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Comparison study on free vibration of circular cylindrical shells between thin and moderately thick shell theories when using
the exact dynamic stiffness method (DSM) formulation is presented. Firstly, both the thin and moderately thick dynamic stiffness
formulations are examined. Based on the strain and kinetic energy, the vibration governing equations are expressed in theHamilton
form for both thin and moderately thick circular cylindrical shells. The dynamic stiffness is assembled in a similar way as that in
classic skeletal theory. With the employment of the Wittrick-Williams algorithm, natural frequencies of circular cylindrical shells
can be obtained. A FORTRAN code is written and used to compute the modal characteristics. Numerical examples are presented,
verifying the proposed computational framework. Since the DSM is an exact approach, the advantages of high accuracy, no-missing
frequencies, and good adaptability to various geometries and boundary conditions are demonstrated. Comprehensive parametric
studies on the thickness to radius ratio (ℎ/𝑟) and the length to radius ratio (𝐿/𝑟) are performed. Applicable ranges of ℎ/𝑟 are found
for both thin and moderately thick DSM formulations, and influences of 𝐿/𝑟 on frequencies are also investigated. The following
conclusions are reached: frequencies of moderately thick shells can be considered as alternatives to those of thin shells with high
accuracy where ℎ/𝑟 is small and 𝐿/𝑟 is large, without any observation of shear locking.

1. Introduction

Free vibration analysis of shell structures is important for
further dynamic analysis in engineering. Among all shell
types, circular cylindrical shells are the most widely used in a
good variety of applications, for example, tubes, containment
vessels, and aircraft fuselages.Therefore, exact modal charac-
teristic analysis of circular cylindrical shells is of considerable
scientific and engineering significance.

It is well known that shell theories can be categorised into
thin, moderately thick, and thick forms. Since the Kirchhoff-
Love hypothesis for thin elastic shell theory was established
[1], much effort was spent on its vibration development.
Arnold and Warburton [2] analysed the flexural vibration
of thin cylindrical shells with general boundary conditions
using Rayleigh’s principle. Leissa [3] provided a systematic

review and summary on the vibration of different shell
theories and shell types. Bardell et al. [4] investigated the
free vibration of isotropic open cylindrical shell panels by
applying an ℎ-𝑝 version finite element method. Tan [5]
introduced a substructuring method for predicting the nat-
ural frequencies of circular cylindrical shells with arbitrary
boundary conditions.

On the other hand, moderately thick shell theory which
derives from the Reissner-Mindlin hypothesis is less fre-
quently used in analysing the free vibration behaviour of
shells due to its complexity. Naghdi and Cooper [6] con-
ducted vibration analysis on circular cylindrical shells with
the consideration of shear deformation and rotary inertia by
employing elastic wave method. Mirsky and Herrmann [7]
studied the nonaxisymmetric vibration of moderately thick
circular cylindrical shells. Tornabene and Viola [8] proposed
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2 Shock and Vibration

an approach to analyse free vibration of parabolic shells using
Generalised Differential Quadrature method (GDQ) based
on the first-order shear deformation theory. Mantari et al.
[9] applied a new accurate higher-order shear deformation
theory to perform free vibration analysis of multilayered
shells.

Although the free vibration of shells has been extensively
examined, there are continuing research efforts made with
new methods and shell types, for example, 𝑝-version mixed
finite element by Kim et al. [10]; GDQ method for doubly
curved shells of revolution by Tornabene et al. [11, 12]; higher-
order theory for thin-walled beams by Pagani et al. [13]; and
three-dimensional analysis method by Ye et al. [14, 15].

The dynamic stiffness method (DSM) is an exact method
since the dynamic stiffness is computed directly from the
exact vibration governing equations. It is suitable for com-
putational analysis of free vibration of continuous systems
with infinite degrees of freedom. In conjunction with the
Wittrick-Williams (W-W) algorithm [16, 17] and the recursive
Newton’s method [18, 19], the DSM has been employed in
free vibration of skeletal structures, for example, nonuniform
Timoshenko beams [20], three-layered sandwich beams [21],
and functionally graded beams [22]. Pagani et al. [23]
employed the exact dynamic stiffness elements to investigate
the free vibration of thin-walled structures. A recent paper
[24] applied the DSM to the free vibration analysis of
thin circular cylindrical shells. The present authors used to
employ the DSM to investigate the free vibration of shells of
revolution [25], and the complete theory was given in [26]
based on the thin shell assumption. Further extension of the
DSM to moderately thick circular cylindrical shells [27] was
made with the consideration of transverse shear deformation
and rotary inertia.

As an exactmethod, the dynamic stiffnessmethod has the
following advantages:

(1) Themethod is exact and theoretically solutions can be
obtained with any desired accuracy.

(2) The original eigenvalue problems of two-dimensional
partial differential equations (PDEs) are degraded to
the eigenvalue problems of a set of one-dimensional
ordinary differential equations (ODEs) by introduc-
ing the circumferential vibration modes. Since the
method is exact, frequencies and vibration modes of
any order can be calculated with a small number of
elements.

(3) The Wittrick-William algorithm is mathematically
strict and ensures that no eigenvalue will be omitted.

(4) TheDSM formulation is general and versatile,making
it capable of solving the free vibration of circular
cylindrical shells with a variety of geometries and
arbitrary boundary conditions.

Though the free vibration formulation using the DSM has
been established for both thin and moderately thick circular
cylindrical shells, there is no comprehensive comparison
study available currently to address the applicability of DSM
formulations between the two different shell theories. This
paper attempts to show the compatibility on the free vibration
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Figure 1: Coordinates of a circular cylindrical shell.

of circular cylindrical shells between thin and moderately
thick DSM formulations.TheDSM formulations of both thin
and moderately thick circular cylindrical shells are well com-
pared in Sections 2 and 3. Afterwards, the Wittrick-Williams
algorithm is presented, providing a solution to computing
the number of clamped-end natural frequencies 𝐽0. Four
numerical examples are given in Section 5, demonstrating the
capability and reliability of the proposed method. Extensive
parametric studies are performed in Section 6 on the ratios
of thickness to radius (ℎ/𝑟) and length to radius (𝐿/𝑟) to
find out the applicable ranges of each theory. Differences
between frequencies from thin and moderately thick DSM
formulations are analysed. The following conclusions are
reached in the final: the compatibility of DSM between thin
and moderately thick formulations is proven without shear
locking.

2. Vibration Equations

This section theoretically presents a comparison study on
DSM formulations for free vibration of both thin and
moderately thick circular cylindrical shells. Figure 1 shows
the coordinate system of a homogeneous, isotropic, and
circumferentially closed circular cylindrical shell. The axial
and circumferential directions of the shell are termed as𝑥 and𝜃, respectively.The length of the shell is 𝐿, radius is 𝑟, and the
thickness is ℎ. Young’s modulus is 𝐸, Poisson’s ratio is ], and
the density is 𝜌.

For thin shells, the vibration can be represented by the
translational displacements of the middle surface {Δ}thin ={𝑢, V, 𝑤}T along 𝑥, 𝜃, and 𝑟 directions, while, for moderately
thick shells, the angular displacements {𝜓𝑥, 𝜓𝜃}T of the
middle surface along 𝑥 and 𝜃 directions are independent,
which results in an expansion of the displacement vector to{Δ}thick = {𝑢, V, 𝑤, 𝜓𝑥, 𝜓𝜃}T.

The strain-displacement relationship at the middle sur-
face of a circular cylindrical shell can be written in the form
of

{𝜀} = [L] {Δ} , (1)

where {𝜀} is the strain vector and {Δ} is the displacement
vector which can be {Δ}thin or {Δ}thick as mentioned above.
The expressions of the differential matrix [L] for both thin
and moderately thick circular cylindrical shells can be found
in [3].
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Figure 2: The diagram of an infinitesimal portion of a circular
cylindrical shell.

Similarly, the internal force-strain relationship at the
middle surface of a circular cylindrical shell can also be
expressed as

{N} = [D] {𝜀} , (2)

where {N} is the internal force vector and [D] is the stiffness
matrix which can also be found in [3].

Denote 𝑑𝐴 as the area of an infinitesimal portion in the
middle surface of a circular cylindrical shell (see Figure 2),
and the area of this infinitesimal portion is 𝑑𝐴 = 𝑟𝑑𝜃𝑑𝑥.
The total strain energy 𝑈 for free vibration of the circular
cylindrical shell can be integrated along the whole middle
surface 𝑆 as

𝑈 = ∬
𝑆

12 {𝜀}T [D] {𝜀} 𝑑𝐴 (3)

and the total free vibration kinetic energy is obtained as

𝑇 = 𝜌2 ∬
𝑆
ℎ [(𝜕𝑢𝜕𝑡 )

2 + (𝜕V𝜕𝑡 )
2 + (𝜕𝑤𝜕𝑡 )

2]𝑑𝐴 (4)

for thin shell, or

𝑇 = 𝜌2 ∬
𝑆
{ℎ[(𝜕𝑢𝜕𝑡 )

2 + (𝜕V𝜕𝑡 )
2 + (𝜕𝑤𝜕𝑡 )

2]
+ ℎ312 [(𝜕𝜓𝑥𝜕𝑡 )2 + (𝜕𝜓𝜃𝜕𝑡 )2]}𝑑𝐴

(5)

for moderately thick circular cylindrical shells.
The dynamic displacement functions {Δ}thin and {Δ}thick

are expressed differently as

{Δ}thin = {{{{{
𝑢𝑛 (𝑥) cos 𝑛𝜃 sin𝜔𝑡
V𝑛 (𝑥) sin 𝑛𝜃 sin𝜔𝑡𝑤𝑛 (𝑥) cos 𝑛𝜃 sin𝜔𝑡

}}}}}
,

{Δ}thick =
{{{{{{{{{{{{{{{{{

𝑢 = 𝑢𝑛 (𝑥) cos 𝑛𝜃 sin𝜔𝑡
V = V𝑛 (𝑥) sin 𝑛𝜃 sin𝜔𝑡𝑤 = 𝑤𝑛 (𝑥) cos 𝑛𝜃 sin𝜔𝑡𝜓𝑥 = 𝜓𝑥𝑛 (𝑥) cos 𝑛𝜃 sin𝜔𝑡𝜓𝜃 = 𝜓𝜃𝑛 (𝑥) sin 𝑛𝜃 sin𝜔𝑡

}}}}}}}}}}}}}}}}}
.

(6)

(e)
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Figure 3: The mesh division along the axis.

𝑛 is the circumferential wave number; 𝜔 is a circular fre-
quency; 𝑢𝑛(𝑥), V𝑛(𝑥), 𝑤𝑛(𝑥), 𝜓𝑥𝑛(𝑥), and 𝜓𝜃𝑛(𝑥) are axial
vibration functions.

The Hamilton principle suggests

𝛿∫𝑡2
𝑡
1

(𝑈 − 𝑇) 𝑑𝑡 = 0, (7)

where (𝑡1, 𝑡2) is an arbitrary time interval during vibration.
The equations ofmotion can be derived from (7). Substituting
the dynamic displacement functions (6) into equations of
motion, the free vibration governing differential equations
can be obtained. By rewriting the governing differential
equations into the Hamilton form, generalised displacements{u} and forces {k} are obtained, where {u} and {k} are given in
the Appendix.

The vibration governing equations can be written in the
Hamilton form of

[J] {z} = [S] {z} , (8)

where () denotes the differentiation with respect to 𝑥 and{z} = {u k}T. [J] = [ 0 −II 0 ] and I is an identity matrix
with the order of four (or five) for thin (or moderately thick)
shells. The coefficient matrix [S] is a symmetric eighth- (or
tenth-) order matrix for thin (or moderately thick) circular
cylindrical shells. Details of [S] can also be found in the
Appendix.

3. Dynamic Stiffness Matrix

Should the circumferential wave number 𝑛 be a specific value,
(8) is one-dimensional with respect to 𝑥 only. Therefore,
a circular cylindrical shell can be analysed as a general
one-dimensional skeleton-like structure with four (or five)
degrees of freedom {𝑢1 𝑢2 𝑢3 𝑢4} (or {𝑢1 𝑢2 𝑢3 𝑢4 𝑢5})
for thin (ormoderately thick) shells. Accordingly, the internal
force vectors for both thin andmoderately thick shell theories
are {V1 V2 V3 V4}T and {V1 V2 V3 V4 V5}T, respectively.
Thedynamic stiffness of free vibration of a circular cylindrical
shell can now be set up in a similar way as that in classic one-
dimensional skeletal theory.

Figure 3 shows that a circular cylinder is divided into sev-
eral shell segments along its axial direction. Taking element
(𝑒), for example, the 𝑥 coordinates at its two ends are 𝑥𝑎 and
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𝑥𝑏, respectively.The segment-end displacement vector {d}𝑒 is
defined as

{d}𝑒thin = {𝑢1 (𝑥𝑎) , 𝑢2 (𝑥𝑎) , 𝑢3 (𝑥𝑎) , 𝑢4 (𝑥𝑎) , 𝑢1 (𝑥𝑏) ,
𝑢2 (𝑥𝑏) , 𝑢3 (𝑥𝑏) , 𝑢4 (𝑥𝑏)}T ,

{d}𝑒thick = {𝑢1 (𝑥𝑎) , 𝑢2 (𝑥𝑎) , 𝑢3 (𝑥𝑎) , 𝑢4 (𝑥𝑎) , 𝑢5 (𝑥𝑎) ,
𝑢1 (𝑥𝑏) , 𝑢2 (𝑥𝑏) , 𝑢3 (𝑥𝑏) , 𝑢4 (𝑥𝑏) , 𝑢5 (𝑥𝑏)}T

(9)

and the force vector {F}𝑒 is
{F}𝑒thin = {−V1 (𝑥𝑎) , −V2 (𝑥𝑎) , −V3 (𝑥𝑎) ,

− V4 (𝑥𝑎) , V1 (𝑥𝑏) , V2 (𝑥𝑏) , V3 (𝑥𝑏) , V4 (𝑥𝑏)}T ,

{F}𝑒thick = {−V1 (𝑥𝑎) , −V2 (𝑥𝑎) , −V3 (𝑥𝑎) , −V4 (𝑥𝑎) ,
− V5 (𝑥𝑎) , V1 (𝑥𝑏) , V2 (𝑥𝑏) , V3 (𝑥𝑏) , V4 (𝑥𝑏) , V5 (𝑥𝑏)}T .

(10)

Mathematically apply the boundary conditions in (11) or (12)
to (8) in turn,

{d}𝑒thin = {𝑒𝑗} , 𝑗 = 1, . . . , 8, (11)

{d}𝑒thick = {𝑒𝑗} , 𝑗 = 1, . . . , 10, (12)

where {𝑒𝑗} is a unit vector with the 𝑗th element equal to one,
and the corresponding element dynamic stiffness matrix [k]𝑒
is formulated by

[k]𝑒thin = [F𝑒𝑗=1 F𝑒𝑗=2 F𝑒𝑗=3 F𝑒𝑗=4 F𝑒𝑗=5 F𝑒𝑗=6 F𝑒𝑗=7 F𝑒𝑗=8]thin ,
[k]𝑒thick = [F𝑒𝑗=1 F𝑒𝑗=2 F𝑒𝑗=3 F𝑒𝑗=4 F𝑒𝑗=5 F𝑒𝑗=6 F𝑒𝑗=7 F𝑒𝑗=8 F𝑒𝑗=9 F𝑒𝑗=10]thick .

(13)

Due to the complexity, (8) is solved computationally using
adaptive ordinary differential equations (ODEs) solver COL-
SYS [33, 34]. The global dynamic stiffness matrix K of a
circular cylindrical shell is assembled in a regular FEM
way.

4. Wittrick-Williams Algorithm

The dynamic stiffness method is used in conjunction with
theWittrick-Williams (W-W) algorithm.TheW-Walgorithm
merely gives the number of frequencies below 𝜔∗ with the
expression of

𝐽 = 𝐽0 + 𝐽𝐾, (14)

where 𝐽 is the total number of frequencies exceeded by
the trial frequency 𝜔∗; 𝐽𝐾 = 𝑠{K(𝜔∗)} is the sign count
of the global dynamic stiffness matrix K and equal to the
number of negative elements on the diagonal of an upper
triangular matrix obtained from K by applying standard
Gaussian eliminationwithout row exchange; 𝐽0 is the number
of clamped-end frequencies exceeded by 𝜔∗ and can be
accumulated from 𝐽𝑒0 of each shell segment element over the
whole meridian as is expressed in

𝐽0 = ∑𝐽𝑒0 . (15)

To solve 𝐽𝑒0 , a substructuring method is employed by taking
advantage of the self-adaptability of COLSYS.When comput-
ing the dynamic stiffness matrix of a shell segment element,
for example, element (𝑒), a submesh will be generated by
COLSYS adaptively as is shown in Figure 4.

Applying the Wittrick-Williams algorithm again on the
submesh, we have

𝐽𝑒0 = ∑𝐽(�̂�)0 + 𝑠 {K̂ (𝜔∗)} , (16)

where notation “̂” stands for submesh. Since COLSYS is
capable of controlling the error tolerance adaptively, the
number of clamped-end natural frequencies exceeded by 𝜔∗
on the submesh has to be zero, suggesting 𝐽(�̂�)0 = 0. Otherwise,
the clamped-end modes can be enlarged infinitely, resulting
in the unsatisfaction of the given error tolerance.

The following will introduce the formulation of K̂(𝜔∗) in
(16). Taking a subelement (�̂�) with the coordinates (𝑥𝑖, 𝑥𝑖+1)
on element (𝑒), for instance, its corresponding dynamic
stiffness matrix [k̂](�̂�) can be obtained by linearly combining
the eight (or ten) solutions of (8) and (11) or (12). Note that
the enddisplacement and force vectors for this subelement (�̂�)
are {d}(�̂�) and {F}(�̂�), respectively, and the subelement stiffness
matrix [k̂](�̂�) satisfies

[k̂](�̂�) {d}(�̂�) = {F}(�̂�) . (17)

By applying the boundary conditions in (11) or (12) in turn
again for thin or moderately thick circular cylindrical shells,
(18) is obtained.

[k̂](�̂�) [B](�̂�) = [C](�̂�) , (18)

where

[B](�̂�)
= [d(�̂�)𝑗=1 d(�̂�)𝑗=2 d(�̂�)𝑗=3 d(�̂�)𝑗=4 d(�̂�)𝑗=5 d(�̂�)𝑗=6 d(�̂�)𝑗=7 d(�̂�)𝑗=8]thin ,
[C](�̂�)
= [F(�̂�)𝑗=1 F(�̂�)𝑗=2 F(�̂�)𝑗=3 F(�̂�)𝑗=4 F(�̂�)𝑗=5 F(�̂�)𝑗=6 F(�̂�)𝑗=7 F(�̂�)𝑗=8]thin

(19)
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Figure 4: Submesh on element (𝑒).

for thin shells, or

[B](�̂�) = [d(�̂�)𝑗=1 d(�̂�)𝑗=2 d(�̂�)𝑗=3 d(�̂�)𝑗=4 d(�̂�)𝑗=5 d(�̂�)𝑗=6 d(�̂�)𝑗=7 d(�̂�)𝑗=8 d(�̂�)𝑗=9 d(�̂�)𝑗=10]thick ,
[C](�̂�) = [F(�̂�)𝑗=1 F(�̂�)𝑗=2 F(�̂�)𝑗=3 F(�̂�)𝑗=4 F(�̂�)𝑗=5 F(�̂�)𝑗=6 F(�̂�)𝑗=7 F(�̂�)𝑗=8 F(�̂�)𝑗=9 F(�̂�)𝑗=10]thick

(20)

for moderately thick shells.
Since 𝐽(�̂�)0 = 0, [B](�̂�) is nonsingular (otherwise𝜔∗ is one of

clamped-end frequencies, which is conflicted with 𝐽(�̂�)0 = 0),
and (21) is obtained.

[k̂](�̂�) = [C](�̂�) ([B](�̂�))−1 . (21)

Thus K̂(𝜔∗) can be assembled regularly from [k̂](�̂�). Based on
the above theories, a FORTRAN code was written and used
to solve the free vibration of both thin and moderately thick
circular cylindrical shells in this paper.

5. Validation

In this section, four examples on free vibration of circular
cylindrical shells are presented to show the reliability and
accuracy of the proposed method in the above sections.
Examples in Sections 5.1 and 5.2 are calculated with thin shell
theory; in Section 5.3, both thin and moderately thick shell
theories are employed to study the free vibration of the same
shell, and results are given opposite for comparison; examples
in Section 5.4 are performed with the moderately thick shell
theory.

5.1. Free Vibration of a Thin Clamped-Clamped Shell. Zhang
et al. [28] and Xuebin [29] analysed the natural frequencies
of a clamped-clamped (C-C) circular cylindrical shell based
on the Flügge thin shell theory by employing the FEM code
MSC/NASTRAN and wave propagation approach, respec-
tively. The clamped boundary condition is considered as

𝑢 = V = 𝑤 = 𝜕𝑤𝜕𝑥 = 0. (22)

The length of the shell is 𝐿 = 20m, radius 𝑟 = 1m, thicknessℎ = 0.01m. Density 𝜌 = 7850 kg/m3, Young’s modulus𝐸 = 210GPa, Poisson’s ratio ] = 0.3. In this example, thin
shell theory is used in formulating the dynamic stiffness, and
the first nine frequencies are tabulated in Table 1, where 𝑚
denotes the number of half-waves along the axial direction.

It can be observed from Table 1 that the frequencies
obtained using the present method agree very well with
that from the FEM (MSC/NASTRAN) and wave propagation

approach. Further investigation into Table 1 shows that the
lowest natural frequency of a circular cylindrical usually
comes with a relatively larger 𝑛; that is, 𝑛 = 2 in this case.

5.2. Free Vibration of a Thin Clamped-Free Shell. In Sharma
[30], the free vibration of a clamped-free (C-F) circular
cylindrical shell is investigated based on the Rayleigh-Ritz
method and Flügge shell theory. The geometry parameters
of the shell are length 𝐿 = 0.502m, radius 𝑟 = 0.0635m,
and thickness ℎ = 0.00163m; and the material properties
are Young’s modulus 𝐸 = 210GPa, Poisson’s ratio ] = 0.28,
and density 𝜌 = 7800 kg/m3. A thin shell formulation is used
in the present dynamic stiffness approach. Table 2 presents
the lowest four frequencies of the shell with a relatively larger
circumferential wave number 𝑛 = 5 and 6.

It can be concluded that the results agree very well with
[30] and the errors are no larger than 0.4%. By comparing
the results from the present method and the Rayleigh-Ritz
method used in Sharma [30], the reliability of the present
method is verified.

5.3. Free Vibration of a Shell with Different Boundary Condi-
tions. Pagani et al. [23] applied the one-dimensional higher-
order beam theory and exact dynamic stiffness elements to
study the free vibration of solid and thin-walled structures,
in which a thin-walled cylinder with a circular cross-section
(Figure 5) is analysed. In a recent paper [13], they employed
both the radial basis functions (RBFs) method and Carrera
Unified Formulation (CUF) to examine the free vibration
behaviour of both open and closed thin-walled structures.

The length of the examined cylinder is 𝐿 = 20m,
outer diameter is 𝑑 = 2m, and thickness is ℎ = 0.02m.
The material properties are Young’s modulus 𝐸 = 75GPa,
Poisson’s ratio ] = 0.33, and density 𝜌 = 2700 kg/m3. Table 3
shows the natural frequencies of this thin-walled cylindrical
beam with different boundaries, namely, both ends simply
supported (S-S), both ends clamped (C-C), clamped-free
(C-F), and free-free (F-F). The first and second flexural
(bending), shell-like, and torsional natural frequencies are
presented. Solutions from the present thin and moderately
thick DSM, 2D MSC/NASTRAN, and [13, 23] are given for
comparison.
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Table 1: The lowest nine frequencies of the C-C circular cylindrical
shell (Hz).

Order (𝑚, 𝑛) Present Reference [28] Reference [29]
1 (1, 2) 12.00 12.25 12.13
2 (1, 3) 19.56 19.64 19.61
3 (2, 3) 23.10 23.18 23.28
4 (2, 2) 27.16 27.69 28.06
5 (1, 1) 28.29 — 30.09
6 (3, 3) 31.48 31.6 31.97
7 (1, 4) 36.42 36.7 36.48
8 (2, 4) 37.28 37.55 37.38
9 (3, 4) 39.60 39.87 39.77
—: not given.

Table 2:The lowest four frequencies of the C-F shell with 𝑛 = 5 and
6 (Hz).

𝑛 = 5 𝑛 = 6
Present Sharma [30] Present Sharma [30]

1 2361.9 2366.6 3462.8 3469.7
2 2402.1 2406.4 3499.0 3505.0
3 2505.0 2509.1 3576.8 3580.7
4 2706.2 2716.0 3712.0 3716.6

It can be observed that the natural frequencies computed
from the present dynamic stiffness method agree very well
with that from 2D MSC/NASTRAN code for both thin and
moderately thick shell theories. Comparing with the data
from the higher-order beam theories [13, 23], the present
method provides an excellent agreement for flexural and
torsional modes. The differences of frequencies for the first
and second shell-like modes are larger, and this can be
largely attributed that the formulations established in [13,
23] are based on higher-order beam theories. Obviously,
better agreement can be achieved if exact shell theories are
employed by [13, 23]. Further investigation by the present
DSM approach shows that 𝑛 = 1 corresponds to flexural
(bending) mode, while 𝑛 = 0 and 2 correspond to tor-
sional and shell-like vibration modes, respectively, which
demonstrate that the current DSM approach is capable of
showing the correct vibration modes as presented in existing
literature.

5.4. Free Vibration of a Moderately Thick Shell. Bhimaraddi
[32] analysed the free vibration of a simply supported (S-
S) moderately thick circular cylindrical shell by using the
higher-order displacement model with the consideration of
in-plane inertia, rotary inertia, and shear effect. In [31],
natural frequencies of the circular cylindrical shell subjects
to different ℎ/𝑟 and 𝐿/𝑟 are computed and compared with
the solutions from 3D elasticity theory. Results from the
moderately thick DSM approach are also presented and listed
in Table 4. In this example, Poisson’s ratio is 0.3 and 𝜔0 =(𝜋/ℎ)√𝐺/𝜌, where 𝐺 is the shear modulus.

According to Table 4, results from the present method
agree very well with those from [31, 32], demonstrating the

h d

Figure 5: The cross-section of a thin-walled cylinder.

high accuracy and adaptability of the present method for
circular cylindrical shells with different ℎ/𝑟 and 𝐿/𝑟.
6. Parametric Study

6.1. Ratio of Thickness to Radius (ℎ/𝑟). An important param-
eter to determine whether a shell is thin or moderately
thick is the thickness to radius ratio (ℎ/𝑟). According to
the classic shell theory, a critical value for ℎ/𝑟 between thin
and moderately thick shell theories is 0.05. In this section,
influences of ℎ/𝑟 on natural frequencies are investigated
extensively from 0.005 to 0.1 for both thin and moderately
thick DSM formulations.

6.1.1. Low Order Frequencies. Consider a circular cylindrical
shell with 𝐿/𝑟 = 12 and Poisson’s ratio ] = 0.3. To
investigate the differences of natural frequencies between thin
and moderately thick DSM formulations, a notation 𝜂 in (23)
is introduced as

𝜂 = 
ΩthinΩthick

− 1 , (23)

where Ωthin and Ωthick are the nondimensional frequency
parameters defined as

Ω = 𝜔𝑟√𝜌 (1 − ]2)
𝐸 . (24)

Consequently, log10(𝜂) is the index of difference.
Figure 6 shows the log10(𝜂) for the first frequencies (𝑚 =1) under 𝑛 = 0, 1, 2, and 3 between thin and moderately thick

DSM formulations with a variety of boundary conditions,
for example, clamped-clamped (C-C), clamped-free (C-F),
clamped-simply supported (C-S), and both ends simply
supported (S-S). In these cases, ℎ/𝑟 is investigated from 0.025
to 0.1.

If log10(𝜂) ≤ −2 (which suggests the difference is no
larger than 1%), it can be considered that results from the thin
and moderately thick dynamic stiffness formulations are in
good agreement with each other. Furthermore, frequencies
computed from themoderately thick shell theory can be used
as good alternatives to those computed from the thin shell
theory. Referring to Figure 6, the following conclusions can
be reached:
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Table 3: Natural frequencies of the thin-walled cylinder with different boundary conditions (Hz).

BCs Model I flexural II flexural I shell-like II shell-like I torsional II torsional

S-S

Present thin 14.025 51.506 14.851 22.931 80.790 161.579
Present thick 14.021 51.502 14.828 22.877 80.792 161.585
NAS2D [23] 13.978 51.366 14.913 22.917 80.415 160.810
Reference [23] 14.022 51.503 18.405 25.460 80.786 161.573
Reference [13] 14.294 51.567 18.608 25.574 80.639 162.551

C-C

Present thin 28.577 69.110 17.350 30.239 80.790 161.579
Present thick 28.574 69.105 17.327 30.193 80.792 161.585
NAS2D [23] 28.498 68.960 17.396 30.225 80.415 160.810
Reference [23] 28.576 69.110 20.484 32.222 80.786 161.573
Reference [13] 28.354 69.096 20.463 31.974 80.838 161.579

C-F

Present thin 5.081 29.092 14.153 17.427 40.395 121.184
Present thick 5.076 29.086 14.140 17.370 40.396 121.188
NAS2D [23] 5.059 29.001 14.235 17.435 40.209 120.620
Reference [23] 5.077 29.090 23.069 25.239 40.394 121.181
Reference [13] 5.047 29.002 23.003 24.979 40.431 121.203

F-F

Present thin 30.939 77.045 14.036 14.105 80.788 161.576
Present thick 30.931 77.038 14.032 14.076 80.792 161.585
NAS2D [23] 30.829 76.806 14.129 14.171 80.415 160.810
Reference [23] 30.932 77.043 22.987 23.053 80.789 161.577
Reference [13] 30.945 77.052 22.864 23.048 80.787 161.592

Table 4: Lowest natural frequencies (×𝜔0) of a moderately thick circular cylindrical shell with different circumferential wave numbers 𝑛.
𝐿/𝑟 ℎ/𝑟 = 0.12 ℎ/𝑟 = 0.18𝑛 = 1 𝑛 = 2 𝑛 = 3 𝑛 = 4 𝑛 = 1 𝑛 = 2 𝑛 = 3 𝑛 = 4
2

Present 0.03724 0.02349 0.02449 0.03664 0.05632 0.03893 0.04939 0.07726
Reference [31] 0.03730 0.02359 0.02462 0.03686 0.05652 0.03929 0.04996 0.07821
Reference [32] 0.03730 0.02365 0.02470 0.03687 0.05653 0.03944 0.05009 0.07833

1
Present 0.05861 0.04969 0.04765 0.05508 0.09420 0.08501 0.08995 0.11056

Reference [31] 0.05853 0.04978 0.04789 0.05545 0.09402 0.08545 0.09093 0.11205
Reference [32] 0.05856 0.04986 0.04799 0.05550 0.09409 0.08562 0.09109 0.11202

0.5
Present 0.10087 0.10238 0.10658 0.11463 0.18915 0.19406 0.20451 0.22180

Reference [31] 0.10057 0.10234 0.10688 0.11528 0.18894 0.19467 0.20616 0.22450
Reference [32] 0.10047 0.10224 0.10674 0.11508 0.18832 0.19403 0.20544 0.22361

0.25
Present 0.27310 0.27650 0.28219 0.29020 0.49751 0.50299 0.51216 0.52506

Reference [31] 0.27491 0.27849 0.28447 0.29287 0.50338 0.50937 0.51934 0.53325
Reference [32] 0.27286 0.27641 0.28233 0.29064 0.49818 0.50418 0.51416 0.52808

(1) For low order frequencies, good agreement is reached
between thin and moderately thick dynamic stiffness
formulations with ℎ/𝑟 varying from 0.025 to 0.1. The
smaller the ℎ/𝑟, the smaller the difference.

(2) The difference between frequencies from thin and
moderately thick DSM formulations increases with
the increase of 𝑛, as log10(𝜂) always has a smaller
magnitude under 𝑛 = 0 than those under 𝑛 = 1, 2,
and 3.

(3) It can be argued that the difference is insensitive
to boundary conditions. The differences are roughly
within 10−5∼10−2 in this investigation and the trends

of curves are similar for different boundary condi-
tions.

6.1.2. High Order Frequencies. Investigation on the differ-
ences between high order frequencies computed from the
thin and moderately thick DSM formulations is examined in
this subsection. Since it is known that the DSM formulation
is not sensitive to boundary conditions [26], a C-S circu-
lar cylindrical shell is studied. The geometry and material
properties are the same to the example in Section 6.1.1 if not
specifically stated.

For high order frequencies, ℎ/𝑟 is investigated from very
small value 0.005 to a relatively large value 0.1, and the first
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Figure 6: The differences of low order frequencies between thin and moderately thick DSM formulations.

ten frequencies under 𝑛 ranging from 0 to 10 from both
thin and moderately thick DSM formulations are computed
and compared. The differences are shown in Figure 7 and
concluded as follows:

(1) When ℎ/𝑟 ≤ 0.025, log10(𝜂) is smaller than 10−2
most of the time, which suggests that frequencies
computed frommoderately thick shell theory are well

compatible with those from thin shell theory. No
shear locking is observed.

(2) When ℎ/𝑟 ≥ 0.05, only frequencies with a small 𝑛
(e.g., 𝑛 ≤ 2) produce an acceptable difference (∼10−2).
With the increase of n, the difference becomes quite
noticeable. The higher the 𝑛, the more obvious the
difference.
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Figure 7: The differences for frequencies between thin and moderately thick C-S circular cylindrical shell theories.

(3) The order 𝑚 under a specific circumferential wave
number 𝑛 does not have a significant impact on the
differences, as most curves in Figure 7 are largely flat
and stable with the increase of𝑚.

6.2. Ratio of Length to Radius (𝐿/𝑟). Parameter 𝐿/𝑟 controls
the relative length of a circular cylindrical shell. A larger𝐿/𝑟 indicates a long shell, and vice versa. In this subsection,
the frequency trends and the compatibility between thin and
moderately thick DSM formulations with respect to 𝐿/𝑟 are
studied. In this subsection, a C-C circular cylindrical shell

with ] = 0.3 is examined. Figure 8 plots the trends of the first
frequency parameterΩ under each 𝑛 with 𝐿/𝑟 from 0.2 to 10.

According to Figure 8, for a typical long circular cylin-
drical shell (e.g., 𝐿/𝑟 = 10), the lowest natural frequency is
obtained with 𝑛 = 2; with the decrease of 𝐿/𝑟, the circumfer-
ential wave number 𝑛 corresponding to the lowest natural fre-
quency slightly increases to 𝑛 = 3 or 4; when 𝐿/𝑟 is very small
(e.g.,𝐿/𝑟 = 0.2 and the shell is actually degraded to a ring), the
first natural frequency under each 𝑛 increases monotonically
and the smallest is reached at 𝑛 = 0.The trends shown by Fig-
ure 8 are also in good agreementwith other researchers’ work,
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Figure 8: The trends of the first natural frequency parameters Ω under different 𝑛.
for example, Markuš [35]. These obtained trends are applica-
ble to both thin and moderately thick DSM formulations.

Figure 9 shows the differences of the first frequencies
under each 𝑛 computed from the thin and moderately thick
DSM formulations of the circular cylindrical shell with ℎ/𝑟 =0.025 and 0.05. It can be understood fromFigure 9 that (1) the
smaller the ℎ/𝑟, the smaller the difference; (2) the larger the𝐿/𝑟, the smaller the difference; (3) conditions of ℎ/𝑟 ≤ 0.025
and 𝑛 ≤ 10 need to be satisfied and a minor difference
(log10(𝜂) ≤ 10−2) is required for a normal length shell; that
is, 𝐿/𝑟 ≥ 2.

7. Conclusions

This paper conducts comparison study on the frequencies
from thin and moderately thick circular cylindrical shells
computed using the DSM formulations, and comprehensive
parametric studies on ℎ/𝑟 and 𝐿/𝑟 are performed. Based on
these investigations, conclusions are outlined as follows:

(1) Natural frequencies computed from the moder-
ately thick DSM formulations can be considered
as satisfactory alternatives to those from thin DSM
formulations when ℎ/𝑟 ≤ 0.025 and 𝐿/𝑟 ≥ 2
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Figure 9: Differences between the first frequencies under each 𝑛 with different 𝐿/𝑟.

(differences are around or smaller than 10−2). Since
the DSM is exact, no shear locking is observed.

(2) Differences between frequencies from thin and mod-
erately thick DSM formulations change with a variety
of factors. The smaller ℎ/𝑟, the smaller the difference;
the smaller𝐿/𝑟, the larger the difference; the larger the𝑛, the larger the difference.

It is proved that moderately thick DSM formulations can
be used to analyse the free vibration of normal length thin

circular cylindrical shells without shear locking, demon-
strating that the applicable range of moderately thick DSM
formulations is expanded. These merits should be attributed
to that the dynamic stiffness method is an exact method.

Though this comparison study is performed on circular
cylindrical shells, similar conclusions can be extended to the
free vibration of other shaped shells of revolution.

Appendix

{u}thin =
{{{{{{{{{{{{{{{

𝑢1 = 𝑢𝑛
𝑢2 = V𝑛

𝑢3 = 𝑤𝑛
𝑢4 = 𝑤𝑛,

{k}thin =

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

V1 = 𝑟𝜋𝐸ℎ1 − ]2
[]𝑛𝑟 V𝑛 + ]

1𝑟𝑤𝑛 + 𝑢𝑛]
V2 = 𝑟𝜋𝐸ℎ2 (1 + ]) [−𝑛𝑟 𝑢𝑛 + (1 + ℎ212𝑟2) V𝑛 + 𝑛ℎ26𝑟2 𝑤𝑛]
V3 = 𝑟𝜋𝐸ℎ2 (1 − ]2) [𝑛ℎ

2

6𝑟2 V𝑛 + (2 − ]) 𝑛2ℎ26𝑟2 𝑤𝑛 − ℎ26 𝑤𝑛 ]
V4 = 𝑟𝜋𝐸ℎ12 (1 − ]2) [−]𝑛ℎ

2

𝑟2 V𝑛 − ]
𝑛2ℎ2𝑟2 𝑤𝑛 + ℎ2𝑤𝑛 ] ,
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{u}thick =
{{{{{{{{{{{{{{{{{{{{{

𝑢1 = 𝑢𝑛
𝑢2 = V𝑛

𝑢3 = 𝑤𝑛
𝑢4 = 𝜓𝑥𝑛
𝑢5 = 𝜓𝜃𝑛,

{k}thick =

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

V1 = 𝑟𝜋𝐸ℎ1 − ]2
[𝑢𝑛 + ]

𝑛𝑟 V𝑛 + ]𝑟𝑤𝑛]
V2 = 12 𝑟𝜋𝐸ℎ1 + ]

[−𝑛𝑟 𝑢𝑛 + (1 + ℎ212𝑟2) V𝑛 − 𝑛ℎ212𝑟2𝜓𝑥𝑛 + ℎ212𝑟2𝜓𝜃𝑛]
V3 = 𝑟𝜋𝜅𝐺ℎ [𝑤𝑛 + 𝜓𝑥𝑛]
V4 = ℎ212 𝑟𝜋𝐸ℎ1 − ]2

[𝜓𝑥𝑛 + ]
𝑛𝑟𝜓𝜃𝑛]

V5 = ℎ224 𝑟𝜋𝐸ℎ1 + ]
[V𝑛𝑟 − 𝑛𝑟𝜓𝑥𝑛 + 𝜓𝜃𝑛] ,

[S]thin =

[[[[[[[[[[[[[[[[[
[

𝑠11 0 0 𝑠14 0 𝑠16 0 0
𝑠22 𝑠23 0 𝑠25 0 0 𝑠28𝑠33 0 𝑠35 0 0 𝑠38𝑠44 0 𝑠46 𝑠47 0

𝑠55 0 0 0
sym. 𝑠66 0 0

0 0
𝑠88

]]]]]]]]]]]]]]]]]
]

,

(A.1)

where nonzero elements in the upper triangular domain are

𝑠11 = 𝜌𝜋𝑟ℎ𝜔2 − 𝜋𝐸ℎ𝑛22𝑟 (1 − ]) + 6𝑛2𝑟𝜋𝐸ℎ(12𝑟2 + ℎ2) (1 + ]) ,
𝑠14 = − 𝑛2ℎ3𝜋𝐸(12𝑟2 + ℎ2) (1 + ]) ,
𝑠16 = 12𝑛𝑟12𝑟2 + ℎ2 ,
𝑠22 = 𝜌𝜋𝑟ℎ𝜔2 − 𝑛2𝜋𝐸ℎ (12𝑟2 + ℎ2)

12𝑟3 ,
𝑠23 = −𝜋𝐸ℎ12𝑛𝑟2 + 𝑛3ℎ212𝑟3 ,
𝑠25 = −]𝑛𝑟 ,
𝑠28 = ]

𝑛𝑟2 ,
𝑠33 = 𝜌ℎ𝑟𝜋𝜔2 − 𝜋𝐸ℎ𝑟 − 𝑛4ℎ3𝜋𝐸12𝑟3 ,

𝑠35 = −]𝑟 ,
𝑠38 = ]𝑛2𝑟2 ,
𝑠44 = − 2𝑛2ℎ3𝑟𝜋𝐸(12𝑟2 + ℎ2) (1 + ]) ,

𝑠46 = − 2𝑛ℎ212𝑟2 + ℎ2 ,
𝑠47 = 1,
𝑠55 = 1 − ]2𝑟𝜋𝐸ℎ ,
𝑠66 = 24𝑟 (1 + ])𝜋𝐸ℎ (12𝑟2 + ℎ2) ,

𝑠88 = 12 (1 − ]2)
𝑟𝜋𝐸ℎ3 ,

[S]thick
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=

[[[[[[[[[[[[[[[[[[[[[[
[

𝑠11 0 0 0 0 0 𝑠17 0 0 𝑠1∗10𝑠22 𝑠23 0 𝑠25 𝑠26 0 0 0 0
𝑠33 0 𝑠35 𝑠36 0 0 0 0

𝑠44 0 0 0 𝑠48 0 𝑠4∗10𝑠55 0 0 0 𝑠59 0
𝑠66 0 0 0 0

𝑠77 0 0 𝑠7∗10
sym. 𝑠88 0 0

𝑠99 0
𝑠10∗10

]]]]]]]]]]]]]]]]]]]]]]
]

,

(A.2)

where nonzero elements in the upper triangular domain are

𝑠11 = 𝑟𝜋𝜌ℎ𝜔2,
𝑠17 = 𝑛𝑟 ,

𝑠1∗10 = − 𝑛𝑟2 ,
𝑠22 = 𝜋(𝑟𝜌ℎ𝜔2 − 𝜅𝐺ℎ𝑟 − 𝑛2𝐸ℎ𝑟 ) ,
𝑠23 = −𝑛𝜋𝑟 (𝐸ℎ + 𝜅𝐺ℎ) ,
𝑠25 = 𝜋𝜅𝐺ℎ,
𝑠26 = −]𝑛𝑟 ,
𝑠33 = 𝜋(𝑟𝜌ℎ𝜔2 − 𝐸ℎ𝑟 − 𝑛2𝜅𝐺ℎ𝑟 ) ,
𝑠35 = 𝑛𝜋𝜅𝐺ℎ,
𝑠36 = −]𝑟 ,
𝑠44 = 𝑟𝜋𝜌𝜔2 ℎ312 ,
𝑠48 = −1,

𝑠4∗10 = 𝑛𝑟 ,
𝑠55 = 𝜋(𝑟𝜌𝜔2 ℎ312 − 𝑛2𝐸ℎ312𝑟 − 𝑟𝜅𝐺ℎ) ,
𝑠59 = −]𝑛𝑟 ,
𝑠66 = 1 − ]2𝑟𝜋𝐸ℎ ,
𝑠77 = 2 (1 + ])𝑟𝜋𝐸ℎ ,

𝑠7∗10 = −2 (1 + ])𝑟2𝜋𝐸ℎ ,
𝑠88 = 1𝑟𝜋𝜅𝐺ℎ ,
𝑠99 = 12 (1 − ]2)

𝑟𝜋𝐸ℎ3 ,
𝑠10∗10 = 2 (1 + ])𝑟𝜋𝐸ℎ (12ℎ2 + 1𝑟2 ) ,

𝜅 = 𝜋212 .
(A.3)
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