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The application of conventional vibration based diagnostic techniques to planetary gearboxes is a challenge because of the
complexity of frequency components in the measured spectrum, which is the result of relative motions between the rotary planets
and the fixed accelerometer. In practice, since the fault signatures are usually contaminated by noises and vibrations from other
mechanical components of gearboxes, the diagnostic efficacy may further deteriorate. Thus, it is essential to develop a novel
vibration based scheme to diagnose gear failures for planetary gearboxes. Following a brief literature review, the paper begins
with the introduction of an analytical model of planetary gear-sets developed by the authors in previous works, which can predict
the distinct behaviors of fault introduced sidebands. This analytical model is easy to implement because the only prerequisite
information is the basic geometry of the planetary gear-set. Afterwards, an automated diagnostic scheme is proposed to cope
with the challenges associated with the characteristic configuration of planetary gearboxes. The proposed vibration based scheme
integrates the analytical model, a denoising algorithm, and frequency domain indicators into one synergistic system for the
detection and identification of damaged gear teeth in planetary gearboxes. Its performance is validatedwith the dynamic simulations
and the experimental data from a planetary gearbox test rig.

1. Introduction

With the advantages of coaxial shafting, compact structure,
and high torque to weight ratio, planetary gearboxes have
been widely employed in heavy-duty applications such as
helicopters, offshore rigs, and wind turbines. Since unex-
pected failures of gearboxes in heavy-duty drive trains may
lead to expensive downtime losses and catastrophic accidents,
the condition monitoring of planetary gearbox is essential
to reduce the maintenance costs and ensure the safety
operations. In industrials, vibration based diagnosis using
accelerometers mounted on the gear/bearing housing has
prevailed in the recent decades because it does not interfere
with the normal operation of rotating machines [1]. The gear
failures in fixed-axis gearboxes can be directly detected by
observing the presence of sidebands around the gear mesh
harmonics in themeasured vibration spectrum [2]. However,
as planetary gear systems employ 𝑃 number of identical
planet pinions revolving around the sun gear with the

carrier, dominant sidebands around gearmesh harmonics are
observed even when no gear failure or severe manufacturing
error exists [3, 4]. Thus, the fault detection criteria for plan-
etary gearboxes are not straightforward compared with the
fixed-axis gearboxes due to the complexities of sidebands in
the vibration spectrum measured by the fixed accelerometer.
Existing literatures have also found that the sidebands are
often asymmetric and the gearmesh harmonicsmay not even
show up in the measured vibration spectrum for specific
gear-set geometries, which are the result of manufacturing
errors and the superposition of vibrations from 𝑃 planets
[5, 6]. Moreover, the noises and vibrations from other stages
of planetary gearboxes may further mask the fault signatures
of planetary gear-sets, which make the vibration spectrum
more difficult to interpret.

To address the relatively complex behaviors of frequency
components and the superposition of vibrations from𝑃 plan-
ets, a vibration separation (VS) methodology was developed
for the fault detection of planetary gearboxes in helicopter
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transmissions [7, 8]. The well-known denosing technique,
time synchronous averaging (TSA), was also studied to
isolate the vibration of planetary gear-sets fromnoisy sensory
signals, which is equivalent to filter the raw vibration data
through a comb filter [9]. However, the applicability of VS
and TSA to planetary gearboxes is often limited in practice
because they require extensive stationary vibration signals
and additional knowledge of the time instant when each
planet passes through the fixed accelerometer. Furthermore,
in practical industrial applications, the simple detection of
gear fault is often insufficient. The fault identification is also
of interest as the replacement gears can be ordered before
the actual disassembly of gearboxes, which in turn reduces
the machine downtime [10].Thus, to advance the state-of-art
of diagnosis of planetary gearboxes, it is critical to develop
a novel diagnostic system for industrials that is applicable
to intelligently highlight and identify the fault signatures of
planetary gear systems from the noisy and profuse measured
raw data.

To this aim, a novel synergistic diagnostic scheme is
proposed in this work that enables the automated detection
and identification of damaged gear teeth for planetary gear-
sets. The paper begins with an introduction of the analytical
model of planetary gear systems developed by the authors
[11], which can characterize the influence of different plan-
etary gear faults on the sidebands of vibration spectrum
measured by a fixed accelerometer mounted on the annulus
gear. The presented analytical model has also been validated
by extensive experimental studies in [12]. Then, to address
the limitation of the requirement of extensive stationary data
of TSA, a novel denoising algorithm for planetary gear-
sets is proposed herein to highlight the fault introduced
sidebands by employing a comb filter in the frequency
domain. This fault signature enhanced filter is based on the
summarized analytical model instead of the ensemble of
the average of numerous revolutions. Afterwards, frequency
domain indicators are proposed for the intelligent fault
identification. The overall diagnostic scheme integrates the
analytical vibration model, a proposed denoising algorithm,
and frequency domain indicators into one synergistic system
for the automated diagnosis of damaged gear teeth, which
is capable of carrying out vibration based condition mon-
itoring of planetary gearboxes. Finally, the effectiveness of
the proposed diagnostic scheme is validated using both the
simulated data from a dynamic model of planetary gearbox
and experimental signals from a 4 kW planetary gearbox test
rig.

2. Review of the Geometry Based Analytical
Model of Planetary Gear Systems

Figure 1 illustrates a typical configuration of planetary gear-
sets as an example, which includes 𝑃 (𝑃 = 4) identical
planet pinions. As a practical wind turbine planetary gearbox,
the planet carrier 𝑐 and the sun gear 𝑠 are assumed to
be connected with the input and output shaft, respectively.
The annulus gear 𝑎 is fixed with the gear housing. 𝜓𝑖 is
defined as the initial angular position of the 𝑖th planet, in
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Figure 1: A typical configuration of planetary gear-set with 4
equally spaced planet pinions and an accelerometer mounted on the
stationary annulus gear.

which 𝜓𝑖 = 2𝜋(𝑖 − 1)/𝑃. If planet pinions rotate counter-
clockwise with an angular rotational frequency 𝜔𝑝 as shown
in Figure 1, the sun gear 𝑠 and the carrier 𝑐 would rotate
clockwisewith an angular rotational frequency𝜔𝑠 and𝜔𝑐.The
angular rotational frequency of the annulus gear is 𝜔𝑎 = 0.
The fundamental gear mesh frequency of the planetary gear
system 𝜔𝑚 can be calculated as 𝜔𝑚 = 𝑁𝑎𝜔𝑐 = 𝑁𝑠(𝜔𝑠 − 𝜔𝑐) =𝑁𝑝(𝜔𝑝 + 𝜔𝑐), in which 𝑁 represents the number of teeth on
the gear with respect to the subscript.

The vibration signal measured by the accelerometer
mounted on the stationary annulus gear contains valuable
diagnostic information of the planetary gear-set. This mea-
sured vibration signal 𝑧(𝑡) by the fixed accelerometer, which is
the superposition of vibrations from 𝑃 planets meshing with
the annulus and sun gear, can be expressed as [11, 12]

𝑧 (𝑡) =
𝑃

∑
𝑖=1

𝑤𝑖 (𝑡) [𝑥𝑖 (𝑡) + 𝑦𝑖 (𝑡)] , (1)

where the window function 𝑤𝑖(𝑡) is used to describe the
amplitude modulation phenomenon, which is caused by the
relative motion between the fixed accelerometer and the
revolving planets with the carrier [5, 6]. The details can be
explained as follows: as a planetmoves toward the accelerom-
eter, its vibration dominates the sensory data. The level of its
contribution reaches a peak when the planet is almost under
the accelerometer and then decreases as the planet recedes
from the accelerometer. Thus, the window function 𝑤𝑖(𝑡) is
periodic with the carrier rotational frequency𝜔𝑐, the shape of
which is usually modeled as either a Hann window or Turkey
window [13].

The vibration signal 𝑥𝑖(𝑡) in (1) represents the vibration
that resulted from the annulus gear and 𝑖th planet mesh,
which is periodic at the fundamental gear mesh frequency
𝜔𝑚. Note that the vibration waveforms resulting from 𝑃
different annulus-planet gear meshes are similar but shifted
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in time because of the variation in the initial phase during
the gear meshes [6]. Therefore, the vibration signal 𝑥𝑖(𝑡) can
be written as a Fourier series [6, 11]:

𝑥𝑖 (𝑡) =
𝐽

∑
𝑗=1

𝑋𝑖𝑗 cos(𝑗𝑁𝑎𝜔𝑐 (𝑡 − 𝜓𝑖
𝜔𝑐) + 𝜃𝑗)

=
𝐽

∑
𝑗=1

𝑋𝑖𝑗 cos (𝑗𝑁𝑎𝜔𝑐𝑡 − 𝑗𝑁𝑎𝜓𝑖 + 𝜃𝑗) ,
(2)

where 𝑋𝑖𝑗 represents the Fourier coefficient of the 𝑗th gear
mesh harmonic of the vibration signal from the annulus gear
and 𝑖th planet mesh. −𝜓𝑖/𝜔𝑐 is the time shift between the
annulus - 𝑖th planet and annulus - 1st planet mesh. 𝜃𝑗 is the
initial phase of the 𝑗th gear mesh harmonic.

On the other hand, the vibration that resulted from the
sun gear and 𝑖th planet mesh is presented as 𝑦𝑖(𝑡) in (1). Since
the vibration signal 𝑦𝑖(𝑡) is periodic at the fundamental gear
mesh frequency 𝜔𝑚, it can be also written as a Fourier series
[11]:

𝑦𝑖 (𝑡) =
𝐽

∑
𝑗=1

𝑌𝑖𝑗

⋅ cos(𝑗(𝑁𝑠 (𝜔𝑠 − 𝜔𝑐) (𝑡 + 𝜓𝑖
𝜔𝑠 − 𝜔𝑐) + 𝛾) + 𝛿𝑗)

=
𝐽

∑
𝑗=1

𝑌𝑖𝑗 cos (𝑗𝑁s (𝜔𝑠 − 𝜔𝑐) 𝑡 + 𝑗𝑁𝑠𝜓𝑖 + 𝑗𝛾 + 𝛿𝑗) ,

(3)

where 𝑌𝑖𝑗 is the Fourier coefficient of the 𝑗th gear mesh
harmonic of the vibration signal from the sun gear and 𝑖th
planetmesh. As the sun gear is assumed to rotate clockwise in
Figure 1,𝑁𝑠𝜓𝑖 is the phase difference caused by the time shift
between the sun - 𝑖th planet and sun - 1st planet mesh. 𝛿𝑗 is
the initial phase of the 𝑗th gear mesh harmonic. Additionally,
the phase angle 𝛾 is the phase difference between the sun-
planets meshes and annulus-planets meshes [14]. Under the
ideal condition,𝑋𝑖𝑗 = 𝑋1𝑗 and 𝑌𝑖𝑗 = 𝑌1𝑗 as the planet pinions
are designed to share the equal load.

In case of a fixed-axis gear pair, the amplitude and
phase modulation functions, 𝑎𝑗(𝑡) and 𝑏𝑗(𝑡), are employed to
represent the variations of the vibration spectrum caused by a
local gear fault. Similarly, when a local gear fault exists in the
planetary gear-set, it would also result in amplitude and phase
modulations in addition to the vibrations contributed from
sun-planetsmeshes and annulus-planetsmeshes as described
by (1)–(3). Thus, under the faulty condition, the vibration
signal of the annulus - 𝑖th planet and sun - 𝑖th planet mesh
can be further expanded, respectively, [11]:

𝑥󸀠𝑖 (𝑡) =
𝐽

∑
𝑗=1

𝑋𝑗 (1 + 𝑎𝑗 (𝑡 − 𝜓𝑖
𝜔𝑐))

⋅ cos(𝑗𝑁𝑎𝜔𝑐 (𝑡 − 𝜓𝑖
𝜔𝑐) + 𝑏𝑗 (𝑡 − 𝜓𝑖

𝜔𝑐)) ,

𝑦󸀠𝑖 (𝑡) =
𝐽

∑
𝑗=1

𝑌𝑗 (1 + 𝑎𝑗 (𝑡 + 𝜓𝑖
𝜔𝑠 − 𝜔𝑐))

⋅ cos(𝑗(𝑁𝑠 (𝜔𝑠 − 𝜔𝑐) (𝑡 + 𝜓𝑖
𝜔𝑠 − 𝜔𝑐) + 𝛾)

+ 𝑏𝑗 (𝑡 + 𝜓𝑖
𝜔𝑠 − 𝜔𝑐)) ,

(4)

where the amplitude and phase modulation functions, 𝑎𝑗(𝑡)
and 𝑏𝑗(𝑡), can be presented:

𝑎𝑗 (𝑡) =
𝐿

∑
𝑙=1

𝐴𝑗𝑙 cos (𝑙 × 𝜔characteristic𝑡) ,

𝑏𝑗 (𝑡) =
𝐿

∑
𝑙=1

𝐵𝑗𝑙 cos (𝑙 × 𝜔characteristic𝑡) .
(5)

If there is a local fault on the annulus gear, its corresponding
characteristic frequency is 𝜔characteristic = 𝜔𝑐, which is the
rotational frequency of the annulus relative to the carrier. If
a damaged tooth exists on the sun gear, it would influence
the gear mesh with a frequency that equals the rotational
frequency of the sun gear relative to the carrier. Thus, the
characteristic frequency caused by the sun gear fault is
periodic with a fundamental frequency 𝜔𝑠 −𝜔𝑐. Analogically,
the amplitude and phase modulation functions, 𝑎𝑗(𝑡) and
𝑏𝑗(𝑡), corresponding to a fault on a planet are periodic with a
fundamental frequency that equals the rotational frequency
of the planet relative to the carrier, 𝜔𝑐 + 𝜔𝑝. Generally,
the analytical model presented by (1)–(5) can predict the
distinct behaviors of fault introduced sidebands picked by
the fixed accelerometer and its prerequisite input is just the
basic geometry of the planetary gear-set. Figure 2 plots the
predicted results of this analytical model on the hypothesis of
faults occurring at different components of a planetary gear-
set.

3. Scheme of the Proposed
Diagnostic Algorithm

A novel vibration based diagnostic scheme is proposed
in this section to enable the automated enhancement and
identification of fault signatures for planetary gear systems,
which is shown in Figure 3. The details of each step are
explained as follows.

Step 1. As discussed in the last sections, the vibration signal
V(𝑡) contains rich diagnostic information, which is measured
by an accelerometer mounted on the stationary annulus gear
as shown in Figure 1. Although the behaviors of sidebands are
relatively more complex than the cases of fixed-axis gear-sets,
many of these sidebands in the frequency domain can still be
used as fault signatures to detect and identify the local gear
faults. However, in practical applications, the fluctuations of
the operational speed can smear the frequency components
of the spectrum and the rotary encoders/tachometers are
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Figure 2: Predicted vibration spectrum around the fundamental gear mesh frequency picked by a fixed vibration sensor on the annulus for
𝑁𝑎 = 100, 𝑁𝑠 = 28, 𝑁𝑝 = 36, and 𝑃 = 4; (a) healthy case; (b), (c), and (d) a local gear fault on the annulus, sun, and one planet gear,
respectively.
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Figure 3: The architecture of the proposed vibration based diagnostic scheme.

usually absent in industrial drive trains. Fortunately, tacholess
order tracking algorithms have been developed to remove
the smearing effect caused by the speed fluctuations, most
of which are based on the estimation of the instantaneous
frequency and sophisticated interpolations are required to
resample the vibration data [15, 16]. Recently, an original
pattern based tacholess algorithm has been proposed by the
author to remove the spectral smearing and squeeze the

smearing components as individual peaks [17]. After the
preprocessing to alleviate the blurred spectrum caused by
the speed fluctuations, the resulted vibration signal V(𝑡) is
then transformed into the frequency domain as the vibration
spectrum 𝑉(𝑓).
Step 2. To extract the fault introduced information of the
profuse sidebands masked in the noisy vibration spectrum



Shock and Vibration 5

Frequency

A
m

pl
itu

de

Δfi−1 band width
fith band

fi+1th band

Figure 4: Illustration of the proposed comb filter.

𝑉(𝑓), a comb filter is specifically designed herein for the
planetary gear system based on the analyticalmodel reviewed
in the last section. The designed comb filter can be described
with two variables vectors:𝑓 andΔ𝑓 as presented in Figure 4,
where the variable 𝑓𝑖 represents the center frequency of
the 𝑖th comb band and another variable Δ𝑓𝑖 defines the
corresponding bandwidth of 𝑓𝑖.

The center frequencies 𝑓 of the comb filter are chosen
as follows: the basic geometric information of the monitored
planetary gearbox; that is, the number of teeth on the
annulus, sun, and planet pinions, the number of planets,
and the angular locations of planets serve as the input
to the analytical model as given in (1)–(5). This model
is used to generate vibration response templates 𝑚(𝑡) that
summarize the sidebands characteristics of the healthy case
and all the possible fault scenarios. Such model enables the
capability of the identification of the gear fault. Then, the
frequency components of the spectrum of the template𝑚(𝑡),
which have the nonzero magnitudes, are normalized to one
to obtain a weighting vector 𝑊(𝑓). The normalization is
necessary because the practical magnitudes of the frequency
components in the measured vibration spectrum rely on the
system specification of the gearbox, the operating conditions,
and the severity of the faults, which cannot be estimated by
the analyticalmodel.These frequency components having the
nonzero magnitudes correspond to the center frequencies 𝑓
of the comb bands.

An important feature for the success of the proposed
comb filter is that the bandwidth Δ𝑓 should be selective
enough so unwanted noisy components are correctly filtered
out from the signal and all the energy of the fault introduced
sidebands is kept in the filtered signal. Δ𝑓𝑖 may be relatively
small and it is independent of the center frequencies 𝑓 of the
comb bands. In order to automatically determine a proper
bandwidth Δ𝑓𝑖 for the 𝑖th comb band, statistical indicators
are proposed to supervise the exhaustive search. The main
principle of the proposed intelligent selective method is
illustrated in Figure 5. The main peak plotted in blue color
in Figure 5 mimics the 𝑖th sideband caused by the gear
fault. In practice, the measured vibration signals are usually
contaminated by the white noise, which is illustrated in
Figure 5(b). The parasite peak highlighted in yellow color
in Figure 5(c) is used to mimic the noise introduced by the
other mechanical component of the gearbox. An arbitrary

chosen white noise series is given in Figure 5(d) for reference.
It can be observed from Figure 5(c) that when the bandwidth
Δ𝑓𝑖 is smaller than the bandwidth of the main energy peak,
the kurtosis of the spectrum in the selected frequency band
decreases with the increase of the bandwidth Δ𝑓𝑖. However,
when the bandwidth is larger than the desired main peak,
the kurtosis value begins to increase with the increase of
the bandwidth Δ𝑓𝑖. The same phenomenon is also applicable
to the scenarios in Figures 5(a) and 5(b). Thus, the value
of Δ𝑓𝑖 can be selected according to this watershed as the
proper bandwidth for the 𝑖th comb band. Generally speaking,
a small RMS value of a comb band means that there is
just background noise within this comb band as shown in
Figure 5(d), the magnitudes of which can be set as zero to
filter out the white noise.

Eventually, the obtained frequency lines 𝑓 of 𝑊(𝑓) and
their selected bandwidth Δ𝑓 are used to form the comb filter
to exclude the noise and extract the fault features. This comb
filter allows for an automated highlight and identification of
any additional frequency components caused by gear faults,
which are located at frequencies depending on the geometry
of the planetary gear-set and the location of the local fault.

Step 3. To intelligently diagnose the location of the local fault
and the severity of the tooth damage, a frequency domain
statistical metric, absolute-value logarithmic ratio (ALR), is
designed as the fault indictor, which can be computed over
the extracted signal after the denosing process:

ALR = 1
𝑁
𝑁

∑
𝑛=1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨log𝑒
|𝛼 (𝑛)|af
|𝛼 (𝑛)|bf

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 , (6)

where 𝑁 is the number of the extracted nonzero frequency
components and 𝛼(𝑛) is the magnitude of the 𝑛th extracted
frequency component. The subscripts “af” and “bf” denote
after and before the local tooth damage affecting the vibration
response, respectively. As manufacturing errors often exist
in the practical gearboxes, previous publications found that
the occurrence of an incipient damage at a single tooth
can cause either the increase or decrease in magnitudes
at certain frequency components with almost equal prob-
ability [18, 19]. Because of this, the value of the metric
log𝑒(|𝛼(𝑛)|af/|𝛼(𝑛)|bf ) = log𝑒(|𝛼(𝑛)|af ) − log𝑒(|𝛼(𝑛)|bf ) can be
either positive or negative. Thus, the absolute value is pro-
posed in (6) to ensure that the accumulated fractional change
|𝛼(𝑛)|af/|𝛼(𝑛)|bf can always be regarded as incremental. As
a consequence, the proposed fault indictor ALR assesses
the changes, either increase or decrease, in the individual
magnitudes of the extracted frequency components. The
effect of using the natural logarithm in (6) is to substantially
underweight the manufacturing errors so that they do not
dominate the fault detection indictor in (6) during its real
application [19]. Since the magnitudes of fault signatures
increase with the fault degradation of the gear tooth, a
larger value of the ALR implies a more severe fault [20].
Thus, the ALR is capable of assessing the severity of gear
faults. The dynamic analysis of gearbox and experimental
pretest can determine the appropriate thresholds of ALR for
the classification of the severity of gear faults. In industrial



6 Shock and Vibration

Kurtosis =
1.83Kurtosis =

2.47

Kurtosis =
1.81

RMS = 0.56

0 10 20 30 40 50 60
0

0.2

0.4

0.6

0.8

1
A

m
pl

itu
de

Frequency

(a)

Kurtosis =
1.83

Kurtosis =
2.00

Kurtosis =
1.79

RMS = 0.57

0 10 20 30 40 50 60
0

0.2

0.4

0.6

0.8

1

A
m

pl
itu

de

Frequency

(b)

Kurtosis =
1.83

Kurtosis =
1.83

Kurtosis =
1.75

RMS = 0.57

0 10 20 30 40 50 60
0

0.2

0.4

0.6

0.8

1

A
m

pl
itu

de

Frequency

(c)

RMS = 0.09

0 10 20 30 40 50 60
0

0.05

0.1

0.15

0.2

0.25

A
m

pl
itu

de

Frequency

(d)

Figure 5: Illustration of the intelligent bandwidth selective principle: (a) single spectral peak; (b) single spectral peak with background noise;
(c) single spectral peak with a parasite peak and background noise; (d) background noise.

environments, when the state and system parameters of a
gearbox are unavailable, the historical data can be referred
as the set of “bf” to track the degradation process of the
gearbox. If the value of ALR equals 0, it implies no change
in the individual sidebands and thus means free of fault in
the monitored gearbox.

4. Simulation Results

4.1. Lumped Parameter Model of Planetary Gearbox. A two-
stage gearbox is simulated to test the efficacy of the proposed
diagnostic scheme.The schematic of this simulated planetary
gearbox is illustrated in Figure 6. The first stage is an equally
spaced planetary gear-set with 4 planets, in which𝑁𝑎 = 100,
𝑁𝑠 = 28, and 𝑁𝑝 = 36. The second stage is a fixed-axis
gear pair, whose wheel gear has 48 teeth (=𝑁wg) and pinion
gear has 30 teeth (=𝑁pg). The total gear ratio of the planetary
gearbox equals 4.57 × 1.6 = 7.31. The rotational speed of
the input shaft is set as 913 RPM.The fundamental gear mesh
frequency of the planetary gear-set and the fixe-axis gear pair
is 1521.8Hz and 3338.1 Hz, respectively.

The dynamic model of planetary gearbox used in this
work is illustrated in Figure 7 and described in detail in
[10, 21]. The gears are simplified as rigid bodies connected to
each other along the line of action through the corresponding
gear mesh stiffness and viscous damping [22–24], the model

Load generator

Fixed-axis gear pair

Planetary gear-set

Driving motor

Figure 6: Schematic diagram for the simulated planetary gearbox.

of which has been widely applied to study the dynamics
of industrial planetary gearbox. Since the gears are held by
bearings, such rigid bodies are allowed to translate in 𝑥 and 𝑦
directions and to rotate freely around their centers in the 𝑥-𝑦
transverse plane of gears. Thus, the motion of the sun gear
is defined with the translational displacement 𝑥𝑠 and 𝑦𝑠 and
the angular coordinate 𝜃𝑠. Similarly, the motion of the carrier
is defined by 𝑥𝑐, 𝑦𝑐, and 𝜃𝑐. 𝛼𝑖 is the pressure angle and 𝜓𝑖 is
the initial angle location for planet 𝑖. The gear imperfections
due to themanufacturing errors are simulated to use the error
functions 𝑒with a 5 𝜇mamplitude of saw-tooth [22] as shown
in Figure 8(a).Thus, the gearmesh deformation along the line



Shock and Vibration 7

Inner annulus gear

base circle

base circle

base circle

Sun gear

Carrier

Planet i

𝜃s

𝜃c

𝜃p

𝛼s

𝜓i = 𝜑i + 𝜃c x

y

𝛼r

(a)

base circle

𝜃pg

x

y

𝛼

C

Pinion

base circle
Gear

k(t)

Rpg

𝜃wg

(b)

Figure 7: Two-dimensional lumped parameter model of a planetary gearbox: (a) the planetary gear-set and (b) the fixed-axis gear stage.

A
m

pl
itu

de
 (m

)

5

4

3

2

1

0
0.04 0.041 0.042 0.043 0.044 0.045

Time (s)

×10−6

(a)

Kmax

Kmin
ΔKloss

Time t

· · ·

Faulty gear tooth
meshing period

Healthy
Faulty

G
ea

r m
es

hi
ng

 st
iff

ne
ss
K
(t
)

(b)

Figure 8: (a) Error function and (b) gear mesh stiffness under the healthy and faulty case.



8 Shock and Vibration

of action between the sun gear and the 𝑖th planet gear can be
defined as (𝑅 is the radius of the base circle):

𝛿spi = (𝑥𝑠 − 𝑥𝑖 + 𝑅𝑐 cos𝜓𝑖) sin (𝛼 − 𝜓𝑖)
+ (𝑦𝑠 − 𝑦𝑖 + 𝑅𝑐 sin𝜓𝑖) cos (𝛼 − 𝜓𝑖)
+ (𝜃𝑠 − 𝜃𝑐) 𝑅𝑠 − [− (𝜃𝑝 − 𝜃𝑐)] 𝑅𝑝 + 𝑒spi.

(7)

The gearmesh deformation between the annulus gear and
the 𝑖th planet gear can be written as

𝛿api = (𝑥𝑖 − 𝑅𝑐 cos𝜓𝑖) sin (𝛼 + 𝜓𝑖)
− (𝑦𝑖 − 𝑅𝑐 sin𝜓𝑖) cos (𝛼 + 𝜓𝑖) − (𝜃𝑖 − 𝜃𝑐) 𝑅𝑝
− [− (0 − 𝜃𝑐)] 𝑅𝑟 + 𝑒api,

(8)

where the 𝑖th planet pinion has rotation 𝜃𝑖. 𝑥𝑖 and 𝑦𝑖 are the
translational displacements of the 𝑖th planet.

The gear mesh deformation between the wheel gear and
pinion gear along the line of action is expressed as

𝛿 = (𝑥wg − 𝑥pg) sin𝛼 + (𝑦wg − 𝑦pg) cos𝛼 + 𝜃wg𝑟wg
− 𝜃pg𝑟pg + 𝑒, (9)

where 𝜃 represents the rotational motion. 𝑥 and 𝑦 are the
translational displacements of the gears. The subscripts wg
and pg correspond to the wheel gear and pinion gear of the
fixed-axis gear stage, respectively. 𝑅wg and 𝑅pg are the radius
of the base circle of the wheel gear and pinion gear. 𝛼 is the
pressure angle of the fixed-axis gear pair.

Then, the dynamic gear mesh forces of the gear pair 𝐹𝑚(𝑡)
can be further given as

𝐹𝑚 (𝑡) = 𝑐𝛿̇ + 𝑘 (𝑡) 𝛿, (10)

where 𝑐 is the damping coefficient and 𝑘(𝑡) is the time-varying
gear mesh stiffness between a gear pair.The square waveform
is often used to represent 𝑘(𝑡) for spur gear pairs, which
is illustrated in Figure 8(b). The maximum and minimum
values of gear mesh stiffness are estimated to be 𝐾max = 5 ×
108N/m and𝐾min = 3× 108N/m for the simulated planetary
gearbox. Furthermore, previous literatures have concluded
that the local gear faults are always accompanied by a local
reduction in the gear mesh stiffness. Thus, the common local
gear faults are modeled by assuming a local drop from the
general squared waveform of the gear mesh stiffness. In this
work, the tooth damage-induced variation, 35% and 65%
local stiffness lossΔ𝐾loss, is used to simulate themoderate and
severe local sun gear faulted cases, respectively.

Finally, the global equation of motion for the gearbox can
be expressed in the matrix form as

MQ̈ (𝑡) + [C + C𝑏] Q̇ (𝑡) + [K (𝑡) + K𝑏]Q (𝑡) = F (𝑡) , (11)

whereM is the mass matrix, C is the damping matrix, K(𝑡) is
the time-varying gearmesh stiffnessmatrix,C𝑏 andK𝑏 are the
bearing damping and stiffness matrices, F(𝑡) is the externally
applied torques vector, and Q(𝑡) is the degrees of freedom

vector that contains two coordinates for translational vibra-
tion and a coordinate for torsional motion for each gear in
the plane containing the gear. The dynamic equations of the
lumped parameter of gear-sets are numerically integrated
in MATLAB/Simulink environment using ode45 solver and
a 10 dB white noise is then superimposed to the results to
simulate the background noise of the practical system.

4.2. Fault Detection. Figure 9 plots the simulated vibration
spectrums around the second gear mesh harmonic of plane-
tary gear-set (3043.5Hz) under the healthy and severe local
sun gear tooth faulted conditions. The raw spectrums in
Figure 9 are not straightforward to interpret due to the
complexities in the vibration response of the planetary gear-
set itself. The vibration signals from the planetary gear-set
are also superimposed with the background noise and the
vibration contribution from the fixed-axis gear pair with
run-out errors (the gear mesh frequency and its sidebands
caused by the run-out error of the fixed-axis gear pair
around 3338.1 Hz). From such raw spectrum of themultistage
planetary gearbox, it is difficult to conclude whether there is
any fault in the planetary gear-set or identify the location of
the gear failure.

Thus, the developed diagnostic scheme shown in Figure 3
is applied to the simulated data to enhance the fault signa-
tures. Figure 10 presents the processed spectrum with the
proposed scheme, the filter template of which is based on the
hypothesis of the sun gear fault scenario. The variations at
the extracted frequency features in the spectrum caused by
the local fault on the sun gear are now more easily visible in
Figure 10.

Then, the proposed ALR is calculated using (6) with the
spectrum fromFigure 10.The calculatedALRof themoderate
local sun gear fault case is 0.99 and the ALR of the severe
local sun gear fault case equals 1.28, which indicates the
capability of ALR to assess the severity of gear failure in the
planetary gearbox. On the other hand, the calculated ALR
nearly approaches 0 when applying the filter template on the
hypothesis of the annulus and planet gear fault scenario. It
implies that the examined planetary gear-set is free of the
annulus and planet gear fault. Thus, this simulated case also
verifies the effectiveness of the proposed scheme to diagnose
the location of the gear failure.

In general, a gear tooth fault is always accompanied
by a loss of gear mesh stiffness [1]. The reduction of gear
mesh stiffness due to the incipient spalling or tooth breakage
fault is within 10% of the original gear mesh stiffness [20].
The moderate spalling or tooth breakage fault can cause
around 10% to 40% stiffness loss compared with the original
gear mesh stiffness. When there is over 40% loss of the
gear mesh stiffness, the tooth damage is labelled as the
severe fault. Accordingly, extended simulations as presented
in this section are performed to determine the appropriate
thresholds of ALR for the assessment of fault severity, in
which the simulated gearbox is assumed to have a 10% and
40% local stiffness loss, respectively. Based on the simulation
results, the thresholds of ALR for the classification of fault
severity in this work are suggested as follows: 0 < ALR ≤
0.34 implies the existence of incipient gear fault, 0.34 < ALR
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Figure 9: (a) The simulated raw vibration spectrum under the healthy case; (b) the simulated raw vibration spectrum under the severe sun
gear faulted case.
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< 1.09 indicates the presence of moderate gear fault, and
ALR ≥ 1.09 means there is a severe gear fault. For a specific
type of gearbox in practice, the exact threshold boundaries of
ALR for the classification of fault severity should be adjusted
against the actual system parameters of the gearbox using the
proposed dynamic analysis discussed herein. Alternatively,
the experiment based approach under typical operational
conditions, which uses damaged gears under different stages
of fault severity, can also give guideline to determine the
thresholds of ALR for the classification of the severity of gear
faults.

5. Experimental Validation

The proposed vibration based diagnostic scheme was applied
to experimentally measured vibration signals from a plane-
tary gearbox test rig shown in Figure 11. The input shaft of
the gearbox was connected to a 3-phase AC motor (4 kW 4
pole) controlled using an ABB industrial drive and operated
under the nominal speed of 1400 RPM. The load of the drive
train was provided by a generator with a resistive load bank,

which was connected to the output shaft of the gearbox.
The two tested gearboxes were designed as back-to-back
planetary gear-sets, each having four equally spaced planet
pinions with the number of annulus gear teeth 𝑁𝑎 =84,
the number of sun gear teeth 𝑁𝑠 =28, and the number of
planet pinion teeth𝑁𝑝 =28. As the result of the back-to-back
configuration, the overall gear ratio of the gearbox equaled
1 (4 × 1/4). A moderate seeded spalled gear tooth fault was
introduced to one of the annulus gear teeth (Figure 11(c))
using the electrodischarge machining (EDM). The vibration
signals, plotted in Figure 12, weremeasured at a sampling rate
of 20KHz using an accelerometer mounted to the gearbox
housing outside the annulus gear.

Since the raw vibration signals are often contaminated by
the noises and profuse vibration features from othermechan-
ical components of gearboxes, themanual visual investigation
of the raw vibration spectrum as shown in Figure 12 is
difficult and requires a deep skill and experience that is costly
in industrials. Hence, the proposed automated diagnostic
scheme for planetary gearbox described in Section 3 is
employed to intelligently extract the fault signatures, which
correspond to the gear failures in the planetary gear-set. The
prerequisite input information of this automated diagnostic
scheme is only the number of gear teeth of the monitored
planetary gearbox and the approximated operational speed.
The extracted fault signatures around the fundamental gear
mesh frequency are shown in Figure 13, which is processed
by the filter template on the hypothesis of the annulus gear
fault scenario.The corresponding calculated ALR equals 0.84
that indicates the existence of a moderate annulus fault in
the planetary gearbox. Thus, the effectiveness of proposed
diagnostic scheme is validated, which is capable of the fault
detection and identification from practical measured signals.

6. Conclusion

Failure diagnosis of gearboxes requires high quality fault
signatures extracted from the raw measured vibration data
to propagate through the fault diagnostic scheme. However,
these fault signatures in the raw spectrum are often masked
by noises and vibrations of other mechanical components as
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well as the white noise from the sensors. Due to the complex
nature of sidebands in the measured vibration signal picked
up by a fixed accelerometer, the application of conventional
vibration based diagnostic techniques to planetary gearboxes
is a challenge. Hence, this paper develops a novel vibration
based diagnostic scheme for planetary gearboxes. The pro-
posed diagnostic system synergistically integrates an analyt-
ical model, a denoising algorithm, and frequency domain
indicators. This proposed diagnostic scheme can address the
limitation of the requirement of extensive stationary data
of TSA algorithm, which highlights the fault introduced
sidebands by using a comb filter in the frequency domain
based on the analytical model of planetary gear-sets. Its
performance is firstly tested using simulated signals from a
dynamic model of planetary gearbox. Then, the diagnostic
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Figure 13: The processed spectrum after the diagnostic scheme
around the fundamental gear mesh harmonic on the hypothesis of
the annulus gear fault scenario.

scheme is also validated with experimental data from a 4 kW
planetary gearbox test rig.
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