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The seismic response control of multistory frame structures using optimally placed viscoelastic dampers (VEDs) within
consideration of soil-structure interaction (SSI) effect is investigated in this paper.The system is assumed to be elastic and responses
of the system are obtained in frequency domain for stationary random seismic excitations. The optimal designs of VEDs in
structures are achieved through genetic algorithm (GA) by minimizing the maximum response quantities of the system for a
determined total amount of viscoelastic material. Two typical elastic multistory frame structures with different soil types and
foundation embedment ratios are considered to demonstrate the optimization process. It is shown that the VEDs have the best
control of the structural response for fixed base condition and the control efficiency decreases as the soil becomes softer. The
optimal placement types of VEDs for different soil types differ from each other. With the decrease of soil stiffness, the optimal
locations of VEDs have a tendency to shift to top floors.

1. Introduction

In order to attain a high level of structural vibration control,
various types of energy dissipation devices such as viscoelas-
tic dampers (VEDs), viscous fluid dampers, and friction
dampers have received considerable attention in recent years.
Among the available devices, the VED has been successfully
used in several buildings for the effective reduction of wind
or earthquake induced vibrations.

Theproperties of VED, such as the behavior of energy dis-
sipation mechanism or the dynamic stiffness, are frequency
and temperature dependent, which are commonly defined in
terms of experimentally obtained storage and loss modules.
A more in-depth understanding of the dynamic behavior is
required for the vibration analysis of structures supplemented
with VEDs. In the past, several rheological models were
proposed to describe the dynamic behavior of VEDs, such
as the classical Maxwell model, Kelvin model, and the
fractional-derivative model. These models are presented by
Chang [1], Lewandowski [2], and other researchers.

The dynamic analyses of structures equipped with
VEDs are presented in many papers; both analytical and

experimental studies have shown that a significant reduction
in structural response excited by earthquake motions can be
achieved by adding VEDs to the structure. Zhang and Soong
[3], Chang andLin [4], andHwang et al. [5] have reported that
the VEDs can greatly reduce the seismic induced structural
vibrations through the numerical examples. Researches by
Tsai and Lee [6] and Lai et al. [7] have shown that VEDs are
suitable for seismicmitigation of buildings. Extensive shaking
table studies have revealed that the VEDs are very effective
in reducing vibrations of structures due to mild and strong
earthquakes for both steel and reinforced concrete structures
at various environmental temperatures (Chang et al. [8] and
Shen and Soong [9]).

Optimization analysis about structures with VEDs, inclu-
ding parameter and location optimization of VEDs in the
structure, is an important problem from a practical point of
view. In one case, the problem has been studied for idealized
configuration of structures by Ashour [10]. A multistory
building with identical properties at every story has been
modeled as a uniform shear beam; optimal damper location
is acquired to conform to the pattern of distribution that
will result in maximizing the first mode damping ratio.
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A similar problem has been studied with regard to the active
structural control by Chang and Soong; the optimal location
of the dampers was obtained by minimizing a performance
index of modal response [11]. Later, Zhang and Soong [3]
extended the controllability index method to address the
damper location problem, leading to a sequential procedure
for the optimal placement of VEDs. Shukla and Datta [12]
obtained the optimal locations of VEDs with the help of
a controllability index, which is defined by the root-mean-
square value of interstory drift.

Nevertheless, due to the complicated seismic analysis of
structures considering soil-structure interaction (SSI) effect,
most of the studies are carried out based on the assumption
of rigid foundation. The researches conducted by Veletsos
and Meek [13], Avilés and Pérez-Rocha [14], and Medina et
al. [15] demonstrate that the SSI effect significantly modifies
the structural dynamic characteristics and then influences
the seismic response performance of the whole structure.
Besides, the performance of VED is closely related to the
dynamic characteristics of the structure, especially the struc-
tural frequencies, and thus it will be inevitably influenced
by the SSI effect. Conversely, the stiffness and damping
changes of the system induced by VEDs will affect the soil-
structure interaction and vice versa. Accordingly, the seismic
analysis of the soil-foundation-structure-damper system is
a relatively complicated coupling problem. The assumption
of rigid foundation may result in analytical inaccuracy and
considerable deviation from the original design objective if
the structures equipped with VEDs are located on relatively
soft foundations. The optimal locations of VEDs in struc-
tures considering SSI effect may also be different from the
optimization results based on rigid foundation assumptions.
However, to the authors’ knowledge, there are very few
studies in scientific literatures focusing on the problem of
optimal design of VEDs in structures considering the SSI
effect.

The work in this paper is targeted at evaluating the
SSI effect on the performance of VEDs and at finding the
optimal placement of VEDs in the elastic frame structure.
Because earthquakes are random phenomena, a stochastic
procedure is used for evaluating the seismic response of
the system. The free-field earthquake excitation is assumed
to be stationary with mean value of zero and the effective
input power spectral density function (PSDF) is obtained
by modifying the free-field PSDF based on the kinematic
interaction effect between soil and foundation. A genetic
algorithm (GA) is used as a numerical searching technique
to find the optimal locations of VEDs for a determined
total amount of viscoelastic material. Finally, two typical
earthquake excited elastic multistory frame structures with
different foundation embedment ratios and soil types are
considered to demonstrate the numerical optimal procedure.

2. Simplified Model of Multistory Building
with VEDs considering the SSI Effect

Consider linear elastic 𝑁 degree-of-freedom frame struc-
tures containing VEDs supported by circular foundations
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Figure 1: The model of frame structure with VEDs supported by
embedment foundation.

embedded in the homogeneous viscoelastic and isotropic
half-space as shown in Figure 1. The seismic response of
the system can be studied using a substructure method, in
which the model is subdivided into building-cap superstruc-
ture and soil-foundation system. According to Kausel and
Roesset [16], the solution of the problem can be broken
into three steps: the first step (kinematic interaction) is to
determine themotion ofmassless foundationwhen subjected
to the free-field motion; the next step is to determine the
foundation impedance values, which are complex-valued
frequency-dependent functions that represent the stiffness
and damping of the soil in horizontal, rocking, and cross-
coupled horizontal-rocking vibration, respectively; finally,
the last step consists in the computation of the response
at each frequency of the structure subjected to the motion
computed in the first step.

2.1. Fractional-Derivative Maxwell Model for VED. The con-
stitutive behavior of VED might be dependent upon the
frequency, temperature, and amplitude. However, a mathe-
matical model considering all these effects is very difficult
to achieve. Therefore, for practical applications, isothermal
conditions are usually considered in the simulation condi-
tions. So,manymathematical constitutivemodels ofVED just
consider the frequency-dependent constitutive behavior.The
five-parameter fractional-derivative Maxwell model (FDM)
is used in this paper to demonstrate the general frequency-
dependent constitutive behavior of VED. The model was
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proposed by Makris and Constantinou [17] and validated by
dynamic testing; very good agreement between the predicted
and experimental results was obtained over a wide range
frequency.

The linear dynamic properties of materials in the fre-
quency domain are characterized by the complex modulus,

and the relationship between force amplitude �̂�(𝜔) and
displacement amplitude �̂�(𝜔) is as follows:�̂� (𝜔) = [𝐺1 (𝜔) + 𝑖𝐺2 (𝜔)] �̂� (𝜔) , (1)

where 𝐺1(𝜔) and 𝐺2(𝜔) are the frequency-dependent storage
and loss stiffness of the damper, respectively, given as follows:

𝐺1 (𝜔) = 𝑘0 [1 + 𝑏0𝜔𝛽 cos (𝛽𝜋/2)] + 𝑐0𝜔𝛼 [cos (𝛼𝜋/2) + 𝑏0𝜔𝛽 cos (((𝛼 − 𝛽) /2) 𝜋)]1 + 𝑏02𝜔2𝛽 + 2𝑏0𝜔𝛽 cos (𝛽𝜋/2)
𝐺2 (𝜔) = −𝑏0𝑘0𝜔𝛽 sin (𝛽𝜋/2) + 𝑐0𝜔𝛼 [sin (𝛼𝜋/2) + 𝑏0𝜔𝛽 sin (((𝛼 − 𝛽) /2) 𝜋)]1 + 𝑏02𝜔2𝛽 + 2𝑏0𝜔𝛽 cos (𝛽𝜋/2) . (2)

The loss factor can be calculated by the following equa-
tion:

𝜂 (𝜔) = 𝐺2 (𝜔)𝐺1 (𝜔) . (3)

The damping coefficient to a specific excitation frequency
is defined as follows:

𝑐 (𝜔) = 𝐺2 (𝜔)𝜔 . (4)

The undetermined parameters in (2) can be obtained
by fitting the experimental results. A total of 26 tests were
conducted by Makris and Constantinou [17] in the range
of 0.01–50Hz at a fixed room temperature (about 25∘).
Parameter 𝛼 was set equal to unity, and parameters 𝑏0 and 𝛽
were determined in a least-square fit of the elastic stiffness
curve, which is defined as the square root of the sum of
squares of storage and loss stiffness. Constant 𝑐0 was then
found by fitting the damping coefficient curve, which is
described as (4). Finally, the obtained parameters are 𝑘0 =0N/m, 𝑐0 = 15 kN/m, 𝑏0 = 0.3 s0.6, 𝛼 = 1, and 𝛽 = 0.6,
and good agreement is achieved between the model and the
test results. The frequency-dependent storage, loss stiffness,
and damping coefficient are shown in Figure 2. The force-
displacement loops for different excitation frequencies are
shown in Figure 3.

The FDM has been widely used in engineering. Sun and
Chen [18] have used the above parameters for the parametric
study of free vibration of a taut cable with general viscoelastic
dampers by altering 𝑐0 while keeping other parameters
constant. The FDM can also be applied to simulate the
constitutive relation of other viscoelastic dampers such as
Taylor devices, Jarett dampers, and HF2V dampers by fitting
the five undetermined parameters through the experiment
data in practical engineering.

2.2. Equilibrium Equations of the System. If the superstruc-
ture is equipped with only one VED denoted as the damper
number 𝑖, which is mounted between two successive stories

𝑗 and 𝑗 + 1, then the force interaction vector F(𝑡) could be
written in the following form:

F (𝑡) = F𝑖 (𝑡) = [0, . . . , 𝐹𝑗 = 𝑓𝑖, 𝐹𝑗+1 = −𝑓𝑖, . . . , 0]𝑇
= L𝑖
𝑇𝑓𝑖 (𝑡) , (5)

where L𝑖 = [0, . . . , 𝐿 𝑖 = 1, 𝐿 𝑖+1 = −1, . . . , 0] is the 𝑖th damper
allocation vector of dimension 𝑁 × 1 and 𝑓𝑖(𝑡) is the damper
force in time domain.

For a structure with 𝑚 dampers, the force interaction
vector is given as follows:

F (𝑡) = 𝑚∑
𝑖=1

F𝑖 (𝑡) = 𝑚∑
𝑖=1

L𝑖
𝑇𝑓𝑖 (𝑡) . (6)

Equation (6) can be written in frequency domain by
Fourier transformation:

F (𝜔) = 𝑚∑
𝑖=1

F𝑖 (𝜔) = 𝑚∑
𝑖=1

L𝑖
𝑇𝑓 (𝜔)

= 𝑚∑
𝑖=1

L𝑖
𝑇 [𝐺1 (𝜔) + 𝑖𝐺2 (𝜔)] cos2𝜃0L𝑖u (𝜔) , (7)

where u(𝜔) represents the Fourier transform of the structural
displacement and 𝜃0 represents the installation angle of the
VED.

The governing equations of motion in the frequency
domain for the case where soil and structure behave linearly
are given as follows:

{−𝜔2 [M] + 𝑗𝜔 [C] + [K]}U (𝜔)
= − [M] {Γ ⋅ 𝐻𝑢 (𝜔) + 𝛾 ⋅ 𝐻𝜙 (𝜔)} �̈�𝑔 (𝜔) , (8)

where U(𝜔) = {u(𝜔), 𝑢0(𝜔), 𝜙0(𝜔)}𝑇 is the displacement vec-
tor of the system that consists of the structural displacement
u(𝜔) and the translation and rocking motions of the founda-
tion 𝑢0(𝜔) and 𝜙0(𝜔); the symbol 𝑗 = √−1 and𝜔 indicates the
excitation frequency; �̈�𝑔(𝜔) represents the free-field ground
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Figure 2: Stiffness and damping coefficient of the FDM.

motion. The general mass, stiffness, and damping matrices[M], [K], and [C] in (8) are given by

[M] = ( M𝑠 M𝑠𝜓 M𝑠Λ

𝜓𝑇M𝑠 𝑀𝑇 𝐸𝑇
Λ𝑇M𝑠 𝐸𝑇 𝐼𝑇 ) ,

[K] = (K𝑠 + K𝑑 0 00 𝐾ℎℎ 𝐾ℎ𝑟0 𝐾𝑟ℎ 𝐾𝑟𝑟) ,
[C] = (C𝑠 + C𝑑 0 00 𝐶ℎℎ 𝐶ℎ𝑟0 𝐶𝑟ℎ 𝐶𝑟𝑟) ,

(9)

where

𝐸𝑇 = 𝑚0𝐸2 + 𝑛∑
𝑖=1

M𝑠 (𝑖, 𝑖) ⋅ Λ (𝑖) ,
𝑀𝑇 = 𝑚0 + 𝑛∑

𝑖=1

M𝑠 (𝑖, 𝑖) ;
𝐼𝑇 = 𝑚0 ( 𝐸2 )2 + 𝐼0 + 𝑛∑

𝑖=1

[M𝑠 (𝑖, 𝑖) ⋅ Λ2 (𝑖) + 𝐼𝑖] ;
K𝑑 (𝜔) = 𝑚∑

𝑖=1

L𝑖
𝑇𝐺1 (𝜔) cos2𝜃0L𝑖,

C𝑑 (𝜔) = 𝑚∑
𝑖=1

L𝑖
𝑇𝐺2 (𝜔)𝜔 cos2𝜃0L𝑖;
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Figure 3: The force-displacement loop of FDM.

Γ = {0𝑛×1 1 0}𝑇 ,
𝛾 = {0𝑛×1 0 1}𝑇 .

(10)

M𝑠, K𝑠, and C𝑠 are the mass, stiffness, and damping
matrices of the superstructure, respectively. 𝐼𝑖 is the mass
moment of inertia of the 𝑖th story level. The foundation is
treated as a rigid cylinder of radius 𝑅, embedment depth 𝐸,
mass 𝑚0, and mass moment of inertia 𝐼0. The coefficients𝐾ℎℎ, 𝐾ℎ𝑟, and 𝐾𝑟𝑟 are the frequency-dependent foundation
stiffness and 𝐶ℎℎ, 𝐶ℎ𝑟, and 𝐶𝑟𝑟 are the frequency-dependent
radiation damping coefficient. The impedance functions of
the embedment foundation used in this paper are calcu-
lated by the method proposed by Novak and Sachs [19]. 𝜓
represents the column vector where each element is unity
and Λ is the column vector of bottom foundation to story
heights. 𝐻𝑢(𝜔) and 𝐻𝜙(𝜔) represent the transfer function of
the translational and rocking component of the foundation
input motion.

2.3. The Effective Input Power Spectrum Density. In earth-
quake engineering, the earthquake excitation is usually char-
acterized by the well-known Kanai-Tajimi filtered white-
noise spectrum [20], which is given by

𝑆𝑔 (𝜔) = 1 + 4𝜉2𝑔 (𝜔/𝜔𝑔)2[1 − (𝜔/𝜔𝑔)2]2 + 4𝜉2𝑔 (𝜔/𝜔𝑔)2 𝑆0, (11)

where 𝑆0 is the spectrum of white-noise bedrock acceleration
and 𝜔𝑔 and 𝜉𝑔 are the resonant frequency and damping ratio
of the soil.

However, the Kanai-Tajimi model exaggerates the energy
of low frequency vibration, which may cause unreasonable
results. Some researchers [21, 22] have proposedmodification
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methods. Hu introduced a cut frequency parameter 𝜔𝑐 to
modify the Kanai-Tajimi model:

𝑆𝑔 (𝜔) = 1 + 4𝜉2𝑔 (𝜔/𝜔𝑔)2[1 − (𝜔/𝜔𝑔)2]2 + 4𝜉2𝑔 (𝜔/𝜔𝑔)2 ⋅ 𝜔6𝜔6 + 𝜔6𝑐 𝑆0. (12)

𝑆0 can be obtained by the following equation:

𝑆0 = 𝑎2max𝑓2𝜔𝑒 , (13)

where 𝑎max represents the peak value of input acceleration;𝑓 represents peak factor; 𝜔𝑐 denotes the spectral area when𝑆0 = 1, which is given by𝜔𝑒
= ∫∞
0

1 + 4𝜉2𝑔 (𝜔/𝜔𝑔)2[1 − (𝜔/𝜔𝑔)2]2 + 4𝜉2𝑔 (𝜔/𝜔𝑔)2 ⋅ 𝜔6𝜔6 + 𝜔6𝑐 𝑑𝜔. (14)

The covering soil on the bedrock is considered as the
homogeneous viscoelastic and isotropic half-space as men-
tioned previously, and thus the resonant frequency of the soil
can be easily obtained:

𝜔𝑔 = 𝜋𝑉𝑠2𝐻 , (15)

where 𝐻 denotes the height from the soil surface to the
bedrock and 𝑉𝑠 denotes the shear velocity of the soil.

The damping ratio of field soil is a relatively complicated
problem. According to the previous study, 𝜉𝑔 varies in the
range 0.64∼0.9 for different site categories determined by
the equivalent shear velocity of soil and the overburden
thickness. For the sake of simplicity, the damping ratio 𝜉𝑔
used in this paper is defined as follows: when 𝑉𝑠 = 500m/s,𝜉𝑔 = 0.64; when 𝑉𝑠 = 100m/s, 𝜉𝑔 = 0.9; the intermediate range
is obtained by linearization technique.

Figure 4 gives the PSDF of the free field with different
shear velocity of soil, overburden thickness 𝐻 = 40m, peak
input acceleration 𝑎max = 35 gal, and cut frequency 𝜔𝑐 =
1.7 rad/s. For different soil conditions, the value of peak factor𝑓 is almost the same according to Liu and Fang [23], and𝑓 = 3 is considered herein for all cases.

In the evaluation of seismic response for structures
considering SSI effect, the base-slab motion is commonly
assumed to match the free-field motion. However, the actual
base-slab motions deviate from free-field motions as a result
of soil-foundation kinematic interaction. The presence of
stiff foundation elements on or in the soil causes foundation
motions to deviate from free-field motions as a result of
groundmotion incoherence, wave inclination.The kinematic
effects are often described by a frequency-dependent transfer
function relating the free-field motion to the foundation
input motion (FIM), which is themotion that would be expe-
rienced by the foundation if it and the supported structure
are massless. The FIM consists of translational and rotational
components. Translational motions are reduced relative to
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Figure 4:The PSDF of free field for different shear velocities of soil.

the free field, primarily in the horizontal components. The
rotational components are introduced as a result of variations
in ground motion along the foundation due to inclined or
incoherent waves. For simplifying the analysis, the kinematic
interaction mechanism is considered as a low pass filter
which reduces the translational component of the free-field
motion but generates rocking and torsional component. If the
propagating mechanism is considered as vertically propagat-
ing plane shear waves only, the torsional component can be
neglected. The Fourier amplitude relationships between the
free-field displacement 𝑈𝑓𝑔 and the translational and rocking
component (denoted as 𝑈𝑓

ℎ
and 𝑈𝑓𝑟 , resp.) are simply defined

by Harada et al. [24] as follows.

The Translational Component

𝑈𝑓
ℎ

= 𝑈𝑓𝑔 {{{{{
[ sin (𝜔𝐸/𝑉𝑠)𝜔𝐸/𝑉𝑠 ]2 𝜔 ≤ 𝜔𝑛0.405 𝜔 > 𝜔𝑛. (16)

The Rocking Component

If 𝜔 ≤ 𝜔𝑛,𝑈𝑓𝑟
= 𝑈𝑓𝑔𝑅 {{{{{{{

0.4 𝐸𝑅 (1 − cos𝜔𝐸𝑉𝑠 ) 𝐸𝑅 ≤ 1
(0.405 − 0.05 𝐸𝑅 ) (1 − cos𝜔𝐸𝑉𝑠 ) 𝐸𝑅 > 1

}}}}}}} . (17)

If 𝜔 > 𝜔𝑛,
𝑈𝑓𝑟 = 𝑈𝑓𝑔𝑅 {{{{{

0.4 𝐸𝑅 𝐸𝑅 ≤ 1
0.405 − 0.05 𝐸𝑅 𝐸𝑅 > 1

}}}}} , (18)

where 𝜔𝑛 = 𝜋𝑉𝑠/2𝐸.
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According to the relationship between power spectrum
density function and the Fourier spectrum function, the
PSDF of the translational and rocking PSDF component 𝑆𝐻
and 𝑆𝑅 can be easily obtained through the above equations.
Figures 5 and 6 give the translational and rocking PSDF
component when 𝑉𝑠 = 200m/s; five different embedment
ratios are considered (𝐸/𝑅 = 0.2, 0.4, 0.6, 0.8, and 1, resp.).
As illustrated by the figures, with the increase of foundation
embedment ratio, the kinematic interaction between founda-
tion and soil is more obvious. The horizontal component in
high frequency range decreases compared with the free-field
PSDF, meanwhile generating rotational component.

2.4. The Response of the System. The pseudo-excitation
algorithm is used to obtain the structural response. The

earthquake random excitations can be converted to a series
of harmonic excitations.The pseudo-excitation is constituted
as follows: �̈�𝑔 (𝑡) = √𝑆𝑔 (𝜔)𝑒𝑖𝜔𝑡. (19)

Equation (8) can also be written in the following form:

H0 (𝜔)U (𝜔) = {Γ ⋅ 𝐻𝑢 (𝜔) + 𝛾 ⋅ 𝐻𝜙 (𝜔)} �̈�𝑔 (𝜔) , (20)

in which

H0 (𝜔) = {−𝜔2 [I] + 𝑖𝜔 [C] [M]−1 + [K] [M]−1}−1 . (21)

Then, the mean square response value of the system can
be obtained by the following expressions.

TheMean Square Response Value of Story Displacement

𝜎2𝑈𝑗 = 𝜎2𝑢𝑗 + 𝜎2𝑢𝑏 + ℎ2𝑗𝜎2𝑢𝑟 , (22)

where

𝜎2𝑢𝑗 = ∫∞
0

H0 (𝜔)𝑗,𝑛+12 𝑆𝐻 (𝜔)
+ H0 (𝜔)𝑗,𝑛+22 𝑆𝑅 (𝜔) 𝑑𝜔

𝜎2𝑢𝑏 = ∫∞
0

H0 (𝜔)𝑛+1,𝑛+12 𝑆𝐻 (𝜔)
+ H0 (𝜔)𝑛+1,𝑛+22 𝑆𝑅 (𝜔) 𝑑𝜔

𝜎2𝑢𝑟 = ∫∞
0

H0 (𝜔)𝑛+2,𝑛+12 𝑆𝐻 (𝜔)
+ H0 (𝜔)𝑛+2,𝑛+22 𝑆𝑅 (𝜔) 𝑑𝜔.

(23)

The Mean Square Response Value of Story Absolute Accelera-
tion 𝜎2𝐴𝑗 = 𝜎2𝑎𝑗 + 𝜎2𝑎𝑏 + ℎ2𝑗𝜎2𝑎𝑟 + 𝑆𝐻 (𝜔) + 𝑆𝑅 (𝜔) ℎ2𝑗 , (24)

where

𝜎2𝑎𝑗 = − ∫∞
0

𝜔2 H0 (𝜔)𝑗,𝑛+12 𝑆𝐻 (𝜔)
+ 𝜔2 H0 (𝜔)𝑗,𝑛+22 𝑆𝑅 (𝜔) 𝑑𝜔

𝜎2𝑎𝑏 = − ∫∞
0

𝜔2 H0 (𝜔)𝑛+1,𝑛+12 𝑆𝐻 (𝜔)
+ 𝜔2 H0 (𝜔)𝑛+1,𝑛+22 𝑆𝑅 (𝜔) 𝑑𝜔

𝜎2𝑎𝑟 = − ∫∞
0

𝜔2 H0 (𝜔)𝑛+2,𝑛+12 𝑆𝐻 (𝜔)
+ 𝜔2 H0 (𝜔)𝑛+2,𝑛+22 𝑆𝑅 (𝜔) 𝑑𝜔.

(25)
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TheMean Square Response Value of Interstory Drift

For 𝑗 = 1,
𝜎2𝜃𝑗 = 1ℎ20 ∫∞

0

H0 (𝜔)𝑗,𝑛+12 𝑆𝐻 (𝜔)
+ H0 (𝜔)𝑗,𝑛+22 𝑆𝑅 (𝜔) 𝑑𝜔 + ℎ2𝑗ℎ20
⋅ ∫∞
0

H0 (𝜔)𝑛+2,𝑛+12 𝑆𝐻 (𝜔)
+ H0 (𝜔)𝑛+2,𝑛+22 𝑆𝑅 (𝜔) 𝑑𝜔.

(26)

For 𝑗 = 2, 3, . . . , 𝑁,

𝜎2𝜃𝑗 = 1ℎ20 ∫∞
0

H0 (𝜔)𝑗,𝑛+1 − H0 (𝜔)𝑗−1,𝑛+12 𝑆𝐻 (𝜔)
+ H0 (𝜔)𝑗,𝑛+2 − H0 (𝜔)𝑗−1,𝑛+22 𝑆𝑅 (𝜔) 𝑑𝜔
+ ℎ2𝑗 − ℎ2𝑗−1ℎ20 ∫∞

0

H0 (𝜔)𝑛+2,𝑛+12 𝑆𝐻 (𝜔)
+ H0 (𝜔)𝑛+2,𝑛+22 𝑆𝑅 (𝜔) 𝑑𝜔.

(27)

According to the random vibration theory, for a station-
ary random process with mean value of zero, the maximum
statistical value of the structural response can be evaluated by
the following expressions:

𝜇𝑈𝑗 = [√2 ln (V𝑇) + 0.5772√2 ln (V𝑇) ] 𝜎𝑈𝑗
𝜇𝐴𝑗 = [√2 ln (V𝑇) + 0.5772√2 ln (V𝑇) ] 𝜎𝐴𝑗
𝜇𝜃𝑗 = [√2 ln (V𝑇) + 0.5772√2 ln (V𝑇) ] 𝜎𝜃𝑗 ,

(28)

where 𝜇𝑈𝑗 , 𝜇𝐴𝑗 , and 𝜇𝜃𝑗 are the maximum statistical value
of displacement, acceleration, and drift of the 𝑗th floor,
respectively. 𝑇 is the duration of earthquake and V is the zero
crossing rate, which can be obtained by

V = 1𝜋 ( 𝜆2𝜆0)1/2 , (29)

where 𝜆0 and 𝜆2 are the zero- and second-order spectral
moment.

Table 1: Characteristics of structures.

Story 10 floors 20 floors
Stiffness (MN/m) Period Stiffness (MN/m) Period

1 537 0.719 1280 1.030
2 473 0.265 1280 0.389
3 435 0.164 970 0.237
4 408 0.121 923 0.172
5 404 0.098 846 0.135
6 320 0.083 792 0.111
7 298 0.073 748 0.096
8 289 0.067 710 0.085
9 244 0.060 710 0.076
10 191 0.054 680 0.070
11 — — 612 0.066
12 — — 577 0.061
13 — — 543 0.057
14 — — 485 0.054
15 — — 441 0.051
16 — — 413 0.048
17 — — 409 0.045
18 — — 320 0.042
19 — — 298 0.039
20 — — 289 0.035

3. Optimal Locations of VEDs

The optimal design of VEDs in structures considering SSI
effect under random earthquake excitation is illustrated using
two typical frame structures originating from the actual
project. The basic properties of the structures are listed in
Table 1. The height of each floor and the bay width of the
frame are taken as 3.6m and 10m, respectively. For 10-story
structures, three cases of embedment ratios (𝐸/𝑅 = 1/3, 2/3,
and 1) and one foundation radius (𝑅 = 7.5m) are considered;
for 20-story structures, also three cases of embedment ratios
(𝐸/𝑅 = 1/3, 2/3, and 1) are considered but with a larger
foundation radius (𝑅 = 15m). Mass of each floor is 120 tons
for both structures. In all the analysis, the viscous damping
matrix of the superstructure is assumed to be proportional
to the mass and stiffness metrics of the frame structure. The
first two modal damping ratios are set to be 0.05. Five types
of site classes are considered (𝑉𝑠 = 150m/s, 200m/s, 250m/s,
300m/s, and 400m/s). Poisson’s ratio of soil 𝜐𝑠 = 1/3 and the
mass density 𝜌𝑠 = 1700 kg/m3.

The response quantities of interest are the maximum
statistical response values of displacement, absolute acceler-
ation, and interstory drifts of structures with and without
VEDs. The energy dissipation effect can be evaluated by
the reduction ratio 𝑅0, which is defined as the maximum
statistical response values of the structure with VEDs divided
by the maximum statistical response values of the structure
without VEDs. Therefore, the damping effect is better for
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smaller value of 𝑅0. The structural drift reduction ratio 𝑅𝜃,
displacement reduction ratio𝑅𝑑, absolute acceleration reduc-
tion ratio 𝑅𝑎, and the mean response quantities reduction
ratio 𝑅mean are defined by the following:

𝑅𝜃 = max {𝜇𝜃𝑗}VED
max {𝜇𝜃𝑗}No-VED

𝑅𝑑 = max {𝜇𝑈𝑗}VED
max {𝜇𝑈𝑗}No-VED

𝑅𝑎 = max {𝜇𝐴𝑗}VED
max {𝜇𝐴𝑗}No-VED𝑅mean = 𝑅𝑎 + 𝑅𝑑 + 𝑅𝜃3 .

(30)

In order to primarily determine the total amount of VED
for optimal design, the damper is firstly uniformly distributed
along the height of the structure. For each floor, the amount
of viscoelastic material is the same. The parameter 𝑐0 of the
VEDplays a leading role in the damping forces of the damper,
which can be gradually changed by altering the shear area 𝐴
and shear thickness 𝑑 of the damper. Thus, in the following
analysis, the parameter 𝑐0 is considered as an optimization
variable. Figures 7 and 8 give the variations of 𝑅𝜃, 𝑅𝑑, 𝑅𝑎, and𝑅mean with the change of 𝑐0 for different soil cases. In these
pictures, 𝑐0 represents the amount of viscoelastic material
for each floor. The embedment ratio 𝐸/𝑅 = 1. The peak
acceleration of input earthquake is 35 gal.

It is indicated by these figures that, with the increase of𝑐0, the reduction ratios of drifts, displacement, and absolute
acceleration decrease for all soil types. The VEDs have the
best control of the structural response for structures resting
on fixed bases, and the control efficiency ofVEDs deteriorates
within the consideration of SSI effect. The decreased degree
of the control efficiency is higher as the soil becomes softer.

As illustrated in Figure 7, when 𝑐0 = 1.5 × 104 kN/m,
approximately 50% the mean response reduction 𝑅mean is
obtained for fixed base cases; however, the corresponding
reduction is only about 85% for a rather soft soil condition
(𝑉𝑠 = 150m/s) when SSI effect is taken into consideration.

The foundation embedment ratio is an important factor
that has a significant influence upon the effect of soil-
structure interaction, and thus the performance of VEDs will
then be affected. Figures 9 and 10 depict the mean reduction
ratio 𝑅mean for three embedment ratios (𝐸/𝑅 = 1/3, 2/3, and 1,
resp.) with different soil types.

The figures reveal that the efficiency of theVEDs is closely
related to the foundation embedment; with the increase of
foundation embedment ratio, stronger soil-structure inter-
action effect occurs, and the control effect of the VEDs
dependently decreases. The difference of reduction ratio
between the three embedment ratio cases is the largest when𝑉𝑠 = 150m/s, where the soil-structure interaction effect is

the most remarkable. With the increase of soil stiffness, the
difference gradually decreases. For 20-story structures, the
difference between the three different embedment ratios is
more significant than that of 10-story structures, owing to the
fact that the SSI effect is more intense for taller structures.

These observations above are used as initial design
parameters for structural response control, and then the
total amount of viscoelastic material decided for a certain
reduction ratio is redistributed to find the best placement
schemes where the minimum value of 𝑅mean is achieved. For
example, a tentative maximum reduction value of 𝑅mean =
70% is achieved when 𝑐0 = 2.9 × 104 kN/m of each floor for𝑉𝑠 = 150m/s as illustrated in Figure 7. Thus, the total amount
of viscoelastic material to be redistributed for optimal design
of the 10-story structure is computed as 𝐶𝑇 = 2.9 × 105 kN/m.

The problem of location optimization of VEDs can be
defined as a procedure of finding theminimumvalue of𝑅mean
with variations of 𝑐0 for each floor while keeping the total
amount of viscoelastic material constant.

The optimal function is defined as follows:

𝑓 (C̃) = 𝑅𝑑 (C̃) + 𝑅𝜃 (C̃) + 𝑅𝑎 (C̃)3 . (31)

The constraint condition is

𝑛∑
𝑖=1

C̃𝑖 − 𝐶𝑇 = 0
C̃𝑖 ≥ 0, (32)

where C̃ = [𝑐0,1, 𝑐0,2, . . . , 𝑐0,𝑛] and 𝐶𝑇 represents the total
amount of viscoelastic material for a determined reduction
value of 𝑅mean, which is obtained from the uniform distribu-
tion case.

Determining the optimal design variables C̃ for the
system is a very complex problem as a result of varying
dynamic properties of the system within consideration of
the SSI effect and the interaction between dampers and
the structure. Moreover, in practical applications, design
variables of VEDs may not be continuous functions. Thus,
the location optimal design of VEDs can be viewed as a
combinational optimization problem since the design space
is discrete. In principle, the optimal solution for such a
discrete problem can be found by an exhaustive enumerative
search of every possible combination of damper locations.
However, the practical implementation of this method is not
at all effective due to the large number of feasible design
combinations.

In order to effectively solve the problem, a genetic algo-
rithm (GA) is adopted as a numerical searching technique.
For the past few years, the GA introduced by Holland [25]
has been successfully applied to a wide range of engineering
applications and proved to be very effective in solving such
problems, for its features of evolutionary, multipoint, direct,
and parallel searching. The GA is an optimization technique
simulating the evolutionary process based on the principles
of natural biological evolutionary process where the stronger
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Figure 7: The reduction ratios for 10-story structures (𝐸/𝑅 = 1).
individuals are likely to be winners in a competing environ-
ment [26–28].

In a genetic algorithm, a population of candidate solu-
tions (called individuals, creatures, or phenotypes) to an
optimization problem is evolved toward better solutions.
Each candidate solution has a set of properties which can be
mutated and altered. Traditionally, solutions are represented
in binary as strings of 0s and 1s. The evolution usually starts
from a population of randomly generated individuals, which
is an iterative process, where the population in each iteration
is called a generation. In each generation, the fitness of every
individual in the population is evaluated, which is usually
the value of objective function in the optimization problem
being solved. The more fit individuals are stochastically
selected from the current population, and each individual’s
genome is modified (recombined and possibly randomly
mutated) to form a new generation. The new generation of
candidate solutions is then used in the next iteration of the
algorithm. Commonly, the algorithm terminates when either

a maximum number of generations have been produced or a
satisfactory fitness level has been reached for the population.

In this study, binary code with 0s and 1s is employed to
represent the design variables of 𝑐0. The design variables can
be encoded by mapping in a certain range using an 𝑛-bit of
binary unsigned integer and the GA starts with an initial
population, which comprises 𝑁𝑔 randomly created binary
strings.The following equation can be used to decode a string:

�̃�𝑖 = �̃�min + (�̃�max − �̃�min) 𝑏𝑖2𝑛 − 1 , (33)

where 𝑏𝑖 is the decimal integer value of binary string for �̃�𝑖.
For both 10-story and 20-story structures, 𝑅mean = 0.7

is selected as an initial target reduction. The total amount of
viscoelasticmaterial𝐶𝑇 to be redistributed for optimal design
can be obtained in Figures 7 and 8, where the embedment
ratio 𝐸/𝑅 = 1. Table 2 lists the total amount of viscoelastic
material for optimal design.
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Figure 8: The reduction ratios for 20-story structures (𝐸/𝑅 = 1).
Table 2: The total amount of viscoelastic material C𝑇 for optimal design.

Soil type 𝑉𝑠 = 150m/s 𝑉𝑠 = 200m/s 𝑉𝑠 = 250m/s 𝑉𝑠 = 300m/s 𝑉𝑠 = 400m/s Fixed base
10 floors 2.90𝐸 + 05 1.80𝐸 + 05 1.15𝐸 + 05 0.95𝐸 + 05 0.75𝐸 + 05 0.70𝐸 + 05
20 floors 9.50𝐸 + 05 6.00𝐸 + 05 4.70𝐸 + 05 3.60𝐸 + 05 3.00𝐸 + 05 2.90𝐸 + 05

In the application of GA, one population consists of 150
chromosomes (𝑁𝑔 = 150), and each chromosome of the
population is a string of size 16𝑛. Selection is based on roulette
wheel selection, the crossover operation is performed with
a crossover probability of 0.8, and mutation operates with a
mutation probability of 0.01.

For an evolutionary process, the individual strings of a
population are manipulated cyclically through three basic
operations and replacement to produce a newpopulation that
tends to have a better fitness value, namely, smaller mean
reduction ratio. The placement schemes of the VEDs will be
gradually improved as the evolutionary cycle is repeated.

Figures 11 and 12 depict the optimal design results of
VEDs with different soil types for 10-story and 20-story

structures, respectively. Figures 13 and 14 give the comparison
among the optimal results for different soil types.

It is clear from these results that the SSI effect has a
great influence on the optimal placement of VEDs. Different
soil types will lead to different optimal locations. For 10-
story structures, the optimal placement of VEDs is mainly
concentrated in the range of 4∼6 floors corresponding to
relative hard soil when 𝑉𝑠 = 400m/s; along with the decrease
of shear wave velocity of soil, the optimal placement of VEDs
has a tendency to shift to top floors; when 𝑉𝑠 = 150m/s, the
VEDs are mainly distributed in the range of 6∼10 floors. The
same phenomenon is demonstrated by the optimal locations
of VEDs in 20-story structures for different soil types. When𝑉𝑠 = 400m/s, the VEDs are mainly concentrated in the range
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Figure 9: The mean reduction ratio for structures with various
degrees of foundation embedment ratio (10-story structures).
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Figure 10: The mean reduction ratio for structures with various
degrees of foundation embedment ratio (20-story structures).

of 6∼15 floors; with the decrease of shear velocity of soil, the
optimal placement shifts to top floors; when 𝑉𝑠 = 150m/s, the
VEDs are mainly distributed in the range of 9∼18 floors.

Previous studies by other researchers have already
revealed that, with the decrease of soil stiffness, the participa-
tion of the first-order mode of the system is becoming more
and more dominant, in which the mode shape of the system
is similar to an inverse triangle and the response of each
story gradually increases along the height of the structure.
Consequently, the VEDs being arranged on higher floors
appear to be more effective as illustrated by the optimization
results.
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Figure 11:The optimal placement schemes of VEDs for different soil
types (10-story structure, 𝐸/𝑅 = 1).

The maximum responses of drifts and acceleration for
optimal and uniform placement of VEDs are compared in
Figures 15 and 16. As the figures show, the optimally placed
VEDs provide lower responses of drifts and acceleration in
comparisonwith the uniformplacement of VEDs for all cases
and the optimization effect differs for different soil types.

For 10-story structures, the maximum story drift
decreases by 10.5% and the maximum acceleration decreases
by 12.1% when 𝑉𝑠 = 200m/s after optimization; with the
increase of soil stiffness, the decreasing degree increases
gradually; for fixed base condition, the decreasing degrees
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Figure 12:Theoptimal placement schemes ofVEDs for different soil
types (20-story structure, 𝐸/𝑅 = 1).
of maximum drift and acceleration are 21.6% and 18.2%,
respectively. For 20-story structures, the same control effect
of VEDs is demonstrated for different soil types. When 𝑉𝑠
= 200m/s, the maximum story drift decreases by 14.3% and
the maximum acceleration decreases by 16.5%; for fixed base
condition, the decreasing degrees of drift and acceleration
are about 19.2% and 20.5%, respectively. The distribution of
story drift is more reasonable after optimization, which leads
to a full use of viscoelastic material.

Figures 17 and 18 give the comparison of 𝑅mean between
structures with optimal and uniformdistribution of VEDs for
the same total viscoelastic material with different soil types.
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Figure 13: The comparison of optimal placement of VEDs among
different soil types (10-story structure).
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Figure 14: The comparison of optimal placement of VEDs among
different soil types (20-story structure).

It can be seen from the pictures that the optimal place-
ment of VEDs provides lower reduction ratio than that of
the uniform placement schemes for all soil types. With the
increase of soil stiffness, the degree of reduction gradually
increases and the minimum reduction is achieved for the
fixed base condition, where the soil stiffness is assumed
to be infinity. The reduction extent between the 10-story
and 20-story structures is also different for the same soil
conditions. For 10-story structures, when 𝑉𝑠 = 150m/s, the
mean reduction ratio 𝑅mean drops from 0.7 to 0.68 after
location optimization; for 20-story structures, the mean
reduction ratio 𝑅mean drops from 0.7 to 0.64 after location
optimization. The results suggest that the optimization effect
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Figure 15: The comparison of structural responses for different distribution of VEDs (10-story structure).
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Figure 16: The comparison of structural responses for different distribution of VEDs (20-story structure).



Shock and Vibration 15

Optimal distribution
Uniform distribution

Fi
xe

d 
ba

se

Soil type

0.50

0.55

0.60

0.65

0.70

0.75

R
m

ea
n

=
15
0

m
/s

=
20
0

m
/s

=
25
0

m
/s

=
30
0

m
/s

=
40
0

m
/s

V
s

V
s

V
s

V
s

V
s

Figure 17: The comparison of 𝑅mean between optimal distribution
and uniform distribution of VEDs (10-story structure).
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Figure 18: The comparison of 𝑅mean between optimal distribution
and uniform distribution of VEDs (20-story structure).

is better for taller structure, where the space for location
optimization is larger.

4. Conclusions

Control of the seismic response of elastic multistory frame
structures using optimally placed VEDs within consideration
of SSI effect is investigated. Responses of the system are
obtained in the frequency domain using spectral analysis.
The free-field earthquake excitation is assumed to be sta-
tionary with mean value of zero and the effective random
foundation input motions are acquired by modifying the
free-field groundmotions based on the kinematic interaction

between soil and foundation. Different cases of soil types
and foundation embedment ratios are considered as themain
parameters that influence the SSI effect and the efficiency of
VEDs. The optimization problem is defined as a procedure
of finding the minimum reduction ratio 𝑅mean of the system
for a determined total amount of viscoelastic material and
the optimal locations of VEDs are successfully acquired with
the help of genetic algorithm. Two typical elastic multistory
frame structures are considered to demonstrate the optimiza-
tion procedure. Based on the limited numerical studies, the
following conclusions can be drawn:

(1) The VEDs have the best control of the structural
response for fixed base conditions, and the control
efficiency decreases as the soil becomes softer.

(2) Embedment ratio of foundation has a significant
influence on the performance of the VEDs. For
relative soft soil conditions, the increase of founda-
tion embedment enhances the dynamic interaction
between soil and foundation, thus reducing the effi-
ciency of VEDs.

(3) The SSI effect has a great effect on the optimal
placement of VEDs in frame structures. For relative
hard soil conditions, the optimal locations of VEDs
are more concentrated at the middle floors; with the
decrease of soil stiffness, the optimal locations have a
tendency to shift to top floors.

(4) The optimal placement schemes of VEDs provide
lower responses of the system compared with the
uniform placement schemes.With the increase of soil
stiffness, the optimization effect gradually increases.
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