionally, to evaluate the proposed controller perfor-
mance on different performance aspects using quantitative
results, the peak values of landing gear suspension stroke and
tire deflection responses are given inTable 4 for the controlled
and uncontrolled cases. Table 4 reveals that designed Con-
troller 1 has a satisfactory control performance and achieves a
good trade-off, when the different performance requirements
are considered.

Figure 9 demonstrates the change in control forces for
Controller 1 and Controller 2 against bump and random
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Figure 7: Peak values of acceleration responses under A grade, B grade C grade, D grade, and E grade road class disturbance inputs.

Table 4: Comparison of peak values of landing gear suspension stroke and tire deflection responses for both controlled and uncontrolled
cases.

Bump Random
Passive Controller 2 Controller 1 Passive Controller 2 Controller 1

𝑑s1(𝑡) 0.0857 0.0469 0.0471 0.0151 0.0083 0.0078
𝑑s2(𝑡) 0.1250 0.1256 0.1436 0.0101 0.0087 0.0091
𝑑s3(𝑡) 0.0850 0.0741 0.0849 0.0105 0.0053 0.0058
𝑧t1(𝑡) − 𝑧r1(𝑡) 0.0033 0.0007 0.0008 0.0041 0.0028 0.0027
𝑧t2(𝑡) − 𝑧r2(𝑡) 0.0100 0.0045 0.0041 0.0055 0.0037 0.0031
𝑧t3(𝑡) − 𝑧r3(𝑡) 0.0093 0.0027 0.0024 0.0053 0.0032 0.0028

runway irregularities. In this figure, it is seen that the applied
control forces could be produced for practical implementa-
tion.

Desired LMI regions and resulting closed loop pole
locations obtained byController 1 andController 2 are shown
in Figure 10. As it can be observed from Figure 10, all the
closed loop poles are successfully placed in the desired LMI
regions by Controller 1.

Figure 11 indicates the observation error and it is obvious
from the responses that the unmeasurable states of the pilot’s
body are observed successfully.

Figure 12 shows the frequency responses of the bounce,
roll, and pitch modes of fuselage and vertical of pilot’s head,
respectively, for both controlled and uncontrolled cases.

As expected, high gain responses belong to the uncon-
trolled system. It is obvious that all modes are successfully

suppressed by the use of Controller 1 and Controller 2.
Additionally, Controller 1 provides the least gains of system
response over the frequency band 4–10Hz, when compared
with the uncontrolled system andController 2.Therefore, it is
clearly seen that a superior improvement in the ride comfort
is achieved by Controller 1.

Remark 7. As it can be observed from simulation results,
designed Controller 1 and Controller 2 are both effective
in reducing vibration amplitudes. In general, a full state
feedback control law provides better control performance
against an observer based control law. However, in this
study, designed Controller 1 has better disturbance atten-
uation performance on the acceleration responses without
a degradation on tire deflection which directly affects the
road holding. Hence, maneuvering and braking responses
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Figure 8: Controlled and uncontrolled bump and random runway responses on suspension stroke and tire deflection properties.

during the landing are expected to be improved. In addition,
frequency responses reveal that Controller 1 has superior
vibration mitigation performance over the frequency band
4–10Hz which drastically influences the ride comfort [38].
Therefore, with this study, a simple easily realizable synthesis
method is proposed to obtain observed based optimal control
law for full aircraft system having active landing gears and
biodynamic pilot body model under runway excitation.

5. Conclusions

This paper presents an approach for designing observer based
optimal state feedback controller to attenuate vibrations that
occurred in full aircraft system. Since the state variables of the
pilot’s body are not available for measurement, an observer
based optimal controller design has been proposed. In order

to improve controller performance, pole location constraints
are included in the controller design process. The main
importance of this study is to develop an easily realizable
synthesis to obtain practically applicable observer based state
feedback controller which provides best performance while
taking the unmeasurable states into account. At the end of the
study, effectiveness of the proposed controller is illustrated
through simulations under bump and random runway exci-
tation. Simulation results indicate that the proposed observer
based optimal controller having pole location constraint is
all effective in improving the comfort of the passenger-crew
and provides better road holding performance to enhance
the braking and maneuvering performance during taxiing.
In addition, actuator dynamics and actuator saturation phe-
nomenon will be considered for the further study on the
control of active landing gears.
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ẑ p
(t
)

(m
)

−5

0
5

z l
(t
)
−
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ẑ u
(t
)

(m
)

z h
(t
)
−
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Appendix

Mass, damping, stiffness, disturbance input, and control
input matrices are

𝑀s = diag (𝑚1, 𝑚s, 𝑚3, 𝐼𝑥, 𝐼𝑦, 𝑚f , 𝑚s, 𝑚p, 𝑚l, 𝑚u, 𝑚h) ;
𝐶s = [𝐶s11 𝐶s12

𝐶𝑇s12 𝐶s22
] ,

𝐾s = [𝐾s11 𝐾s12

𝐾𝑇s12 𝐾s22
] ,

𝐸s = [− diag (𝑘t1, 𝑘t2, 𝑘t3) − diag (𝑐t1, 𝑐t2, 𝑐t3)08×3 08×3 ] ,

𝐹s = [[
[
𝐹s1𝐹s2𝐹s3

]]
]
,

𝐶s11 =
[[[[[[[[
[

𝑐t1 + 𝑐s1 0 0 0 𝑐s1ℓf0 𝑐t2 + 𝑐s2 0 −𝑐s2ℓsl −𝑐s2ℓr0 0 𝑐t3 + 𝑐s3 𝑐s3ℓsr −𝑐s3ℓr
0 −𝑐s2ℓsl 𝑐s3ℓsr 𝑐s2ℓ2sl + 𝑐s3ℓ2sr + 𝑐fsℓ2ss 𝑐s2ℓslℓr − 𝑐s3ℓsrℓr

𝑐s1ℓf −𝑐s2ℓr −𝑐s3ℓr 𝑐s2ℓrℓsl − 𝑐s3ℓrℓsr 𝑐s1ℓ2f + 𝑐s2ℓ2r + 𝑐s3ℓ2r + 𝑐fsℓ2sf

]]]]]]]]
]
,

𝐶s12 =
[[[[[[[[
[

−𝑐s1 0 0 0 0 0
−𝑐s2 0 0 0 0 0
−𝑐s3 0 0 0 0 0

𝑐s2ℓsl − 𝑐s3ℓsr + 𝑐fsℓss −𝑐fsℓss 0 0 0 0
−𝑐s1ℓf + 𝑐s2ℓr + 𝑐s3ℓr − 𝑐fsℓsf 𝑐fsℓsf 0 0 0 0

]]]]]]]]
]
,

𝐶s22 =
[[[[[[[[[[[
[

𝑐s1 + 𝑐s2 + 𝑐s3 + 𝑐fs −𝑐fs 0 0 0 0
−𝑐fs 𝑐fs + 𝑐sp −𝑐sp 0 0 0
0 −𝑐sp 𝑐sp + 𝑐pl + 𝑐pu −𝑐pl −𝑐pu 0
0 0 −𝑐pl 𝑐pl + 𝑐lu −𝑐lu 0
0 0 −𝑐pu −𝑐lu 𝑐pu + 𝑐lu + 𝑐uh −𝑐uh0 0 0 0 −𝑐uh 𝑐uh

]]]]]]]]]]]
]

,

𝐾s11 =
[[[[[[[[
[

𝑘t1 + 𝑘s1 0 0 0 𝑘s1ℓf0 𝑘t2 + 𝑘s2 0 −𝑘s2ℓsl −𝑘s2ℓr0 0 𝑘t3 + 𝑘s3 𝑘s3ℓsr −𝑘s3ℓr
0 −𝑘s2ℓsl 𝑘s3ℓsr 𝑘s2ℓ2sl + 𝑘s3ℓ2sr + 𝑘fsℓ2ss 𝑘s2ℓslℓr − 𝑘s3ℓsrℓr

𝑘s1ℓf −𝑘s2ℓr −𝑘s3ℓr 𝑘s2ℓrℓsl − 𝑘s3ℓrℓsr 𝑘s1ℓ2f + 𝑘s2ℓ2r + 𝑘s3ℓ2r + 𝑘fsℓ2sf

]]]]]]]]
]
,

𝐾s12 =
[[[[[[[[
[

−𝑘s1 0 0 0 0 0
−𝑘s2 0 0 0 0 0
−𝑘s3 0 0 0 0 0

𝑘s2ℓsl − 𝑘s3ℓsr + 𝑘fsℓss −𝑘fsℓss 0 0 0 0
−𝑘s1ℓf + 𝑘s2ℓr + 𝑘s3ℓr − 𝑘fsℓsf 𝑘fsℓsf 0 0 0 0

]]]]]]]]
]
,
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𝐾s22 =
[[[[[[[[[[[
[

𝑘s1 + 𝑘s2 + 𝑘s3 + 𝑘fs −𝑘fs 0 0 0 0
−𝑘fs 𝑘fs + 𝑘sp −𝑘sp 0 0 0
0 −𝑘sp 𝑘sp + 𝑘pl + 𝑘pu −𝑘pl −𝑘pu 0
0 0 −𝑘pl 𝑘pl + 𝑘lu −𝑘lu 0
0 0 −𝑘pu −𝑘lu 𝑘pu + 𝑘lu + 𝑘uh −𝑘uh0 0 0 0 −𝑘uh 𝑘uh

]]]]]]]]]]]
]

,

𝐹s1 = −𝐼3×3,

𝐹s2 = [[
[
0 ℓsl −ℓsr−ℓf ℓr ℓr1 1 1

]]
]
,

𝐹s3 = 05×3.
(A.1)
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