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For one-dimensional (1D) nonlinear consolidation, the governing partial differential equation is nonlinear. This paper develops
the finite analytic method (FAM) to simulate 1D nonlinear consolidation under different time-dependent loading and initial
conditions. To achieve this, the assumption of constant initial effective stress is not considered and the governing partial differential
equation is transformed into the diffusion equation. Then, the finite analytic implicit scheme is established. The convergence and
stability of finite analytic numerical scheme are proven by a rigorous mathematical analysis. In addition, the paper obtains three
corrected semianalytical solutions undergoing suddenly imposed constant loading, single ramp loading, and trapezoidal cyclic
loading, respectively. Comparisons of the results of FAMwith the three semianalytical solutions and the result of FDM, respectively,
show that the FAM can obtain stable and accurate numerical solutions and ensure the convergence of spatial discretization for 1D
nonlinear consolidation.

1. Introduction

In geotechnical engineering, subsoil is subjected to com-
plicated time-dependent loading paths which are induced
by different vibration sources, such as wave action, ground-
water level cyclic variation, filling and discharging in silos
and tanks, vehicular traffic, blast, and earthquake. In these
vibration sources, such as waves, changes in water table,
loading and unloading in the granary and water towers,
and vehicle traffic can cause regular time-dependent loading
paths [1, 2]. However, time-dependent loading paths induced
by blast, earthquake, and so on are irregular [1, 3]. Many
discriminant methods, just like the waveform spectrum
analysis, multivariate statistical methods, and soft computing
techniques, can identify these vibration sources [4, 5].

Based on the cyclic loading classification discriminant
criteria proposed by Zienkiewicz and Bettess [6], these
relatively regular time-dependent loading paths, induced
by wave action, groundwater level cyclic variation, and so
forth, are considered as low frequency cyclic loadings. Three

effects, including the soil movement inertia force and relative
movement inertia force between pore water and soil skeleton,
can be ignored in soil consolidation behavior under low
frequency loadings. Many methods can be used to simu-
late these low frequency cyclic loadings, such as suddenly
imposed constant loading, single ramp loading, rectangu-
lar cyclic loading, triangle cyclic loading, and trapezoidal
cyclic loading [7–9]. A period of trapezoidal cyclic loadings
includes four phases: loading phase, the maximum load
phase, unloading phase, and rest phase, respectively. It is well
known that when the duration time of the maximum loading
phase is 0, the trapezoidal cyclic loading will be transformed
into the triangle cyclic loading. However, when the duration
time of loading and unloading phase is 0, the trapezoidal
cyclic loading will be transformed into the rectangular cyclic
loading [10].Therefore, this paper will discuss the trapezoidal
cyclic loading as a result of its flexibility. In addition, the
suddenly imposed constant loading is a basic load form
and the single ramp loading is the simplest time-dependent
loading path. Thus, both of them are also discussed.
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The problem of consolidation under time-dependent
loading has received attention by various authors [11–13].
Based on the linear relationship of the soil’s constitutive
relation, Terzaghi and Fröhlich [11] extended Terzaghi’s linear
consolidation theory to various cases of time-dependent
loading following a single ramp loading. Olson [12] presented
charts for 1D consolidation for the case of simple ramp load-
ing assuming a constant consolidation coefficient. Favaretti
and Soranzo [13] derived solutions for common types of
cyclic loadings. However, soil’s constitutive relationships are
actually nonlinear [10, 14]. The coefficient of compressibility
decreases with increasing effective stress. In addition, the
permeability coefficient decreases with void ratio decrease.

Davis and Raymond [14] developed a nonlinear theory of
consolidation assuming the relationship between void ratio
and the logarithm of effective stress to conform to linear law,
and the decrease in permeability coefficient is proportional
to the compressibility. Xie et al. [10] derived a semianalytical
solution for trapezoidal cyclic loading by assuming the valid-
ity of Davis’s nonlinear theory of consolidation. Razouki et
al. [15] derived an analytical solution for consolidation under
haversine cyclic loading based on the same assumption. Geng
et al. [7] developed a semianalytical method to solve 1D
consolidation behavior taking into account the relationship
between void ratio and the logarithm of linear effective
stress responses. Research has revealed that a stress-strain
relation curve is more aligned with the hyperbolic model
for certain types of soil, such as soft clay [16, 17]. Shi et al.
[18] derived a semianalytical solution for consolidation under
suddenly imposed constant loading, taking into account the
stress-strain relation curve with a hyperbolic model and the
decrease in permeability coefficient being proportional to
the decrease in compressibility. Zhang et al. [19] adopted
the same assumption, deriving a semianalytical solution
for consolidation under trapezoidal cyclic loading. But, for
simplifying nonlinear consolidation model, the assumptions
of constant initial effective stress are often used, such as
Davis’s model and Zhang’s model, which does not conform to
practical condition and limits the application of thosemodels
in various initial conditions.

It is worth noting that the governing partial differential
equation is nonlinear partial differential equation. It is diffi-
cult to obtain analytical solution, except under specific condi-
tions. So developing numerical solutions for solving complex
realistic problems is necessary. As a methodology, the finite
analytic method (FAM) was first introduced to mainly solve
heat conduction and Navier–Strokes equations [20, 21]. The
combination, under FAM of the numerical method and
analytical method, gives higher precision, good numerical
stability, and fast convergence and is widely employed in fluid
mechanics and groundwater dynamics [22–25].

In this paper, FAM is first developed to solve the govern-
ing partial differential equation of 1D nonlinear consolida-
tion, taking into account the stress-strain behavior expressed
by a hyperbolic model and where the permeability coefficient
is proportional to compressibility. Then three corrected
semianalytical solutions undergoing suddenly imposed con-
stant loading, single ramp loading, and trapezoidal cyclic
loading are, respectively, obtained, without the assumption

of constant initial effective stress. Finally, the numerical
solution of FAM is compared with these three semianalytical
solutions and the numerical solution of finite difference
method (FDM), respectively.

2. The Governing Partial Differential Equation
of 1D Nonlinear Consolidation

Modify Terzaghi’s hypothesis as follows [19]:
(a) According to results of oedometer tests, the stress-

strain relation curve is fitted with a hyperbolic model [16, 17]:

𝜎𝜀 = 𝐸 + 𝑛𝜎, (1)

where 𝜎 is the effective stress; 𝜀 is the vertical strain; 𝐸 is
the initial elastic modulus; 𝑛 = 1/𝜀𝑓 is the reciprocal of
the final vertical strain. When 𝑛 equals zero, the stress-strain
relationship is linear.

(b) According to results of oedometer tests, the coefficient
of consolidation 𝐶V varies much less than the compressibility
coefficient 𝛼V and may be taken as constant; that is, the
decrease in permeability coefficient 𝑘 is proportional to the
decrease in compressibility coefficient 𝛼V [14]. The coefficient
of consolidation 𝐶V is constant; that is,

𝐶V = 𝑘 (1 + 𝑒0)𝛼V = const, (2)

where 𝑒0 is the initial void ratio.
(c) The initial effective stress is constant; that is,

𝜎0 = ∫𝐿
0
𝛾𝑧 𝑑𝑧
𝐿 = 12𝛾𝐿, (3)

where 𝛾 is the soil effective gravity and 𝐿 is the depth of the
calculation.

(d) Imposed loadings change with time.
Other assumptions are the same as those in Terzaghi’s

theory.
Based on the abovementioned assumptions, except

hypothesis (c), the governing partial differential equation
of 1D consolidation for time-dependent loading [19] can be
established as follows:

− 𝐶V𝐸[ 1
(𝐸 + 𝑛𝜎)2

𝜕2𝑢𝜕𝑧2 − 2𝑛
(𝐸 + 𝑛𝜎)3

𝜕𝜎𝜕𝑧 𝜕𝑢𝜕𝑧]

= 𝐸
(𝐸 + 𝑛𝜎)2

𝜕𝜎𝜕𝑡 ,
(4)

where 𝑢 is excess pore-water pressure and 𝑧 is the height
beneath the upper boundary.

Note that hypothesis (c) means that the initial effective
stress is the same for every point in depth, which does not
conform to practical condition and limits the application of
(4) in various initial conditions. Thus, hypothesis (c) will not
be considered in the paper.
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Figure 1: Domain and local element of finite analytical method.

By the principle of effective stress, this becomes

𝜎 = 𝑞 (𝑡) − 𝑢, (5)

where q(t) is cyclic loading.
By defining a new parameter 𝜔,

𝜔 = (1 + 𝑒0) 𝜎𝐸 + 𝑛𝜎 − (1 + 𝑒0) 𝑞 (𝑡)𝐸 + 𝑛𝑞 (𝑡) , (6)

(4) can be simplified to the following form:

𝐶V
𝜕2𝜔𝜕𝑧2 = 𝜕𝜔𝜕𝑡 + 𝑅 (𝑡) , (7)

where 𝑅(𝑡) = (𝐸(1 + 𝑒0)/[𝐸 + 𝑛𝑞(𝑡)]2)(𝑑𝑞(𝑡)/𝑑𝑡).
3. Finite Analytic Scheme

In the FAM, the modeling domain of (7) can be discretized
into small elements by using the spatial discretization Δ𝑧
(Figure 1). A typical FAM element 𝑒𝑗 with the space step 2Δ𝑧
in a given time interval Δ𝑡 = 𝑡𝑛 − 𝑡𝑛−1 is shown in Figure 1.
The origin of local coordinates is symbolized by𝑂.Therefore,
the local element is

𝑒𝑗 = {−Δ𝑧 ≤ 𝑧 ≤ Δ𝑧, 0 ≤ 𝑡 ≤ Δ𝑡} . (8)

The space term is treated as the implicit scheme of the
time term in local element 𝑒𝑗. The unsteady term 𝜕𝜔/𝜕𝑡 takes
the values at point 𝑂 at the 𝑛th time step. 𝑅(𝑡) also takes the
values at the 𝑛th time step. At the (𝑛 + 1)th time step, (7) can
be written as follows:

𝐶V (𝜕2𝜔𝜕𝑧2 )
𝑛+1 = 𝜕𝜔𝜕𝑡


𝑛

𝑂

+ 𝑅 (𝑡)|𝑛 , (9)

where (𝜕2𝜔/𝜕𝑧2)𝑛+1 indicates the values of the element at (𝑛+1)th time step; (𝜕𝜔/𝜕𝑡)|𝑛𝑂 indicates the unsteady term taking
the values at point𝑂 at the 𝑛th time step; 𝑅(𝑡)|𝑛 indicates that
R(t) takes the values at the 𝑛th time step.

The unsteady term 𝜕𝜔/𝜕𝑡 is approximated by (𝜔𝑛+1𝑂 −𝜔𝑛𝑂)/Δ𝑡, and (9) can be normalized as follows:

(𝜕2𝜔𝜕𝑧2 )
𝑛+1 ≈ 1𝐶V

(𝜔𝑛+1𝑂 − 𝜔𝑛𝑂Δ𝑡 + 𝑅 (𝑡)|𝑡=𝑛Δ𝑡) , (10)

where 𝜔𝑛+1𝑂 and 𝜔𝑛𝑂 indicate the unsteady term taking the
values at point 𝑂 at the (𝑛 + 1)th and 𝑛th time step,
respectively; 𝑅(𝑡)|𝑡=𝑛Δ𝑡 indicates that R(t) takes the values at
the 𝑛th time step.

Here,

𝑓 = 1𝐶V
{𝜔𝑛+1𝑂 − 𝜔𝑛𝑂Δ𝑡 + 𝑅 (𝑛Δ𝑡)} . (11)

At the (𝑛 + 1)th time step, (11) can be written as follows:

(𝜕2𝜔𝜕𝑧2 )
𝑛+1 = 𝑓. (12)

The general solution of (12) is

𝜔𝑛+1 (𝑧) = 𝑓𝑧22 + 𝑐1𝑧 + 𝑐2, (13)

where the constants 𝑐1 and 𝑐2 can be specified by two nodal
values of 𝜔 at the 𝑛th time step (𝑊𝑛 and 𝐸𝑛 in Figure 1); that
is,

𝜔𝑊 = 𝑓Δ𝑧22 − 𝑐1Δ𝑧 + 𝑐2 𝑧 = −Δ𝑧,
𝜔𝐸 = 𝑓Δ𝑧22 + 𝑐1Δ𝑧 + 𝑐2 𝑧 = Δ𝑧.

(14)

Solving a system of equations composed of (14), the
constants 𝑐1 and 𝑐2 are

𝑐1 = 𝜔𝐸 − 𝜔𝑊2Δ𝑧 ,
𝑐2 = 𝜔𝐸 + 𝜔𝑊2 − 𝑓2 Δ𝑧2.

(15)

Substituting (15) into (13) and letting the value of 𝑧 be
zero,

𝜔𝑛+1𝑂 = 𝜔𝐸 + 𝜔𝑊2 − 𝑓2 Δ𝑧2. (16)

Substituting (11) into (16),

𝜔𝑛+1𝑂 = 12 + Δ𝑧2/𝐶VΔ𝑡𝜔𝐸 +
12 + Δ𝑧2/𝐶VΔ𝑡𝜔𝑊

+ [ Δ𝑧2/𝐶VΔ𝑡2 + Δ𝑧2/𝐶VΔ𝑡]𝜔
𝑛
𝑂

− Δ𝑧2/𝐶V2 + Δ𝑧2/𝐶VΔ𝑡𝑅 (𝑛Δ𝑡) .

(17)
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Supposing 𝜆 = Δ𝑧2/𝐶VΔ𝑡, the local analytical solution for
the element 𝑒𝑗 is then written as follows:

𝜔𝑛+1𝑂 = 12 + 𝜆𝜔𝐸 + 12 + 𝜆𝜔𝑊 + ( 𝜆2 + 𝜆)𝜔𝑛𝑂
− 𝜆Δ𝑡2 + 𝜆𝑅 (𝑛Δ𝑡) .

(18)

This local analytical solution evaluated at the interior
node 𝑗 of the element 𝑒𝑗 at the 𝑛th time step is

𝜔𝑛+1𝑗 = 12 + 𝜆𝜔𝑛+1𝑗−1 + 12 + 𝜆𝜔𝑛+1𝑗+1 + ( 𝜆2 + 𝜆)𝜔𝑛𝑗
− 𝜆Δ𝑡2 + 𝜆𝑅 (𝑛Δ𝑡) .

(19)

Equation (19) is the FAM implicit scheme of the govern-
ing partial differential equation of 1D nonlinear consolida-
tion. A set of algebraic equations can be formed from (19),
which can be solved by the method of forward elimination
and backward substitution. Associated with boundary con-
ditions, the algebraic equations are solved iteratively for the
variable 𝜔𝑛𝑗 (𝑛 = 1, 2, 3, . . . , 𝑁, 𝑗 = 1, 2, 3, . . . ,𝑀). Here, N
is the number of total time steps, and M is the number of
total nodes in the domain. The excess pore-water at the node𝑗 and the 𝑛th time step is obtained by applying an inversion
transformation for (5) and (6).

4. The Convergence and Stability of
the FAM Scheme

4.1. Convergence of Finite Analytical Numerical Scheme.
Errors of the FAM implicit scheme (19) are found by using
(10). To demonstrate the convergence of FAM, the following
equation is used to replace 𝜕𝜔/𝜕𝑡 in (9):

𝜕𝜔𝜕𝑡

𝑛

𝑗

= 𝜔𝑛𝑗 − 𝜔𝑛−1𝑗Δ𝑡 + 𝑂 (Δ𝑡) . (20)

Here, 𝑂(Δ𝑡) is truncation error. 𝜔𝑛𝑗 represents the exact
solution and �̃�𝑛𝑗 represents finite analytic numerical solution
at the node 𝑗 and the 𝑛th time step, respectively. The error
between the exact solution 𝜔𝑛𝑗 and finite analytic numerical
solution �̃�𝑛𝑗 can be written as 𝜀𝑛𝑗 ; thus,

𝜀𝑛𝑗 = 𝜔𝑛𝑗 − �̃�𝑛𝑗 . (21)

𝜔𝑛𝑗 should satisfy the following:

𝜔𝑛𝑗 = 12 + 𝜆𝜔𝑛𝑗−1 + 12 + 𝜆𝜔𝑛𝑗+1 + ( 𝜆2 + 𝜆)𝜔𝑛−1𝑗

− 𝜆Δ𝑡2 + 𝜆𝑅 (𝑛Δ𝑡) + 𝑂 (Δ𝑡) .
(22)

And �̃�𝑛𝑗 should satisfy the following:

�̃�𝑛𝑗 = 12 + 𝜆�̃�𝑛𝑗−1 + 12 + 𝜆�̃�𝑛𝑗+1 + ( 𝜆2 + 𝜆) �̃�𝑛−1𝑗

− 𝜆Δ𝑡2 + 𝜆𝑅 (𝑛Δ𝑡) .
(23)

Substituting (22) and (23) into (21),

𝜀𝑛𝑗 = 12 + 𝜆𝜀𝑛𝑗−1 + 12 + 𝜆𝜀𝑛𝑗+1 + ( 𝜆2 + 𝜆) 𝜀𝑛−1𝑗 + 𝑂 (Δ𝑡) . (24)

Because the coefficients in (24) are positive,

𝜀𝑛𝑗  ≤ 12 + 𝜆 𝜀𝑛𝑗−1 + 12 + 𝜆 𝜀𝑛𝑗+1 + ( 𝜆2 + 𝜆) 𝜀𝑛−1𝑗


+ 𝑍𝑛−1

𝑗

 ,
(25)

where 𝑍𝑛−1
𝑗 = 𝑂(Δ𝑡).

It can be shown that

𝜀𝑛max ≤ 12 + 𝜆𝜀𝑛−1max + 12 + 𝜆𝜀𝑛−1max + ( 𝜆2 + 𝜆) 𝜀𝑛−1max

+ 𝑍𝑛−1
max,

(26)

where

𝜀𝑛−1max = max {𝜀𝑛−1𝑗−1

} 1 ≤ 𝑗 ≤ 𝑁 − 1,
𝑍𝑛−1
max = max {𝑍𝑛−1

𝑗

} 1 ≤ 𝑗 ≤ 𝑁 − 1, (27)

and that

𝜀𝑛max ≤ 𝜀𝑛−1max + 𝑍𝑛−1
max (𝑛 = 1, 2, . . . ,𝑀) . (28)

Because the finite analytical equation and the partial differ-
ential equation have the same initial condition, namely, 𝑛 =1, the finite analytical solution is consistent with the exact
solution. That is, 𝜀0max = 0.

From (27), the following expressions can be obtained:

𝜀1max ≤ 𝜀0max + 𝑍0
max = 𝑍0

max,
𝜀2max ≤ 𝜀1max + 𝑍1

max ≤ 𝑍0
max + 𝑍1

max,
...

𝜀𝑀max ≤ 𝜀𝑀−1
max + 𝑍𝑀−1

max ≤ 𝑍0
max + 𝑍1

max + ⋅ ⋅ ⋅ + 𝑍𝑀−1
max .

(29)

Therefore,

𝜀𝑀max ≤ 𝑀 ⋅ 𝑍max = 𝑀 ⋅max |𝑂 (Δ𝑡)| , (30)

where

𝑍max = max {𝑍𝑛
max} 1 ≤ 𝑛 ≤ 𝑀. (31)
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When Δ𝑡 → 0, 𝜀𝑀max → 0, thus �̃�𝑛𝑗 → 𝜔𝑛𝑗 . Thus, it revealed
that the finite analytical scheme has uniform convergence.

4.2. Stability of the Finite Analytical Numerical Scheme. The
stability of finite analytical scheme (19) can be proven as
follows. Let 𝜔𝑛 = (𝜔𝑛0 𝜔𝑛1 ⋅ ⋅ ⋅ 𝜔𝑛𝑚)𝑇; taking account of
calculation error,𝜔0 becomes𝜔0∗ and𝜔𝑛 becomes𝜔𝑛∗.Thus,
the error of any term is

𝑒𝑛𝑗 = 𝜔𝑛𝑗 − 𝜔𝑛∗𝑗 . (32)

From (19), the error 𝑒𝑛𝑗 fits with
−1𝜆𝑒𝑛+1𝑗−1 + 2 + 𝜆𝜆 𝑒𝑛+1𝑗 − 1𝜆𝑒𝑛+1𝑗+1 = 𝑒𝑛𝑗 . (33)

It can be proven that the error at (𝑛 + 1)th time step 𝑒𝑛+1𝑗

is between the error at the node 0 and the (𝑛 + 1)th time step𝑒𝑛+10 , the error at the node𝑚 and the (𝑛 + 1)th time step 𝑒𝑛+1𝑚 ,
and the extreme of the error in 𝑛th time step 𝑒𝑛𝑗 ; that is,

𝑚𝑛 ≤ 𝑒𝑛+1𝑗 ≤ 𝑀𝑛, (34)

where

𝑚𝑛 = min {𝑒𝑛+10 , 𝑒𝑛𝑗 , 𝑒𝑛+1𝑚 } ,
𝑀𝑛 = max {𝑒𝑛+10 , 𝑒𝑛𝑗 , 𝑒𝑛+1𝑚 } . (35)

Equation (34) can be proven as follows. Assume 𝑒𝑛+1𝑘 =
min𝑗 𝑒𝑛+1𝑗 . When 𝑘 = 0 or 𝑘 = 𝑚, there is 𝑒𝑛+1𝑗 ≥ 𝑚𝑛 clearly.
When 0 < 𝑘 < 𝑚, taking into account (33),

𝑒𝑛+1𝑘 = 𝑒𝑛𝑘 + 1𝜆 (𝑒𝑛+1𝑘−1 + 𝑒𝑛+1𝑘+1 − 2𝑒𝑛+1𝑘 )
≥ 𝑒𝑛𝑘 + 1𝜆 (𝑒𝑛+1𝑘 + 𝑒𝑛+1𝑘 − 2𝑒𝑛+1𝑘 ) = 𝑒𝑛𝑘 ≥ 𝑚𝑛.

(36)

Evidenced by the same token, 𝑒𝑛+1𝑘 ≤ 𝑀𝑛.
The finite analytical equation and the partial differential

equation have the same boundary condition, namely, 𝑒𝑛0 =𝑒𝑛𝑚 = 0, and taking into account (34),

min
𝑗
𝑒𝑛𝑗 ≤ 𝑒𝑛+1𝑗 ≤ max

𝑗
𝑒𝑛𝑗 . (37)

Therefore,

e𝑛+1∞ = max
𝑗

𝑒𝑛+1𝑗

 ≤ max
𝑗

𝑒𝑛𝑗  = e𝑛∞ . (38)

The following expression can be obtained:

e𝑛+1∞ ≤ e𝑛∞ ≤ ⋅ ⋅ ⋅ ≤ e0∞ . (39)

2L

z

Pervious

Pervious

q(t)

Figure 2: 1D foundation model.

Equation (39) reveals that the finite analytical scheme (19) is
unconditionally stable.

5. Semianalytical Solution of Governing
Differential Equation

The analytical model fitting with all assumptions except
hypothesis (c) mentioned in Section 2 is shown in Figure 2.
The depth of the soft clay with permeable top and bottom is2𝐿. Time-dependent loading 𝑞(𝑡) is imposed on top of the soft
clay.

According to definition, in Figure 2, the initial and
boundary conditions of the problem are

𝑢 (𝑧, 0) = 𝑞 (0) if 0 ≤ 𝑧 ≤ 2𝐿, 𝑡 = 0,
𝑢 (0, 𝑡) = 0 if 𝑧 = 0, 𝑡 > 0,
𝑢 (2𝐿, 𝑡) = 0 if 𝑧 = 2𝐿, 𝑡 > 0.

(40)

By using (6), the transform of (40) is

𝜔 (𝑧, 0) = 𝑄 (0) if 0 ≤ 𝑧 ≤ 2𝐿, 𝑡 = 0,
𝜔 (0, 𝑡) = 0 if 𝑧 = 0, 𝑡 > 0,
𝜔 (2𝐿, 𝑡) = 0 if 𝑧 = 2𝐿, 𝑡 > 0,

(41)

where

𝑄 (𝑡) = (1 + 𝑒0) 𝜎𝐸 + 𝑛𝜎 − (1 + 𝑒0) 𝑞 (𝑡)𝐸 + 𝑛𝑞 (𝑡) . (42)

When hypothesis (c) is not considered, the general
solution of the problem is modified as

𝑢 = 𝜔 (𝑧, 𝑡) [𝐸 + 𝑛𝑞 (𝑡)]2
𝑛𝜔 (𝑧, 𝑡) [𝐸 + 𝑛𝑞 (𝑡)] − 𝐸 (1 + 𝑒0) . (43)
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The average degrees of consolidation of the soil defined in
pore-water pressure 𝑈𝑝 can be given by

𝑈𝑝 = ∫2𝐿
0
(𝜎 − 𝜎0) 𝑑𝑧

∫2𝐿
0
(𝜎

𝑓
− 𝜎0) 𝑑𝑧 =

∫2𝐿
0
[𝑞 (𝑡) − 𝑢] 𝑑𝑧
∫2𝐿
0
𝑞𝑢𝑑𝑧

= 𝑞 (𝑡)𝑞𝑢
− 12𝐿𝑞𝑢 ∫

2𝐿

0

𝜔 (𝑧, 𝑡) [𝐸 + 𝑛𝑞 (𝑡)]2
𝑛𝜔 (𝑧, 𝑡) [𝐸 + 𝑛𝑞 (𝑡)] − 𝐸 (1 + 𝑒0)𝑑𝑧,

(44)

where

𝜔 (𝑧, 𝑡) = − ∞∑
𝑚=1

4𝑚𝜋𝑒−𝐶V(𝑚𝜋/2𝐿)
2𝑡 sin(𝑚𝜋𝑧2𝐿 )

⋅ [∫𝑡

0
𝑅 (𝜏) 𝑒𝐶V(𝑚𝜋/2𝐿)

2𝜏𝑑𝜏 − 𝑄 (0)]
𝑚 = 1, 3, 5, . . . .

(45)

The average degrees of consolidation 𝑈𝑝 can be approxi-
mately written as follows:

𝑈𝑝 = ∫2𝐿
0
(𝜎 − 𝜎0) 𝑑𝑧

∫2𝐿
0
(𝜎

𝑓
− 𝜎0) 𝑑𝑧 =

∫2𝐿
0
[𝑞 (𝑡) − 𝑢] 𝑑𝑧
∫2𝐿
0
𝑞𝑢 𝑑𝑧

= 𝑞 (𝑡) − (1/2𝐿)∑𝑗=2𝐿/Δ𝑧
𝑗=1 𝑢𝑗Δ𝑧𝑞𝑢 .

(46)

According to (43) and (44), the exact expression of𝜔(𝑧, 𝑡) is the key to obtaining excess pore-water pressure
and average degrees of consolidation for different time-
dependent loadings. The following sections will discuss each
of 𝜔(𝑧, 𝑡) under suddenly imposed constant loading, single
ramp loading, and trapezoidal cyclic loading.

(a) Suddenly Imposed Constant Loading

𝑞 (𝑡) = 𝑞𝑢. (47)

Therefore,

𝑄 (0) = −(1 + 𝑒0) 𝑞𝑢𝐸 + 𝑛𝑞𝑢 . (48)

Substituting (47) and (48) into (45),

𝜔 (𝑧, 𝑡) = ∞∑
𝑚=1

4𝑚𝜋 sin(𝑚𝜋𝑧2𝐿 )

⋅ 𝑒−𝐶V(𝑚𝜋/2𝐿)
2𝑡 (1 + 𝑒0) 𝑞𝑢𝐸 + 𝑛𝑞𝑢 𝑚 = 1, 3, 5, . . . .

(49)

Substituting (49) into (43) and (44) or (46), the excess
pore-water pressure and average degrees of consolidation can
be obtained for suddenly imposed constant loading.

(b) Single Ramp Loading

𝑞 (𝑡) = {{{
𝑞𝑢𝑡0 𝑡, if 𝑡 ≤ 𝑡0,
𝑞𝑢, if 𝑡 > 𝑡0. (50)

Therefore,

𝑄 (0) = 0. (51)

From (7) and (50),

𝑅 (𝑡) = {{{{{
𝐸 (1 + 𝑒0) 𝑞𝑢/𝑡0
[𝐸 + 𝑛 (𝑞𝑢/𝑡0) 𝑡]2 , 𝑡 ≤ 𝑡0,
0, 𝑡 > 𝑡0.

(52)

The semianalytical solution to the problem is

𝜔 (𝑧, 𝑡)

=
{{{{{{{{{

− ∞∑
𝑚=1

4𝑚𝜋 sin(𝑚𝜋𝑧2𝐿 )((𝐸𝑖 (1, −𝑏𝑑𝑐 ) − 𝐸𝑖 (1, −𝑑 (𝑡𝑐 + 𝑏)𝑐 )) ⋅ (𝑡𝑏𝑐𝑑 + 𝑏2𝑑) − 𝑒𝑑(𝑡𝑐+𝑏)/𝑐𝑏𝑐 + 𝑒𝑏𝑑/𝑐 (𝑡𝑐2 + 𝑏𝑐)) 𝑎𝑒−𝑑(𝑡𝑐+𝑏)/𝑐𝑏𝑐2 (𝑡𝑐 + 𝑏) , if 𝑡 ≤ 𝑡0,
− ∞∑
𝑚=1

4𝑚𝜋 sin(𝑚𝜋𝑧2𝐿 )((𝐸𝑖 (1, −𝑏𝑑𝑐 ) − 𝐸𝑖 (1, −
𝑑 (𝑡0𝑐 + 𝑏)𝑐 )) ⋅ (𝑡0𝑏𝑐𝑑 + 𝑏2𝑑) − 𝑒𝑑(𝑡0𝑐+𝑏)/𝑐𝑏𝑐 + 𝑒𝑏𝑑/𝑐 (𝑡0𝑐2 + 𝑏𝑐)) 𝑎𝑒−𝑑((𝑡+𝑡0)𝑐+𝑏)/𝑐𝑏𝑐2 (𝑡0𝑐 + 𝑏) , if 𝑡 > 𝑡0,

𝑚 = 1, 3, 5, . . . ,

(53)

where

𝑎 = 𝐸 (1 + 𝑒0) 𝑞𝑢𝑡0 ,
𝑏 = 𝐸,
𝑐 = 𝑛𝑞𝑢𝑡0 ,

𝑑 = 𝐶V (𝑚𝜋2𝐿 )
2 ,

𝐸𝑖 (𝑎1, 𝑏1) = ∫∞

1
𝑒−𝑥𝑏1𝑥−𝑎1𝑑𝑥,

(54)

𝑎1 and 𝑏1 are nonzero constants.
Substituting (53) into (43) and (44) or (46), the excess

pore-water pressure and average degrees of consolidation can
be obtained for single ramp loading.
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(c) Trapezoidal Cyclic Loading (Figure 3)

𝑞 (𝑡) =
{{{{{{{{{{{{{{{{{

𝑞𝑢𝛼𝑡0 [𝑡 − (𝑁 − 1) 𝛽𝑡0] , if (𝑁 − 1) 𝛽𝑡0 ≤ 𝑡 ≤ [(𝑁 − 1) 𝛽 + 𝛼] 𝑡0,
𝑞𝑢, if [(𝑁 − 1) 𝛽 + 𝛼] 𝑡0 ≤ 𝑡 ≤ [(𝑁 − 1) 𝛽 + (1 − 𝛼)] 𝑡0,
− 𝑞𝑢𝛼𝑡0 [𝑡 − (𝑁 − 1) 𝛽𝑡0 − 𝑡0] , if [(𝑁 − 1) 𝛽 + (1 − 𝛼)] 𝑡0 ≤ 𝑡 ≤ [(𝑁 − 1) 𝛽 + 1] 𝑡0,
0, if [(𝑁 − 1) 𝛽 + 1] 𝑡0 ≤ 𝑡 ≤ 𝑁𝛽𝑡0,

(55)

where 𝑞𝑢 is the maximum value of loading during a cycle
period; 𝛽𝑡0 is the period of the loading; 𝛼, 𝛽 are loading
factors; N is the cycle number.

Therefore,
𝑄 (0) = 0. (56)

From (7) and (50),

𝑅 (𝑡) =
{{{{{{{{{{{{{{{{{{{{{

𝐸 (1 + 𝑒0) 𝑞𝑢/ (𝛼𝑡0)
[𝐸 + 𝑛 (𝑞𝑢/𝛼𝑡0) (𝑡 − (𝑁 − 1) 𝛽𝑡0)]2 , if (𝑁 − 1) 𝛽𝑡0 ≤ 𝑡 ≤ [(𝑁 − 1) 𝛽 + 𝛼] 𝑡0,
0, if [(𝑁 − 1) 𝛽 + 𝛼] 𝑡0 ≤ 𝑡 ≤ [(𝑁 − 1) 𝛽 + (1 − 𝛼)] 𝑡0,
− 𝐸 (1 + 𝑒0) 𝑞𝑢/ (𝛼𝑡0)
[𝐸 − 𝑛 (𝑞𝑢/𝛼𝑡0) (𝑡 − ((𝑁 − 1) 𝛽 + 1) 𝑡0)]2 , if [(𝑁 − 1) 𝛽 + (1 − 𝛼)] 𝑡0 ≤ 𝑡 ≤ [(𝑁 − 1) 𝛽 + 1] 𝑡0,

0, if [(𝑁 − 1) 𝛽 + 1] 𝑡0 ≤ 𝑡 ≤ 𝑁𝛽𝑡0.

(57)

The semianalytical solution for consolidation under the
loading case is shown in theAppendix. It is clear that the form
of the solution is complex. Compared with the semianalytical
solution (A.1), the general solution, obtained by using (45)
and (57), can be easier to program.

6. Comparison between Results from FAM and
Semianalytical Solutions

The numerical solution of FAM is compared with the semi-
analytical solution for different loading cases. The value of
constant parameters from [26] are 𝐶V = 5.789 × 10−3m2/day,𝐸 = 1.6878 × 106 Pa, 𝑛 = 3.3, 𝑒0 = 1.1167, 2𝐿 = 6.4m, and𝑡 = 800 days. In the FAM, the time step Δ𝑡 is 0.1 days.
(a) Suddenly Imposed Constant Loading Case. For the sud-
denly imposed constant loading case, 𝑞𝑢 = 2 × 105 Pa.
The duration of loading is 800 days. The average degrees
of consolidation 𝑈𝑝 is calculated by using (46), adopting
the same space step Δ𝑧 for FAM and the semianalytical
solution. 𝜔(𝑧, 𝑡) is calculated by using (49). The number of
terms in the series is 20. Curves of the average degrees of
consolidation 𝑈𝑝 versus time factor 𝑇V (shown in (58)) for
different methods with different space steps Δ𝑧 are plotted in
Figure 4 (ASM indicates “semianalytical solution method” in
the figure). Comparison between the result of FAM and the
semianalytical solution shows a negligible gap, indicating that
the method proposed in this paper has sufficient precision.

𝑇V = 𝐶V𝑡𝐿−2. (58)

In order to investigate the accuracy of this result further,
the percentage deviation of 𝑈𝑝 between FAM and semian-
alytical solutions is evaluated. To illustrate the difference
of 𝑈𝑝 between the two, 21 data points of the percentage
deviation of 𝑈𝑝 are chosen at regular intervals for each data
group plotted in Figure 5.The percentage deviation decreases
with decreasing space step Δ𝑧, demonstrating that, under the
same conditions, a smaller space step is helpful in enhancing
the precision of calculation. However, there is a clear side
effect: the amount of calculation increases. Considering the
precision and the amount of calculation, Δ𝑧 = 0.2m is
selected in the next two loading cases: single ramp loading
case and trapezoidal cyclic loading case.

(b) Single RampLoadingCase. In the single ramp loading case,𝑞𝑢 = 2 × 105 Pa. The value of 𝑞(𝑡) increases linearly from 0
to 𝑞𝑢 during the loading increase phase 𝑡0. In this section,
the influence of the loading increase (phase 𝑡0) is discussed.
The loading increasing (phase 𝑡0) is 141.5, 283, and 424.5 days,
respectively, and the value of 𝑞(𝑡) remains constant. Further𝜔(𝑧, 𝑡) is calculated by using (53) in the semianalytical solu-
tion. In order to avoid overflow, the number of terms in the
series is 6. The curves of the average degrees of consolidation𝑈𝑝 versus time factor 𝑇V for different methods with different
loading increase periods are plotted in Figure 6. As shown
in Figure 6, 𝑈𝑝 increases with increasing 𝑇V, but there is a
turning point after which the rate of increase slows down.
For the different loading increase (period 𝑡0), the degree of
consolidation with a short loading increase is higher than the
degree of consolidation with a long loading increase period.
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Figure 3: Trapezoidal cyclic loading.

0

0.2

0.4

0.6

0.8

0 0.2 0.4 0.6

U
p

T

ASM Δz = 0.8 m
ASM Δz = 0.2 m
ASM Δz = 0.05 m

FAM Δz = 0.8 m
FAM Δz = 0.2 m
FAM Δz = 0.05 m

Figure 4: 𝑈𝑝 versus 𝑇V curves for constant loading.

Figure 6 also shows that the agreement between the curves
obtained by using the FAM and the semianalytical solutions
is quite remarkable. To illustrate the difference of𝑈𝑝 between
the FAM and the semianalytical solution under single ramp
loading case, 21 data points of the percentage deviation of𝑈𝑝
are chosen at regular intervals for each data group plotted
in Figure 7. Figure 7 shows that the percentage deviation of𝑈𝑝 between the FAM and the semianalytical solution changes
with increasing𝑇V. Although there are differences in different
loading increase period cases, the percentage deviation of𝑈𝑝
is generally negligible.

(c) Trapezoidal Cyclic Loading Case. In the trapezoidal cyclic
loading case, themaximum value of loading 𝑞𝑢 during a cycle
period is 2× 105 Pa.Theperiod of the loading is written as𝛽𝑡0.𝑡0 is a loading period of 141.5 days.The loading factors𝛼 and𝛽
are 0.3 and 1.0, 0.3 and 1.2, 0.3 and 2.4, and 0.5 and 1.2, which
represent trapezoidal cyclic loading without a rest period,
trapezoidal cyclic loading with 0.2𝑡0 rest period, trapezoidal
cyclic loading with 1.4𝑡0 rest period, and triangularly cyclic
loading with a 0.2𝑡0 rest period, respectively. Here, 𝜔(𝑧, 𝑡)
is calculated by using (45) in the semianalytical solution. In
order to avoid overflow, the number of terms in the series
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Figure 5: Percentage deviation of 𝑈𝑝 between the FAM and the
semianalytical solution versus 𝑇V curves for constant loading.
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Figure 6: 𝑈𝑝 versus 𝑇V curves for single ramp loading.

is 10. The curves of the average degrees of consolidation 𝑈𝑝
versus time factor 𝑇V with different loading factors 𝛼 and 𝛽
for different methods are plotted in Figure 8, showing that𝑈𝑝 tends to be fluctuating while increasing with increasing𝑇V. To illustrate the difference of𝑈𝑝 between the FAMand the
semianalytical solution under trapezoidal cyclic loading case,
21 data points of the percentage deviation of𝑈𝑝 are chosen at
regular intervals for each data group plotted in Figure 8. The
comparison between the result of FAMand the semianalytical
solution shows a negligible gap in Figure 8. The percentage
deviation of 𝑈𝑝 between the FAM and the semianalytical
solution for trapezoidal cyclic loading is plotted in Figure 9,
indicating that fluctuation deviation is small in range in terms
of percent and is, thus, negligible.
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Figure 7: Percentage deviation of 𝑈𝑝 between the FAM and the
semianalytical solution versus 𝑇V curves for single ramp loading.
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Figure 8: 𝑈𝑝 versus 𝑇V curves for trapezoidal cyclic loading.

7. Convergence of the Spatial
Discretization for FAM

Proving the convergence of the spatial discretization by a
mathematical approach is difficult. To further explore the
convergence of the spatial discretization, a 1D nonlinear
consolidation in the trapezoidal cyclic loading case was intro-
duced as an example.The initial and boundary conditions are
as follows:

𝑢 (𝑧, 0) = 104𝑧, if 0 ≤ 𝑧 ≤ 𝐿, 𝑡 = 0,
𝑢 (0, 𝑡) = 0, if 𝑧 = 0, 𝑡 > 0,

𝜕𝑢 (𝐿, 𝑡)𝜕𝑧 = 0, if 𝑧 = 𝐿, 𝑡 > 0.
(59)
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Figure 9: Percentage deviation of 𝑈𝑝 between the FAM and
the semianalytical solution versus 𝑇V curves for trapezoidal cyclic
loading.

By using (6), the transform of (59) is

𝜔 (𝑧, 0) = −2.1167𝑧168.78 − 3.3𝑧 , if 0 ≤ 𝑧 ≤ 𝐿, 𝑡 = 0,
𝜔 (0, 𝑡) = 0, if 𝑧 = 0, 𝑡 > 0,

𝜕𝜔 (𝐿, 𝑡)𝜕𝑡 = 0, if 𝑧 = 𝐿, 𝑡 > 0.
(60)

In this example, a soft clay layer with permeable top and
impermeable bottomunder initial excess pore-water pressure
triangular distribution is introduced, where 𝑞𝑢 = 2 × 105 Pa,𝑡0 = 141.5 days, 𝛼 = 0.3, and 𝛽 = 1.2. The values of
the constant parameters are the same as those in Section 6.
However, for the case, the analytical solution is difficult to
be obtained. But it is easy to solve by numerical method,
such as FAM and FDM. For comparison, the space step Δ𝑧
is set to 0.1, 0.2, 0.4, and 0.8m by FAM, respectively. To
achieve good solutions as comparison, the space step Δ𝑧 is
adopted to 0.1m by FDM. The space step has influence on
degree of consolidation calculated value of 𝑈𝑝. To avoid this,
the excess pore-water pressure 𝑢 calculated by FAM with
different space steps is compared with FDM with specific
space step Δ𝑧 = 0.1m, shown in Figure 10. It reveals that the
results of FAM matches well with the result of FDM, even ifΔ𝑧 is 0.8m. Therefore, FAM can ensure the convergence of
spatial discretization.

8. Conclusions

This paper develops the finite analytic method (FAM) for
solving a 1D nonlinear consolidation undergoing time-
dependent loading.The study shows that FAM is very efficient
and convenient in simulating the nonlinear consolidation.
The following conclusions can be drawn from this research:

(1) The governing partial differential equation with non-
homogeneous character can be transformed into the
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Figure 10: Comparison between the results of FAM and the results of FDM.

diffusion equation, where the FAM uses an analytical
solution in small local elements to formulate the
algebraic representation of the 1D nonlinear consol-
idation undergoing time-dependent loading.

(2) The FAM is a combination of analytical solution and
numerical approach. The finite analytical scheme has
uniform convergence and is unconditionally stable
for 1D nonlinear consolidation. Therefore, FAM can
obtain smooth and high-precision solutions.

(3) The comparison between the results of FAM and the
semianalytical solution of the 1Dnonlinear consolida-
tion undergoing suddenly imposed constant loading,
single ramp loading, and trapezoidal cyclic loading
indicates that FAM can obtain stable and accurate
numerical solutions.

(4) The comparison between the results of FAM with
different space steps and the results of FDM with a
small space step indicates that FAM can ensure the
convergence of spatial discretization.

Appendix

The modified semianalytical solution of 𝜔(𝑧, 𝑡) of a trape-
zoidal cyclic loading case is as follows:

𝜔 (𝑧, 𝑡) = − ∞∑
𝑚=1

4𝑚𝜋𝑒−𝐶V(𝑚𝜋/2𝐿)
2𝑡

⋅ sin(𝑚𝜋𝑧2𝐿 ) [𝑇𝑚𝑁 + 𝑇𝑚𝑖] ,
(A.1)

where 𝑚 = 1, 3, 5, . . .; 𝑖 = 1, 2, 3, 4 represents time 𝑡 lying in
different loading phase during a loading cycle.𝑇𝑚𝑁 represents
the integration for variable 𝜏 from 0 to (𝑁 − 1)𝛽𝑡0:
𝑇𝑚𝑁 = ∫(𝑁−1)𝛽𝑡0

0
𝑅 (𝜏) 𝑒𝐶V(𝑚𝜋/2𝐿)

2𝜏𝑑𝜏
= 𝑁−1∑

𝑘=1

{∫[(𝑘−1)𝛽+𝛼]𝑡0

(𝑘−1)𝛽𝑡0

𝐸 (1 + 𝑒0) (𝑞𝑢/𝛼𝑡0) 𝑒𝐶V(𝑚𝜋/2𝐿)
2𝜏

[𝐸 + 𝑛𝑞𝑢 [𝜏 − (𝑘 − 1) 𝛽𝑡0] /𝛼𝑡0]2 𝑑𝜏

− ∫[(𝑘−1)𝛽+1]𝑡0

[(𝑘−1)𝛽+(1−𝛼)]𝑡0

𝐸 (1 + 𝑒0) (𝑞𝑢/𝛼𝑡0) 𝑒𝐶V(𝑚𝜋/2𝐿)
2𝜏

[𝐸 − 𝑛𝑞𝑢 [𝜏 − (𝑘 − 1) 𝛽𝑡0 − 𝑡0] /𝛼𝑡0]2 𝑑𝜏} .
(A.2)
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When (𝑁 − 1)𝛽𝑡0 ≤ 𝑡 ≤ [(𝑁 − 1)𝛽 + 𝛼]𝑡0 (Phase 1),
𝑇𝑚1 (𝑡)
= ∫𝑡

(𝑘−1)𝛽𝑡0

𝐸 (1 + 𝑒0) (𝑞𝑢/𝛼𝑡0) 𝑒𝐶V(𝑚𝜋/2𝐿)
2𝜏

[𝐸 + 𝑛𝑞𝑢 [𝜏 − (𝑘 − 1) 𝛽𝑡0] /𝛼𝑡0]2 𝑑𝜏.
(A.3)

When [(𝑁−1)𝛽+𝛼]𝑡0 ≤ 𝑡 ≤ [(𝑁−1)𝛽+(1−𝛼)]𝑡0 (Phase
2),

𝑇𝑚2 (𝑡) = 𝑇𝑚1 ([(𝑁 − 1) 𝛽 + 𝛼] 𝑡0) . (A.4)

When [(𝑁−1)𝛽+(1−𝛼)]𝑡0 ≤ 𝑡 ≤ [(𝑁−1)𝛽+1]𝑡0 (Phase
3),

𝑇𝑚3 (𝑡) = 𝑇𝑚1 ([(𝑁 − 1) 𝛽 + 𝛼] 𝑡0)
− ∫𝜏

[(𝑁−1)𝛽+(1−𝛼)]𝑡0

𝐸 (1 + 𝑒0) (𝑞𝑢/𝛼𝑡0) 𝑒𝐶V(𝑚𝜋/2𝐿)
2𝜏

[𝐸 − 𝑛𝑞𝑢 [𝜏 − (𝑘 − 1) 𝛽𝑡0 − 𝑡0] /𝛼𝑡0]2 𝑑𝜏.
(A.5)

When [(𝑁 − 1)𝛽 + 1]𝑡0 ≤ 𝑡 ≤ 𝑁𝛽𝑡0 (Phase 4),
𝑇𝑚4 (𝑡) = 𝑇𝑚3 ([(𝑁 − 1) 𝛽 + 1] 𝑡0) . (A.6)
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[11] K. Terzaghi and O. K. Fröhlich, Theorie der Setzung von
Tonschichten, Franz Deutike, Leipzig, Germany, 1936.

[12] R. E. Olson, “Consolidation under time-dependent loading,”
Journal of the Geotechnical Engineering Division, vol. 103, no. 1,
pp. 55–60, 1977.

[13] M. Favaretti andM. Soranzo, “A simplified consolidation theory
in cyclic loading conditions,” in Proceedings of the International
Symposium on Compression and Consolidation of Clayey Soils,
pp. 405–409, A. A. Balkema, Hiroshima, Japan, May 1995.

[14] E. H. Davis and G. P. Raymond, “A non-linear theory of
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