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As is well known, the external disturbance (especially the stochastic wind load) has nonnegligible effect on the operation of
pantograph-catenary system, which may cause the strong fluctuation in contact force as well as the increased occurrence of contact
loss. In order to improve the current collection quality of a high-speed railway pantograph-catenary systemunder a strong stochastic
wind field, a sliding mode controller with a proportional-derivative (PD) sliding surface for a high-speed active pantograph is
proposed. The nonlinear finite element procedure is employed to establish the catenary model. The fluctuating wind speeds along
catenary are simulated using empirical spectrums. The buffeting forces exerted on contact and messenger wires are derived to
construct the stochastic wind field along the catenary. A PD sliding surface is properly determined to guarantee that themechanical
impedance of pantograph head at the dominant frequencies of contact force decreases when the sliding surface approaches zero.
Through several numerical simulations with different wind velocities and wind angles, the control performance of two popular
control laws (proportional switching law and constant switching law) is evaluated.

1. Introduction

The recent decades have witnessed a rapid expansion of high-
speed electrified railway inmany countries around the world.
The increase of the driving speed of high-speed trains leads
to many new technical issues. One of them is the strong
vibration of the pantograph-catenary system resulting in
the deterioration of the current collection quality. Figure 1
describes the schematic of a pantograph-catenary system.
The electric power is transmitted from the catenary to the
locomotive via a pantograph installed on the roof. Obviously,
the sliding contact between the pantograph collector and
the contact wire is the most vulnerable point in this system,
especially in high-speed driving conditions. Recently the
contact quality between catenary and pantograph has been of
great interest to many scholars, as it directly determines the
current collection quality, restricting the driving speed limit
of high-speed trains. An excessive contact force can aggravate

thewear and fatigue of contact wire and pantograph collector.
In contrast, an inadequate contact force may increase the
possibility of the separation of the pantograph collector from
the contact wire, which may lead to the occurrence of arcing
and the interruption of electric power transmission. A stable
contact force between the pantograph and catenary should be
maintained to avoid the separation between the pantograph
head and the contact wire, as well as to reduce the wear of
pantograph strip and contact wire.

As is well known, mathematic modeling is an effective
means to study the pantograph-catenary complex dynamic
behaviour. In order to obtain the exact initial configuration
of catenary, Lopez-Garcia et al. [1] proposed a nonlinear
calculation procedure based on nonlinear cable equations.
Tur et al. [2] proposed a shape-finding method for catenary
system based on ANCF (absolute nodal coordinate formula-
tion). In order to make sense of the dynamic behaviour of
pantograph-catenary, the cosimulations of a finite element
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Figure 1: Schematic of the pantograph-catenary system.

procedure for catenary and multibody codes for pantograph
were performed by Ambrósio et al. [3]. The damping of
catenary was identified by Nåvik et al. [4] using the time
series sampled on existing catenaries. An advanced detection
method for contact wire irregularities was proposed by
Wang et al. [5]. In order to exactly describe the geometrical
nonlinearity of contact/messenger wire, a nonlinear finite
element procedure was performed based on ANCF [6]. And
the analytical formulations of nonlinear cable were utilized
to describe the large deformation of contact/messenger wire
by Song et al. [7]. On the other hand, in order to consider
the complex operation conditions of pantograph-catenary
system, Carnicero et al. [8] analysed the effect of locomotive
vibration on pantograph-catenary interaction. Pombo et al.
[9] analysed the influence of aerodynamics on pantograph-
catenary interaction. Song et al. [10] constructed the wind
field along a catenary considering the stochastic wind from
different directions and analysed the effect of stochastic wind
load on pantograph-catenary interaction. The results of pre-
vious studies indicated that the effect of locomotive vibration
on the contact force between catenary and pantograph was
limited. In contrast, the effect of strong stochastic wind load
was very significant.

Based on the study of pantograph-catenary dynamics,
parameter optimization has been developed as a very general
way to improve the dynamic performance of pantograph-
catenary systems. A design optimization procedure for a pan-
tographwas conducted by Lee et al. [11], based on a sensitivity
analysis of the pantograph-catenary system. Ambrósio et al.
[12] studied the suspension characteristics of a pantograph
head and proposed a corresponding optimization strategy
to decrease the fluctuation in contact force. Rønnquist and
Nåvik [13] used the frequency-analysis method to evaluate
the upgrade of a catenary, and Nåvik et al. [14] suggested
a new tension forces for a higher driving speed. Consid-
ering multiple-pantograph operation conditions, Liu et al.
[15] studied the effect of interval between front and rear
pantographs on dynamic performance.

However, a new design produced by the parame-
ter optimization means the reconstruction of an existing
pantograph-catenary system, which incurs a big cost and
sometimes may not be easy to realize in reality. Besides
parameter optimization of catenary-pantograph systems,
control of pantographs is another effective way to maintain
a stable contact force. Facchinetti et al. [16] performed a
hardware-in-the-loop experiment for an active pantograph.
In that work, an actuator was placed in parallel with the
collector suspensions which could obtain better performance

but is not convenient to be realized in an existing railway line.
Generally, an actuator can be installed on the lower frame
of the pantograph, which is more convenient to implement
compared to [16] and does not lead to a large change to the
original pantograph structure but poses a greater challenge to
the control algorithm because it is far away from the contact
interface.

Generally, the study of pantograph-catenary dynamic
interaction belongs to moving-load dynamics problems [17].
Among them, vibration suppression of beams excited by
moving loads has been of great interest to many scholars, as it
has wide potentials in various engineering applications, such
as bridge-vehicle interaction and vehicle-track interaction.
Pi and Ouyang [18] used Lyapunov-based boundary control
method for suppressing the vibration of a multispan beam
subjected to moving masses. Stancioiu and Ouyang [19]
proposed an effective time-varying optimal control strategy
for a beam excited by a moving mass.

However, compared with the traditional moving-load
control problems, whose objectives are to decrease the
vibration response, the control objective of an active panto-
graph is to reduce the fluctuation in contact force and the
contact loss between the pantograph collector and contact
wire, simultaneously without reducing the contact force’s
mean value. Considering the particularity of the pantograph-
catenary system, only few states of the pantograph and the
contact force can be detected, which can be used as feedback
in a controller. Recently, various control algorithms for an
active pantograph were proposed by many experts [20–28].
Normally, due to the strong nonlinear effect of the catenary
on the pantograph, it is very difficult to design the controller
based on the whole complex catenary-pantograph model
directly. In the stage of the controller design, the catenary is
always simplified as a one degree-of-freedom (DOF) model
with time-varying stiffness (shown in Figure 2(a)) to facilitate
development of the control strategy. Sometimes, a time-
varying mass is also included (shown in Figure 2(b)). In
Figure 2, 𝑘c(𝑡) and 𝑚c(𝑡) are the time-varying stiffness and
mass of catenary. 𝑚1, 𝑘1, and 𝑐1 are the mass, stiffness, and
damping of the pantograph head, respectively;𝑚2, 𝑘2, and 𝑐2
are themass, stiffness, and damping of the pantograph frame,
respectively.𝑓𝑐 is the pantograph-catenary contact force.𝑓0 is
the static uplift force. 𝑓𝑢 is the control force.

Based on the simplified model shown in Figure 2(a),
Lin et al. [20] developed a control strategy for an active
pantograph by LQR (linear quadratic regulator). Recently,
the robustness of an optimal control approach for an active
pantograph was investigated considering the effect of actua-
tor time delays [21]. Rachid [22] developed an LMI (Linear
Matrix Inequality) control law to keep the contact force
close to a desired value. O’Connor et al. [23] used the
steady state matrix Riccati equation to design a controller for
an active pantograph, which obtained over 50% reduction
in the contact force variation. Pisano and Usai [24] pro-
posed an output feedback control strategy based on higher-
order sliding modes and high-gain observers, which had a
good robustness and stability. Considering the locomotive
vibration, Wang [25] developed a geometric framework to
suppress the vibration of pantograph-catenary system. Based
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Figure 2: (a) Pantograph and simplified catenary model with time-varying stiffness. (b) Pantograph and simplified catenary model with
time-varying stiffness and mass.

on the simplified model shown in Figure 2(b), Pisano and
Usai [26] implemented a variable structure control (VSC)
technique with sliding mode on a wire-actuated symmetric
pantograph. Sanchez-Rebollo et al. [27] designed a PID
controller for an active pantograph, which was the first
attempt to implement a controller with a validated FEM
catenary model.

It is obvious that the simplified models shown in Figure 2
can only reflect the unsmooth stiffness and mass distribution
of the catenary without considering some other nonlinear
disturbances from catenary to pantograph in the stage of
controller design. On the other hand, except the work done
by Sanchez-Rebollo et al. [27] and Pappalardo et al. [28],
none of the other works implemented their controllers with a
more realistic nonlinear validated catenary model. However,
the validation of the controller with a realistic nonlinear
catenary model is very important in the theoretical study of
the pantograph control before it can be evaluated through a
field experiment in a real railway line. Furthermore, to the
best of the authors’ knowledge, the complex environmental
perturbations (especially the stochastic wind along catenary)
have not been considered when the control strategy was
implemented. Due to these perturbations, the fluctuation
in contact force increases significantly, and the separation
between the pantograph head and contact wire occurs more
frequently. The efficiency of the control strategy should be
evaluated under these realistic complex operation conditions,
which definitely exist in a real railway line. The robustness of
the controller also needs a further investigation with strong
external perturbations.

This paper addresses these difficulties of pantograph
control and proposes a sliding mode control (SMC) strategy
with a PD sliding surface for a high-speed pantograph.
Compared with other control strategies, SMC seems to be
convenient to realize the control objective of keeping the
contact force close to a desired value through defining a
proper sliding surface. SMC was shown to be very suitable
for nonlinear time-varying systems. For example, Pi and
Ouyang [29] also found that SMC had a good performance in
suppressing the vibration of a beam excited by amovingmass.

In [26], SMC was firstly introduced in the active pantograph
control and a very simple control law was proposed. But the
oversimplified model used in that work cannot guarantee its
validity in a more realistic pantograph-catenary model.

To address the shortcomings of the previous studies,
instead of the oversimplified model in Figure 2, a nonlinear
FEM catenary model under the stochastic wind field along
the catenary is established. The contact force between the
pantograph and catenary is chosen as the feedback signal.
The transfer function between the pantograph velocity and
contact force (called mechanical impedance) is introduced
as an auxiliary indicator to determine the sliding surface
parameters. Then several numerical simulations with two
popular control laws (proportional switching law and con-
stant switching law) are implemented to evaluate the control
performance under a strong stochastic wind field. In order
to verify the advantage of the proposed control strategy, the
control performance is compared with EN 50318 reference
model reported in the literature. This work is a theoretical
attempt to introduce the PD sliding mode control strategy
into pantograph-catenary dynamics under more complex
and realistic operation conditions than previous studies, to
improve the current collection quality of high-speed railway
pantograph-catenary system.

2. Establishment of Pantograph-Catenary
System with Stochastic Wind Load

Based on the authors’ previous work [7, 10], the pantograph-
catenary dynamic model with stochastic wind load as shown
in Figure 3 is established in this section.

2.1. Modeling of Catenary-Pantograph. Normally, a catenary
system is comprised of three main components: the contact
wire, the messenger wire, and droppers, as shown in Figure 3.
In order to properly describe the nonlinear behaviour under
strong wind field, the contact/messenger wire is discretized
as a number of nonlinear cable elements based on the FEM,
and the dropper is modeled by the nonlinear string element
which behaves like one-side spring. Then a nonlinear finite
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Figure 3: Pantograph-catenary system with wind load.

element dynamic procedure is performed to solve the initial
configuration and the dynamic response of catenary. The
global stiffness matrix K𝐶(𝑡) of catenary can be formulated
through the FEM at any time instant t. The global lumped-
mass matrixM𝐶 and the global damping matrix C𝐶 can also
be obtained. The equation of motion for catenary can be
written as

M𝐶ΔẌ𝐶 (𝑡) + C𝐶ΔẊ𝐶 (𝑡) + K𝐶 (𝑡) ΔX𝐶 (𝑡) = ΔF𝐶 (𝑥, 𝑡) (1)

in which ΔẌ𝐶(𝑡), ΔẊ𝐶(𝑡), and ΔX𝐶(𝑡) are the incremental
vectors of the global acceleration, velocities, and displace-
ments of catenary.ΔF𝐶(𝑥, 𝑡) on the right side is the incremen-
tal vector of the excitation.

A two-DOFs pantograph model (as shown in Figure 2)
is adopted. The contact between the pantograph head and
the contact wire is realized by a penalty method, in which an
assumption of “contact stiffness” is defined.The contact force
can be calculated based on a penalisation of the interpenetra-
tion between the pantograph strip and the contact wire. The
contact force can be calculated by

𝑓𝑐 = {{{
𝐾𝑆 (𝑦1 − 𝑦𝑐) 𝑦1 ≥ 𝑦𝑐
0 𝑦1 < 𝑦𝑐 (2)

in which𝐾𝑆 is the contact stiffness. 𝑦1 is the vertical displace-
ment of the pantograph head. 𝑦𝑐 is the vertical displacement
of the contact wire in the contact point.The static uplift force
is determined by a formula in a SIEMNS simulation report
mentioned in [7].

2.2. Validation of Pantograph-Catenary Model. Several
numerical simulations have been conducted in [7] to verify
the accuracy of the static configuration of catenary and
the validation of the dynamic solution. Here, the newest
benchmark proposed by Bruni et al. [30] is adopted to
conduct a further validation of the presented model. Table 1
shows the dynamic simulation results compared to the
reference values in the benchmark. It is observed that two
sets of the results are only slightly different.

Table 1: Validation of the present model according to the bench-
mark results.

Indicators Benchmark Simulation Error (%)
Speed (km/s) 320 320 0
Mean contact force (N) 169 171.25 1.3
Standard deviation (N) 53.91 55.21 2.4
Max. real value (N) 313.22 321.79 2.7
Min. real value (N) 60.40 56.84 −5.9
Banded SD 0–2Hz (N) 38.27 39.11 2.2
Banded SD 0–5Hz (N) 41.04 40.52 −1.3
Banded SD 5–20Hz (N) 34.80 36.07 3.6
PPA of the vertical
displacement (mm) 47.58 45.31 4.8

Max. uplift at support (mm) 59.12 60.17 1.8
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Figure 4: Sketch of contact wire section against wind load.

2.3. Stochastic Wind Field. Figure 4 shows the contact wire
cross section under wind load. 𝑈 and 𝛼 are the wind speed
and angle of attack. 𝐿 is the length of contact wire. 𝐷 is the
diameter of the cross section of contact wire. According to
the derivation in [10], the buffeting forces acting on contact
wire can be written as

𝐹D = 1
2𝜌air𝑈2𝐿𝐷[𝐶D (𝛼0) ⋅ 2𝑢 (𝑡)𝑈

+ [ ̇𝐶D (𝛼0) − 𝐶L (𝛼0)] ⋅ 𝑤 (𝑡)
𝑈 ] + 1

2
⋅ 𝜌air𝑈2𝐷𝐿𝐶D (𝛼0)

(3a)

𝐹L = 1
2𝜌air𝑈2𝐿𝐷[𝐶L (𝛼0) ⋅ 2𝑢 (𝑡)𝑈

+ [ ̇𝐶L (𝛼0) + 𝐶D (𝛼0)] ⋅ 𝑤 (𝑡)
𝑈 ] + 1

2
⋅ 𝜌air𝑈2𝐷𝐿𝐶L (𝛼0)

(3b)

in which 𝜌air is the density of air. 𝛼0 is the initial angle of
attack. 𝐶D(𝛼0) and 𝐶L(𝛼0) are the drag and lift coefficients at
the angle of attack 𝛼0, which can be calculated through CFD
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Figure 5: Nephogram of the flow velocity around the contact wire
cross section in CFD calculation.

or measured in a wind tunnel experiment. 𝑤(𝑡) and 𝑢(𝑡) are
the time-histories of the vertical and horizontal wind velocity.

By transforming (3a) and (3b) to the finite element
coordinate, the formulation of the aerodynamic forces that
can be used in the FEMmodel directly is obtained as follows:

𝐹X = 𝐹Dcos (𝛼0) − 𝐹L sin (𝛼0) (4a)

𝐹Y = 𝐹D sin (𝛼0) + 𝐹L cos (𝛼0) . (4b)

In order to obtain the wind load acting on the catenary,
the aerodynamic coefficients 𝐶D(𝛼) and 𝐶L(𝛼) and the
fluctuatingwind velocity 𝑢(𝑡) and𝑤(𝑡) should be determined.

The CFD software—ANSYS Fluent—is utilized to deter-
mine the aerodynamic coefficients 𝐶D(𝛼) and 𝐶L(𝛼). In
this paper, the CuAg0.1AC120-type contact wire is chosen
as the object of analysis. Simulation conditions (including
the boundary conditions and mesh properties) are defined
according to [10]. Figure 5 shows the nephogram of the
flow velocity around the contact wire cross section in the
CFD calculation. The calculation results of the aerodynamic
coefficients are shown in Figure 6 [10].

The empirical formulations of the wind velocity spectrum
are utilized to simulate the fluctuating wind velocities in dif-
ferent directions.The nondimensional form of theDavenport
spectrum for horizontal wind speed 𝑆𝑧 is [31]

𝑛𝑆𝑧 (𝑛)𝑉21 = 4𝜅 𝑥2
(1 + 𝑥2)4/3 (5)

in which 𝑥 = 4000𝑛/𝑉21 , 𝜅 is the surface drag coefficient, 𝑛
is the frequency of fluctuating wind, and 𝑉1 is the velocity at
reference height (10m). The Panofsky spectrum for vertical
wind speed 𝑆𝑤 is [32]

𝑛𝑆𝑤 (𝑛, 𝑧)𝑉2𝑧1 = 1.1 𝑓
(1 + 4𝑓)2 log𝑒2 (𝑧1/𝑧0) , (6)

where 𝑓 = 𝑛𝑧/𝑉1, 𝑉𝑧1 is the reference velocity at height 𝑧1,
and 𝑧0 is the roughness length.

The variance of the spatial distribution of the stochastic
wind velocity is considered by defining the spatial correlation
function using Wiener-Khinchin equation. Through fourth-
order AR model, the time-histories of the vertical and hori-
zontal wind velocities can be generated, in which the stochas-
tic feature of the fluctuating wind velocity in time-domain
is properly considered. In this paper, an existing high-speed
pantograph-catenary system constructed in China is studied
[7]. Consider that the longitudinal interval in simulation for
the fluctuating wind is 10m. The simulation results of the
fluctuating wind velocities and their spectrums at the first
point of this longitudinal interval are shown in Figure 7 (in
which the steady wind speed is chosen as 20m/s). It is found
that the autopower spectrum shows excellent agreement with
the target spectrum. The effect of the stochastic wind is a
low-frequency disturbance, whose dominant frequency is
normally less than 1Hz.

3. Definition of the Sliding Surface

According to the literature [16], the contact force between the
pantograph collector and the contact wire can be measured
through a contact force sensor, which directly reflects the
contact quality of the pantograph-catenary system. So the
contract force can be utilized as the feedback signal in the
controller. In order to realize the control objective, a PD
sliding surface is defined as follows:

𝑆 (𝑡) = 𝑞p𝑒 (𝑡) + 𝑞d ̇𝑒 (𝑡) (7)

in which 𝑒(𝑡) = 𝑓𝑟 − 𝑓𝑐(𝑡). 𝑓𝑟 is the desired value of contact
force (which is normally themean value of contact force).The
control force 𝑓𝑢(𝑡) is determined by the sliding surface 𝑆(𝑡)
to keep the sliding surface 𝑆(𝑡) close to 0. So the values of
the parameters 𝑞p and 𝑞d are of great importance. Normally,
the parameters of a sliding surface can be determined by
experience or the placement of poles to guarantee the stability
of the system. However, there seem to be no previous studies
or experience on how to determine the sliding surface. In
this paper, the mechanical impedance of pantograph head
is introduced as an auxiliary indicator to define the sliding
surface parameters.

When the control force is exerted on the lower frame of
pantograph, the equation of motion for the pantograph can
be written as

𝑚1 d
2𝑦1 (𝑡)
d𝑡2 + 𝑐1 (d𝑦1 (𝑡)d𝑡 − d𝑦2 (𝑡)

d𝑡 )
+ 𝑘1 (𝑦1 (𝑡) − 𝑦2 (𝑡)) = −𝑓𝑐 (𝑡)

𝑚2 d
2𝑦2 (𝑡)
d𝑡2 + 𝑐2 (d𝑦2 (𝑡)d𝑡 − d𝑦1 (𝑡)

d𝑡 ) + 𝑐1 d𝑦2 (𝑡)d𝑡
+ 𝑘2 (𝑦2 (𝑡) − 𝑦1 (𝑡)) + 𝑘1𝑦2 (𝑡) = 𝑓0 + 𝑓𝑢 (𝑡) .

(8)

Normally, the static uplift force 𝑓0 is very close to the mean
value of contact force 𝑓𝑟. So, it can be assumed that 𝑓0 = 𝑓𝑟.
The contact force can be expressed as

𝑓𝑐 (𝑡) = 𝑓0 + Δ𝑓𝑐 (𝑡) (9)
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Figure 6: Simulation results of aerodynamic coefficients of contact wire cross section.
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Figure 7: Simulation results of fluctuating wind velocity and their power spectrums.

in which Δ𝑓𝑐(𝑡) is the fluctuation in contact force around its
mean value 𝑓0. The mechanical impedance 𝐻(𝑠), a transfer
function between the fluctuation of contact force Δ𝐹𝑐(𝑠) and

the velocity of pantograph head𝑉1(𝑠), is established by taking
Laplace transformation of (8) and ignoring the constant
terms as

𝐻(𝑠) = Δ𝐹𝑐 (𝑠)𝑉1 (𝑠) = 𝑚1𝑚2𝑠4 + (𝑐2𝑚1 + 𝑐1𝑚1 + 𝑐1𝑚2) 𝑠3 + (𝑘1𝑚1 + 𝑘2𝑚1 + 𝑘1𝑚2 + 𝑐1𝑐2) 𝑠2 + (𝑐1𝑘2 + 𝑐2𝑘1) 𝑠 + 𝑘1𝑘2
(𝑚2𝑠2 + (𝑐1 + 𝑐2) 𝑠 + 𝑘1 + 𝑘2 − (𝑘1 + 𝑐1𝑠) (𝑞𝑑𝑠 + 𝑞𝑝)) 𝑠 (10)

in which 𝑠 is the Laplace constant. As the control force𝑓𝑢(𝑡) is
determined by the sliding surface 𝑆(𝑡), let 𝑆(𝑡) replace𝑓𝑢(𝑡) in

(10), to analyse the influence of the sliding surface parameters
on the mechanical impedance of pantograph head in the
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Figure 8: Contact force and its spectral density.

stage of the controller design. In [33], transfer function𝐻(𝑠)
is defined as the mechanical impedance of the pantograph,
which can be assumed as an important reflection of the
dynamic performance of the pantograph under the excitation
of fluctuating wind. A lower mechanical impedance of the
pantograph head at the dominant frequencies of contact
force can guarantee a good current collection quality of the
pantograph-catenary system. In contrast, a large mechanical
impedance of the pantograph headmay lead to an increase of
the fluctuation in contact force. So, in this section, according
to (10), the contribution of each of the parameters 𝑞p and 𝑞d
to the mechanical impedance is analysed for the definition of
the sliding surface.

Before the analysis of the mechanical impedance of
pantograph head, the range of the dominant frequency of
contact force should be determined through the frequency
analysis of the contact force. Using the pantograph-catenary
model established in Section 2, the simulation results of
contact force are shown in Figure 8(a), in which, the driving
speed is 300 km/h, and three sets of wind field parameters
are adopted (which are U = 20m/s with 𝛼 = 60∘, U = 20m/s
with 𝛼 = −10∘, and U = 30m/s with 𝛼 = −30∘). The results
of corresponding spectral density are shown in Figure 8(b).
From the spectral density of contact force, the frequency
components related to the catenary span and dropper interval
can be clearly observed. The dominant frequency of contact
force resides mainly in the range from 1.67Hz (which is
related to the catenary span (50m) traversed by a pantograph
with the driving speed of 300 km/h) to 20Hz.The effect of the
environmental wind leads to an increase of the input energy
into the pantograph-catenary system at most frequencies
but does not result in a significant change of the range of
dominant frequency.

By substituting 𝑠 = 𝑗2𝜋𝑓 to (10), the effect of 𝑞p and 𝑞d
on the mechanical impedance at the dominant frequencies
of contact force is analysed. The effect of parameter 𝑞p is
investigated firstly.The Bode diagram of the transfer function

𝐻(𝑠) at different 𝑞p is plotted in Figure 9(a). It is clearly found
that positive 𝑞p has a significant contribution to decreasing
the mechanical impedance at the dominant frequencies of
contact force (especially from 1.5Hz to 20Hz).

Similar to the analysis of the effect of 𝑞p, the mechanical
impedance with different 𝑞d is plotted in Figure 9(b). It is
clearly found that a positive 𝑞d can lead to a total increase
of the mechanical impedance at all frequencies, which may
result in a deterioration of the current collection quality.
Sanchez-Rebollo et al. [27] have also drawn a similar con-
clusion in their work: a positive value of the differential
parameter gain in their PID controller can cause the insta-
bility of the system and the increase of fluctuation in contact
force. In contrast, it can also be observed that a negative𝑞d can lead to the decrease of the mechanical impedance at
all frequencies. In order to observe the effect of 𝑞p and 𝑞d
on the mechanical impedance more clearly, the surface of
the mechanical impedance at the most significant frequency
1.67Hz (which is corresponding to the catenary span), versus𝑞p and 𝑞d in the revised manuscript, is shown in Figure 10.
Similar conclusion to the above analysis can be drawn. So,
through the analysis of the effect of each of the parameters
on the mechanical impedance of pantograph head, it is
concluded that the sliding surface should be comprised of a
positive 𝑞p and a negative 𝑞d.
4. Numerical Simulations

As mentioned in the Introduction, there are two control laws
to determine the control force through the sliding surface𝑆(𝑡). One is the constant switching law and the other is the
proportional switching law.

For the constant switching law, the control force switches
between a lower and an upper bound, which can be described
as

𝑓𝑢 (𝑡) = {𝑢 𝑆 (𝑡) > 0
−𝑢 𝑆 (𝑡) < 0 (11)
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in which 𝑓𝑢(𝑡) is the control force. u is the bound of control
force.

For the proportional switching law, the control force
is determined by a smooth proportional function and the
sliding surface as

𝑓𝑢 (𝑡) = 𝛼𝑒 (𝑡) + 𝛽 ̇𝑒 (𝑡) sgn (𝑆 (𝑡)) , (12)

where 𝛼 and 𝛽 are the control gains in the proportional
switching law. Compared with the constant switching law, the
control force changes more smoothly against time.

In order to determine the values of 𝑞p and 𝑞d in the sliding
surface, a lot of simulations are conducted to show how
the sliding surface affects the control performance. Figure 11
shows the calculation results of standard deviation of contact
force versus 𝑞p and 𝑞d. In this discussion, the control law is
selected as a proportional switching law with 𝛼 = 0.4 and𝛽 = −2 × 10−4. From Figure 11, it can be seen that when
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Figure 11: Standard deviation of contact force versus 𝑞p and 𝑞d.

𝑞𝑝 increases more than 0, the standard deviation generally
cannot be largely influenced by the change of 𝑞p and 𝑞d.
In the following analysis, through comparing the values of𝑒(𝑡) and its derivative ̇𝑒(𝑡), the parameters of sliding surface
are defined as 𝑞p = 20 and 𝑞d = −0.01 for the DSA-380
pantograph, which shows a relatively good performance in
this analysis.

4.1. Comparison of Two Control Laws without Wind Load.
In this section, several numerical simulations are conducted
to evaluate the control performance using the two control
laws. For the constant switching law, the control force bound
is chosen as 10N, 20N, 30N, 40N, 50N, 60N, and 70N,
separately. For the proportional switching law, three sets of
control gains are defined as follows:

Case 1: 𝛼 = 0.2 and 𝛽 = −1 × 10−4
Case 2: 𝛼 = 0.4 and 𝛽 = −2 × 10−4
Case 3: 𝛼 = 0.8 and 𝛽 = −4 × 10−4
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Table 2: The results of standard deviation and maximum control force.

No control Constant switching law Proportional switching law
𝑢 = 10N 𝑢 = 20N 𝑢 = 30N 𝑢 = 40N 𝑢 = 50N 𝑢 = 60N 𝑢 = 70N Case 1 Case 2 Case 3

STD. (N) 33.57 31.68 30.46 30.27 29.96 31.69 32.99 33.06 30.89 29.01 26.25
Mean value (N) 117.84 118.16 118.57 118.26 118.13 118.22 119.27 119.96 117.38 116.87 116.88
Max. Ctrl. force (N) 0 10 20 30 40 50 60 70 18.21 34.43 65.06
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Figure 12: Contact force with constant switching law.

The results of contact force with constant switching law
are shown in Figure 12. It should be noted that the results
are filtered with the frequency range of 0–20Hz, according
to the requirement of EN 50318. The results of contact force
with the proportional switching law are shown in Figure 13(a).
The corresponding control force is shown in Figure 13(b).
From the results of contact force, it is not very clear to see
how the controller contributes to decrease of the fluctuation
in contact force. The results of standard deviation of contact
force, mean value of contact force, and the corresponding
maximum control force using different control strategies are
shown in Table 2. It can be clearly found that, due to the
effect of the controller, the standard deviation of contact force
experiences a decrease. For the constant switching law, the
best result appears at u = 40N.When u increases from 10N to
40N, the control effect increases accordingly. However, when
u exceeds 40N, the control performance begins to become
worse. For the proportional switching law, it can be found
that, from case 1 to case 3, the standard deviation experiences
a significant decrease, which means an improvement of the
control performance. Through the comparison between the
two control laws, it is found that the proportional switching
law has a better potential in decreasing the contact force
fluctuation. The proportional switching law of case 3 can
make the standard deviation decrease to 26.25 using the
maximum control force of 65.06N. Through the analysis of
the mean value of contact force, it is found that the controller

cannot lead to a large change of the mean value of contact
force.

From Figure 13, it can also be found that a large control
force can only result in a small change of the contact force;
for instance, at t = 2.78 s, the control forces are approximately
17N, 31N, and 58N with each of the cases, which however
lead to very small difference in the contact force (≤10N).This
phenomenon can be explained by the frequency response
between the control force and the contact force.

As is well known, the equation of motion for the panto-
graph can be written as

𝑚1 d
2𝑦1 (𝑡)
d𝑡2 + 𝑐1 (d𝑦1 (𝑡)d𝑡 − d𝑦2 (𝑡)

d𝑡 )
+ 𝑘1 (𝑦1 (𝑡) − 𝑦2 (𝑡)) = −𝑓𝑐 (𝑡)

𝑚2 d
2𝑦2 (𝑡)
d𝑡2 + 𝑐2 (d𝑦2 (𝑡)d𝑡 − d𝑦1 (𝑡)

d𝑡 ) + 𝑐1 d𝑦2 (𝑡)d𝑡
+ 𝑘2 (𝑦2 (𝑡) − 𝑦1 (𝑡)) + 𝑘1𝑦2 (𝑡) = 𝑓0 + 𝑓𝑢 (𝑡) .

(13)

In this discussion, the effect of catenary on pantograph is
simplified to simple time-varying stiffness 𝐾𝑠(𝑡) exerted on
the pantograph head. So the contact force can be expressed
by

𝑓𝑐 (𝑡) = 𝐾𝑠 (𝑡) 𝑦1 (𝑡) . (14)

The equivalent stiffness 𝐾𝑠(𝑡) along the catenary can be
calculated through applying a force moving along the contact
wire, which has been done in our previous work [7].

Substituting (14) to (13), the simplified equation ofmotion
for pantograph-catenary can be written as

𝑚1 d
2𝑦1 (𝑡)
d𝑡2 + 𝑐1 (d𝑦1 (𝑡)d𝑡 − d𝑦2 (𝑡)

d𝑡 )
+ 𝑘1 (𝑦1 (𝑡) − 𝑦2 (𝑡)) = −𝐾𝑠 (𝑡) 𝑦1 (𝑡)

𝑚2 d
2𝑦2 (𝑡)
d𝑡2 + 𝑐2 (d𝑦2 (𝑡)d𝑡 − d𝑦1 (𝑡)

d𝑡 ) + 𝑐1 d𝑦2 (𝑡)d𝑡
+ 𝑘2 (𝑦2 (𝑡) − 𝑦1 (𝑡)) + 𝑘1𝑦2 (𝑡) = 𝑓0 + 𝑓𝑢 (𝑡) .

(15)

Through Laplace transformation of the above two equations,
the transfer function𝐻𝑢(𝑠) = 𝐹𝑐(𝑠)/𝐹𝑢(𝑠) between the control
force𝐹𝑢(𝑠) and contact force𝐹𝑐(𝑠) can be formulated. As𝐾𝑠(𝑡)
is time-varying, its mean value (4000N/m) is adopted in this
discussion.
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Figure 13: Contact force and control force with proportional switching law.
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Figure 14: Frequency response between the control force 𝐹𝑢(𝑠) and
contact force 𝐹𝑐(𝑠).

The frequency response between the control force 𝐹𝑢(𝑠)
and contact force 𝐹𝑐(𝑠) is shown in Figure 14. It can be seen
that the magnitude shows a sharp decrease with the increase
of the frequency.OndB scale, when themagnitude is less than
0 dB, the response will be smaller than the input.Through the
Fast Fourier Transform of the control force in Figure 13(b),
the amplitudes of control force at different frequencies are
shown in Figure 15. It can be seen that, apart from the first
peak appearing at 1.68Hz (whose amplitudes are only 12.3N,
8.2N, and 5N, resp., in those three cases), almost all the
dominant frequencies of control force are over 5Hz, whose
effect on contact force is definitely reduced by the pantograph
system.This analysis is consistent to our previous knowledge
of the pantograph, which has a low natural frequency and
serves as a low-pass filter for the disturbance transmitted
from the bottom of pantograph to its head.
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Figure 15: Amplitude of control force at different frequencies.

4.2. Evaluation of Control Performance with Wind Load.
When the external disturbance is included, the fluctuation
in contact force would increase significantly, and contact
loss may occur. So the control performance of the proposed
controller is evaluated under stochastic wind field. The wind
speeds are chosen as 20m/s and 30m/s, respectively. The
angles of attack are chosen from −60∘ to 0∘. The results of
standard deviation of contact force with the wind speed of
20m/s and 30m/s are shown in Figures 16(a) and 16(b),
respectively. The more closely the wind flows to the vertical
direction, the larger the standard deviation of contact force
becomes, and the more significant the control performance
becomes. Case 3 shows the best control performance in
decreasing the fluctuation in contact force under different
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Figure 16: Results of standard deviation of contact force with different wind speeds and angles of attack.
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Figure 17: Results of percentage of contact loss with different wind speeds and angles of attack.

wind speeds and angles of attack. For the comparisonwith the
proportional switching law, the constant switching controller
with u = 40N is adopted in the simulation, which shows the
best control performance among different constant switching
laws in the above analysis. It can be found that the constant
switching controller with u = 40N shows a better control
performance than case 1 but worse control performance than
case 2 with each angle of attack.

The strong wind load may cause the separation between
the pantograph and catenary. The results of contact loss

percentage with different angles of attack under the wind
speeds of 20m/s and 30m/s are shown in Figures 17(a) and
17(b), respectively. From Figure 17(a), it can be seen that the
contact loss can be totally eliminated by the proportional
switching controller of case 2 and case 3, as well as the
constant switching controller with u = 40N under each angle
of attack.When thewind speed reaches 30m/s, themaximum
percentage of contact loss can increase to 14.2%. It is obvious
that, due to the effect of the controller, the percentage of
contact loss experiences a significant decline and drops to 0%
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Table 3: 10 sets of control gains.

Case 1 2 3 4 5 6 7 8 9 10
𝛼 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
𝛽 5 × 10−5 1 × 10−4 1.5 × 10−4 2 × 10−4 2.5 × 10−4 3 × 10−4 3.5 × 10−4 4 × 10−4 4.5 × 10−4 5 × 10−4
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Figure 18: Results of contact force and control force with case 0, case 2, case 4, and case 8.

even when the angle of attack increases by more than −20∘.
The proportional switching controller of case 3 has the best
control effect to reduce the contact loss compared with other
controllers.

In the following analyses, the wind angle of −60∘ and
wind velocity of 30m/s are adopted to study the effect of the
controller on the contact force in more detail with more sets
of control gains. 10 sets of control gains are adopted for the
analysis in Table 3.

The results of the contact force in case 0, case 2, case
4, and case 8 are presented in Figure 18(a). Different from
the nonsignificant effect of the controller in the above
investigation without wind load (in Section 4.1), the control
performance can be very clearly observed under the strong
wind load, displaying a significant reduction of the contact
loss.

The results of the corresponding control force of the
proportional switching controllers are plotted in Figure 18(b).
It can be found that a better control performance needs a
larger consumption of the energy. The largest control force
appears with case 8. When the wind speed reaches 30m/s,
the maximum control force reaches more than 250N, which
is more than twice as large as the static uplift force of the
pantograph and may be difficult to implement in reality. So
a proper set of control gains should be chosen according
to the practical environmental situation and the limitation
of the actuator. On the other hand, it can be observed that
the controller introduces some negative effect on the contact

force which was not present originally. This is because the
catenary system exhibits strong nonlinearity, which is very
difficult to control. As shown in Figure 18(a), during the time
duration of interest, the performance of the controller is not
very good at a few isolated time instants. However, on the
whole, the total fluctuation and contact loss are decreased
considerably.

In order to make sense of the effect of the controller
on contact force in detail, several indexes are introduced to
evaluate the control performance, which include the standard
deviation, the percentage of contact loss, the number of
occurrences of contact loss, the mean value of contact loss,
themaximum interval of separation, and themaximum value
of control force. The results of standard deviation of contact
force and the maximum interval of separation are shown
in Figures 19(a) and 19(b), respectively. It can be seen that
the increase of the control gains can decrease the standard
deviation of contact force, which means a lower fluctuation
in contact force. Simultaneously, the maximum interval of
separation is effectively decreased by the controller with
larger control gains, which can reduce the risk of interruption
of the electric transmission.

The results of mean value of contact force and the
maximumcontrol force are shown in Figures 20(a) and 20(b),
respectively. It can be seen that the mean value of contact
force is not largely affected by the controller, which cannot
lead to a significant additional wear of the contact wire. The
maximum control force experiences a sharp increase as the
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Figure 19: The results of standard deviation of contact force and maximum interval of separation.
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Figure 20: The results of mean value of contact force and maximum control force.

increase of the control gains (from case 0 to case 10). In
combination to the analysis of Figure 19, it can be found that a
better control performance requires a larger consumption of
the control energy. It should be noted that when the control
gains increase more than case 5, the maximum control force
begins to be more than the value of uplift force of the
pantograph, which is quite difficult to be realized in reality.

The results of percentage of contact loss and the number
of contact loss occurrences are shown in Figures 21(a) and
21(b), respectively. It can be seen that, generally, the contact
loss and the number of its occurrences are decreased by the
controller. However, the trends are not strictly consistent to
the results in Figure 19. In particular the controllers with case
4 and case 6 have better performance in reducing the contact
loss of the pantograph-catenary system compared to others.

4.3. Comparison with an Existing Controller. Reference [27]
used a PID control strategy on EN 50318 reference model of
pantograph-catenary system based on a minimum variance

principle without any external disturbances and achieved a
10% reduction in the contact force variance.The controller in
that work was comprised of a positive proportion gain and
a positive integration gain. The maximum control force in
that strategy was limited to no more than 100N. In order
to evaluate the efficiency of the proposed control strategy in
this paper, the same reference model in EN 50318 is adopted
and the comparison of the control performance with [27]
is conducted. In the simulation, the proportional switching
law is utilized and the control gains are chosen as 𝛼 = 0.9
and 𝛽 = −6 × 10−4, which can guarantee that the range of
control force is consistent with those in [27]. The results of
the contact force are shown in Figure 22(a) and those of the
control force are shown in Figure 19(b). A statistical analysis
finds that the contact force variance decreases from 1314N2
(without control) to 940N2 (with control). The reduction of
the contact force variance reaches more than 25%, which is
significantly better than the previous result.



14 Shock and Vibration

Case
0 1 2 3 4 5 6 7 8 9 10

0

2

4

6

8

10

12

14

16
Pe

rc
en

ta
ge

 o
f c

on
ta

ct
 lo

ss
 (%

)

(a) Percentage of contact loss
Case

0 1 2 3 4 5 6 7 8 9 10
0

1

2

3

4

5

6

7

8

N
um

be
r o

f c
on

ta
ct

 lo
ss

 o
cc

ur
re

nc
e

(b) Number of contact loss occurrences

Figure 21: The results of Percentage of contact loss and number of contact loss occurrences.
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Figure 22: Results of the contact force and control force with EN 50318 reference model.

5. Conclusions and Future Works

In this paper, a pantograph-catenary interactionmodel under
a strong stochastic wind field is constructed based on a
nonlinear finite element procedure. In order to decrease the
fluctuation in contact force and reduce the loss of contact
under a strong wind field, a sliding mode control strategy
with a PD sliding surface is presented. The transfer function
between the contact force and the pantograph head veloc-
ity (called mechanical impedance) is established. A proper
sliding surface is defined to guarantee that the mechanical
impedance of pantograph head decreases at the dominant
frequencies of the contact force when the sliding surface
approaches zero. Then the proportional switching controller
with several sets of control gains and the constant switching
controller are presented in the numerical simulations under

the stochastic wind field with different wind speeds and
angles of attack.The results indicate that the proposed control
strategy has a good performance in decreasing the contact
force fluctuation and the contact loss under strong wind field.
The best results are obtained using the proportional switching
law with a set of large control gains. However a better
control performance needs a larger consumption of actuation
energy. Through the comparison with the current literature,
the proposed control strategy shows a better performance
in decreasing the contact force variance (25%) compared to
previous method (10%).
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