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In order to reduce the ground-borne vibration caused by wheel/rail interaction in the ballastless track of high speed railways,
viscoelastic asphalt concrete materials are filled between the track and the subgrade to attenuate wheel/rail force. A high speed
train-track-subgrade vertical coupled dynamicmodel is developed in the frequency domain. In thismodel, coupling effects between
the vehicle and the track and between the track and the subgrade are considered. The full vehicle is represented by some rigid
body models of one body, two bogies, and four wheelsets connected to each other with springs and dampers. The track and
subgrade system is considered as a multilayer beam model in which layers are connected to each other with springs and damping
elements.The vertical receptance of the rail is discussed and the receptance contribution of the wheel/rail interaction is investigated.
Combined with the pseudoexcitation method, a solution of the random dynamic response is presented. The random vibration
responses and transfer characteristics of the ballastless track and subgrade system are obtained under track random irregularity
when a high speed vehicle runs through.The influences of asphalt concrete layer’s stiffness and vehicle speed on track and subgrade
coupling vibration are analyzed.

1. Introduction

Unballasted track has been extensively used in high speed
railway construction in China for its high regularity, high
stability, and high reliability. But when a high speed train runs
on large-rigid unballasted tracks, more noise and vibration
are produced than ballasted track, which cause serious impact
on the environment, buildings, and residents’ living. Many
scholars have released a series of studies in view of the
vehicle and track coupling vibration and ground vibration.
Back in 1995, Knothe and Grassie [1, 2] said that one of the
major problems of railway engineering dynamics research
is to give full consideration to the subgrade system, which
should be included into the effective dynamic analysis model
of structures. Using the Green function method, Krylov [3]
obtained an analytical expression that considers considering
the impact of track-subgrade system on ground vibration.
Matsuura [4, 5] studied the track-foundation dynamics
responses under the simple moving harmonic loads with

the green function method in Japanese Shinkansen railway,
in addition, considering the layered soil influence on wave
propagation. Kaynia et al. [6–8] treated the foundation as
a layered viscoelastic half-space body and the rail as Euler-
Bernoulli beam and established a calculation model of the
foundation-rail coupling system under moving loads and
derived the corresponding dynamic equations using green
function. The dynamic behavior of the subgrade under the
train load was studied based on the vehicle-track coupling
dynamics theory and the finite element method [9–13]. Xu
and Cai [14] established a vehicle-track coupling model to
study the dynamic behavior of track and subgrade system
with modal method. Based on finite element method, the
dynamic response of the roadbed under high speed train
loads was analyzed, and the effect of the train speed, complex
modulus of the subgrade, and vibrating condition of the vehi-
cles were discussed [15]. Based on the theory of Timoshenko
beam on elastic foundation and its dynamic solution under a
moving load [16], the train-induced reaction forces between
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Figure 1: Model of vehicle-double block ballastless track-subgrade coupled system.

ground surface and embankment were calculated. Exerting
the reaction forces on the ground surface, the corresponding
steady-state stresses in the ground were obtained by integrat-
ing the basic solution of a moving point load on the surface
of an elastic half-space.

Themechanism of track and subgrade coupling vibration
caused by trains is relatively complicated, involving prob-
lems like vehicles and track parameters matching, wheel/rail
contact coupling, track irregularity, and the time-frequency
analysis of vibration and foundation coupling. Environ-
mental vibration caused by ballastless tracks of high speed
railways is more than the one caused by ballasted tracks,
so environmental vibration control of ballastless track is
one of the problems in the design and construction of high
speed railway. The asphalt concrete layer (ACL) has certain
strength and elasticity, which can be used on the track
structure to attenuate wheel/rail vibration. In the present
paper, a high speed train-track-subgrade vertical coupled
dynamic model is developed in the frequency domain. In
the proposed model, coupling effects between vehicle and
track and between track and subgrade are considered. The
full vehicle is represented by a rigid body model of one
body, two bogies, and four wheelsets connected to each other
with springs and dampers. The track and subgrade system is
considered as a multilayer beam model in which layers are
connected to each other with springs and damping elements.
The receptance of track and subgrade system is discussed
and receptance contribution of the wheel/rail system is
investigated. Combined with the pseudoexcitation method,
a solution of the random dynamical response of the train-
track-subgrade coupling system is presented. The random

vibration response and transfer characteristics of ballastless
track and subgrade system are obtained under track ran-
dom irregularity when a high speed vehicle runs through.
The influences of the asphalt concrete layer’s stiffness and
vehicle speed on track and subgrade coupling vibration are
analyzed.

2. The Vehicle-Track-Subgrade Coupling
Dynamic Model

2.1. Physical Model. A vehicle-track-subgrade coupling dy-
namic model is established based on vehicle-track coupled
dynamic theory [17], as is illustrated in Figure 1 (with the
four-axle locomotive or vehicle as an example).

In the model, 𝑀𝑐, 𝑀𝑡, 𝑀𝑤 are, respectively, the mass of
the car body, the frame, and the wheel-set; 𝐼𝑐𝑦 and 𝐼𝑡𝑦 are,
respectively, the pitch moment of inertia of the car body
and the frame; 𝐾𝑠𝑧 and 𝐶𝑠𝑧 are, respectively, the vertical
stiffness and the damping of the secondary suspension at one
side of the frame; 𝐾𝑝𝑧 and 𝐶𝑝𝑧 are, respectively, the vertical
stiffness and the damping of each primary suspension; 𝑉
is the vehicle running speed. The material constants of the
rail are 𝐸𝑟, Young’s modulus; 𝐺𝑟, the shear modulus; 𝐴𝑟,
the cross-sectional area; 𝐼𝑟, the second moment of area; 𝜌𝑟,
the density; 𝜅, the shearing factor, and 𝜂𝑟, the loss factor.
The material constants of the slab are 𝐸𝑠, Young’s modulus;𝐺𝑠, the shear modulus; 𝐴 𝑠, the cross-sectional area; 𝐼𝑠, the
second moment of area; 𝜌𝑠, the density, and 𝜂𝑠, the loss
factor. The material constants of the subgrade layer are𝐸𝑓, Young’s modulus; 𝐴𝑓, the cross-sectional area; 𝐼𝑓, the
second moment of area; 𝜌𝑓, the density, and 𝜂𝑓, the loss
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Table 1: Degrees of freedom of the system model.

System component Type of motion
Vertical Pitch

Wheelset 1 𝑍𝑤1 𝛽𝑤1
Wheelset 2 𝑍𝑤2 𝛽𝑤2
Wheelset 3 𝑍𝑤3 𝛽𝑤3
Wheelset 4 𝑍𝑤4 𝛽𝑤4
Front bogie frame 𝑍𝑡1 𝛽𝑡1
Real bogie frame 𝑍𝑡2 𝛽𝑡2
Car body 𝑍𝑐 𝛽𝑐
Rail 𝑧𝑟 —
Slab 𝑧𝑠 —
Subgrade 𝑧𝑓 —

factor. 𝐾𝑝, 𝐾𝑠, and 𝐾𝑓 are, respectively, the stiffness of the
rail pad, elastic supporting of track slab, and supporting of
subgrade; 𝜂𝑝, 𝜂𝑠𝑠, and 𝜂𝑓𝑓 are, respectively, the loss factor of
the rail pad, elastic supporting of track slab, and supporting of
subgrade.

In the vehicle-track-subgrade coupling dynamic model,
there are, respectively, the vehicle subsystem, the ballastless
track subsystem, and the subgrade subsystem from top to
bottom, as is shown in Figure 1. In the vehicle subsystem, the
car body, the frame, and the wheelset are assumed as rigid
bodies, and both the car body and the frame have two DOFs
(degrees of freedom) of nodding and vertical movement and
the wheelset has only verticalmovement, so the whole vehicle
subsystem has 10 DOFs, which are listed in Table 1. The
connections between car body and two bogies are the second
suspension, and the connection between each bogie and two
wheelsets is the primary suspension.

Thedouble-block ballastless track systemon the subgrade
is mainly composed of rails, high elastic fasteners, double-
block sleepers improved with truss reinforcing steel bars,
slabs, and the rigid supporting layers under slabs. The rail is
modeled as an infinite Timoshenko beam with continuous
elastic discrete supports, which has one DOF of vertical
motion. And the double-block sleepers, slabs, and supporting
layers are considered as a whole called slab,modeled as a free-
free Euler beam, which has a DOF of vertical motion. And
the rail is vertically connected with the sleepers by viscous
damping and linear springs.

The subgrade subsystem consists of the surface layer of
the bed, the bottom layer of the bed, and the subgrade layer.
The surface layer of the bed which is asphalt concrete layer
regarded as an elastic cushion ismodeled as linear springs and
viscous damping elements. And the bottom layer of the bed is
regarded as a free-free Euler beam with one DOF of vertical
motion. And the subgrade layer is simulated by linear springs
and viscous damping elements. Therefore, the connections
between the track bed and the bottom layer of the bed and
those between the bottom layer of the bed and the subgrade
are linear springs and viscous damping elements.

An interaction between the vehicle subsystem and the
ballastless track subsystem is the wheel/rail force.The vertical
wheel/rail interaction force is approximately calculated using

the Hertz contact theory. The coupling effect between the
ballastless track subsystem and the subgrade subsystem can
be coordinated by the interaction force between the slab and
the subgrade surface.

2.2. Equations of Motion of Track-Subgrade System

2.2.1. The Rail. The rail is considered as an infinite Timo-
shenko beam, and its differential equations of motion in the
frequency domain are

− 𝜌𝑟𝐴𝑟𝜔2𝑧𝑟 (𝑥) + 𝐺𝑟𝐴𝑟𝜅 (𝜑 (𝑥) − 𝑧𝑟 (𝑥))
= 𝑁𝑤∑
𝑗=1

𝐹𝑤𝑗𝛿 (𝑥 − 𝑥𝑤𝑗) −
𝑁𝑝∑
𝑖=1

𝑓𝑝ℎ𝑖𝛿 (𝑥 − 𝑥𝑝𝑖)
− 𝜌𝑟𝐼𝑟𝜔2𝜑 (𝑥) + 𝐺𝑟𝐴𝑟𝜅 (𝜑 (𝑥) − 𝑧𝑟 (𝑥)) − 𝐸𝑟𝐼𝑟𝜑 (𝑥)
= 0,

(1)

where 𝑧𝑟(𝑥) is the vertical displacement of the rail and 𝜑(𝑥) is
the rotate angular of the cross section of the rail; 𝐹𝑤𝑗 denotes
the amplitude of the force applied on the rail by the 𝑗th
wheel and 𝜔 is the angular frequency; 𝑥𝑝𝑖 is the longitudinal
coordinate of the discretely distributed rubber pads under the
rail and 𝑖 is the ordinal number of the rubber pads; 𝑁𝑝 is
the total number of the rubber pads; 𝑥𝑤𝑗 is the longitudinal
coordinate of the wheels, 𝑗 is the ordinal number of the
wheels, and 𝑁𝑤 is the total number of the wheels; and 𝛿(⋅)
is the Dirac-delta function. 𝑓𝑝ℎ𝑖 denotes the reaction of the
supporting force applied on the rail by the 𝑖th rail pad, as is
given by

𝑓phi = 𝐾𝑝𝑖 (𝑧 (𝑥𝑝𝑖) − 𝑧 (𝑥𝑝𝑖)) , (2)

where𝐾𝑝𝑖 is the stiffness of the 𝑖th rail pad.
The vertical displacement of any point of the rail in 𝑥

direction is

𝑧𝑟 (𝑥) =
𝑀𝑤∑
𝑗=1

𝐹𝑤𝑗𝛼𝑟 (𝑥, 𝑥𝑤𝑗) −
𝑁𝑝∑
𝑖=1

𝑓phi𝛼𝑟 (𝑥, 𝑥𝑝𝑖) , (3)

where 𝛼𝑟(𝑥, 𝑥𝑤𝑗) and 𝛼𝑟(𝑥, 𝑥𝑝𝑖) are the dynamic flexibility of
the rail at position 𝑥 due to a unit force acting at positions 𝑥𝑤𝑗
and 𝑥𝑝𝑖, respectively, and the dynamic flexibility of the rail is
generally given by

𝛼𝑟 (𝑥1, 𝑥2) = 𝑢1𝑒−𝑖𝑘1|𝑥1−𝑥2| + 𝑢2𝑒−𝑘2|𝑥1−𝑥2|

𝑘1 = ( 𝜔√2)
{{{
[( 𝜌𝑟𝐸𝑟 (1 + 𝜂𝑟) −

𝜌𝑟𝐺𝑟𝜅𝑟)
2

+ 4𝜌𝑟𝐴𝑟𝐸𝑟 (1 + 𝜂𝑟) 𝐼𝑟𝜔2]
1/2

+ ( 𝜌𝑟𝐸𝑟 (1 + 𝜂𝑟)
+ 𝜌𝑟𝐺𝑟𝜅𝑟)

}}}
1/2
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𝑘2 = ( 𝜔√2)
{{{
[( 𝜌𝑟𝐸𝑟 (1 + 𝜂𝑟) −

𝜌𝑟𝐺𝑟𝜅𝑟)
2

+ 4𝜌𝑟𝐴𝑟𝐸𝑟 (1 + 𝜂𝑟) 𝐼𝑟𝜔2]
1/2

− ( 𝜌𝑟𝐸𝑟 (1 + 𝜂𝑟)
+ 𝜌𝑟𝐺𝑟𝜅𝑟)

}}}
1/2

𝑢1 = 𝑖𝐸𝑟 (1 + 𝜂𝑟) 𝐼𝑟𝐺𝑟𝜅𝑟
⋅ 𝜌𝑟𝐼𝑟𝜔2 − 𝐺𝑟𝜅𝑟𝐴𝑟 − 𝐸𝑟 (1 + 𝜂𝑟) 𝐼𝑟𝑘212𝐴𝑟𝑘1 (𝑘21 + 𝑘22)

𝑢2 = 1𝐸𝑟 (1 + 𝜂𝑟) 𝐼𝑟𝐺𝑟𝜅𝑟
⋅ 𝜌𝑟𝐼𝑟𝜔2 − 𝐺𝑟𝜅𝑟𝐴𝑟 − 𝐸𝑟 (1 + 𝜂𝑟) 𝐼𝑟𝑘222𝐴𝑟𝑘2 (𝑘21 + 𝑘22) .

(4)

2.2.2. The Track Slab. The track slab is considered as a finite
free-free Euler-Bernoulli beam, and its differential equation
of vibration in the frequency domain is

− 𝜔2𝜌𝑠𝐴 𝑠𝑧𝑠 (𝑥) + 𝐸𝑠𝐼𝑠𝑧𝑠 (𝑥)
= 𝑁𝑝∑
𝑖=1

𝑓𝑝𝑖𝛿 (𝑥 − 𝑥𝑝𝑖) −
𝑁𝑠∑
𝑝=1

𝑓𝑠𝑝𝛿 (𝑥 − 𝑥𝑠𝑝) , (5)

where the material constants of the slab are 𝐸𝑠, Young’s
modulus; 𝐺𝑠, the shear modulus; 𝐴 𝑠, the cross-sectional
area; 𝐼𝑠, the second moment of area; 𝜌𝑠, the density; and 𝜂𝑠,
the loss factor. 𝑧𝑠, 𝑥𝑝𝑖, and 𝑥𝑠𝑗 are, respectively, the vertical
displacement of the slabs, the longitudinal coordinate at the
fasteners, and the longitudinal coordinate at the supporting
points of the slabs; 𝑓𝑝𝑖 is the interaction force between the
rail and the slab, and 𝑓𝑠𝑗 is the interaction force between the
slab and the subgrade; 𝑁𝑝 and 𝑁𝑠 are, respectively, the total
numbers of the supporting points of fasteners and slabs:

𝑓𝑠𝑝 = 𝐾𝑠 (𝑢𝑠 (𝑥𝑠𝑝) − 𝑢𝑏 (𝑥𝑠𝑝)) . (6)

Because there is a rigid connection between the sleeper
and the slab in the double-block ballastless track, the effect of
the inertia force produced by sleeper blocks vibration on the
vibration of track slabs is important, as is shown in Figure 2.

Assuming that 𝑧𝑟(𝑥, 𝑡) and 𝑧𝑠(𝑥, 𝑡) denote, respectively,
the vertical displacement of the rail and the track slab on the
rail pad in the time domain, the inertia force produced by the
sleeper block is

𝑓sleep = −𝑀𝑠 𝜕2𝜕𝑡2 𝑧𝑠 (𝑥, 𝑡) . (7)

Track slab

Sleeper

Rail

Fastener
Ms

Kp

Figure 2: Combination of sleeper and slab of twin-block ballastless
track structure.

So 𝑓𝑝ℎ𝑖 is the force applied to the track slab by the rail on
the 𝑖th pad, as is given by

𝑓𝑝ℎ𝑖 = 𝐾𝑝 (𝑧𝑟 (𝑥𝑝ℎ𝑖) − 𝑧𝑠 (𝑥𝑝ℎ𝑖)) −𝑀𝑠𝜔2𝑧𝑠 (𝑥𝑝ℎ𝑖) , (8)

where𝐾𝑝 is the pad stiffness and𝑀𝑠 is the sleeper blockmass.
The vertical displacement of any point of the track slab in𝑥 direction is

𝑧𝑠 (𝑥) =
𝑁𝑝∑
𝑖=1

𝑓𝑝𝑖𝛼𝑠 (𝑥, 𝑥𝑝𝑖) −
𝑁𝑠∑
𝑝=1

𝑓𝑠𝑝𝛼𝑠 (𝑥, 𝑥𝑠𝑝) , (9)

where 𝛼𝑠(𝑥, 𝑥𝑝𝑖) and 𝛼𝑠(𝑥, 𝑥𝑠𝑝) are, respectively, the dynamic
flexibility of the track slab at position𝑥due to a unit harmonic
force acting at positions 𝑥𝑝𝑖 and 𝑥𝑠𝑝, and the dynamic flexi-
bility of the track slab is generally [18]

𝛼𝑠 (𝑥1, 𝑥2) = NMS∑
𝑛=1

𝑊𝑛 (𝑥2)𝑊𝑛 (𝑥1)𝜔2𝑛 − 𝜔2 , (10)

where 𝜔𝑠𝑛 = 𝛽2𝑛√𝐸𝑠𝐼𝑠/𝜌𝑠𝐴 𝑠 is the 𝑛th mode frequency of the
slab and 𝛽𝑛 is the wavenumber. NMS is the modal number
of the track slabs in calculation. 𝑊𝑛(𝑥) is the modal shape
function of the free-free Euler beam.

2.2.3. The Subgrade Layer. The subgrade layer is considered
as an infinite Euler-Bernoulli beam, and its differential equa-
tion of vibration in the frequency domain is

− 𝜔2𝜌𝑓𝐴𝑓𝑧𝑓 (𝑥) + 𝐸𝑓𝐼𝑓𝑧𝑓 (𝑥)
= 𝑁𝑠∑
𝑝=1

𝑓𝑠𝑝𝛿 (𝑥 − 𝑥𝑠𝑝) −
𝑁𝑓∑
𝑞=1

𝑓𝑓𝑞𝛿 (𝑥 − 𝑥𝑓𝑞) , (11)

where 𝑧𝑓, 𝑥𝑠ℎ𝑝, and 𝑥𝑓ℎ𝑞 are, respectively, the vertical dis-
placement of the subgrade layer, the longitudinal coordinate
at the supporting points of the slabs, and the subgrade layer;𝑓𝑠ℎ is the interaction force between the slab and the subgrade
layer, and 𝑓𝑓𝑞 is the interaction force between the subgrade
layer and the subgrade;𝑁𝑓 and𝑁𝑠 are, respectively, the total
numbers of the supporting points of the subgrade layer and
the slabs:

𝑓𝑓𝑞 = 𝐾𝑓𝑧𝑓 (𝑥𝑓𝑞) . (12)

The vertical displacement of any point of the subgrade
layer in 𝑥 direction is

𝑧𝑓 (𝑥) =
𝑁𝑠∑
𝑝=1

𝑓𝑠𝑝𝛼𝑓 (𝑥, 𝑥𝑠𝑝) −
𝑁𝑓∑
𝑞=1

𝑓𝑓𝑞𝛼𝑓 (𝑥, 𝑥𝑓𝑞) , (13)
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where𝛼𝑓(𝑥, 𝑥𝑠𝑝) and𝛼𝑓(𝑥, 𝑥𝑓𝑞) are, respectively, the dynamic
flexibility of the track slab, denoting the displacement
response at position 𝑥 due to a unit harmonic force acting at
positions 𝑥𝑠𝑝 and 𝑥𝑓𝑞, and the dynamic flexibility of the track
slab is generally

𝛼𝑓 (𝑥1, 𝑥2) = 𝐶1𝑒𝜆1|𝑥1−𝑥2| + 𝐶2𝑒𝜆2|𝑥1−𝑥2|, (14)

where 𝐶1 and 𝐶2 are complex constants [19].
All the above equations, except for the dynamic flexibility

of rail and slab, do not have explicit damping. But actually
the bending stiffness of beam and the stiffness of spring are
in complex stiffness form, that is, 𝐺𝑟(1 + 𝑖𝜂𝑟), 𝐸𝑟𝐼𝑟(1 + 𝑖𝜂𝑟),𝐸𝑠𝐼𝑠(1+𝑖𝜂𝑠),𝐸𝑓𝐼𝑓(1+𝑖𝜂𝑏),𝐾𝑝(1+𝑖𝜂𝑝),𝐾𝑠(1+𝑖𝜂𝑠𝑠), and𝐾𝑓(1+𝑖𝜂𝑓𝑓), where 𝜂𝑟, 𝜂𝑠, 𝜂𝑓, 𝜂𝑝, 𝜂𝑠𝑠, and 𝜂𝑓𝑓 are, respectively, the loss
factors of rail, track slab, subgrade, rail pad, elastic supporting
of track slab, and supporting of subgrade.

Assuming that the amplitude of the dynamic wheel/rail
force induced by track irregularity is {𝑃(Ω)}, the displace-
ment amplitude of any point of track and subgrade system,{𝑧TS(Ω)}, can be obtained by

{𝑧TS (Ω)} = [𝛼TS] {𝑃 (Ω)} , (15)

where [𝛼TS] is the dynamic flexibility of track-subgrade
system at the position of the wheelset, which is composed of
dynamic flexibility of track-subgrade system structure, 𝛼𝑟, 𝛼𝑠,
and 𝛼𝑓.
2.3. Equations of Motion of Vehicle. The vehicle system is
composed of car body, two bogies, and fourwheelsets for high
speed train. The equation of movement of the vehicle system
is [19]

[𝑀𝑉] {�̈�𝑉 (𝑡)} + [𝐶𝑉] {�̇�𝑉 (𝑡)} + [𝐾𝑉] {𝑧𝑉 (𝑡)}
= {𝑄𝑉 (𝑡)} , (16)

where [𝑀𝑉], [𝐶𝑉], and [𝐾𝑉] are, respectively, the generalized
mass matrix, generalized damping matrix, and generalized
stiffness matrix of the vehicle system; {𝑧𝑉(𝑡)}, {�̇�𝑉(𝑡)}, and{�̈�𝑉(𝑡)} are, respectively, the generalized displacement vec-
tor, generalized velocity vector, and generalized acceleration
vector of the vehicle system; and {𝑄𝑉(𝑡)} is the generalized
dynamic force vector of the vehicle system:

[𝑀𝑉] = diag {𝑀𝐶 𝐽𝐶 𝑀𝑡 𝑀𝑡 𝐽𝑡 𝐽𝑡 𝑀𝑤1 𝑀𝑤2 𝑀𝑤3 𝑀𝑤4}

[𝐾𝑉] =

[[[[[[[[[[[[[[[[[[[[[[[[
[

2𝐾𝑠2 0 −𝐾𝑠2 −𝐾𝑠2 0 0 0 0 0 0
2𝑙2𝑐𝐾𝑠2 −𝑙𝑐𝐾𝑠2 𝑙𝑐𝐾𝑠2 0 0 0 0 0 0

2𝐾𝑠1 + 𝐾𝑠2 0 0 0 −𝐾𝑠1 −𝐾𝑠1 0 0
2𝐾𝑠1 + 𝐾𝑠2 0 0 0 0 −𝐾𝑠1 −𝐾𝑠1

2𝑙2𝑡𝐾𝑠1 0 −𝐾𝑠1𝑙𝑡 𝐾𝑠1𝑙𝑡 0 0
2𝑙2𝑡𝐾𝑠1 0 0 −𝐾𝑠1𝑙𝑡 𝐾𝑠1𝑙𝑡

symmetry 𝐾𝑠1 0 0 0
𝐾𝑠1 0 0

𝐾𝑠1 0
𝐾𝑠1

]]]]]]]]]]]]]]]]]]]]]]]]
]

[𝐶𝑉] =

[[[[[[[[[[[[[[[[[[[[[[[
[

2𝐶𝑠2 0 −𝐶𝑠2 −𝐶𝑠2 0 0 0 0 0 0
2𝑙2𝑐𝐶𝑠2 −𝑙𝑐𝐶𝑠2 𝑙𝑐𝐶𝑠2 0 0 0 0 0 0

2𝐶𝑠1 + 𝐶𝑠2 0 0 0 −𝐶𝑠1 −𝐶𝑠1 0 0
2𝐶𝑠1 + 𝐶𝑠2 0 0 0 0 −𝐶𝑠1 −𝐶𝑠1

2𝑙2𝑡𝐶𝑠1 0 −𝐶𝑠1𝑙𝑡 𝐶𝑠1𝑙𝑡 0 0
2𝑙2𝑡𝐶𝑠1 0 0 −𝐶𝑠1𝑙𝑡 𝐶𝑠1𝑙𝑡

symmetry 𝐶𝑠1 0 0 0
𝐶𝑠1 0 0

𝐶𝑠1 0
𝐶𝑠1

]]]]]]]]]]]]]]]]]]]]]]]
]
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{𝑧𝑉 (𝑡)} = {𝑧𝑐 (𝑡) 𝜑𝑐 (𝑡) 𝑧𝑡1 (𝑡) 𝑧𝑡2 (𝑡) 𝜑𝑡1 (𝑡) 𝜑𝑡2 (𝑡) 𝑧𝑤1 (𝑡) 𝑧𝑤2 (𝑡) 𝑧𝑤3 (𝑡) 𝑧𝑤4 (𝑡)}𝑇
{�̇�𝑉 (𝑡)} = {�̇�𝑐 (𝑡) �̇�𝑐 (𝑡) �̇�𝑡1 (𝑡) �̇�𝑡2 (𝑡) �̇�𝑡1 (𝑡) �̇�𝑡2 (𝑡) �̇�𝑤1 (𝑡) �̇�𝑤2 (𝑡) �̇�𝑤3 (𝑡) �̇�𝑤4 (𝑡)}𝑇
{�̈�𝑉 (𝑡)} = {�̈�𝑐 (𝑡) �̈�𝑐 (𝑡) �̈�𝑡1 (𝑡) �̈�𝑡2 (𝑡) �̈�𝑡1 (𝑡) �̈�𝑡2 (𝑡) �̈�𝑤1 (𝑡) �̈�𝑤2 (𝑡) �̈�𝑤3 (𝑡) �̈�𝑤4 (𝑡)}𝑇
{𝑄𝑉 (𝑡)} = {0 0 0 0 0 0 −𝑃𝑤1 (𝑡) −𝑃𝑤2 (𝑡) −𝑃𝑤3 (𝑡) −𝑃𝑤4 (𝑡)}𝑇 .

(17)

Assuming {𝑃(Ω)} as the amplitude of dynamic wheel/rail
force induced by track irregularity yields, the amplitude of
wheel displacement {𝑧𝑤(Ω)} is

{𝑧𝑤 (Ω)} = [𝛼𝑤] {𝑃 (Ω)} , (18)

where [𝛼𝑤] = [𝐻][𝛼𝑉][𝐻]𝑇 is the dynamic flexibility of the
vehicle at the wheel/rail contact point and Ω is spatial fre-
quency (rad/m). [𝛼𝑉] is the dynamic flexibility of the vehicle.

2.4. The Wheel/Rail Interaction. The wheel/rail interaction
force is described by

{𝑃 (Ω)} = ([𝛼𝑊] + [𝛼TS] + [𝛼Δ])−1 {Δ𝑧 (Ω)} , (19)

where [𝛼Δ] is the dynamic flexibility of the wheel/rail contact
spring; [𝛼Δ] = 1/𝑘𝐻. Since the dynamic displacements are
small, 𝑘𝐻 is linearized wheel/rail contact stiffness according
to the preload between the wheel and the rail and their
radii of curvature. Δ𝑧(Ω) is the relative displacement (track
random irregularity) between the wheel and the rail and
can be obtained by using pseudoexcitation method [20–23].{𝑃(Ω)} is the amplitude of the wheel/rail force induced by
track irregularity; then the wheel/rail force in time domain
can be expressed as

{𝑃 (𝑡)} = {𝑃 (Ω)} 𝑒𝑖Ω𝑡. (20)

There are generally two kinds of excitation inputmethods
of analyzing the vehicle-track coupling vibration. One is
fixed-point excitation, and the other is moving-point excita-
tion. For the former, supposing that the vehicle and track are
fixed, the track irregularity excitation moves backward at a
certain speed. For the latter, the vehicle runs on the track with
random irregularity at a certain speed. In the present paper,
the fixed-point excitation method is used.

When a train runs on an irregular track, it can be assumed
that the different wheels on the same rail are excited by
the same track irregularity, but there will be time delay
among different wheels, 𝑡1, 𝑡2, . . . , 𝑡𝑁. Track random excita-
tion {Δ𝑧(𝑡)} at wheelsets𝑁 is

{Δ𝑧 (𝑡)} =
{{{{{{{{{{{{{

Δ𝑧1 (𝑡)Δ𝑧2 (𝑡)...
Δ𝑧𝑁 (𝑡)

}}}}}}}}}}}}}
=
{{{{{{{{{{{{{{{

Δ𝑧1 (𝑡 − 𝑡1)
Δ𝑧2 (𝑡 − 𝑡2)

...
Δ𝑧𝑁 (𝑡 − 𝑡𝑁)

}}}}}}}}}}}}}}}
, (21)

where Δ𝑧(𝑡) is the history value of vertical track random
irregularity; 𝑡𝑗 (𝑗 = 1, 2, . . . , 𝑁) is the time delay of each
wheel; 𝑡𝑗 = (𝑎𝑗 − 𝑎1)/V; 𝑎𝑗 is the longitudinal coordinate of
the 𝑗th wheelset at the time 𝑡 = 0, and 𝑎1 is the longitudinal
coordinate of the first wheelset. {Δ𝑧(𝑡)} can be regarded as a
generalized single excitation. If the power spectrum density
function of Δ𝑧(𝑡) is 𝑆V(Ω), the pseudoexcitation of vertical
track random irregularity can be expressed as

Δ𝑧 (𝑡) = √𝑆V (Ω)𝑒𝑖Ω𝑡. (22)

Then the pseudoexcitation corresponding to (21) is

{Δ𝑧 (𝑡)} =
{{{{{{{{{{{{{

Δ𝑧1 (𝑡 − 𝑡1)Δ𝑧2 (𝑡 − 𝑡2)...
Δ𝑧𝑁 (𝑡 − 𝑡𝑁)

}}}}}}}}}}}}}
=
{{{{{{{{{{{{{{{{{

𝑒−𝑖Ω𝑡1
𝑒−𝑖Ω𝑡2
...

𝑒−𝑖Ω𝑡𝑁

}}}}}}}}}}}}}}}}}
√𝑆V (Ω)𝑒𝑖Ω𝑡

= {Δ𝑧 (Ω)} 𝑒𝑖Ω𝑡,

(23)

where {Δ�̃�(Ω)} is the harmonic irregularity amplitude of the
pseudoexcitation of vertical track random irregularity.

{Δ𝑧 (Ω)} =
{{{{{{{{{{{{{{{

𝑒−𝑖Ω𝑡1
𝑒−𝑖Ω𝑡2
...

𝑒−𝑖Ω𝑡𝑁

}}}}}}}}}}}}}}}
√𝑆V (Ω). (24)

Replacing {Δ𝑧(Ω)} in (19) with {Δ�̃�(Ω)} in (24), we can
have that

{�̃� (Ω)} = {Δ�̃� (Ω)}([𝛼𝑊] + [𝛼TS] + [𝛼Δ]) , (25)

where {�̃�(Ω)} is the amplitude of pseudodynamic wheel/rail
force corresponding to pseudoexcitation {Δ�̃�(Ω)}. By solv-
ing (25), the amplitude of pseudodynamic wheel/rail force
induced by track irregularity can be obtained. According to
the pseudoexcitation method, the power spectral density of
the dynamic wheel/rail force, 𝑆𝑃𝑃(Ω), is given as follows:

𝑆𝑃𝑃 (Ω) = {�̃� (Ω)}∗ ⋅ {�̃� (Ω)}𝑇 , (26)
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Figure 3: Vertical receptance of the rail.

where {�̃�(Ω)}∗ and {�̃�(Ω)}𝑇 are the conjugated matrix and
transfer matrix of {�̃�(Ω)}, respectively.

According to (19) and (26), the power spectral density of
the dynamic wheel/rail force can be obtained. Through (15)
and (18), the dynamic response of any point of vehicle-track-
subgrade coupling system can be calculated.

3. Results and Discussion

3.1.TheRail Receptance. Thereceptance of the structure is the
dynamic response of each part of the structure under a unit
force, also known as the dynamic flexibility of the structure.
It is generally in complex form, of which the amplitude-
frequency and phase-frequency curves reflect the transfer
characteristics of the structure dynamic response.The ampli-
tude of themobility is usually named as the receptance, which
can be divided into displacement, velocity, and acceleration
receptance. In order to validate the effectiveness of the
proposed method, a numerical simulation for calculating
the mobility of double-block ballastless track and subgrade
coupling system is set up using the finite element analysis
software ANSYS, in which there are two slabs with a length
of 12.5m each, a rail, and a subgrade layer with a length of
25m. A unit harmonic force is applied to the rail both at mid-
span and above sleepers, and the comparisons of the vertical
receptance of the rail at the excitation point are shown in
Figure 3.

In Figure 3, the vertical receptance of the double-block
ballastless track is depicted, both at mid-span and above
sleeper. There are three peaks in the vertical receptance. The
first one corresponds to the vertical vibration mode of the
pad, at 157Hz; the second one corresponds to the first vertical
pined-pined resonance of the rail which is related to the rail
discrete support, at 1059Hz; the last one is the high frequency

vibration of the rail at 2740Hz. It can also be seen from
Figures 3(a) and 3(b) that the peak frequencies of the results
of the proposed model are basically consistent with those of
the finite element method.

The wheel/rail contact point applied at the mid-span of
the adjacent fasteners, the total receptance, and phase curves
are shown in Figure 4.

From Figure 4, it can be seen that, in the frequency range
of 1∼32Hz, the receptance of the wheel is much larger than
that of the rail and wheel/rail contact, and the dynamic
flexibility amplitude and phase of wheel/rail system are
almost equivalent to the flexibility of the wheel, indicating
that in the range of 1∼32Hz the receptance of the wheel
plays the main role in the whole flexibility of the wheel/rail
system; in the range of 32∼60Hz, because the receptance of
the wheel is in the same level with that of the rail, the dynamic
flexibility of wheel/rail system is mainly decided both by rail
and by wheel, and, at 45Hz, the total receptance has a local
minimum; in the range of 60∼277Hz, the receptance of the
rail is larger than that of the wheel and wheel/rail contact,
so the dynamic flexibility amplitude and phase of wheel/rail
system are mostly decided by the rail, and, at 200Hz, the
dynamic flexibility amplitude of wheel/rail system has a peak
value; in the range of 277∼1000Hz, both the rail and the
wheel play a main role in the dynamic flexibility of wheel/rail
system; above 100Hz, the wheel/rail contact receptance plays
a main role in the dynamic flexibility of wheel/rail system.

3.2. Random Vibration Analysis of the System. When the
train is running at the speed of 300 km/h, the rack random
irregularitywill lead to the randomvibration of vehicle-track-
subgrade coupling system. The track random irregularity
spectrum curve is shown in Figure 5, which is the super-
position of the results between track random irregularity
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Figure 5: Track random irregularity.

and rail surface roughness from China’s high speed railway
measurement. The wheel/rail force is shown in Figure 6.
Figure 7 demonstrates the vertical vibration acceleration
power spectrum curve of the rail at the excitation point, and
the vertical vibration acceleration power spectrum curves of
the slab and the subgrade at the cross section of excitation are,
respectively, shown in Figures 8 and 9.

From Figure 6, it can be seen that the wheel/rail interac-
tion forces caused by track random irregularity are concen-
trated in the range of 10∼1000Hz and the amplitude energy
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Figure 6: The amplitude spectrum of wheel/rail force.

of wheel/rail force reaches maximum at 54Hz and second
large at 380Hz. Above 1000Hz, the wheel/rail force has
some peaks but the corresponding vibration energy is small.
From Figure 7, it can be seen that the vibration acceleration
power spectrum density of the rail caused by track ran-
dom irregularity has three obvious peaks in the range of
30∼1000Hz, respectively, at 43Hz, 341.2Hz, and 502.3Hz,
where the corresponding wavelength is, respectively, 2m,
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Figure 8: The acceleration power spectrum of the track slab.

0.24m, and 0.17m under the train running at the speed of
300 km/h. From Figure 8, it can be seen that the vibration
acceleration power spectrum density of the slab caused by
track random irregularity has two obvious peaks in the range
of 30∼100Hz, respectively, at 42.6Hz and 53.2Hz, where
the corresponding wavelength is, respectively, 2m and 1.6m
under the train running at the speed of 300 km/h. From
Figure 9, it can be seen that, very similar to that of the slab in
Figure 11, the vibration acceleration power spectrum density
of the subgrade caused by track random irregularity has two
obvious peaks in the range of 30∼100Hz, respectively, at

Subgrade
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Figure 9: The acceleration power spectrum of the subgrade.

42.6Hz and 53.2Hz, where the corresponding wavelength is,
respectively, 2m and 1.6m under the train running at the
speed of 300 km/h. From Figures 7–9, it can also be seen that
all of the vibration acceleration power spectrum density of
rail, slab, and subgrade have a main peak value around 43Hz,
mainly due to the fact that the track irregularity has excitation
wavelength in this band, as is shown in Figure 5; anothermain
frequency of rail is induced by the shortwave irregularity,
wavelength below 1m, in the rail surface; in addition, the
frequency band of the vibration energy spectrum of the rail is
wider than that of the slab and subgrade, and the frequency
band of the vibration energy spectrums of slab and subgrade
is mainly concentrated in the low frequency around 43Hz.

3.3. The Influence of ACL’s Stiffness on the Vibration Power of
Track and Subgrade System. In order to reflect the vibration
transfer characteristics of track-subgrade coupling system,
the vibration power flow theory is used to analyze the
vibration transfer characteristics of ballastless track-subgrade
coupling system.The average value of track-subgrade system
vibration power during a period is given by

𝑃 = ∫𝑇
0
𝐹 (𝑡) 𝑉 (𝑡) 𝑑𝑡

𝑇 , (27)

where𝑃 is the average power;𝐹(𝑡) is the external force applied
at the track-subgrade system, and𝑉(𝑡) is the vibration veloc-
ity in time domain. And the vibration power in frequency
domain can be written as

𝑃 (Ω) = 12Re {𝐹∗ (Ω)𝑉 (Ω)} , (28)

where 𝐹∗(Ω) is the conjugated matrix of the force ampli-
tude matrix and 𝑉(Ω) is the vibration velocity in fre-
quency domain. Vibration power of track-subgrade system is
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Figure 10: The effect of ACL’s stiffness on the vibration power of track and subgrade system.

expressed by the power level, and reference vibration power
is 10−12W.

ACL has an important influence on vibration-reduction
of track-subgrade coupling system. In order to reflect the
effect of ACL’s stiffness on subgrade vibration-reduction,
stiffness parameters of three ACL are 1.8 × 107N/m, 1.8 ×108N/m, and 1.8 × 109N/m, respectively. Figure 10 shows
the impact of ACL’s stiffness on the vibration power of track
and subgrade coupling system. The other parameters are
unchangeable.

It can be seen from Figure 10 that, for the rail, the
influence of ACL’s stiffness on rail vibration at 100∼150Hz
is more than that at the other frequencies. For the track
slab, the larger the stiffness of ACL, the lower the vibration
power of the track bed at 1∼1800Hz. When the stiffness

of ACL increases by ten times, the vibration power of the
slab will decrease by about 20 dB. For the subgrade, the
larger the stiffness of ACL, the lower the vibration power of
the subgrade bottom and the lower the peak frequency of
subgrade below 100Hz. The larger the stiffness of ACL, the
higher the peak frequency of subgrade at 100–700Hz. The
vibration power of the subgrade increases with the stiffness
of ACL above 1000Hz. It can be concluded that some peaks
in Figure 10 relate to nature frequencies of track-subgrade
system and track random irregularities.

3.4. The Influence of Train Speed on the Track and Subgrade
System Vibration Power. To investigate the impact of train
speed on the track and subgrade system vibration power, the
train speeds are, respectively, 100 km/h, 200 km/h, 300 km/h,
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Figure 11: The effect of vehicle speed on the vibration power of track and subgrade system.

and 400 km/h. Figure 11 shows the influence of train speed on
the vibration power of the track and subgrade system.

It can be seen from Figure 11 that when the train speed
is 400 km/h under excitation of track random irregularities,
the vibration power of track-subgrade coupling system has
maximum peak at about 40Hz, and the maximum of vibra-
tion power of the rail, bed slab, and subgrade reaches 150 dB,
130 dB, and 125 dB, respectively. Figure 11 also indicates that
the higher the train speed, the larger the amplitude of
resonance peak of the track-subgrade vibration power but the
lower the frequency of resonance peak of them.

4. Conclusions

In order to reduce the ground-borne vibration caused by
wheel/rail interaction in the ballastless track of high speed
railways, viscoelastic asphalt concrete materials are filled

between the track and the subgrade to attenuate wheel/rail
force. In combination with double-block ballastless track
and subgrade structure characteristics, considering the finite
length and discontinuity of the monolithic slab, discreteness
of the pads under rail, and the continuity of subgrade, a
high speed train-track-subgrade vertical coupling dynamic
model is developed and the analytic expressions of vibration
response are also derived. Combined with the pseudoexci-
tation method, a solution of the dynamic response is put
forward to calculate the receptance of ballastless track and
subgrade system.The randomvibration response and transfer
characteristics of ballastless track and subgrade system are
obtained under track random irregularity when a high speed
vehicle runs through. We can conclude the following:

(1) The peak frequencies of the results of the proposed
model are basically consistent with those of finite
element method.
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(2) The frequency band of the vibration energy spectrum
of rail is wider than that of the slab and subgrade, and
the frequency band of the vibration energy spectrums
of slab and subgrade ismainly concentrated in the low
frequency around 43Hz.

(3) The stiffness of ACL has relatively less influence on
rail vibration than on the ballast bed and subgrade
vibration.

(4) The higher the train speed, the larger the amplitude of
resonance peak of the track-subgrade vibration power
but the lower the frequency of resonance peak of
them.
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