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In order to cover the complexity of coding and extend the generality on the road vehicle-bridge iteration, a process to solve vehicle-
bridge interaction considering varied vehicle speed based on a convenient combination ofMatlab Simulink andANSYS is presented.
In this way, the road vehicle is modeled in state space and the corresponding motion equations are solved using Simulink. The
finite element model for the bridge is established and solved using ANSYS.The so-called inter-history iteration method is adopted
to realize the interaction between the vehicle model and the bridge model. Different from typical method of road vehicle-bridge
interaction in the vertical direction, a detailed longitudinal force model is set up to take into account the effects of varied vehicle
speed. In the force model, acceleration and braking of the road vehicle are treated differently according to their mechanical nature.
In the case studies based on a simply supported beam, the dynamic performance of the road vehicle and the bridge under varied
vehicle speeds is calculated and discussed. The vertical acceleration characteristics of the midpoint of beam under varied vehicle
speed can be grouped into two periods.Thefirst one is affected by the load transform between thewheels, and the other one depends
on the speed amplitude. Sudden change of the vertical acceleration of the beam and the longitudinal reaction force are observed as
the wheels move on or off the bridge, and the bridge performs different dynamic responses during acceleration and braking.

1. Introduction

Because of the excitation from vehicles’ wheels, a bridge will
produce dynamic deformation and vibration when a vehicle
passes on, and the dynamic responses of the bridge will affect
the dynamic performance of the vehicles in turn, that is,
the so-called vehicle-bridge interaction (VBI) problem. Early
researches on VBI were mainly focused on railway bridges.
The reason is that the coupling effects between the train and
the bridge are obvious due to the relative heavy axles of the
train. However, with the increase of the bridge span and the
axle weigh of road vehicles on highway, VBI problem for
road vehicles on highway bridges is becomingmore andmore
prominent.

In VBI, the motion equations of vehicles and bridges
need to be established firstly, and they are coupled together
by the interaction forces at the contact positions between

the vehicles and the bridge decks. In order to solve the
VBI systems, several analytical methods have been proposed.
These basic methods are applicable for both highway traffic
and railway traffic in general. Blejwas et al. [1] solved the VBI
system by adopting the Lagrange multipliers to couple the
motion equations of the vehicles and the bridges. However,
this method leads to an increase of the computational cost.
Yang and Lin [2] used the dynamic condensation method to
condense the degrees of freedom (DOFs) of the vehicle to
the associated bridge, then the integral equation of the VBI
system can be derived and solved. This method is efficient
for computing the bridge responses, but it is not adequate
for computing the vehicle responses. Li et al. [3] and Zhang
and Xia [4] divided the VBI system into two subsystems; the
motion equations of the vehicle and the bridge are established
and solved, respectively, with an iterative procedure. The
difference is that Li et al. [3] used the time-step iteration,
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while Zhang and Xia [4] used the intersystem iteration to
solve the VBI system. It should be pointed out that the
achievement of the above numerical methods for solving the
VBI problem generally requires a compilation of complex
computer programs, and the generality of these programs is
also limited to a certain extent.

In most researches on VBI, the vehicles are assumed
to move with constant speeds. Limited attention has been
paid to the effects of the longitudinal forces between the
vehicles and the bridge on the dynamic responses. Actually,
the change of the longitudinal forces caused by the change
of the vehicle speed may affect the dynamic responses of
the system. Yang and Wu [5] investigated the behavior of a
bridge subjected to a train in deceleration by using a versatile
element to treat the interaction between the vehicle and
the bridge. In their study, the longitudinal contact forces
between the wheels and the bridge were simply considered
as the product of the vertical contact forces and a friction
coefficient. Law and Zhu [6] also performed numerical
studies on the dynamic responses of bridges considering the
effects of braking. A total braking force was adopted and
several levels of the braking force were assumed in the study.
Azimi et al. [7] proposed a modified two-dimensional VBI
element, in which the effects of the vehicle acceleration are
considered as external loads acting on each part of the vehicle
masses. The responses of a bridge subjected to the vehicle
experiencing sudden deceleration were studied. Deng et al.
[8] proposed a three-dimensional vehicle-bridge coupled
model to study the dynamic impact factors for bridges due
to braking. An inertial force calculated from the vehicle mass
and the horizontal acceleration was forced on the vehicle
to consider the braking effects. In the above studies, the
interaction forces due to the change of vehicle speeds are
simplified greatly as not to express the detailed interaction
force status in the longitudinal direction, particularly for the
road vehicle.

In order to cover the complexity of VBI coding and
extend the generality, a method to solve VBI for road vehicle
based on the numerical simulation software Matlab Simulink
and the finite element software ANSYS is presented in this
paper. ANSYS and Simulink are used to solve the motion
equations of the bridge and the road vehicle, respectively.
In this method, the iterative solution procedure is achieved
by compiling a main program to link and communicate the
data in the two software packages. Therefore, not only can
the compilation of complex computer programs for solving
the VBI be avoided, but also various complex models of
bridges and vehicles can be easily established. In order to
verify the reliability of the combination of the software, a
typical example adopted by many researchers that a simply
supported beam subjected to a moving suspended rigid
beam is studied, and the results are in good agreement with
these given in Yang and Wu [5]. In order to analyze the
dynamic responses of the bridge and the vehicle with varied
vehicle speed, a vehicle model is established with detailed
longitudinal force models. Through the analysis of a simply
supported beam subjected to a vehicle with varied speeds,
the effects of the vehicle speed, acceleration, road roughness,

and bridge damping on the dynamic response of vehicle and
bridge are studied.

2. Vehicle-Bridge Interaction considering
Varied Vehicle Speed

As discussed in Section 1, typical VBI systems were mainly
focused on the dynamic performance in the vertical direc-
tion. In this section, a VBI system for highway considering
both the vertical and the longitudinal interaction forces will
be presented, after introducing the detailed longitudinal tire
forces between the vehicle and the bridge under acceleration
and braking. The VBI system is divided into the vehicle
subsystem in state space and the bridge subsystem using the
finite element method. In this way, the vehicle subsystem can
be easily modeled and solved in Simulink while the bridge
subsystem can be modeled and solved directly using Ansys.

2.1. Vehicle Subsystem in State Space. A real vehicle is a
multibody dynamic system with high complexity. In VBI, the
real vehicle should be simplified to a numerical model with a
few DOFs, which will reduce the complexity of the research
issues without affecting the accuracy of the results. Several
simplified vehicle models have already been proposed as in
Obrien et al. [9], Zhang andCai [10], Li et al. [11], Antolin et al.
[12], and Ettefagh [13]. A 7-DOF vehicle model with a vehicle
body and 4wheels is used in this study, which is similar to the
model in Crolla and Yu [14]. As shown in Figure 1, the vehicle
body and the wheels are assumed to be rigid bodies, and
the suspension system is modeled as a linear elastic system
represented by springs and dampers. The vehicle body has 3
DOFs: the displacement in the vertical direction (z-axis) and
the rotation displacements about the x-axis and y-axis. Each
wheel has a DOF: the displacement in the vertical direction
(z-axis).

Based on the D’Alambert principle, the motion equations
of the vehicle model can be expressed as

𝑚𝑏�̈�𝑏 − 𝐶𝑠 (�̇�𝑤1 − �̇�𝑏1 + �̇�𝑤2 − �̇�𝑏2 + �̇�𝑤3 − �̇�𝑏3
+ �̇�𝑤4 − �̇�𝑏4) − 𝐾𝑠 (𝑍𝑤1 − 𝑍𝑏1 + 𝑍𝑤2 − 𝑍𝑏2 + 𝑍𝑤3
− 𝑍𝑏3 + 𝑍𝑤4 − 𝑍𝑏4) = 0

(1a)

𝐼𝑦 ̈𝜃 − 𝑏 [𝐶𝑠 (�̇�𝑤3 − �̇�𝑏3 + �̇�𝑤4 − �̇�𝑏4) + 𝐾𝑠 (𝑍𝑤3
− 𝑍𝑏3 + 𝑍𝑤4 − 𝑍𝑏4)] + 𝑎 [𝐶𝑠 (�̇�𝑤1 − �̇�𝑏1 + �̇�𝑤2
− �̇�𝑏2) + 𝐾𝑠 (𝑍𝑤1 − 𝑍𝑏1 + 𝑍𝑤2 − 𝑍𝑏2)] − 𝑚𝑏ℎ𝑔𝜃
= 0

(1b)

𝐼𝑥�̈� − 𝑡𝑤 [𝐶𝑠 (�̇�𝑤1 − �̇�𝑏1 − �̇�𝑤2 + �̇�𝑏2 + �̇�𝑤3 − �̇�𝑏3
− �̇�𝑤4 + �̇�𝑏4) + 𝐾𝑠 (𝑍𝑤1 − 𝑍𝑏1 − 𝑍𝑤2 + 𝑍𝑏2 + 𝑍𝑤3
− 𝑍𝑏3 − 𝑍𝑤4 + 𝑍𝑏4)] − 𝑚𝑏ℎ𝑔𝜑 = 0

(1c)

𝑚𝑤1�̈�𝑤1 − 𝐶𝑠 (�̇�𝑏1 − �̇�𝑤1) − 𝐶𝑡 (�̇�𝑔1 − �̇�𝑤1)
− 𝐾𝑠 (𝑍𝑏1 − 𝑍𝑤1) − 𝐾𝑡 (𝑍𝑔1 − 𝑍𝑤1) = 0 (1d)
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Figure 1: Simplified vehicle model with 7 DOFs: (a) side view and (b) back view.

𝑚𝑤2�̈�𝑤2 − 𝐶𝑠 (�̇�𝑏2 − �̇�𝑤2) − 𝐶𝑡 (�̇�𝑔2 − �̇�𝑤2)
− 𝐾𝑠 (𝑍𝑏2 − 𝑍𝑤2) − 𝐾𝑡 (𝑍𝑔2 − 𝑍𝑤2) = 0 (1e)

𝑚𝑤3�̈�𝑤3 − 𝐶𝑠 (�̇�𝑏3 − �̇�𝑤3) − 𝐶𝑡 (�̇�𝑔3 − �̇�𝑤3)
− 𝐾𝑠 (𝑍𝑏3 − 𝑍𝑤3) − 𝐾𝑡 (𝑍𝑔3 − 𝑍𝑤3) = 0 (1f)

𝑚𝑤4�̈�𝑤4 − 𝐶𝑠 (�̇�𝑏4 − �̇�𝑤4) − 𝐶𝑡 (�̇�𝑔4 − �̇�𝑤4)
− 𝐾𝑠 (𝑍𝑏4 − 𝑍𝑤4) − 𝐾𝑡 (𝑍𝑔4 − 𝑍𝑤4) = 0 (1g)

where𝑚𝑏 denotes the vehicle bodymass;𝑚𝑤𝑖 (i=1,2,3,4) is the
mass of the ith wheel; 𝐼𝑥, 𝐼𝑦 are the mass moment of inertia of
the vehicle body about the x-axis, y-axis, respectively; 𝐾𝑠, 𝐾𝑡
are the vertical stiffness of each suspension spring and each
tire, respectively; 𝐶𝑠, 𝐶𝑡 are the vertical damping coefficient
of each suspension damper and each tire, respectively; a, b
are the distance between the center of mass of the vehicle and
the front and rear axles, respectively; h is the vertical distance
between the center of mass of the vehicle and each wheel; 𝜃,𝜑 are the angular displacements of the vehicle body about the
y-axis, x-axis, respectively; 𝑍𝑏 is the vertical displacement of
the vehicle body; 𝑍𝑤𝑖 (i=1,2,3,4) is the vertical displacement
of the ith wheel; 𝑍𝑔𝑖 (i=1,2,3,4) is the road surface height for
the contact position of the ith tire (equal to the sum of the
surface roughness height and the deformation of the bridge
deck); 𝑍𝑏𝑖 (i=1, 2, 3, 4) is the vertical displacement for the ith
connection position of the suspension and the vehicle body.
Assuming 𝜃, 𝜑 to be small, 𝑍𝑏𝑖 (i=1,2,3,4) can be expressed as

𝑍𝑏1 = 𝑍𝑏 + 𝑡𝑤𝜑 − 𝑎𝜃
𝑍𝑏2 = 𝑍𝑏 − 𝑡𝑤𝜑 − 𝑎𝜃
𝑍𝑏3 = 𝑍𝑏 + 𝑡𝑤𝜑 + 𝑏𝜃
𝑍𝑏4 = 𝑍𝑏 − 𝑡𝑤𝜑 + 𝑏𝜃

(2)

where 𝑡𝑤 is the half of the distance between the left and right
wheels.

In order to analyze the bridge and vehicle responses when
the vehicle is travelling with varied speed, the assumption
that the vehicle speed is constant when passing the bridge is
abandoned. The vehicle travelling acceleration is assumed to
be 𝑎𝑥. Equation (1b) is then rewritten as

𝐼𝑦 ̈𝜃 − 𝑏 [𝐶𝑠 (�̇�𝑤3 − �̇�𝑏3 + �̇�𝑤4 − �̇�𝑏4)
+ 𝐾𝑠 (𝑍𝑤3 − 𝑍𝑏3 + 𝑍𝑤4 − 𝑍𝑏4)]
+ 𝑎 [𝐶𝑠 (�̇�𝑤1 − �̇�𝑏1 + �̇�𝑤2 − �̇�𝑏2)
+ 𝐾𝑠 (𝑍𝑤1 − 𝑍𝑏1 + 𝑍𝑤2 − 𝑍𝑏2)] − 𝑚𝑏ℎ𝑔𝜃 + 𝑚𝑏ℎ𝑎𝑥
+ 𝐹𝑑ℎ = 0

(3)

where 𝐹𝑑 is the air resistance force, related to the vehicle
speed, and can be written as [15]

𝐹𝑑 = 0.5𝜌𝐶𝑑𝐴𝑥𝑉2 (4)

where 𝜌 is the air density; 𝐶𝑑 is the air resistance coefficient;𝐴𝑥 is the vehicle windward area.
In order to solve the motion equations of the vehicle by

using the built-in solver in Simulink, the vehicle equation
should be written in the form of state space. For this purpose,
the vehicle motion equation ((1a)–(1g)) is rewritten in the
following matrix form:

𝑀�̇� = 𝑁𝑋 + 𝑃𝑈 (5)

where

𝑋 = [𝜑 𝜃 𝑍𝑏 𝑍𝑤1 𝑍𝑤2 𝑍𝑤3 𝑍𝑤4 �̇� ̇𝜃 �̇�𝑏 �̇�𝑤1 �̇�𝑤2 �̇�𝑤3 �̇�𝑤4]T (6a)

𝑀 = diag [1 1 1 1 1 1 1 𝐼𝑥 𝐼𝑦 𝑚𝑏 𝑚𝑤1 𝑚𝑤2 𝑚𝑤3 𝑚𝑤4] (6b)
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𝑈 = [𝑎𝑥 𝐹𝑑 𝑍𝑔1 𝑍𝑔2 𝑍𝑔3 𝑍𝑔4 �̇�𝑔1 �̇�𝑔2 �̇�𝑔3 �̇�𝑔4]T (6c)

𝑁

=

[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[
[

0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

𝑚𝑏ℎ𝑔 − 4𝐾𝑠𝑡2𝑤 0 0 𝑡𝑤𝐾𝑠 −𝑡𝑤𝐾𝑠 𝑡𝑤𝐾𝑠 −𝑡𝑤𝐾𝑠 −4𝐶𝑠𝑡2𝑤 0 0 𝑡𝑤𝐶𝑠 −𝑡𝑤𝐶𝑠 𝑡𝑤𝐶𝑠 −𝑡𝑤𝐶𝑠
0 𝑚𝑏ℎ𝑔 − 2𝐾𝑠 (𝑎2 + 𝑏2) 2𝐾𝑠 (𝑎 − 𝑏) −𝑎𝐾𝑠 −𝑎𝐾𝑠 𝑏𝐾𝑠 𝑏𝐾𝑠 0 −2𝐶𝑠 (𝑎2 + 𝑏2) 2𝐶𝑠 (𝑎 − 𝑏) −𝑎𝐶𝑠 −𝑎𝐶𝑠 𝑏𝐶𝑠 𝑏𝐶𝑠0 2𝐾𝑠 (𝑎 − 𝑏) −4𝐾𝑠 𝐾𝑠 𝐾𝑠 𝐾𝑠 𝐾𝑠 0 2𝐶𝑠 (𝑎 − 𝑏) −4𝐶𝑠 𝐶𝑠 𝐶𝑠 𝐶𝑠 𝐶𝑠𝑡𝑤𝐾𝑠 −𝑎𝐾𝑠 𝐾𝑠 − (𝐾𝑠 + 𝐾𝑡) 0 0 0 𝑡𝑤𝐶𝑠 −𝑎𝐶𝑠 𝐶𝑠 −𝐶𝑠−𝐶𝑡 0 0 0

−𝑡𝑤𝐾𝑠 −𝑎𝐾𝑠 𝐾𝑠 0 − (𝐾𝑠 + 𝐾𝑡) 0 0 −𝑡𝑤𝐶𝑠 −𝑎𝐶𝑠 𝐶𝑠 0 −𝐶𝑠−𝐶𝑡 0 0
𝑡𝑤𝐾𝑠 𝑏𝐾𝑠 𝐾𝑠 0 0 − (𝐾𝑠 + 𝐾𝑡) 0 𝑡𝑤𝐶𝑠 𝑏𝐶𝑠 𝐶𝑠 0 0 −𝐶𝑠−𝐶𝑡 0
−𝑡𝑤𝐾𝑠 𝑏𝐾𝑠 𝐾𝑠 0 0 0 − (𝐾𝑠 + 𝐾𝑡) −𝑡𝑤𝐶𝑠 𝑏𝐶𝑠 𝐶𝑠 0 0 0 −𝐶𝑠−𝐶𝑡

]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]
]

(6d)

𝑃 =

[[[[[[[[[[[[[[[[[[[[[[
[

0 0 0 0 0 0 0 0 −𝑚𝑏ℎ 0 0 0 0 0
0 0 0 0 0 0 0 0 ℎ 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 𝐾𝑡 0 0 0
0 0 0 0 0 0 0 0 0 0 0 𝐾𝑡 0 0
0 0 0 0 0 0 0 0 0 0 0 0 𝐾𝑡 0
0 0 0 0 0 0 0 0 0 0 0 0 0 𝐾𝑡0 0 0 0 0 0 0 0 0 0 𝐶𝑡 0 0 0
0 0 0 0 0 0 0 0 0 0 0 𝐶𝑡 0 0
0 0 0 0 0 0 0 0 0 0 0 0 𝐶𝑡 0
0 0 0 0 0 0 0 0 0 0 0 0 0 𝐶𝑡

]]]]]]]]]]]]]]]]]]]]]]
]

T

(6e)

Equation (5) can then be rewritten in the formof the input
equation of state apace as

�̇� = 𝐴𝑋 + 𝐵𝑈 (7)

where

𝐴 =𝑀−1𝑁 (8a)

𝐵 =𝑀−1𝑃 (8b)

State equation of the vehicle (7) can be easilymodeled and
solved using Simulink to get the state vector of the vehicle𝑋.

2.2. Bridge Subsystem. Based on the finite element method,
the motion equation of the bridge can be written as

𝑀𝑏�̈�𝑏 + 𝐶𝑏�̇�𝑏 +𝐾𝑏𝑍𝑏 = 𝐹𝑣𝑏 (9)

where 𝑍𝑏, �̇�𝑏, and �̈�𝑏 are the displacement, velocity, and
acceleration vectors of the bridge nodes;𝑀𝑏, 𝐶𝑏, and𝐾𝑏 are
the mass matrix, damping matrix, and stiffness matrix of the
bridge model; 𝐹𝑣𝑏 is the load vector from the vehicle tires.
Rayleigh damping is assumed for the bridge.

Road roughness is one of the important factors that affect
the vibration of the coupling vehicle-bridge system,whichnot
only affects the driving comfort and safety of the vehicle, but
also aggravates the dynamic response of the bridge, so it is
necessary to consider the road roughness on the bridge deck.
A road surface profile can be assumed as a random process
in space, and the actual profiles are usually not identical for

the left and right wheel paths [16]. Here, an exponentially
decreasing model recommended by Bogsjo [17] is used to
consider the lateral coherence between the left and right
wheel paths:

𝛾𝑒 (Ω) = exp (−𝜌𝑟𝑑𝑤Ω) (10)

whereΩ is the spatial frequency of road surface; 𝛾𝑒(Ω) is the
coherence coefficient forΩ; 𝑑𝑤 is the lateral distance between
the left and right wheel paths; 𝜌𝑟 is a parameter and taken as
4.

The spectral representation method proposed by Shi-
nozuka [18] is used in this paper to simulate the road surface
with roughness. For a road surface, X represents the moving
direction of the vehicle and 𝑌 represents the lateral direction.
The lateral width of the road is divided into𝑁𝑙 segments. The
road surface height at the jth segment at 𝑋 can be expressed
as
𝑟𝑗 (𝑋)
= √2 (ΔΩ) 𝑗∑

𝑚=1

𝑁Ω∑
𝑘=1

√𝐺 (Ω𝑚𝑘)𝑅 (Ω𝑚𝑘) cos (Ω𝑚𝑘 + 0𝑚𝑘) (11a)

Ω𝑚𝑘 = (𝑘 − 1)ΔΩ + 𝑚𝑁𝑙ΔΩ (11b)

𝑅 (Ω𝑚𝑘)

=
{{{{{{{{{

0 1 ≤ 𝑗 < 𝑚 ≤ 𝑁𝑙
𝛾𝑒 (Ω𝑚𝑘)|𝑗−𝑚| 𝑚 = 1, 𝑚 ≤ 𝑗 ≤ 𝑁𝑙
𝛾𝑒 (Ω𝑚𝑘)|𝑗−𝑚|√1 − 𝛾𝑒 (Ω𝑚𝑘)2 2 ≤ 𝑚 ≤ 𝑗 ≤ 𝑁𝑙

(11c)
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Figure 2: Forced status of vehicle in longitudinal direction: (a) acceleration and (b) braking.

where ΔΩ is the interval of spatial frequency of the road
surface; 𝑁Ω is the total number of selected frequencies; 𝜙𝑚𝑘
is the phase corresponding to Ω𝑚𝑘, which is considered as a
random phase angle distributed from 0 to 2𝜋; G(Ω𝑚𝑘) is the
PSD function that can be expressed as [19]

𝐺 (Ω) = 𝐺 (Ω0) ( ΩΩ0)
−2 (Ω1 < Ω < Ω2) (12)

where Ω0 is the reference spatial frequency of road surface,
and Ω0=0.1m−1; G(Ω0) is the roughness coefficient whose
value is chosen depending on the road condition such as
ClassesA, B, andC;Ω1 andΩ2 are the lower and upper cut-off
frequencies, respectively. The vehicle moves on the simulated
road surface, and the coherence between the road surface
profiles for the left and right wheels can be considered.

2.3. Tire Forces under Acceleration and Braking. The vehicle-
bridge system has been divided into the bridge subsystem
and the vehicle subsystem. The dynamic equations of these
two subsystems also have been established above. The road
roughness is a type of excitation on the vehicle and also
can be regarded as a moving boundary for the vehicle
tires. Meanwhile, vehicle tires transmit the interaction forces
between the two subsystems. Assuming that the tires are in
touch with the bridge deck all through the process of passing
the bridge, the vertical tire forces𝐹𝑤𝑧𝑖 can be calculated as (13)
regarding the tire to be linearly elastic [4].

𝐹𝑤𝑧𝑖 = 𝐾𝑡 (𝑍𝑏𝑖 + 𝑟𝑖 − 𝑍𝑤𝑖) + 𝐶𝑡 (�̇�𝑏𝑖 − �̇�𝑤𝑖) (13)

where 𝑖 is the number of the tire; 𝑟𝑖 is the road roughness
height of the contact position between the ith tire and
the bridge deck; 𝑍𝑏𝑖, �̇�𝑏𝑖 are the vertical displacement and
velocity of the bridge deck at the corresponding contact
position and can be interpolated from the nodal values in the
dynamic results of the finite element model of the bridge.

In order to investigate the effects of varied vehicle speed
on the dynamic responses, it is necessary to perform force
analysis to get the tire forces in the longitudinal direction.
Assuming that the wheels on the front wheels are driven
wheels and the rear wheels are driving wheels, Figure 2 shows
the vehicle model that takes into account the longitudinal
forces. When the vehicle is being braked (Figure 2(b)), both

the front and rear wheels bear the braking torques (T𝑢1
and T𝑢2). And the longitudinal tire forces of the front and
rear wheels are opposite to the moving direction and should
be calculated according to the braking force distribution
coefficient 𝛽 [20]. 𝛽 is defined as the ratio of the longitudinal
force of the front wheel to the total longitudinal force:

𝛽 = 𝐹𝑤𝑥𝑓𝐹𝑤𝑥𝑓 + 𝐹𝑤𝑥𝑟 (14)

where 𝐹𝑤𝑥𝑓, 𝐹𝑤𝑥𝑟 are the total longitudinal tire forces of the
front and the rear wheel, respectively.

Based on the longitudinal motion equilibrium condition,
the equilibrium force equation for braking can be written as

𝑚𝑎𝑥 = 𝐹𝑤𝑥𝑓 + 𝐹𝑤𝑥𝑟 + 𝐹𝑑 (15)

where𝑚 is the total mass of the vehicle.
Based on (14) and (15), the longitudinal tire forces for the

front wheel and the rear wheel during braking can be solved
as

𝐹𝑤𝑥𝑓 = 𝛽 (𝑚𝑎𝑥 − 𝐹𝑑) (16a)

𝐹𝑤𝑥𝑟 = (1 − 𝛽) (𝑚𝑎𝑥 − 𝐹𝑑) (16b)

When the vehicle is speeding up (Figure 2(a)), the effects
of the longitudinal tire forces on the driving wheel and the
driven wheel are different [20]. The longitudinal tire forces
on the driving wheels are the same as the moving direction.
The driven wheels do not bear the driving torque of engine,
and the longitudinal tire forces between the driven wheels
and the road surface can be considered to be the tire rolling
resistance and are opposite to the moving direction, which
can be written as

𝐹𝑤𝑥𝑓 = 𝑓𝑅𝐹𝑤𝑧𝑓 (17)

where 𝑓𝑅 is the tire rolling resistance coefficient, generally
increasing with the rising of the vehicle speed. 𝑓𝑅 is usually
determined by experiments. As there is a lack of experimental
data, the following empirical formula can be used to estimate
the tire rolling resistance coefficient [21]:

𝑓𝑅 = 𝑓0 (1 + 𝑉219400) (18)
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where 𝑉 is the vehicle speed in km/h; 𝑓0 is a standard value
of the tire rolling resistance coefficient, which is independent
to the vehicle speed.

Based on the longitudinal motion equilibrium condition,
the longitudinal tire force for the rear wheel during speeding
up can be written as

𝐹𝑤𝑥𝑟 = 𝑚𝑎𝑥 + 𝐹𝑤𝑥𝑓 + 𝐹𝑑 (19)

It should be pointed out that there is an extreme value of𝑎𝑥 during braking due to the limitation of the static friction
between the tires and the road surface. That is to say, if the
longitudinal tire force reaches the limit of static friction, the
tire will slip on the road surface. Assuming the longitudinal
tire forces of left and right wheel on the same axle have the
same magnitude, the corresponding friction limit condition
in the braking process can be expressed as

12𝛽 (𝑚𝑎𝑥 − 𝐹𝑑) = 𝜇𝐹𝑤𝑧𝑓𝑖 (20a)

12 (1 − 𝛽) (𝑚𝑎𝑥 − 𝐹𝑑) = 𝜇𝐹𝑤𝑧𝑟𝑗 (20b)

where 𝜇 is the static friction coefficient between the tire
and the road surface; 𝐹𝑤𝑧𝑓𝑖, 𝐹𝑤𝑧𝑟𝑗 are the vertical forces
on the ith tire of the front wheel axle and the jth tire of
the rear wheel axle, respectively. Therefore, the maximum
deceleration becomes

𝑎𝑚𝑥
= min

i,j
[ 1𝑚 (2𝜇𝛽 𝐹𝑤𝑧𝑓𝑖 + 𝐹𝑑) , 1𝑚 ( 2𝜇1 − 𝛽𝐹𝑤𝑧𝑟𝑗 + 𝐹𝑑)]

(21)

In the acceleration process, the corresponding friction
limit condition for the ith front tire can be expressed based
on (17) and (18) as

𝑓0 (1 + 𝑉219400)𝐹𝑤𝑧𝑓𝑖 = 𝜇𝐹𝑤𝑧𝑓𝑖 (22)

Thus, the friction limit of the front wheel is controlled by
the vehicle speed with

𝑉𝑚 = √19400( 𝜇𝑓0 − 1) (23)

The corresponding friction limit condition for the jth rear
tire can be expressed as

12 (𝑚𝑎𝑥 + 𝐹𝑤𝑥𝑓 + 𝐹𝑑) = 𝜇𝐹𝑤𝑧𝑟𝑖 (24)

Therefore, the maximum acceleration is

𝑎𝑚𝑥 = min
j
[ 1𝑚 (2𝜇𝐹𝑤𝑧𝑟𝑗 − 𝐹𝑑

−∑
𝑖

𝑓0 (1 + 𝑉219400)𝐹𝑤𝑧𝑓𝑖)]
(25)

3. Solving Procedure and Verification

3.1. Solving Procedure on Combination of SIMULIK and
ANSYS. When solvingVBI using the iterativemethod for the
bridge subsystem and the vehicle subsystem, some traditional
methods, such as Newmark method andWilson method, are
frequently used to solve the dynamic equations. Sophisticated
codes usually are developed to achieve the numerical solu-
tions. However, these in-house programs usually have limited
functions and are difficult to make user-friendly interface or
be available towider user communities comparedwith typical
commercial software packages. To this end, this paper is to
use the combination of the generally available commercial
software ANSYS and Simulink to solve the vehicle-bridge
interaction problems. Both of ANSYS and Simulink are
popular in their fields for finite element modeling and the
mathematic modeling and solving. In the VBI system, the
vehicle subsystem can be simulated as a numerical model
in Simulink while the bridge subsystem can be modeled in
ANSYS. The interaction between the two subsystems can be
easily realized through the so-called inter-history iteration
method proposed by Zhang and Xia [4].The preparation and
solving procedure is summarized as follows.

(1) Preparation
(a) According to the motion equation of the vehicle, the

corresponding vehicle model is established in state space
using Simulink.The core is to solve themotion equation (7) in
state space, and the fourth-order Runge-Kutta method in the
built-in solver of Simulink is chosen as the solution scheme.
For the vehicle model, the input data is the road surface
excitation including the vertical displacement and velocity of
the bridge deck and the road roughness. After solving of the
motion equations, the vehicle responses including the time
histories of the tires’ positions are the output. Meanwhile, the
vertical and longitudinal tire forces are calculated in Simulink
as described in Section 2.3.

(b) By using ANSYS Parameter Design Language
(APDL), a program for solving the bridge subsystem is
compiled with the following functions: (1) establishing the
finite element model of the target bridge; (2) reading the time
history data of the tire positions, the vertical tire forces, and
the longitudinal tire forces solved by Simulink; (3) checking
whether the tires are on the bridge deck at each time step. If
yes, apply the tire forces on the bridge model and then solve
the motion equations of the bridge referred to in Section 2.2
using the transient analysis in ANSYS.

(c) Based on the Matlab platform, a main program is
written to call the vehicle solution model in Simulink and
the bridge solution model in ANSYS. In this way, the iterative
solving procedure can be executed automatically.

(2) Solving Procedure
(a) Firstly, without consideration of the bridge deforma-

tion, the main program starts to call Simulink and solve
the vehicle’s motion equations. The time histories of the tire
positions, the vertical tire forces, and the longitudinal tire
forces can be obtained, as well.Then, the outputs of these data
are stored in a file to be read directly by ANSYS.
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(b) Secondly, the main program will call and run ANSYS
for analyzing the bridge subsystem.The tire forces are loaded
from the data file in step (a) and applied on the bridge
model. After solving the motion equation of the bridge, the
time histories of the nodal displacements of the bridge at
the contact points between tires and the bridge deck can be
obtained and exported to a filewhich can be read by Simulink.

(c)Thirdly, themoving boundary of the tires is updated by
superimposing the nodal displacements of the bridge and the
road roughness height.Then Simulink runs again to solve the
vehiclemotion equation and the time history of the tire forces
can be obtained. The convergence criteria of the iterative
process are defined based upon the differences of the tire
forces between the two adjacent iterations. If the differences
are within the threshold, the calculation will end; otherwise,
step (b) and step (c) will be repeated until the convergence
condition is met.

3.2. Numerical Verification. In order to verify the proposed
method, a typical vehicle-bridge interaction example under
two simulation conditions introduced by Yang and Wu [5]
is studied in this section. In the first condition, the vehicle
passes the bridge with a constant speed of 27.78m/s. The
longitudinal tire forces are ignored to verify the vertical vibra-
tion. In the second condition, the vehicle brakes on the bridge
with an initial speed of 50m/s and a deceleration of -10m/s2.
The longitudinal tire forces are taken into account to verify
the longitudinal effects of longitudinal forces. According to
Yang and Wu [5], the vehicle model is set up with 2 DOFs to
pass on a simply supported beam. The key parameters of the
simply supported beam include span length L=30m, section
inertia moment I=8.65m4, elastic modulus E=2.943E10N/m2,
mass per unit length 𝜌=36000kg/m, Poisson ratio 𝜐=0.2, and
damping ratio 𝜉=0. The parameters of the vehicle model
are adopted as mass of the vehicle body 𝑀V=5.4E5kg, mass
moment of inertia of the vehicle body 𝐼V=1.38E7kg⋅m2,
stiffness of the suspension spring 𝑘V=4.135E7N/m, tire mass𝑀𝑤=0kg, and wheel-to-wheel distance d=17.5m.

Under the first simulation condition, the vertical dis-
placement of the midpoint of the simply supported beam
and the vertical acceleration of the vehicle body are plotted
in Figures 3-4, along with the solutions given by Yang
and Wu [5]. As shown in the figures, good agreement has
been achieved for both the vehicle responses and the bridge
responses. Under the second condition (braking), -10 m/s2
deceleration already exceeded the friction limitation of tires,
and the longitudinal forces are simplified with the product
of the friction coefficient and the vertical tire force. The
vertical displacement of themidpoint of the simply supported
beam, the vertical acceleration of the vehicle body, and the
horizontal reaction force occurring at the hinged support are
plotted in Figures 5–7, respectively. In Figures 5–7, Present
case 1 means the results under the proposal vehicle model,
while Present case 2 represents the model used in Yang and
Wu [5].The nondimensional value x/L, where 𝑥 is the vehicle
position, is adopted as the independent variable of the results.
As can be seen, if using the model in Yang and Wu [5], the
results have a good agreement. As also can be seen, obvious
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Figure 3: Vertical displacement of midpoint of simply supported
beam.
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Figure 4: Vertical acceleration of vehicle body.

differences exist between the results obtained by the proposed
approach (Present, case 1) and these given in [5].The reason is
the effect of vehicle acceleration on the pitchingmotion of the
vehicle.This effect is very obvious on the first 0.6L in Figure 7,
where the vehicle acceleration brings out a vertical tire force
transform and is explained in Section 4.2.

4. Dynamic Results Analysis considering
Varied Vehicle Speed

Based on the method proposed in this paper, a simply
supported beam subjected to a moving vehicle is studied.
The vehicle parameters are adopted according to [22]. The
key parameters of the simply supported beam are as follows:
span length L=25m, section inertia moment I=2.90m4, elastic
modulus E=2.87E9N/m2, mass per unit length 𝜌=2303kg/m,
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Figure 6: Vertical acceleration of vehicle body.

and Poisson ratio 𝜐=0.2. The time step adopted by Simulink
andANSYS is 0.005s. For the air resistance force in (4), the air
density 𝜌=1.225kg/m3, the air resistance coefficient 𝐶𝑑=0.8,
and the vehicle windward area 𝐴𝑥=6m2. For the tire rolling
resistance coefficient in (18), the standard value 𝑓0=0.014. For
the braking force distribution coefficient in (16a) and (16b),𝛽=0.64. For these selected parameters, the estimated values
of the maximum acceleration in the acceleration process and
braking process at the speed of 60km/h can be estimated
based on the static vertical tire forces as 2.8m/s2 and 8.0m/s2,
respectively.

4.1. Constant Vehicle Speed. The dynamic performances of
the vehicle passing the bridge with constant speeds are firstly
calculated as the references to the cases with varied speeds.
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Figure 7: Horizontal reaction at hinged support.
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Figure 8: Vertical displacement of midpoint of simply supported
beam with different speed.

The constant vehicle speeds are considered as 40km/h,
80km/h, and 120km/h, respectively. The bridge damping
and road roughness are ignored for a simple and direct
comparison. The vertical deflections of the beam at the
midpoint for the three constant speeds are plotted in Figure 8.
As shown in the figures, the maximum midpoint deflection
occurs when the vehicle moves close to the midpoint of
the simple supported beam and increases slightly for the
high vehicle speed. It is suggested that the increase of the
vehicle speed contributes to the amplification of the vertical
dynamic responses of the bridge for the current case. Figure 9
shows the vertical acceleration of the vehicle body, from
which it can be found that the increase of the vehicle
speed also aggravates the vertical dynamic response of the
vehicle.
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Figure 9: Vertical acceleration of vehicle body with different speed.

−2.5

−2.0

−1.5

−1.0

−0.5

0.0

0.5

M
id

po
in

t V
er

tic
al

 D
isp

la
ce

m
en

t (
m

m
)

0.2 0.4 0.6 0.8 1.0 1.2 1.40.0
x/L

a=0m/Ｍ2

a=1.5m/Ｍ2

a=3.0m/Ｍ2

(a) Acceleration

−2.5

−2.0

−1.5

−1.0

−0.5

0.0

0.5

M
id

po
in

t V
er

tic
al

 D
isp

la
ce

m
en

t (
m

m
)

0.2 0.4 0.6 0.8 1.0 1.2 1.40.0
x/L

a=0m/Ｍ2

a=-1.5m/Ｍ2

a=-3.0m/Ｍ2

(b) Braking

Figure 10: Vertical displacement of midpoint of simply supported beam during varied vehicle speed.

4.2. Varied Vehicle Speed. The dynamic responses of the
bridge caused by the vehicle with varied speeds are studied
in this section. Assuming that the initial speed of the vehicle
is 60km/h and the change of speed begins when the front tires
enter on the bridge deck, the vehicle accelerations 𝑎𝑥=1.5m/s2
and 3.0m/s2 are adopted for acceleration conditions, and 𝑎𝑥=-
1.5m/s2 and -3.0m/s2 are adopted for braking conditions. In
addition, 𝑎𝑥=0m/s2 is adopted as a comparison case. The
damping ratio of the bridge is adopted as 𝜉=0.025, and the
effect of road roughness is ignored.

The vertical deflections of the midpoint of the simply
supported beam are plotted in Figure 10. It can be found that
the curves are close to each other for both acceleration and

braking conditions, which indicates that the varied vehicle
speed has limited effect on the vertical displacement of the
simply supported beam. This is because the time of vehicle
passing through the bridge is very short and the change of
the vehicle speed is small, which is not enough to cause
an obvious difference of the displacement of the simply
supported beam.

The vertical accelerations of the midpoint of the simply
supported beam are plotted in Figure 11. P1 represents the
time when the rear tires move on the deck, and P2 represents
the front tires moving out of the deck. As can be seen, for
a period of time (about 0 to 0.1x/L) when the vehicle just
entered on the bridge deck, the vertical accelerations of the
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Figure 11: Vertical acceleration of midpoint of simply supported beam during varied vehicle speed.

midpoint of the beam at the acceleration of 3m/s2 are slightly
lesser than those in the cases at the accelerations of 1.5m/s2
and 0m/s2. Also during this time period of braking, the
vertical accelerations of the midpoint of the beam at -3m/s2
are slightly larger than those at -1.5m/s2 and 0m/s2 . This is
due to the fact that only the front tires act on the beam in
this period, and there are different loads that transfer between
the front and the rear wheels. During the acceleration, the
vertical tire forces transfer from the front wheels to the
rear wheels, which cause the vertical tire forces on the front
wheels decrease with the increase of the acceleration of the
vehicle. During the braking, the vertical tire forces transfer
from the rear wheels to the front wheels, which cause the
vertical tire forces on the front wheels to increase with the
increase of the deceleration of the vehicle. Additionally, as
the simulation continues, the difference increases between
the vertical accelerations at the midpoint of the beam for
the acceleration of 3m/s2 and those for the accelerations of
1.5m/s2 and 0m/s2. This is due to the increasing differences
of the vehicle speed among different cases, which has been
shown in Section 4.1 that the increase of the vehicle speed
will aggravate the vertical dynamic response of the bridge.
One more phenomenon is deserved to be pointed out that
when the rear wheel enters on the bridge deck or the front
wheel leaves the deck, the vertical midpoint acceleration of
the beam will have a sudden increase, and the variation of the
latter is more obvious than the former. That is caused by the
sudden increase or decrease of the load acting on the beam.
Since the vertical midpoint acceleration just before the front
wheel leaving the beam is relatively small due to the damping
effects, sudden increase phenomenon is obviously observed
when the front wheel leaves the beam.

Figure 12 shows the vertical accelerations of the vehicle
body. It can be observed that a sudden acceleration or braking

will cause a sharp change of the vertical acceleration of the
vehicle body and the change tendency is contrary to each
other. Moreover, the vertical response is larger for the cases
with large accelerations or decelerations. That is because a
sudden acceleration or braking will cause a pitching motion
of the vehicle body, which has direct relation with the vertical
motion of the vehicle body, and the angular rotation is larger
for high value of vehicle acceleration or deceleration.

Figure 13 depicts the longitudinal reaction force occur-
ring at the hinged support. As can be seen, the horizontal
reaction force has an obvious sudden change at the instant
when the front wheel or the rear wheel enters or leaves the
beam. And the longitudinal reaction forces during varied
vehicle speed are far greater than the constant vehicle speed.
As illustrated in Section 2.3, the rear wheel is the driving
wheel.The longitudinal tire force is mainly distributed on the
rear wheel to provide the driving force of the acceleration
of the whole vehicle. It is obvious in Figure 13(a) that the
longitudinal reaction after the rear tires move on the beam
is far greater than that before and in the same direction of the
vehicle. For braking, the distributed longitudinal tire forces
on the front and rear wheels depend on the braking force
distribution coefficient 𝛽 and are opposite to the direction of
the vehicle.

4.3. Effects of Road Roughness and Bridge Damping. In order
to investigate the effects of road roughness on the dynamic
responses, the vehicle passes the bridge with an initial speed
of 60km/h and an acceleration 𝑎𝑥=2.5m/s.The road surface is
generated as discussed in Section 2.2, and the bridge damping
ratio is neglected. The vertical midpoint deflection of the
beam at the middle point for three different road surface
classes is plotted in Figure 14. As can be seen, for the poor
road surface, the deflection curves fluctuate more obviously,
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Figure 12: Vertical acceleration of vehicle body during varied vehicle speed.
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Figure 13: Longitudinal reaction at hinged support of simply supported beam.

which indicates that the poor road surface will contribute
to the amplification of the dynamic response of the bridge.
Figure 15 shows the vertical acceleration of the vehicle body
for three different road surface classes; it can be found that
the poor road surface will also aggravate the vertical dynamic
response of the vehicle. Figure 16 depicts the longitudinal
reaction force occurring at the hinged support, which shows
that the road roughness has limited effects on the longitudinal
reaction force.

Finally, further discussions focus on the effect of bridge
damping on the dynamic responses. Similarly, the vehicle is
also assumed to pass the bridge with an initial speed 60km/h
and an acceleration 𝑎𝑥 =2.5m/s. The damping ratios of the

bridge are considered as 0, 0.025, and 0.05, respectively. The
effect of road roughness is ignored. The vertical midpoint
deflections of the beam for three different bridge damping
ratios are plotted in Figure 17. As can be seen, for the
smaller damping ratios, the deflection curves fluctuate more
obviously, which indicates that the larger damping ratio is
advantageous to reduce the dynamic response of the bridge.
Figure 18 shows the vertical acceleration of the vehicle body
for three different bridge damping ratios from which it can
be found that the larger damping ratio is also advantageous
to reduce the vertical dynamic response of the vehicle.
Figure 19 depicts the longitudinal reaction force occurring at
the hinged support, which suggests that the bridge damping
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Figure 14: Vertical displacement of midpoint of simply supported
beam with different roughness class.
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Figure 15: Vertical acceleration of vehicle body with different
roughness class.

has limited effect on the longitudinal reaction force of the
beam.

5. Conclusions

A simulation process of analyzing road vehicle-bridge inter-
action considering varied vehicle speed based on the com-
bination of Simulink and ANSYS has been presented in
this paper. The motion equations of the vehicle model are
set up in state space and solved in Simulink. The bridge
is modeled in the finite element method using ANSYS. A
main control program is established to link and communicate
the two software packages using temporary data files for the
iterations in the simulation process to solve the VBI problem.
In this way, the compilation of complex in-house computer
programs for typical VBI can be further improved taking
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Figure 16: Longitudinal reaction at hinged support of simply
supported beam with different roughness class.

−2.5

−2.0

−1.5

−1.0

−0.5

0.0

0.5
M

id
po

in
t V

er
tic

al
 D

isp
la

ce
m

en
t (

m
m

)

0.2 0.4 0.6 0.8 1.0 1.2 1.40.0
x/L

 =0
 =0.025
 =0.05

Figure 17: Vertical displacement of midpoint of simply supported
beam with different damping.

advantage of available commercial software for finite element
modeling and data processing. The proposed procedure and
the codes are verified firstly through a widely used example
in the literature. After considering the varied vehicle speed,
the detailed longitudinal force models between the tires
and bridge deck is confirmed. Due to different mechanics
mechanism during the acceleration and braking process, the
longitudinal force expressions have different forms. Through
case studies of a simply supported beam subjected to a
moving vehicle with varied speeds, some conclusions can
be summarized as follows: (1) The vertical acceleration
characteristics of the midpoint of beam can be distinguished
into two periods. At first, the front wheels act on the beam
and the load transform leads to different vertical tire loads
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Figure 18: Vertical acceleration of vehicle body with different
damping.
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Figure 19: Longitudinal reaction at hinged support of simply
supported beam with different damping.

for acceleration and braking. During the speeding up stage,
larger acceleration leads to smaller vertical acceleration of the
beam, while during braking stage, larger acceleration leads to
larger vertical acceleration of the beam. With the increase of
time, the vertical acceleration of the beam mainly depends
on the moving speed of the vehicle. (2) Sudden increase of
the vertical acceleration of the beam can be observed as the
rear wheel enters on the beam and the front wheel leaves
the deck. Sudden acceleration or braking causes a pitching
motion of the vehicle body and leads to the larger vertical
vehicle response in higher acceleration. (3) The longitudinal
reaction force has obvious sudden change at the instant when
the front wheel or rear wheel enters or leaves the beam.
The change level is different for the acceleration and braking
because of the different mechanisms of the longitudinal tires
forces. (4) Road roughness and bridge damping have great

effects on the vertical responses of the bridge and the vehicle
but have limited effects on the longitudinal reaction force at
the hinged support.
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