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-is paper studies the nonlinear resonance of a cavity filled with a nonlinear biphasic mediummade of a liquid and gas bubbles at
a frequency generated by nonlinear frequency mixing. -e analysis is performed through numerical simulations by mixing two
source signals of frequencies well below the bubble resonance. -e finite-volume and finite-difference based model developed in
the time domain simulates the nonlinear interaction of ultrasound and bubble dynamics via the resolution of a differential system
formed by the wave and Rayleigh–Plesset equations. Some numerical results, consistent with the literature, validate our procedure.
Other results reveal the existence of a frequency shift of the cavity resonance at the difference-frequency component, which rises
with pressure amplitude and evidences the global changes undergone by the bubbly medium under finite amplitudes. Finally, this
work shows the enhancement of the amplitude of the difference-frequency component generated by parametric excitation using
the nonlinear resonance shift, which is more pronounced when the second primary frequency is constant, the first one is varied to
match the nonlinear resonance, and both have the same amplitude.

1. Introduction

Adding bubbles to a liquid modifies its acoustic properties
[1–5].-e nonlinear parameter increases by several orders of
magnitude. -e sound speed, attenuation coefficient,
compressibility, and nonlinear parameter acquire dispersive
dependence on bubble resonance. -e nonlinear interaction
of ultrasound and bubble oscillations must be understood to
take advantage of these properties in different applied
frameworks such as sonochemistry [6], medicine [7], and
others [8, 9]. Lauterborn, in [10], studies the nonlinear
behavior of a single bubble in an acoustic field to analyze the
effect of the pressure amplitude on the bubble resonance and
concludes that a shift of the bubble resonance exists and is
dependent on pressure amplitude.

-e nonlinearity of the medium is responsible for
the generation of harmonics from the fundamental fre-
quency and generates combinations of frequencies by
nonlinear frequency mixing (sum frequency and difference

frequency) when several ultrasonic signals travel through
the medium [11]. -ese effects have multiple applications.
Medical imaging can be generated from higher harmonic
components [12]. Underwater exploration or transmission
and nondestructive testing are fields where the difference-
frequency signal has a huge interest because of its low
attenuation, good directivity, and high penetration [13, 14].
Characterization and detection of bubbles are also at-
tractive applications of the frequency mixing phenomenon
[15–18].

Several studies based on linear models have been per-
formed to understand the behavior of ultrasonic waves in
bubbly liquids inside a cavity [19–21]. Omta studied the
behavior of a bubbly liquid cloud in [22] showing that the
nonlinear response emitted from the cloud, much lower than
the bubble resonance, is determined mainly its total gas
content. Other studies that analyze the behavior of standing
ultrasonic waves are based on nonlinear models [23, 24]. In
those papers, both the sound speed and the resonance
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frequencies are calculated without taking into account the
amplitude of the waves [2, 3]. In this paper, we aim at
showing that the pressure amplitude of the signal changes
the resonance of the cavity (and the sound speed).

-e dependence of the resonance frequency on drive
amplitude has been observed in solids, for which the
nonlinear features of ultrasound are used in areas as damage
diagnostics in materials [25], granular media and dynamic
earthquake triggering [26], and fluids in closed tubes of
variable cross section [27]. Omta also analyzed in [22] the
signal emitted from a bubbly liquid cloud as a function of the
amplitude of the acoustic perturbation, concluding that the
frequency of this signal undergoes a variation that is am-
plitude dependent. Up to our knowledge, that paper, and
more specifically its Figures 4–6, was the very first dem-
onstration of the shift of the resonance of a bubbly cloud
with pressure amplitude. Matsumoto and Yoshizawa, in
[28], also detected the shift with pressure amplitude of the
resonance of a cluster containing a bubbly liquid. -is effect
has also been studied in bubbly liquids for a resonance
frequency associated to the multiple scattering of bubbles
that changes as a function of the amplitude of an incident
Gaussian pulse [29].

-e objective of this work is to study the variation with
pressure amplitude of the resonance of a one-dimensional
resonator filled with a fluid made of a liquid and gas bubbles
when working at nonlinear regime by mixing two finite-
amplitude continuous excitation signals. Frequencies well
below the bubble resonance are used to take advantage of the
nonlinearity of the dispersive medium with a relative low
attenuation.

In Section 2, we present the physical problem and the
corresponding mathematical model used in this work.
Several numerical experiments performed by varying the
amplitude at the source are shown in Section 3.-ey allow us
to observe the nonlinear resonance phenomenon of the
cavity at the difference-frequency component generated by
nonlinear frequency mixing. -is resonance frequency shift
is used to maximize its amplitude. Similarities with classic
results are also commented. Section 4 gives the conclusions
of this work.

2. Materials and Methods

We consider a one-dimensional cavity of length L filled with
a mixture of water and air bubbles. Under the Rayleigh–
Plesset approximation, we suppose that, among others, the
bubbles are spherical and have the same size.We also assume
that they are evenly distributed in the liquid. -e model
assumes that bubbles are the only source of attenuation,
dispersion, and nonlinearity. -e buoyancy and Bjerknes
and viscous drag forces are not considered in this work. -e
interaction between the acoustic pressure p(x, t) and the
volume variation of the bubbles v(x, t) � V(x, t)− v0g is
modeled by the wave equation, Equation (1), and a
Rayleigh–Plesset equation, Equation (2) [3, 30], where x is
the one-dimensional space coordinate, t is the time, V is the
current volume of the bubble, and v0g � 4/3πR3

0g is the initial
bubble volume, with R0g as the initial radius.
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In Equation (1), c0l and ρ0l are the sound speed and the
density at the equilibrium state of the liquid. Ng is the density
of bubbles, i.e., the bubble number per m3. In Equation (2),
δ � 4]l/ω0gR

2
0g is the viscous damping coefficient of the

bubbly fluid, in which ]l is the cinematic viscosity of the liquid
and ω0g �

�����������
3cgp0g/ρ0lR2

0g


is the resonance frequency of

the bubbles, where cg is the specific heats ratio of the gas,
p0g � ρ0gc20g/cg is its atmospheric pressure, and ρ0g and c0g are
the density and sound speed at the equilibrium state of the
gas. -e parameter η � 4πR0g/ρ0l and the nonlinear co-
efficients a � (cg + 1)ω2

0g/2v0g and b � 1/6v0g are constant.
-e numerical experiments last a total time Tt. In the fol-
lowing studies, Section 3, the value of this parameterTt is high
enough to ensure that the steady state of the waves is reached.
-e system is closed by supposing that the liquid and the
bubbles are unperturbed at the onset of the studies:

p(x≠ 0, 0) � 0,

v(x, 0) � 0,

zp

zt
(x≠ 0, 0) � 0,

zv

zt
(x, 0) � 0, 0≤ x≤ L,

(3)

and the resonator is excited by a time-dependent pressure
source s(t) placed at x � 0:

p(x � 0, t) � s(t), 0≤ t≤Tt, (4)

and a free-wall condition is imposed at the reflector:

p(L, t) � 0, 0≤ t≤Tt. (5)

To solve this differential system, we use a numerical
model developed in [24] based on a finite volume method in
the space dimension and a finite difference method in the
time domain. -e frequency components of the time-
dependent solution used in the next section are obtained
by applying a fast Fourier transform.

3. Results

-e objective of this section is, using the phenomenon
known as nonlinear frequency shift [22, 28, 29], to show the
enhancement of the difference-frequency component gen-
erated in a cavity that contains a bubbly liquid by nonlinearly
mixing two signals of different frequencies.
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-e following data for the bubbly liquid are set into
themodel: c0l � 1500 m/s, ρ0l � 1000 kg/m3, and ]l � 1.43 ×

10−6 m2/s for the liquid (water) and c0g � 340 m/s,
ρ0g � 1.29 kg/m3, and cg � 1.4 for the gas (air). We use
bubbles of radius R0g � 2.5 μm, and the bubble density
is Ng � 5 × 1011 m−3.

Although very few studies exist in the literature, the
dependence of the resonance of a bubble cloud on pressure
amplitude is a phenomenon, known as nonlinear frequency
shift, that has been observed previously in seminal papers by
Omta [22], Matsumoto and Yoshizawa [28], and Doc et al.
[29]. In Appendix, we show some results obtained with the
model described in the above section that corroborate the
conclusions of these papers: (i) the increase of pressure
amplitude induces the nonlinear frequency shift of the cavity
resonance; (ii) this effect relies on the softening of the bubbly
liquid, that is due to the variation of the average volume of
bubbles; and (iii) this nonlinear effect is more pronounced at
higher void fraction in the cavity.

We focus now on the discussion on the application of the
softening behavior of the bubbly liquid by taking advantage of
the nonlinear frequency shift to strengthen the amplitude of
the difference-frequency component generated in the context
of the nonlinear frequency mixing of two signals of different
frequencies [1, 31]. To this purpose, the analysis is performed
by means of a comparison of several numerical experiments
for which we search the highest response by parametric
emission, i.e., the maximal response of the system at the
difference frequency fd � f2 −f1: (1) by setting the first
primary source frequency f1 at a constant value and moving
the second primary source frequency f2, with the same
constant source amplitude for both the first and the second
primary signals p01 � p02; (2) by settingf1 at a constant value
and moving f2 and considering two subcases, (a) a constant
p02 and a varied p01 and (b) a constant p01 and a varied p02;
(3) by setting f2 at a constant value and moving f1, with the
same constant value p01 � p02.

To this end, in this section the pressure source we use is
s(t) � p01 sin(ω1t) + p02 sin(ω2t), where ω1 � 2πf1 and
ω2 � 2πf2. -e cavity length is set to fit the linear resonance
at the difference frequency fdL � 200 kHz, L � λdL/2 �

0.0031 m, where λdL � cdL/fdL is the wavelength and cdL �

1222.8 m/s is the sound speed in this biphasic and dispersive
medium at this frequency [3]. We study the nonlinear res-
onance shift of the difference-frequency component of the
signal pressure in the cavity. For each numerical experiment 1
to 3, simulations are performed varying the source amplitude.
For each amplitude, we apply a frequency sweep, in such a
way that the difference frequency fd is around the linear
resonance fdL, by increments δf � 10 Hz to evaluate the
highest difference-frequency pressure amplitude reached in
the cavity pdm at each frequency, and themaximal value pdmax
over the frequency range is then localized. Note that we work
at primary frequencies chosen to be close to half the resonance
frequency of the bubbles since the nonlinearity is high at this
frequency in the dispersive medium [3].

Case 1. -e first primary frequency is constant,
f1 � 700 kHz, whereas the second primary source

frequency f2 is moved from 896 kHz up to 902 kHz. -e
source amplitude is varied from p01 � p02 � 1 kPa up to
p01 � p02 � 6.5 kPa. Figure 1 shows the result, i.e., pdm as a
function of frequency (around fdL) over the amplitude
range. It is seen here that the behavior of the difference-
frequency component is assimilated to others previously
observed through other frequencies, i.e., it shows the same
main properties when amplitude is raised as the ones de-
scribed in the literature and in Appendix [22, 28, 29], which
means that the amplitude-dependent behavior of the me-
dium can also be characterized by the behavior of fd. -e
resonance of the cavity at the difference frequency clearly
undergoes a dependence on pressure amplitude, i.e., a
nonlinear frequency shift exists.-is means that the softening
of the bubbly liquid in the cavity with pressure amplitudes
also affects the difference-frequency component. In this case,
at p01 � p02 � 6.5 kPa, the resonance is at fd � 197.6 kHz,
denoted by fdNL, the frequency shift is ΔfdNL � 2.4 kHz,
and the highest value is pdNL � 19.794 kPa, which is 304.5%
of the source amplitude. Since L is constant, this frequency
shift means that the sound speed in the medium is cdNL �

2LfdNL � 1208.12 m/s. Also, the symmetry of the curves
around the linear resonance observed at the lowest ampli-
tudes is lost when the latest rise, the nonlinear attenuation
reduces the ratio of pdmax to source amplitude.

Figure 2 presents the frequency shift Δf obtained as a
function of pressure amplitude at the source p01 � p02 (a), as
a function of average bubble volume increase Δv (b), and the
maximal value of difference-frequency pressure amplitude
reached in the cavity pdmax over the frequency range as a
function of pressure amplitude at the source p01 � p02 (c).
-e fitting curves are also displayed (green color). A 4th
degree polynomial fit is obtained for Figure 2(a). -is means
that the frequency shift increases hugely as the pressure
amplitude rises.-e linear dependence of the frequency shift
observed in Figure 2(b) proves that the softening of the
medium is due to the increase of the mean bubble volume
that raises the compressibility, and thus, the nonlinearity of
the bubbly medium. Figure 2(c) is a consequence of the two
other diagrams, and a 3rd degree polynomial fit is obtained,
which means that the nonlinearity of the medium due to the
increase of the pressure amplitude generates a huge
difference-frequency amplitude.

-e source amplitude for this study is p01 �

p02 � 6.5 kPa, and we analyze the difference-frequency
generation by comparing the results when we do take
into account the nonlinear resonance frequency shift and
when we do not. -e study is thus performed at two dif-
ference frequencies, fdL � 200 kHz, which is the linear
resonance, and fdNL � 197.6 kHz, which is the nonlinear
resonance found above at this source amplitude (Figure 1),
i.e., the frequency that produces the highest response by
parametric emission in this case. -e primary frequencies at
the source are set at f1L � 700 kHz and f2L � f1L + fdL �

900 kHz for the linear resonance case and at
f1NL � 700 kHz and f2NL � f1NL + fdNL � 897.6 kHz for
the nonlinear resonance case. Figure 3 shows the pressure
amplitude distribution along the cavity of the primary
frequencies f1L, f2L, the difference frequency fdL
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Figure 2: Fitting curves in Case 1 of frequency shift Δf vs. pressure amplitude at the source p01 � p02, denoted by p0 in (a) and vs. average
volume increase Δv (b) and maximal value of difference-frequency pressure amplitude pdmax over the frequency range vs. pressure
amplitude at the source p01 � p02, denoted by p0 in (c).
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Figure 1: Maximum difference-frequency pressure amplitude in the cavity pdm vs. frequency (around fdL) for different source amplitudes
in Case 1.
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(continuous lines), the primary frequencies f1NL, f2NL, and
the difference frequency fdNL (dashed lines). Different
amplitudes are observed for fdL and fdNL. -e response at
the difference frequency is much better by taking into ac-
count the nonlinear frequency shift. Whereas the maximum
pressure for fdL is pdL � 9.217 kPa (141.8% of the source
amplitude), the corresponding value for fdNL is pdNL �

19.794 kPa (304.5% of the source amplitude, which is a very
high value for parametric emission). -e benefit drawn in
terms of difference-frequency amplitude is 162.7%. It is also
interesting to note that by moving one of the primary source
frequencies, f2 from f2L to f2NL, its amplitude decreases,
pf2NL
<pf2L

, whereas the amplitude of the other primary
signal increases, pf1NL

>pf1L
. -is results clearly shows that,

by taking into account the resonance frequency shift, the
second source frequency is the one that undergoes a strong
loss of energy to feed the difference-frequency component
that acquires intensity and becomes much stronger,
pdNL >pdL. -is behavior is most likely due to the fact that
f2 is closer to the bubble resonance (see Case 3).

Case 2. -e first primary frequency is constant,
f1 � 700 kHz, whereas the second primary source fre-
quency f2 is moved from 896 kHz up to 902 kHz. Two
configurations are considered here. For the first one, the
source amplitude of the second primary component is
constant, p02 � 6.5 kPa, whereas the source amplitude of the
first primary component is varied from p01 � 6.5 kPa up to
p01 � 8.125 kPa. Figure 4(a) shows pdm as a function of
frequency (around fdL) for three amplitude values. At
p01 � 8.125 kPa, the resonance is at fdNL � 196.54 kHz, the
frequency shift is ΔfdNL � 3.46 kHz, and the highest value is
pdNL � 22.276 kPa, which is 274.2% of the source amplitude.
Since L is constant, this frequency shift means that the sound
speed in the medium is cdNL � 2Lf � 1201.65 m/s. For the

second configuration, the source amplitude of the first
primary component is constant, p01 � 6.5 kPa, whereas the
source amplitude of the second primary component is varied
from p02 � 6.5 kPa up to p02 � 8.125 kPa. Figure 4(b) shows
pdm as a function of frequency (around fdL) for three
amplitude values. At p02 � 8.125 kPa, the resonance is at
fdNL � 196.24 kHz, the frequency shift is ΔfdNL �

3.76 kHz, and the highest value is pdNL � 23.674 kPa, which
is 291.4% of the source amplitude. Since L is constant, this
frequency shift means that the sound speed in the medium is
cdNL � 2LfdNL � 1199.81 m/s.

It must be noted that the nonlinear curves are not
symmetric. Also, the maximal values obtained for Case 2 are
lower, relatively to the source amplitude (even at more
source amplitude), than the one obtained for Case 1, for
which the same amplitude at the source is applied to both
primary frequencies.

Case 3. -e second primary frequency is constant,
f2 � 900 kHz, whereas the first primary source frequency
f1 is moved from 698 kHz up to 704 kHz. -e source
amplitude is set at p01 � p02 � 6.5 kPa. Figure 5 shows the
comparison of pdm as a function of frequency (around fdL)
over the amplitude range in this case and in Case 1. -e
general behavior observed in Case 1 becomes apparent here
as well, especially a clear nonlinear frequency shift of res-
onance at the difference frequency compared to the linear
resonance. However, the efficiency of the mixing-frequency
process is higher in Case 3, giving a higher amplitude
of the difference-frequency component, pdNL � 20.825 kPa
(320.4% of the source amplitude, at fdNL � 197.38 kHz with
ΔfdNL � 2.62 kHz) instead of pdNL � 19.794 kPa (304.5% of
the source amplitude, at fdNL � 197.6 kHz with ΔfdNL �

2.4 kHz) in Case 1. In Case 3, the sound speed in the
medium is cdNL � 2LfdNL � 1206.83 m/s instead of cdNL �

2LfdNL � 1208.12 m/s in Case 1.
-is effect is the most likely due to the following. At finite

amplitude, the bubble resonance also undergoes a variation
from its linear value, f0g � ω0g/(2π) � 1.34 MHz, toward
lower frequencies, and this frequency shift increases with
amplitudes [10]. -us, when f2 is constant, at high am-
plitudes the difference between the nonlinear bubble reso-
nance and the primary frequency f2 is significantly reduced,
whereas when f1 is constant that difference depends on f2
that is moving (toward lower values when fitting the non-
linear resonance). Since the primary frequency f2 is the one
that gives most energy to the difference-frequency com-
ponent [24], the f2 component of the source then tends to
excite the bubbles with more intensity in such a way that the
bubbles oscillate around a mean volume that is higher in
Case 3 than in Case 1. -e softening of the bubbly medium
that takes place in the cavity is thus more pronounced in
Case 3 than in Case 1 (see Appendix and Refs. [22, 28, 29]),
and this gives way to a frequency shift of the difference
frequency in the cavity that is higher and produces more
intensity in Case 3 than in Case 1.

-e results obtained in this section suggest the following
new points that are of great interest in the framework of
nonlinear ultrasound in bubbly liquids: the nonlinear
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Figure 3: Pressure amplitude distribution of frequency compo-
nents along the resonator in Case 1 at p01 � p02 � 6.5 kPa:
f1L � 700 kHz, f2L � 900 kHz, fdL � 200 kHz (blue, green, and
red continuous lines, respectively) and f1NL � 700 kHz,
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frequency shift of the cavity resonance (decrease of sound
speed, softening of the medium by increase of the effective
bubble volume with pressure amplitude) can be applied to the
mixing of two signals of different frequencies to strengthen
the nonlinear generation of the difference frequency com-
ponent; the comparison of Cases 1 and 2 and Cases 1 and 3
performed above, with primary frequencies well below the
bubble resonance, evidences that the enhancement of the
difference-frequency component at the nonlinear resonance
is very effective (in relation to the source amplitude) when the
second primary frequency is constant, whereas the first one is
varied to match the nonlinear resonance, and both primary
component amplitudes are set at the same value; an un-
balanced contribution, in terms of amplitudes, of the primary
signals limits the necessary equilibrium to maximize the
difference frequency but promotes the generation of har-
monics of the strongest primary signal; and a variation of the
second primary frequency instead of the first one limits the
efficiency of the nonlinear mixing frequency.

4. Conclusions

-is work shows that a frequency shift, which grows with
pressure amplitudes (nonlinear resonance effect), of a sys-
tem composed by a bubbly liquid in a cavity exists at the
difference-frequency component generated by nonlinear
frequency mixing of two primary signals at frequencies well
below the bubble resonance. -is numerical study also
analyzes different ways to enhance the intensity of the
difference-frequency signal using this nonlinear resonance
effect and suggests the use at the source of a constant second
primary frequency combined with a varied first primary
frequency to adjust the difference frequency at the nonlinear
resonance, both at the same amplitude.

Appendix

In this appendix, we study the nonlinear resonance shift in
the cavity for a single-frequency excitation around f �

200 kHz with the bubble density Ng2 � 5 × 1011 m−3. -e
pressure source used is s(t) � p0 sin(ωft) where p0 is the
amplitude, ωf � 2πf. -e length of the cavity is set to be
resonant at L � λ/2, where λ � cf/f is the wavelength
and cf is the sound speed in this biphasic and dispersive
medium at this frequency [3]. At f � 200 kHz, cf �

1222.8 m/s and L � cf/2f � 0.0031 m. We perform sim-
ulations varying p0 from 1 Pa up to 250 Pa, and at each
amplitude, a frequency sweep around f is done (with in-
crement δf � 10 Hz) to localize the frequency at which the
maximum pressure amplitude is reached in the cavity pm.
Figure 6(a) shows the result. For the lowest amplitudes
(linear case), the curve is perfectly symmetric, and pmax �

113 Pa � pL corresponds to the linear resonance fL �

200 kHz for p0 � 1 Pa. By increasing p0, pmax corresponds
to lower frequencies (the nonlinear resonance and the
frequency shift are amplitude dependent), and it is also
reduced in relation to p0 due to the nonlinear attenuation,
and the symmetry around the resonance is lost. Similitude
about the behavior of the frequency shift from the linear
resonance with the frequency variation undergone by the
single bubble resonance shown by Lauterborn exists [10].
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Figure 4: Maximum difference-frequency pressure amplitude in the cavity pdm vs. frequency (around fdL) in Case 2 (constant f1, varied
f2) for (a) p02 � 6.5 kPa and three values of p01 and (b) p01 � 6.5 kPa and three values of p02.
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For p0 � 250 Pa, the resonance is at fNL � 198.74 kHz (the
frequency shift is ΔfNL � 1.26 kHz). Since L remains the
same at all amplitudes, the resonance shift means a change
of sound speed in the medium with amplitudes. -is value
here is cNL � 2LfNL � 1215.1 m/s. -us, the medium ex-
periences a modification of its acoustic properties when
amplitudes change, not only on a local basis (velocity of
particles) when nonlinear distortion occurs (e.g., as for a
shock wave), but on a global basis. It undergoes a softening
process when pressure amplitudes are raised, due to the
increase of the effective bubble volume. At nonlinear regime,
the positive volume variations prevail over the negative
values, and the bubble oscillations are then produced around
a mean volume that is bigger than the initial one, v+

0g > v0g,
which lowers the sound speed in the effectivemedium [3].-e
effect of the variation of bubble density in the cavity on its
nonlinear resonance shift is briefly described in the following.
-e sound speed and resonator length are cf � 1314.1 m/s
and L � cf/2f � 0.0033 m for Ng1 � 3 × 1011 m−3, cf �

1222.8 m/s and L � cf/2f � 0.0031 m for Ng2, and cf �

1148.2 m/s and L � cf/2f � 0.0029 m for Ng3 � 7×

1011 m−3. We keep the same amplitude sweeping range as
above. Figure 6(b) represents the resonance frequency vari-
ation from the linear resonance at f � 200 kHz as a function
of pmax for each bubble density, including the 3rd degree
polynomial fitting of the resonance frequency variation,
where Δf is expressed in Hz and pmax in Pa. For the same
amplitude, the frequency shift is more pronounced at higher
bubble density, since the nonlinear acoustic parameter is
higher. Moreover, at constant amplitude, Δf seems to have a
pseudolinear behavior vs. bubble density, which is qualita-
tively coherent with the results given by Brennen [5]. Nev-
ertheless, note that for the same source amplitude, the
maximum pressure reached is higher when the bubble density
is lower, since there is less attenuation in the medium.
Figure 6(c) shows the frequency shift as a function of the
average volume increase Δv for each bubble density. -e
frequency shift increases (higher maximum pressure,
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Figure 6: Maximum pressure in the cavity pm vs. source frequency (f ) for different source amplitudes p0 (a); fitting curves of resonance
frequency shift Δf vs. pressure amplitude pmax (b) and vs. average volume increase Δv (c), for different bubble densities Ng.
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Figure 6(b)) with Δv, i.e., when the effective bubble volume is
higher, following a linear fit, where Δf is expressed in Hz and
Δv in m3. -ese conclusions are in concordance with other
results published in the literature [22, 28], which results in a
qualitative validation of our model and procedure.

Data Availability

No data were used to support this study.

Conflicts of Interest

-e authors declare that there are no conflicts of interest
regarding the publication of this paper.

Acknowledgments

-is work was supported by the National Agency for
Research (Agencia Estatal de Investigación, AEI), Ministry
of Economy, Industry, and Competitiveness of Spain
(Ministerio de Economı́a, Industria y Competitividad),
Ministry of Science, Innovation, and Universities of Spain
(Ministerio de Ciencia, Innovación y Universidades), and
the European Regional Development Fund (FEDER) (grant
nos. DPI2012-34613, BES-2013-064399, and DPI2017-
84758-P). Christian Vanhille dedicates this work to Dr.
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