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Blade vibration and blade clearance are effective diagnostic features for the identification of blade damage in rotating machines.
Blade tip-timing (BTT) is a noncontact method that is often used to monitor the vibration and clearance of blades in a rotating
machinery. Standard signal processing of BTTmeasurements give one blade response sample per revolution of the machine which
is often insufficient for the diagnosis of damage. -is paper uses the raw data signals from the sensors directly and employs
a wavelet energy-based mistuning index (WEBMI) to predict the presence and locations of damage in rotating blades. -e
Lipschitz exponent is derived from the wavelet packet coefficients and used to estimate the severity of the damage. In this study,
experiments were conducted to obtain BTTmeasurements on rotating blades at 100 rpm using three different sensors: an active
eddy current sensor, a passive eddy current sensor, and an optical sensor. In addition, hammer excitation experiments were
conducted for various added mass (damage) cases to compute the damage severity for a bladed disk. To simulate the damage
experimentally in the bladed disk and rotating blades, masses were added to the blades to alter their dynamics and mimic the
damage. -e results indicate that the WEBMI can detect the presence and location of damage in rotating blades using mea-
surements from common BTT sensors. To check the robustness of the proposed damage severity index, the experimental results
were compared with numerical simulation for the bladed disk and showed good agreement.

1. Introduction

High cycle fatigue (HCF) causes damage to the blades during
the operation of a turbomachine and if unnoticed may lead
to catastrophic failures of the whole machine. As a result,
there is an increase in maintenance cost and reduction in
lead time. -erefore, an early assessment of the damage in
rotating blades for condition-based maintenance improves
the efficiency and increases the life of the turbomachine.
Over the past few decades, many researchers have proposed
noncontact measurement and data processing techniques to
monitor the vibration and clearance of blades in rotating
machines due to the nonintrusive and easy installation of
sensors which allows prompt identification of potential
damage.-e blade tip-timing (BTT)method is a well-known
noncontact method which measures the blade vibration and

blade tip-clearance during the engine operation and detects
the different types of blade failures [1].-is concept relies on
a number of probes fixed to the casing of the machine to
detect the blade tip as it passes in front of the probes. -e
effect of mistuned blades on the synchronous vibration of
rotating blades has been identified by BTT data analysis [2].
-e blade vibration was monitored, and blade cracks were
detected during machine operation [3]. -e abnormalities
found in the vibration characteristics of the BTT data
measured during engine tests were used to identify blade
damage [4]. BTT measurements were employed for iden-
tifying the dynamic behavior and detecting a small mis-
tuning pattern of rotating bladed disks [5]. Along with blade
vibration data, the blade tip-clearance (BTC) measurement,
which is the gap between the blade tip and the casing of
a rotating machine, is an additional diagnostic parameter
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that has been used to identify damage. -ese measurements
can also be obtained by the blade tip sensors.

Several blade vibration monitoring technologies have
been summarized which distinguish between the effect of
the cracks and any other source of damage based on the
blade length measurements [1]. -e tip timing data of
a rotor blade were measured in various engine trials to
evaluate the ability of these sensors to detect dynamic
foreign object damage events [6]. A contactless diagnostic
method was described to identify damage in steam turbine
blades based on the axial blade lengthening parameter [7].
However, it is challenging to predict the anomalies in the
rotating blades using only blade lengthening and ampli-
tude parameters. Hence, data-driven detection techniques
were employed to analyze BTC data acquired from the
rotor disk to test the feasibility of the damage detection
methodology [8].

In addition to the BTC data, the modal parameters of
blades were utilized to detect damage in the rotating
blades. -e experimental studies were performed on the
assembled test rig of three spinning test blades, and the
location and length of a crack were estimated based on the
modal parameters [9]. -e blade natural frequencies and
the blade tip position were obtained from the BTTmethod
to detect the blade crack in an aero engine [10]. Chatterjee
and Kotambkar [11] investigated the mistuning induced by
lacing wire damage in blade packets using modal char-
acteristics. Xu et al. [12] studied the effect of cracks on the
vibration characteristics of mistuned rotating blades based
on natural frequency, vibration amplitude, and vibration
localization parameters. Nevertheless, the modal param-
eters are less sensitive to the low damage levels, and the
natural frequencies and mode shapes are difficult to
measure due to the subsampling frequency of the BTT
signals, which depends on the rotating speed. -us, the
signal processing of BTT measurements is necessary to
reconstruct the signal to solve the aliasing effect before
applying into damage detection algorithms. Salhi et al. [13]
proposed a BTTsignal reconstruction method based on the
Shannon theorem. However, in practice, BTT signals are
not really band limited, and so aliasing effects still exist in
the reconstructed signals.

-e low sample rate of BTT signals occurs because only
one blade response sample per revolution is extracted from
the processing of the raw sensor signal. A sparse repre-
sentation (SR) model was built for multimode blade vi-
bration monitoring [14, 15]. However, the sensor output is
often measured at a high sample rate and will contain
a combination of the blade vibration and the rotation of the
machine. Extracting suitable features from these signals to
detect damage requires advanced signal processing tools,
such as the wavelet transform.

-e wavelet packet transform (WPT) is a rich signal-
processing tool which performs a complete decomposition,
including both low-frequency (approximate) and high-
frequency (detailed) components. -e WPT can also han-
dle the subsampled signals and overcome the aliasing effects
in the reconstructed signals. Zhongsheng [16] proposed
a nonaliasing reconstruction algorithm of subsampled blade

tip-timing signals based on the Shannon theorem andWPT.
-eWPTwas applied to subsampled rotational mode shapes
to detect the location and size of added mass in beam and
plate structures by numerical simulation [17, 18]. Jamia et al.
[19] employed the WPT analysis to identify the presence,
location, and severity of mistuning in a bladed disk by
conducting a series of impact hammer tests. -ey mainly
addressed the presence and location of damage but they did
not justify the relationship between the damage severity and
wavelet coefficients.

For damage severity estimation, Montanari et al. [20]
introduced continuous wavelet transform- (CWT-) based
crack index to detect and estimate the crack location and
size of different beams using first three mode shapes. Hong
et al. [21] introduced the Lipschitz exponent which can be
used as a damage extent indicator in a beam using the
CWT. Douka et al. [22] and Loutridis et al. [23] introduced
an intensity factor that estimates the size of the crack from
the coefficients of the CWT. -e Lipschitz (Hoelder) ex-
ponent (α) and intensity factor (K) were derived from the
CWT coefficients to quantify the relationship between the
damage and the change in the wavelet coefficients derived
from modal and elemental strain energy data [24]. Chen
et al. [25] employed a Lipschitz exponent to quantify the
signal singularity of the acceleration responses of a five-
storey building model using the CWT analysis. For
practical applications, a fast numerical algorithm is rec-
ommended; in order to obtain the discrete data points, one
should sample the continuous wavelet algorithm on
a dyadic grid, because it was proved that the wavelet
transform on a dyadic grid is complete and stable [26].
Błaszczuk and Pozorski [27] discussed the application of
the discrete wavelet transform (DWT) and the Lipschitz
exponent to estimate the function differentiability of the
beam structural response.

In summary, based on the above literature review, the
following points can be concluded: (a) blade vibration and
blade tip-clearance are effective diagnostic features for
detecting blade damage in a rotating machine, (b) direct
BTT signals have difficulty in interpreting damage in ro-
tating blades, (c) modal parameters are insensitive to
identify mistuning or damage in rotating blades, (d) the
signal processing of BTTmeasurements is required before
applying the WPT analysis, (e) the WPT analysis is a rich
signal-processing tool which can even handle BTT-
reconstructed signals to detect anomalous features, and
(f ) the Lipschitz exponent has been employed to quantify
damage. In light of this, the novelty of this study is to apply
the raw signals from BTT sensors into a WPT analysis to
detect the presence and location of damage in rotating
blades and estimate the Lipschitz exponents from the
wavelet packet coefficients to quantify the severity of
damage in the bladed disk and rotating blades. An initial
study is also reported that demonstrates the effectiveness
of the Lipschitz exponent to quantify damage in stationary
bladed disks using impact tests with the response mea-
sured by accelerometers.

-e paper is organized as follows. Section 2 describes the
formulation of the proposed WEBMI and the damage
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severity index. -e performance of impact hammer tests to
estimate the damage severity of bladed disks is briefly
explained in Section 3. Details of the BTT experiments and
measurement results are presented and discussed in Section
4. Finally, a summary and concluding remarks of this study
are provided in Section 5.

2. Wavelet Energy-Based Mistuning Index

In this study, the wavelet energy-based mistuning index
(WEBMI) is employed to detect the presence and location of
damage in the rotating blades using measurements from the
BTT sensors. For the sake of understanding, the WEBMI is
briefly discussed, along with the threshold based on the
statistical confidence. -e description of the Lipschitz ex-
ponent is then given, followed by the definition of the
proposed severity index.

2.1. Introduction of the WPT. -e wavelet packet ψi
j,k is

a function where i, j, and k are the frequency modulation,
scale (decomposition level), and translation parameters,
respectively. -us

ψi
j,k � 2j/2ψi 2j

t− k , (1)

where ψi indicates the frequency modulation of the wavelet
function. After the jth level of decomposition, the original
signal f(t) can be expressed as

f(t) � 2j

i�1

f
i
j(t). (2)

-e wavelet packet component signal fi
j(t) can be

represented by a linear combination of the wavelet packet
functions ψi

j,k(t) as

f
i
j(t) � Ns 

k�0
C

i
j,k(t).ψi

j,k(t), (3)

where Ns denotes the number of samples for four revolu-
tions, and the wavelet packet coefficient Ci

j,k can be obtained
from

C
i
j,k � 

 T

0
f(t)ψi

j,k(t)dt,

C
i
j,k � A

i
j,k, if i � 1, 3, 5...,

C
i
j,k � D

i
j,k, if i � 2, 4, 6...,

(4)

where Ai
j,k and Di

j,k are the approximate and detail co-
efficients, respectively. -e wavelet packet functions are
assumed to be orthogonal, that is


 T

0
ψr

j,k(t)ψq

j,k(t)dt � 0, if r≠ q. (5)

-us, the wavelet component energy at the jth level for
the ith modal component is defined as the energy stored in
the component signal fi

j(t) and is given by

E
i
j � 

 T

0
f

i
j(t)

2
dt. (6)

-e component signal fi
j(t) is extracted from the jth

level but is translated in the time domain such that 0< t<T.
-e estimated component energy Ei

j is the energy stored in
different frequency bands at the jth scale. -e rate of change
of the signal wavelet component energy ΔE at the jth level
and the ith component can be expressed as

ΔEi
j �

Ei
j 

d
− Ei

j 
u





Ei
j 

u

, (7)

where the subscripts d and u denote the damaged and
undamaged cases, respectively. -e rate of change in energy,
ΔE, defines the WEBMI.

2.2. *reshold. To increase the robustness of prediction of
the damage location, a threshold is established using the
statistical properties and the one-sided confidence limit of
the damage indices from successive measurements. -e
mean and standard deviation of the estimated WEBMI
values are given by μW and σW, respectively. -us, the one-
sided upper confidence limit for the WEBMI is given by the
following equation [28]:

ULW � μW + Zβ
σW��

N
√ , (8)

where N is the total number of WEBMI values that can be
obtained after completing the wavelet packet de-
composition at a given level. Zβ is the value of the standard
normal distribution with zero mean and unit variance that
gives a cumulative probability of 100 (1− β)%. -is upper
limit can be defined as a threshold value, and any index
that exceeds the threshold can indicate the exact location
of damage. -e brief damage detection methodology using
the WPT analysis is provided by the flowchart shown in
Figure 1.

2.3.*e Lipschitz Exponent. A function f(t) has a Lipschitz
exponent α≥ 0 at the point t � v if there exists a constant D

and a polynomial pv(t) of degree M (where M is the largest
integer satisfying M≤ α) such that [21]

f(t) � pv(t) + εv(t), (9)

where

εv(t)


≤D|t− v|α. (10)

-e Lipschitz exponent α measures the differentiability
of the functionf(t); the function is not differentiable at t � v

if 0< α< 1. All of the discontinuities in the function f(t) at
the point t � v are contained in the function εv(t).

When the Lipschitz exponent is applied to the wavelet
transform, then determining the moments of the mother
wavelet that vanish is important. A function ψ(t) is said to
have n vanishing moments if it satisfies the following
condition:


+∞

−∞
t
kψ(t)dt � 0, for 0≤ k≤ n. (11)
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Suppose that the number of vanishing moments of the
wavelet function is greater than the Lipschitz exponent,
i.e., n> α. -en, the wavelet transform retains only the
singular part of the function f(t) because

Wpv(t) � 0, (12)

and hence

Wf(t) � Wεv(t), (13)

where W defines the wavelet transform.
-e maximum wavelet packet coefficients reduce as the

level of decomposition, j, decreases. For isolated singularities,
the wavelet maximum is bounded by an exponential decay law,
with an exponent equal to the Lipschitz exponent α. Błaszczuk
and Pozorski [27] proposed an inequality in the form

|Wf(t)|≤D × 2−j(α+(1/2)) (14)

or equivalently

log2|Wf(t)|≤−j α +
1
2

  + log2 D. (15)

-us, a plot of |Wf(t)| against j gives a straight line with
slope −(α + 1/2), and this slope can be estimated from two
values of j.

2.4. *e Damage Index. -e key difference in the current
analysis is to replace the wavelet packet coefficient, Wf(t),
by the absolute difference between the WEBMI and the
upper control limit, |WEBMI −UL|. -e energy at any level
of decomposition depends directly on the wavelet co-
efficients, and thus if damage causes a discontinuity in the
wavelet transform, then it will also provide a discontinuity in
theWEBMI.-e estimate of the Lipschitz exponent in terms
of the WEBMI is given by

α �
−log2 (WEBMI −UL)j�j2



 + log2 (WEBMI −UL)j�j1





j2 − j1

−
1
2
,

(16)

where j1 and j2 are the decomposition levels chosen for the
estimation.

3. A Bladed Disk Example

-is study is an extension of our previous work that
identified mistuning in a bladed disk using the WPT
methodology [19]. To quantify the damage, the proposed
damage severity index is now demonstrated on a bladed disk
example.-e simulation consists of a disk with 20 blades and
two degrees of freedom per blade as shown in Figure 2,
where the damage is simulated by a stiffness reduction of one
blade. -e experimental example consists of a disk with 12
blades, where the “damage” is implemented by adding mass
to one of the blades as shown in Figure 3. -e equivalence of
the damage in the simulation and experiment is then de-
termined by considering the change in the first natural
frequency of the blade.

3.1. Numerical Simulation. -e numerical simulation was
performed on a reduced-order two degrees of freedom per
blade model of the bladed disk developed by Salhi et al. [29]
and used by Jamia et al. [19] to demonstrate theWEBMI.-e
bladed disk was composed of 20 blades. Figure 2 shows
a schematic of the two DOFmodels, where only three sectors
of the bladed disk are shown as a mass-spring system. An
impulse was applied to one blade, and the corresponding
time response was obtained from each blade tip. -e output
only response signal was used in the WPTanalysis to obtain
the WEBMI. -e Lipschitz exponent was derived from the
WPT analysis to estimate the damage severity in the bladed
disk.

Raw BTT/impulse time responses from undamaged and
damaged cases

Signal processing of raw BTT signals

Reconstructed BTT/impulse time signal of each blade
signal decomposed into different frequency bandwidth

Compute the wavelet packet coefficients (WPC) at
desired level

Entropy method
if

Aj
1 < Dj

2
No

Optimal ‘jth’ level of decomposition by entropy method

Estimate the component energy at ‘jth’ level using WPC

Choose the first component energy for damage detection

Estimate the threshold value for WEBMI using
one-sided upper confidence limit UL

ULW = μW + Zβ
σW

N

Compute the WEBMI for all blades

∆Ej
1 =

Ej
1

d Ej
1

u

Ej
1

u

–

Detect the presence and location of damage that exceeds
threshold value WEBMI –ULα

WEBMI

Estimate the damage severity by Lipschitz exponent ‘α’
index

Figure 1: Damage detection methodology.
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-e model used has two DOFs per sector, representing
the blade and the disk sector. Each disk sector is coupled
with the neighboring sectors by the stiffness kc. -e stiffness
of an individual blade is represented by ka. It is assumed that
each blade in the assembly has one significant mode which is
typically the first bending mode. No centrifugal stiffening or
rotational dynamics effects are considered explicitly in this
model, although centrifugal stiffening could be included by
increasing the blade stiffness ka. A proportional damping
model is assumed. A free vibration response of each blade
and disk sector is generated.

-e equation of motion of the bladed disk model in free
vibration is defined as

M€q(t) + C _q(t) + Kq(t) � 0, (17)

where q(t) is the vector of displacements corresponding
to (2 × 20) DOF. -e displacement of the n-th sector is
given by

qn
(t) �

qn
1(t)

qn
2(t)

 , (18)

where the subscripts 1 and 2 represent the blade and the disk
sector, respectively.

M, C, andK represent the structural mass, damping, and
stiffness matrices of the dimension N × N with
N � 2nb � 40, where nb is the number of blades. -e mass
matrix is given by

M �

Ms 0 0 . 0

0 Ms 0 . 0

0 0 Ms . 0

. . . . .

0 0 . . Ms

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

with Ms �
ma 0

0 md

 ,

(19)

where ma and md are the modal masses of the blade and the
corresponding disk sector, respectively. -e stiffness matrix
K is given by

K �

Ka Kb 0 . Kb

Kb Ka Kb . 0
0 Kb Ka . .

. . . . Kb

Kb 0 . Ka

.

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

with Ka
�

ka −ka

−ka ka + kd + 2kc

 

and Kb
�

0 0
0 −kc

 .

(20)

-e proportional damping matrix is given by

C � αM + βK, (21)

where the proportionality factors α and β are 1.0823 and
7.6536 × 10−5, respectively. -e damping ratios for all

Blade

Sector n – 1 Sector n Sector n + 1

Disk

ma

md

kc
ka

kd

ξ

Figure 2: Two degrees of freedom per sector model.

Impact
hammer

DAQ

(a)

Acclerometers

Magnet

(b)

Figure 3: (a) Impact hammer test setup; (b) blade with added magnet mass.

Shock and Vibration 5



modes are approximately equal to 0.01. A bladed disk is
simulated with the parameters given in Table 1.

To examine the relationship between the Lipschitz ex-
ponent, α, and the damage severity in the bladed disk,
a numerical analysis was performed for different stiffness
reductions that varied from 1% to 9%. In this study, the
wavelet function db6 was chosen which has three vanishing
moments, and the first wavelet packet energy was considered
in the damage identification methodology, as indicated in
[19]. -en, the Lipschitz exponent α was computed with the
input of two different levels (j � 2 and j � 6) of coefficients
using Equation (16). -e minimum level of j � 2 was re-
quired to detect the damage and j � 6 was chosen to satisfy
the vanishing moments condition for the db6 wavelet.
Higher-order wavelet functions were investigated but, in this
case, the db6 wavelet is optimal to estimate the singularity of
the function.

Figure 4 shows that the Lipschitz exponent α de-
creases exponentially as the stiffness reduction increases,
which means the differentiability of the function de-
creases as the damage severity increases. -e Lipschitz
exponent α has an ability to predict the differentiabil-
ity of the function for a stiffness change as small as 1%.
-e Lipschitz exponent obeys the vanishing moments
condition which means the chosen “db6” wavelet func-
tion was suitable for this study. -e minimum stiffness
changes due to damage were 1% in this case; smaller
stiffness changes will generally require higher order
wavelet functions.

3.2. ExperimentalValidation. To check the robustness of the
proposed damage severity index, an impact hammer test was
conducted at Swansea University. To perform this experi-
ment, a 4-channel data acquisition (DAQ) system, three
accelerometers, an impact hammer, and data acquisition
software were used (see Figure 3(a)), and the experimental
procedure was briefly explained in [19]. In this study, the
added mass was varied from 11 g to 99 g, with an increment
of 11 g, on the middle blade to estimate the added mass
(damage) severity as shown in Figure 3(b). -e mass was
added using rectangular magnets of mass 33 g shown in
Figure 3(b), and circular magnets of mass 11 g, mounted on
the beam at centre position approximately 15mm from the
blade root. Table 2 shows the combination and location of
the magnets to realise the different mass values. -e ex-
perimental Lipschitz exponent, α, was estimated and is
shown in Figure 4 as a function of the mass added. -e
results clearly show that the Lipschitz exponent reduces with
the mass added, but there are definite steps in the exponent.
In fact, the reduction in the Lipschitz exponent appears to be
less than expected when a rectangular magnet is added to the
beam. -e magnets add some stiffness to the beam in ad-
dition to the mass, and the mass and stiffness have opposite
effects on the natural frequencies. However, the change in
natural frequency due to added mass, shown in Figure 5
obtained from the experimental response data, shows that
the natural frequency changes smoothly with the mass
added.
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Figure 4: -e change in the Lipschitz exponent due to damage
severity.

Table 1: -e properties of the bladed disk.
ma 1 kg
md 1 kg
ka 10 kN/m
kd 20 kN/m
kc 0.2 ka kN/m
nb 20

Table 2: -e position of the masses added to the blade for the
different damage cases in the bladed disk experiment.

Mass added Rectangular magnets (33 g) Round magnets (11 g)
11 g — Top
22 g — Top + bottom
33 g Top —
44 g Top Top
55 g Top Top × 2
66 g Top + bottom —
77 g Top + bottom Top
88 g Top + bottom Top + bottom
99 g Top × 3 —
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Figure 5: -e change in the experimental natural frequency due to
mass added.

6 Shock and Vibration



3.3. Comparing Simulated and Experimental Results. To
compare the simulated and experimental results, a re-
lationship must be found between the stiffness reduction in
the simulation and the added mass in the experiment. -is
relationship was determined by equating the change in the
natural frequency due to “damage”. In the simulation, the
computed change in the first natural frequency for stiffness
reduction of 5% was 0.3267%, whereas the change in the first
experimental natural frequency due to an added mass of 55 g
was about 0.36%.-us, the numerical first natural frequency
change due to a 5% stiffness reduction was close to the
experimental first natural frequency change due to the added
mass of 55 g. A finite element (FE) analysis of the blade was
also performed to give an alternative comparison. Each blade
in the disk is considered as a cantilever beam with di-
mensions 100 × 31 × 4mm. Young’s modulus was de-
termined as 166GPa by model updating to match with the
experimental first natural frequency for the undamaged case
for a mass density of 7870 kg/m3. -e beam was divided into
20 elements to achieve an accurate estimate of the first
natural frequency, and the damage (mass) was introduced
from the second to fourth element of the beam to corre-
spond with the location of the addedmass in the experiment.
-e added mass of 55 g was simulated in the FE model, and
the change in the first natural frequency was about 0.3818%
which is approximately equal to the experimental change in
the first natural frequency. -us in Figure 4, a linear re-
lationship between added mass and stiffness reduction is
based on the equivalence of a 5% stiffness reduction and an
added mass of 55 g. Figure 4 then shows a reasonable
agreement between the experimental results and the nu-
merical results.

4. Experimental Validation for a Rotating
Bladed Disk

4.1. *e Bladed Disk Test Rig. A test rig was designed and
manufactured at Swansea University in order to generate
BTT measurements using different types of sensors and
validate the proposed technique. -e sensors were selected
to be typical of those used to obtain BTT measurements,
i.e., an active eddy current sensor (AECS), a passive eddy
current sensor (PECS), and an optical sensor. -e test rig is
composed of a bladed disk with 12 blades surrounded by
a cylindrical casing at the distance δ (the gap between the
blade tip and the sensor). -e bladed disk is clamped to the
end of a rotating shaft supported by two ball bearings fitted
in two split plummer block housings. -e shaft is driven by
a servo motor at 100 rpm. -e manufactured test rig details
are shown in Figure 6.

-e “damage” is induced by adding mass to one of the
blades. -e sensors were mounted to the casing to detect
the blade tip displacement as it passes in front of the
probes, as shown in Figure 7(a). -e sensor outputs were
measured by a 4-channel Data Physics DAQ system for
a period of 3.2 s with a sampling rate of 10240Hz. -e
damage was simulated by the added mass realised as
magnets are placed 15mm from the root of the blade, as
shown in Figure 7(b). In this study, the blades were run at

100 rpm. -ere was no explicit excitation of the blades in
the experiments, although the resolution of the encoder
used for the speed control means that the bending vi-
bration of the blades will be excited via the torsional vi-
bration of the shaft. -is may be demonstrated by
estimating the speed of the machine based on the time of
arrival of a particular blade; a nonconstant speed will arise
from a combination of the shaft speed variation and the
blade vibration. Figure 8 shows a typical example of es-
timated speed and shows a small variation of 0.03%, which
provides sufficient excitation for the WEBMI method.
Different test cases were performed where the mass added
was changed, i.e., (i) a single added mass to blade 8, (ii)
multiple masses added to blades 4 and 8, and (iii) a single
mass added to blade 8 that varied from 11 g to 99 g; the
description of the added masses and their position for the
different damage cases is given in Table 2.

4.2. Signal Processing of Measurements from the BTT Sensors.
-e raw signal was obtained from the AECS for a speed of
100 rpm, as shown in Figure 9 for illustration purposes. -e
raw signal cannot be directly used in the WPTmethodology
since the response from individual blades needs to be
extracted. -e WPT methodology may then be applied to
each blade response. One of the major advantages of the
proposed approach is that a single noncontact sensor
mounted on the stator is sufficient to predict the damage
location and severity for all of the blades.-e steps to extract
individual blade response are as follows:

(i) Initially, the measurements are obtained for 3.2 s, as
shown in Figure 9.

(ii) To identify the reference blade, a trial was conducted
by removing a blade from the bladed disk assembly.
-en the signal was obtained with 11 peaks, and in
this case, it is clear which signals correspond to the
reference blade and the damaged (added mass)
blade from the removed blade signal.

(iii) -e reference blade (blade 1) is defined as the blade
with the highest amplitude peak, and subsequent
peaks were ordered sequentially as the response
from the other blades (up to blade 12), for a com-
plete revolution. For illustration, four complete
revolutions are considered here and the remaining

Figure 6: -e manufactured test rig.
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samples were discarded. More revolutions can be
used if required.

(iv) Individual blade responses can be extracted by
choosing a fixed sample time that fully contains
a single blade response (both before and after the
peak) but is less that T/N, where T represents one
period of rotation and N is the number of blades.

(v) Given knowledge of the number of blades, the re-
sponses from all of the blades can be allocated to
individual blades and merged over multiple revo-
lutions, as shown in Figure 10 for blade 1.

After processing the signal, each blade BTTsignal may be
applied into the WPTmethodology to detect the damage in
the rotating blades. Brief details about the WPT method-
ology and the formulation of the wavelet energy based
mistuning index (WEBMI) were discussed in Section 2.

4.3. SingleAddedMass Locations. -e sampling frequency of
blade response measures from the standard processing of

BTTsignals completely depends on the rotating speed of the
machine since there is only one measurement for each blade
passing. However, this study has considered the sensor
output directly at a constant sample rate of 10240Hz. -e
damage identification study was conducted for a speed of
100 rpm, and the addedmass of 99 g was located at a position
of 15mm from the root of blade 8. -e signals from the BTT
sensors of all blades for the undamaged and damaged cases
from the AECS are shown in Figure 11. -e sample time for
each blade was based on 500 samples (250 each side of the
peak), and the reconstructed signals for blade 8 for the
undamaged and the damaged cases are shown in Figure 12.
Comparing the damaged signal with the undamaged signal,
there are small shifts observed in the responses of blade 8 due
to the added mass at blade 8. However, the interpretation of
the shift in the signal alone cannot provide a robust damage
feature for the rotating blades. -erefore, the signal for each
blade was subjected to the WPTmethod which decomposed
the signal into different frequency bandwidth signals to
detect the damage effectively. In this study, the wavelet
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Optical sensor

(a)

Magnet added mass

(b)

Figure 7: (a) BTT experimental test rig; (b) blade with magnet added mass.
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Figure 9: A raw BTT signal from the AECS at a speed of 100 rpm.
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function “db6” with three vanishing moments was chosen,
which satisfied the vanishing moments condition for esti-
mating the damage location and severity in the rotating
blades.

In order to select the optimal decomposition level, the
Shannon entropy method was employed, as briefly dis-
cussed in [19]. Based on this method, the entropy of both
approximate and detailed coefficients was estimated at
each level. At level 2, the entropy was 0.00933, which was
less than the entropy of the detailed coefficients, which was
0.03069; hence, the decomposition level 2 was selected as
an optimal level to detect the changes of 99 g added mass in
the rotating blade. For the case of BTT signals, the vicinity
of minute changes can be observed from the approximate
component energy, as shown in Figure 13(a). However, it
is difficult to predict the damage at the exact location.
-us, the threshold limit with a high confidence interval
was applied to the WEBMI, and the resulting WEBMI-UL

indicates a substantial peak at the exact location of blade 8,
as shown in Figure 13(b).

In order to check the effectiveness of the other sensors,
the PECS and optical sensor were employed simulta-
neously, in addition to the AECS to monitor the blade tip
displacement, as shown in Figure 7(a). -e reconstructed
BTT signals of the undamaged and the damaged blade 8
from the PECS and the optical sensors are shown in Fig-
ures 14 and 15. -ere is hardly any change found in the
undamaged BTT signal of blade 8 (see Figure 14(a)) from
the PECS, whereas for the damaged signal of blade 8,
Figure 14(b) shows subtle changes in the time response due
to the added mass placed on blade 8. In fact, the amplitudes
of the blade response measured from the PECS are very low
compared to the AECS and the optical sensor. However,
this will not affect the damage identification process. On
the other hand, the optical sensor BTT response of un-
damaged blade 8 (see Figure 15(a)) shows no changes, but
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Figure 11: AECS reconstructed BTT signals of all blades for a speed of 100 rpm. (a) Undamaged and (b) damaged cases.
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Figure 10: Reconstructed blade 1 BTT signal up to four completed revolutions.
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the blade 8 damaged response reveals bump characteristics at
the root of the BTT signal as shown in Figure 15(b). -is
phenomenon occurs due to the optical sensor picking up the
signal directly from the presence of the magnet. It is observed
that the damaged blade BTT signal from the optical sensor
provides the trend for the damage existence and location. Still,
a robust damage identification methodology is required to
predict the exact damage location. -us, the BTTsignals were
applied to the WPT methodology which required a level 3
decomposition to detect the exact damage (added mass)
location in the rotating blades. It is found that the estimated
WEBMI is not distinct for the damaged blade corre-
sponding to the PECS and the optical sensor cases, as
shown in Figures 16(a) and 17(a). -erefore, the statistical
threshold limit was applied to the WEBMI to pinpoint the

exact location of the damage, as shown in Figures 16(b) and
17(b).

4.4. Multiple Added Masses Locations. -e WPT method-
ology has identified the single added mass location in the
rotating blades at constant speed and different sensors cases.
In practice, damage may occur in more than one location in
the rotating bladed disk. Hence, this study extends the WPT
identification methodology for the case of multiple damaged
blades. -e BTT measurements were performed for two
added masses (each 66 g) located near the roots of blade 4
and blade 8. -is study was conducted at 100 rpm. -e
reconstructed BTT signals were obtained for blades 4 and 8
from the three sensors and are shown in Figures 18(a)–18(f ).
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Figure 13: AECS results for the added mass located at blade 8. (a) WEBMI and (b) WEBMI-UL.
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Figure 12: AECS reconstructed BTT signals of blade 8 for a speed of 100 rpm. (a) Undamaged and (b) damaged cases.
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-ere are some apparent shifts found in the BTT signals as
shown in Figures 18(a), 18(d), and 18(f), whereas only subtle
shifts are observed in Figures 18(b), 18(c), and 18(e).
However, it is challenging to detect damage from the shift in
the BTTresponses.-erefore, the BTTsignals were subjected
to the WPT analysis with the choice of the “db6” wavelet
function which required a level 6 decomposition. It is
challenging to detect the damage (added masses) at multiple
locations using the AECS and PECS results even after trying
with the different component energies. For the last com-
ponent energy, the peaks are distinct only at single location
of the added mass, as shown in Figures 19 and 20. Yet, the
optical sensor can detect the damage (added masses) at
multiple locations at blades 4 and 8, as shown in Figure 21.
-erefore, the optical sensor is more reliable than the AECS
and the PECS sensors to reveal the subtle changes in the
multiple locations from the BTT signals.

4.5. Estimation of Damage Severity. Damage severity is the
third level of the damage identification methodology after the
identification of damage existence and the location of damage.
-e Lipschitz exponent “α” was derived from the WPT
analysis to estimate the damage severity in the rotating blade.
-e formulation of the Lipschitz exponent “α” is briefly
explained in Sections 2.3 and 2.4. -is section discusses the
quantification of damage (addedmass) severity in the rotating
blade based on the BTT measurements. -erefore, the BTT
experiments were performedwith the addedmass varied from
11 g to 99 g with an increment of 11 g at blade 8 for a constant
speed of 100 rpm. As we observed from Section 4.4, the optical
sensor is robust to predict the minute changes in the BTT
signals. Hence, the following discussion regarding the damage
severity is based on the optical sensor results.

In this study, the wavelet function “db6” was chosen
which has three vanishing moments, and the first wavelet
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Figure 15: Optical sensor reconstructed BTT signals of blade 8 for a speed of 100 rpm. (a) Undamaged and (b) damaged cases.
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Figure 14: PECS reconstructed BTT signals of blade 8 for a speed of 100 rpm. (a) Undamaged and (b) damaged cases.
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packet energy was considered in the damage identification
methodology as shown in Figure 1. -en, the Lipschitz ex-
ponent “α” was calculated with the input of two different
levels (e.g., j � 5 and j � 9) of coefficients using the relation
given in Section 2.4. It is observed that the Lipschitz exponent
“α” decreases monotonically as the added mass increases,
which means the differentiability of the function decreases as
the damage severity increases, as shown in Figure 22. An
approximately uniform drop is found up to an added mass of
55 g which indicates the sensitivity of the Lipschitz exponent
due to the change in mass up to 55 g. However, this behavior
decays slowly as added mass increases. In addition, Figure 22
shows that the experimental Lipschitz exponent approxi-
mately follows the behavior of a cubic polynomial with an R2

value of 0.9985. -e Lipschitz exponent “α” has an ability to
predict the differentiability of the function for an added mass
as small as 11 g. -e Lipschitz exponent α≤ n obeys the
vanishing moments condition which means the chosen “db6”
wavelet function was appropriate for this study. In order to
predict less than 11 g of added mass, even higher-order
wavelet functions are desirable. -us, the Lipschitz expo-
nent is a promising index to quantify the damage severity in
rotating blades based on the BTT measurements.

5. Conclusions

-is study has consideredWPT-based damage identification
in rotating blades and bladed disk using BTTmeasurements
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Figure 17: Optical sensor results for the added mass located at blade 8. (a) WEBMI and (b) WEBMI-UL.
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Figure 16: PECS results for the added mass located at blade 8. (a) WEBMI and (b) WEBMI-UL.

12 Shock and Vibration



0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
Time (secs)

0

0.5

1

1.5

2

2.5

3
Bl

ad
e r

es
po

ns
e (

V
)

Undam
Dam

(a)

Undam
Dam

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
Time (secs)

0

0.5

1

1.5

2

2.5

3

Bl
ad

e r
es

po
ns

e (
V

)

(b)

Undam
Dam

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
Time (secs)

–0.1

–0.05

0

0.05

0.1

Bl
ad

e r
es

po
ns

e (
V

)

(c)

Undam
Dam

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
Time (secs)

–0.1
–0.08
–0.06
–0.04
–0.02

0
0.02
0.04
0.06
0.08

0.1

Bl
ad

e r
es

po
ns

e (
V

)

(d)

Undam
Dam

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
Time (secs)

0

1

2

3

4

5

Bl
ad

e r
es

po
ns

e (
V

)

(e)

Undam
Dam

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
Time (secs)

0
0.5

1
1.5

2
2.5

3
3.5

4
4.5

5

Bl
ad

e r
es

po
ns

e (
V

)

(f )

Figure 18: Reconstructed BTTsignals of undamaged and damaged cases of blades 4 and 8 from (a, b) AECS, (c, d) PECS, and (e, f ) optical
sensor, respectively.
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Figure 19: AECS results for the added mass located at blades 4 and 8. (a) WEBMI and (b) WEBMI-UL.
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Figure 20: PECS results for the added mass located at blades 4 and 8. (a) WEBMI and (b) WEBMI-UL.
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Figure 21: Optical sensor results for the added mass located at blades 4 and 8. (a) WEBMI and (b) WEBMI-UL.
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and impact hammer tests. To check the feasibility of the
WEBMI for the rotating blades, the BTT experiments were
conducted at 100 rpm using three sensors, for different levels
of added mass and locations. -e signal processing of the raw
BTT signal was performed before applying the WPT analysis.
-e reconstructed BTTsignal of each blade was then applied to
the WPTmethodology to estimate the WEBMI. It is observed
that the WEBMI can identify the damage (added mass)
presence and location in the rotating blades.-e optical sensor
is robust to predict themultiple addedmasses locations and the
small damage severity cases, compared to the AECS and the
PECS. -e Lipschitz exponent “α” was employed to estimate
the damage severity in both static bladed disk and the rotating
blades. Numerical simulations were performed on a non-
rotating bladed disk for various stiffness reductions that ranged
from 1% to 9%. It was found that the experimental results have
good agreement with the numerical results. A relationship
between the stiffness reduction in the simulations and the
added mass in the experiments was determined, and it was
concluded that the added mass used in this study is approx-
imately equivalent to the corresponding stiffness reduction in
the bladed disk. For the case of rotating blades, the experi-
mental Lipschitz exponent “α” decreases monotonically as the
damage severity (added mass) increases and shows good
agreement with a cubic polynomial curve fit. Hence, the
proposed WEBMI is a promising diagnosis tool to detect the
damage presence, location, and the severity in the bladed disk
and rotating blades.
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