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A simple model for vertical dynamic interactions among a group of strip footings rested on half-space is presented in this paper.
An analytical method is presented to obtain the contact pressures and the impedance matrix for a group of surface strip footings.
In order to conveniently solve the unknown contact pressures between the soil and footings, the soil-footing interfaces are
discretized into a series of strip elements. )e Green function for each element under uniform harmonic force is derived and
calculated by the piecewise integration and Cauchy principal value integral. )e influences of footing and soil parameters on
contact pressures and vertical dynamic impedances of footing groups are discussed in detail. )e SSSI effect between adjacent
footings increases with the decrease of the distance ratio S/L. For three footings in a group, the middle footing experiences greater
cross-interactional effect than the side ones. )e present method has high accuracy, which is not only simple but also suitable for
the high-frequency analysis.

1. Introduction

)e soil-structure interaction (SSI) has been paid compre-
hensive attention over the past few decades [1–3]. )e
substructure method has been widely applied in SSI research
due to that the footing and the half-space can be analyzed
separately by using the respectively suitable methods. In
the substructure method, the reaction of the soil against
the footing can be described by the frequency-dependent
stiffness and damping coefficients which are commonly
called as dynamic impedance. )erefore, it is a key step to
obtain the impedance function of the footing in the analysis
of SSI.

Reissner [4] derived the first analytical solution for the
vertical vibration of a circular plate subjected to a harmonic
uniform force and marked the beginning of the elastic half-
space theory about SSI. Sung [5] presented three kinds of
supposed contact pressure distributions (static rigidity,

uniform, and parabolic) beneath the footing. )e dynamic
impedances for some representative cases [6, 7] were ob-
tained based on these assumed distributions. However, the
assumed distribution could not yield a constant surface
displacement of the supporting medium beneath the rigid
footing as demanded from physical considerations; it is
then necessary to find the mean value for the footing
displacement through various averaging techniques. On
the contrary, the footing impedances were analyzed more
rigorously and treated as a mixed boundary-value problem.
Luco and Westmann [8] presented the impedance for
a massless rigid strip footing by letting the Cauchy singular
dual integral equations reduce to the second kind of
Fredholm integral equations. Ma et al. [9] transformed the
dual integral equations into a set of linear equations using
an infinite series of orthogonal Jacobi polynomials for the
rocking impedance of the rigid strip footing. As the contact
stresses cannot be expressed by the elementary functions,
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there are certain mathematical limitations to solve the
mixed boundary-value problem. )erefore, some semi-
analytical approaches were presented to obtain the im-
pedance more conveniently. Jiang and Song [10]
investigated the impedance of a massless rigid strip footing
by the thin layered method [11], that is, the analytical
solution in the horizontal direction and the finite element
discretization in the vertical direction. Lin et al. [12] studied
the similar problem based on the precise integration
method [13].

In the aforementioned literature, dynamic interaction
between single footing and elastic half-space was consid-
ered. However, the construction of the metros and high-
speed trains is becoming prevalent with the acceleration of
urbanization. In such a situation, the footings associate
together through soil ground. )is results in the structure-
soil-structure interaction (SSSI) under the externally ver-
tical exciting loads [14, 15]. Taking the advantage in the SSI
model proposed by Parmelee [16], Warburton et al. [17]
derived governing equations for the response of two
geometrically identical cylindrical bodies attached to the
surface of an elastic half-space, which initiates the SSSI
study. Liou [18] presented an analytical solution for the
dynamic stiffness matrix of adjacent surface rigid footings,
based on the assumed contact stress distribution which
linearly varies in the radius direction in the cylindrical
coordinate system. Currently, analyses of dynamic in-
teractions between multiple footings are mainly through
numerical methods [19–22] such as the finite element
method and the boundary element method due to the rapid
progress in computer technique. However, these methods
are far too time-consuming and complicated for actual
engineering and designers. )e analytical method for the
impedance matrix of footing group based on the elastic
half-space theory is still very rare, while it is efficient and
has great significance for solving the seismic response of
structure groups and assessing structure safety.

In this paper, the Green function of uniform har-
monic vertical force is derived and numerically calcu-
lated by the piecewise integrations and the Cauchy
principal value integral. Contact pressures and the im-
pedance matrix of multiple strip footings considering the
SSSI effect are obtained by combining the Green function
with the element discretization technique. In contrast
with the mixed boundary-value method, the present
method avoids the directly solving of contact pressures
which cannot be expressed by the elementary functions.
)e validity and wide applicability of the present method
has been verified by the comparative studies. )e SSSI
effect on the contact pressures and impedances for
a group of surface strip footings are illustrated by the
parametric studies.

2. General Formulation of SSSI Problem

For the strip footings such as track footings, dams, or
building footings with high ratio of length to width, it is
reasonable to consider the problem as a plane strain case
with a coordinate system (x-z) where the z-axis is normal to

the space surface. Consider a group of strip footings with
different width Lm (m� 1, . . . , M) and different separation
distance Sm, as shown in Figure 1.M footings rest on a linear
elastic half-space, and themth footing is excited by the vertical
harmonic line excitations Tm exp(iωt) (m� 1, . . . , M).

)e SSSI effect of the system consisting of theM footings
can be conveniently expressed by
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TM
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, (1)

where Hm represents the vertical displacement of the mth
footing. )e impedance Rmn in matrix [R] is a complex
number in the matrix, which describes the coupling in-
teraction effect between the mth footing and the nth footing.
Rmn � Kmn + iCmn, in which i �

���
−1

√
. Here, the real part

Kmn acts as a spring which expresses the restraint from soil
medium on the footing, whereas the imaginary part Cmn acts
as a dashpot which expresses the energy dissipation from the
soil medium. Based on the above formulations, an equivalent
simplified model as shown in Figure 2 visually describes the
dynamic interaction among strip footings in a group
through the soil.

A compact form of (1) can be written as
T � [R] H . (2)

)e impedance matrix [R] should be determined with
regard to the contact condition at the footing-soil in-
terfaces. For the simplification in analysis, the interface
between the supporting medium and each footing is di-
vided into a number of surface strip elements. )e co-
ordinate information for each element is shown in Table 1.
)e elements beneath the mth footing (m � 1, . . . , M)
are numbered in succession from 1 to Rm, starting from
the left to the right. )e width of the element is denoted
by Δm � Lm/Rm. It is assumed that the rth element
(r � 1, . . . , Rm) of the mth footing is subjected to the
uniform pressure qr

m, as shown in Figure 3.

3. Green Function for Elastic Half-Space

Based on the Cartesian coordinate system (x-z) with z � 0
at the free surface, the wave equations in an elastic half-
space composed of homogeneous and isotropic solid are
given by

ρ
z2u(x, z, t)

zt2
� (λ + G)

zε
zx

+ G∇2u(x, z, t),

ρ
z2w(x, z, t)

zt2
� (λ + G)

zε
zz

+ G∇2w(x, z, t),

(3)

where ρ is the density of the elastic soil, G and λ are the
elastic Lamé constants, and u and w are the displacement
components of the soil in x and z directions.)e steady-state
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vertical dynamic of the soil satis�es u�Ueiωt and w�Weiωt.
e term exp(iωt) is hereafter omitted from all displace-
ments and forces for brevity. ε � (zu/zx) + (zw/zz) and

∇2 � ((z2/zx2) + (z2/zz2)) denote the volumetric strain
and the Laplacian operator, respectively.

Introducing two potential functions Φ and Ψ, the dis-
placement functions U andW are assumed to be satis�ed by

U �
zΦ
zx

+
zΨ
zz
,

W �
zΦ
zz
−
zΨ
zx
.

(4)

Substituting (4) in (3), the wave equations can be
transformed into two Helmholtz equations:

∇2 + h2( )Φ � 0,

∇2 + k2( )Ψ � 0,
(5)

where h�ω/Vp, k�ω/Vs, Vp�
���������
(λ + 2G)/ρ
√

is the dilata-
tional wave (P wave) velocity, and Vs �

����
G/ρ
√

is the shear
wave (S wave) velocity.

e general solutions of (5) can be obtained by using
the separation of variables method. ereafter, making use
of (4), the general solutions of displacements U and W in
a half-space can be expressed as

T1e
iωt T2e

iωt Tme
iωt TMe

iωt

Footing 1 Footing 2 Foundation m Footing M

K12(ω)

K11(ω) K22(ω) Kmm(ω) KMM(ω)C11(ω)

C12(ω)

C22(ω) Cmm(ω) CMM(ω)

C23(ω)

K23(ω) Km–1,m(ω)

Cm–1,m(ω) CM–1,M(ω)Cm+1,m(ω)

Km+1,m(ω) KM–1,M(ω)

Figure 2: Equivalent model in frequency domain for dynamic interaction of footing group with frequency-dependent springs and dampers.

Table 1: Coordinate information of each element.

Coordinates e rth element in
footing 1 (r� 1, . . . , R1)

e rth element in
footing m (r� 1, . . . , Rm)

e rth element in
footing M (r� 1, . . . , RM)

Central coordinate
of each element S1 + ((2r−1)L1/2R1) ((2r− 1)Lm/2Rm) +∑

m
l�1(Sl + Ll−1) (2r− 1)LM +∑Ml�1(Sl + Ll−1)/2RM

Interval of each
element

[S1 + ((r−1)L1/R1),
S1 + (rL1/R1)]

((r− 1)Lm/Nm) + ∑
m
l�1(Sl + Ll−1),

(rLm/Nm)∑
m
l�1(Sl + Ll−1)

((r− 1)LM/NM) + ∑
M
l�1(Sl + Ll−1),

(rLM/NM)∑
M
l�1 (Sl + Ll−1)

z

x

L2

T1eiωt T2eiωt Tmeiωt TMeiωt

L1

S2 Sm...

Lm

Elastic half-space

SM...

LM

o S1 Footing m Footing MFooting 1 Footing 2

Figure 1: Strip footing group rested on an elastic half-space subjected to vertical harmonic excitations.

z

x...

Elastic half-space

...o

Footing m

Tmeiωt

qm

Lm

1
qm2 qmr qmRm

Figure 3: Calculation model of each strip footing in the group.
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U(x, z) �
∞

−∞
[iξ A exp(−αz)− βB exp(−βz)]exp(iξx)dξ,

(6)

W(x, z) �
∞

−∞
[−αA exp(−αz)− iξ B exp(−βz)]exp(iξx)dξ,

(7)

where A and B are the integral coefficients dependent on

the boundary conditions of the soil surface, α �

������

ξ2 − h2


and

β �

������

ξ2 − k2


.
Based on the relationships between stresses and

displacements for plane problem in elasticity, σzz �

(2GzW/zz) + λε and τzx � G((zU/zz) + (zW/zx)), the
stress amplitudes at an arbitrary point in half-space can be
derived from (6) and (7) as follows:

σzz(x, z) � G 
∞

−∞
 2ξ2 − k

2
 A exp(−αz)

+ 2iξβB exp(−βz)exp(iξx)dξ,

(8)

τxz(x, z) � G 
∞

−∞
−2iξαA exp(−αz)

+ 2ξ2 − k
2

 B exp(−βz)exp(iξx)dξ.

(9)

Without loss of generality, we consider the vertical
uniform pressure qr

m applied at a strip element, as shown in
Figure 4. )e boundary conditions at the ground surface
z� 0 have

σzz(x, 0) �
−qr

m, a≤ x≤ b,

0, others,


τxz(x, 0) � 0,

(10)

where [a, b] is the interval of strip element beneath the strip
footings with its coordinate information shown in Table 1.

Making the Fourier transformation to (10) and
expressing it in an integrated form with respect to the
x-coordinate based on its inverse relationship, one has

σzz(x, 0) �
−qr

m

2πi

∞

−∞

1
ξ

exp[iξ(x− a)]− exp[iξ(x− b)] dξ,

τxz(x, 0) � 
∞

−∞
0 dξ.

(11)

Comparing (11) with (8) and (9), the coefficientsA and B
can be uniquely determined by

A �
iqr

m 2ξ2 − k2 [exp(−iξa)− exp(−iξb)]

2πGF(ξ)ξ
,

B �
−qr

mα[exp(−iξa)− exp(−iξb)]

πGF(ξ)
.

(12)

Substituting the above two coefficients back in (6)
and (7), the vertical displacement field wr

m(x, z) caused
by the half-space caused by the uniform pressure can be
obtained:

W
r
m(x, z) �

iqr
m

2πG

∞

−∞

−α 2ξ2 − k2 exp(−αz) + 2ξ2exp(−βz) 

F(ξ)ξ

· exp[iξ(x− a)]− exp[iξ(x− b)] dξ,

(13)

in which, F(ξ) � (2ξ2 − k2)2 − 4ξ2αβ. Letting p � ξ/k, ϑ �

Vs/Vp, F(ξ) can be transformed into F(p) � (2p2 − 1)2 −

4p2
������

p2 − ϑ2
 �����

p2 − 1


. Submitting the interval coordinates
of each element into (13) and considering the symmetry
of the integral, the vertical displacement field at the
surface of the half-space caused by the uniform pressure
qr

m of the rth element beneath the mth footing can be
obtained as

W
r
m(x, 0) �

−qr
m

πG

∞

0

������

p2 − ϑ2


kF(p)p

⎧⎨

⎩sin⎡⎣pkx−
(r− 1)Lm

Nm

− 
m

l�1
Sl + Ll−1( ⎤⎦− sin⎡⎣pkx−

rLm

Nm

− 
m

l�1
Sl + Ll−1( ⎤⎦

⎫⎬

⎭dp.

(14)

4. Impedance Matrix of a Strip Footing Group

Following the superposition approach, the vertical dis-
placementW (x, 0) at any point of the soil surface caused by
a series of strip elements beneath the footing group can be
obtained from (14) as follows:

o

Elastic half-space

(x, z)

z

x

x1 = a x2 = b

qmeiωtr

Figure 4: )e half-space acted by a vertical harmonic uniform
excitation.
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W(x, 0) � 
M

m�1


Rm

r�1
W

r
m(x, 0) �

−1
πG



M

m�1

⎧⎨

⎩ 

Rm

r�1
q

r
m 
∞

0

������

p2 − ϑ2


F(p)pk

·
⎧⎨

⎩ sin⎡⎣pkx−
(r− 1)Lm

Rm

− 
m

l�1
Ll−1 + Sl( ⎤⎦

− sin pkx−
rLm

Rm

− 
m

l�1
Ll−1 + Sl( ⎡⎣ ⎤⎦

⎫⎬

⎭dp
⎫⎬

⎭,

(15)

where r � 1, . . . , Rm and m � 1, . . . , M. Rm is the number of
strip element beneath the mth footing, and M is the footing
number of the group.

Substituting the central coordinate of each element into
the above equation, in turn, the equilibrium equations for all
strip elements can be written in a matrix form:

AR1R1
11  AR1R2

12  · · · AR1Rn

1n  · · · AR1RM

1M 

AR2R1
21  AR2R2

22  · · · AR2Rn

2n  · · · AR2RM

2M 

⋮ ⋮ ⋱ ⋮ ⋰ ⋮

ARmR1
m1  ARmR2

m2  · · · ARmRn
mn  · · · ARmRM

mM 

⋮ ⋮ ⋰ ⋮ ⋱ ⋮

ARMR1
M1  ARMR2

M2  · · · ARMRn

Mn  · · · ARMRM

MM 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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q2
⋮

qm

⋮

qN
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�

W1

W2

⋮
Wm

⋮
WM
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

(16)

where

qm � q
1
m, . . . , q

r
m, . . . , q

Rm

m 
T
,

Wm � W
1
m, . . . , W

r
m, . . . , W

Rm

m 
T

,

ARmRn

mn  �

A
11
mn · · · A

1j

mn · · · A
1Rm

mn

⋮ ⋱ ⋮ ⋰ ⋮

A
i1
mn · · · A

ij

mn · · · A
iRm

mn

⋮ ⋰ ⋮ ⋱ ⋮

A
Rn1
mn · · · A

Rnj

mn · · · A
RnRm

mn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

i � 1, 2, . . . , Rn; j � 1, 2, . . . , Rm; n, m � 1, 2, . . . , M.

(17)

)e element A
ij

mn in matrix [ARmRn
mn ] describes the re-

lationship between the contact pressure applied on the jth
element beneath the mth footing and the displacement of the
i element beneath the nth footing, which is given as

A
ij

mn �
−1
πG


∞

0

������

p2 − ϑ2


F(p)pk
J(p)dp, (18)

where

J(p) � sin⎡⎣pk
(2i− 1)Ln

Rn

+ 
n

l�1
Sl + Ll−1( −

(j− 1)Lm

Rm

+ 
m

l�1
Sl + Ll−1( ⎤⎦− sin⎡⎣pk

(2i− 1)Ln

Rn

+ 
n

l�1
Sl + Ll−1( −

jLm

Rm

+ 
m

l�1
Sl + Ll−1( ⎤⎦.

(19)

Equation (18) is a multivalue improper integral, which
can be precisely calculated by the piecewise integration
and the Cauchy principal value integral, which can be
expressed as

A
ij

mn �
1
πG

f1 + if2( , (20)

in which,

f1 � −
1

ϑ

������

p2 − ϑ2


2p2 − 1( 
2

2p2 − 1( 
4 − 16p4 p2 − ϑ2  p2 − 1(  pk

J(p)dp

−Ρ
∞

1

������

p2 − ϑ2


2p2 − 1( 
2 − 4p2

������

p2 − ϑ2
 �����

p2 − 1


 pk
J(p)dp,

(21a)

f2 � −
ϑ

0

������

ϑ2 −p2


2p2 − 1( 
2

+ 4p2
������

ϑ2 −p2
 �����

1−p2


 pk
J(p)dp

− 
1

ϑ

4p2 p2 − ϑ2 
�����
1−p2



2p2 − 1( 
4 − 16p4 p2 − ϑ2  p2 − 1(  pk

J(p)dp

+ π ·

������
ε2 − ϑ2



[F(p)p]′ ∣ p�ε k
J(ε),

(21b)

where ε is the root of F(p) and Ρmeans the Cauchy principal
value integral.

For brevity, (16) can be written in a compact form:

[A]q � W , (22)

in which q � qT
1 , . . . , qT

M  and W � WT

1 , . . . , WT

M .
In consideration of the continuous contact between the

rigid footings and the soil, the displacement of the surface
soil elements beneath the mth rigid footing should satisfy
Wm � Hm

Im, in which Im is a unit column vector of order
Rm. For the system shown in Figure 1, the relationship
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between the displacements of the surface soil elements and
those of the footing group should satisfy

Ŵ �[X]Ĥ , (23)

in which,

[X] �

Î1 0̂1 · · · 0̂1 · · · 0̂1
0̂2 Î2 · · · 0̂2 · · · 0̂2
⋮ ⋮ ⋱ ⋮ ⋱ ⋮

0̂m 0̂m · · · Îm · · · 0̂m
⋮ ⋮ ⋱ ⋮ ⋱ ⋮

0̂M 0̂M · · · 0̂M · · · ÎM





, (24)

where [X] is a matrix of dimension ∑Mm�1Rm( ) ×M and 0̂m is
a zero column vector of order Rm.

Balance of excitation force and the surface contact forces
for the mth footing yields Tm � (Îm)

Tq̂mΔm. erefore, one
has

T̂ �[Y]Tq̂ , (25)

in which,

[Y] �

Δ1Î1 0̂1 · · · 0̂1 · · · 0̂1
0̂2 Δ2Î2 · · · 0̂2 · · · 0̂2
⋮ ⋮ ⋱ ⋮ ⋱ ⋮

0̂m 0̂m · · · ΔmÎm · · · 0̂m
⋮ ⋮ ⋱ ⋮ ⋱ ⋮

0̂M 0̂M · · · 0̂M · · · ΔMÎM





. (26)

Submitting (22) and (23) in (25) leads to

T̂ �[Y]T[A]−1[X]Ĥ . (27)

Finally, comparing the above equation with (1), these
unknown parameters in Figure 2 can be obtained by the
following impedance matrix of the footing group.

[R] �[Y]T[A]−1[X]. (28)

5. Convergence and Comparison Studies

Convergence and numerical stability of the proposed
method are investigated with respect to the number of
segmental strip elements.e vertical impedances of a single
footing with di�erent series terms are given in Table 2. It is
seen from Table 2 that 100 elements for uniform pressures
are enough to give results with at least three signi�cant
digits.

e vertical displacement at the soil surface under unit
harmonic force is compared with that obtained by the thin
layered method (TLM) [11] to verify the numerical calcu-
lation of the multivalue improper integral in the Green
function (13). e parameters used are soil density
ρ� 2000 kg/m3, shear wave velocity Vs� 500m/s, Poisson’s
ratio v � 0.4, the distance between the observation location
and the force location d� 40m, and the interval width of the

uniform pressure 1m. e nondimensional excitation fre-
quency is a0� kd/2. e displacement response of the half-
space with respect to the force-frequency is given in Figure 5.
It can be seen from Figure 5 that the present solutions agree
with TLM’s solutions. However, there are some minor
di�erences between the results from the two methods up to
30% in Figure 5. is is because the present model satis�es
the boundary condition of a semi-in�nite half-space while
the TLM model used the arti�cial boundary. erefore, the
present solution is more accurate than that of TLM.

e �exibility of a rigid strip footing was obtained by
Luco andWestmann [8] based on the mixed boundary-value
approach with Fredholm integral equations. As there are
considerable di�culties in solving Fredholm integral
equations numerically or analytically, only a special case for
Poisson’s ratio v � 0.5 was studied rigorously in Luco’s
solution. e cases with Poisson’s ratio v< 0.5 were ap-
proximately studied by using the dominant part of the
singular integral equation to evaluate the impedances of the
strip footing, which is only valid for the low frequency a0 ≤ 1.

Table 2: e convergence of the vertical impedance of a single
strip footing.

N
a0� 0.25 a0�1.0 a0� 2.0

K C K C K C
10 0.422 0.332 0.425 1.015 0.344 2.125
20 0.423 0.336 0.425 1.033 0.352 2.165
30 0.423 0.337 0.424 1.039 0.353 2.179
40 0.423 0.338 0.424 1.042 0.354 2.186
50 0.424 0.338 0.424 1.044 0.354 2.190
60 0.424 0.339 0.424 1.045 0.354 2.193
70 0.424 0.339 0.424 1.046 0.355 2.194
80 0.424 0.339 0.424 1.047 0.355 2.195
90 0.424 0.339 0.424 1.047 0.355 2.196
100 0.424 0.339 0.424 1.047 0.355 2.197
110 0.424 0.339 0.424 1.047 0.355 2.197
Note. ese impedance values are normalized as K/(Gπ) and C/(Gπ). e
calculation parameters are v � 0.25, a0� kL/2.

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5
–1.5

–1.0

–0.5

0.0

0.5

1.0

1.5

2.0

Image part

Real part

W
·G
π

Present solution
TLM's solution

�e dimensionless frequency a0

Figure 5: Displacement response of half-space under the harmonic
vertical excitation.
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In order to compare with Luco’s solutions, the impedanceR
is transformed into the �exibility by F�R−1. e �exibility
of the footing with respect to dimensionless exciting fre-
quency is plotted in Figure 6 for three di�erent Poisson’s
ratios v � 0.5, 1/3, and 0.25. In Figure 6, the maximum
relative errors between two solutions are less than 10%. e
agreement with Luco’s solution approves the correctness
and e�ectiveness of the present method. In addition, Fig-
ures 6(b) and 6(c) show that the present method covers
a wider range of frequency than Luco’s method.

6. Numerical Examples and Discussions

6.1. Vertical Dynamic Contact Pressures of Footing Group.
e contact pressures of footing groups, as well as that of
a single footing, under the harmonic vertical excitations with

dimensionless frequencies a0� 0.2 and 3 are plotted in
Figure 7 for a group of two footings and in Figure 8 for
a group of three footings. Horizontal coordinate x is a local
coordinate with its origin at the center of each footing.
Longitudinal coordinate q� Lq/(KsigH) is a dimensionless
contact pressure, in which Ksig is the dynamic sti�ness of
a single footing and H is its displacement amplitude. It also
can be seen from Figure 7 that the pressure distributions of
the footings in the group are di�erent from that of a single
strip footing due to the SSSI e�ect. Moreover, the com-
parison between Figures 7(a) and 7(b) indicates that the
shape and magnitude of the contact pressures for both single
footing and footing group change with the frequency of the
excitation.

In addition, the di�erences between the contact pres-
sures of footing group and those of a single footing in

0 2 4 6 8 10
–0.5

0.0

0.5

πG
F

1.0

1.5

2.0

Luco and Westmann’s solution,
Present solution

-Im(F)

Re(F)

Dimensionless frequency a0 (v = 0.5)

(a)

0 2 4 6 8 10
–0.5

πG
F

3.0

Luco and Westmann’s solution
Present solution

-Im(F)

Re(F)

Dimensionless frequency a0 (v = 1/3)

0.0

0.5

1.0

1.5

2.0

2.5

(b)

0 2 4 6 8 10
–0.5

πG
F

3.0

Luco and Westmann’s solution
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-Im(F)

Re(F)

Dimensionless frequency a0 (v = 0.25)

0.0
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1.5

2.0

2.5

(c)

Figure 6: Vertical �exibility F(a0) of a strip footing: (a) v � 0.5. (b) v � 1/3. (c) v � 0.25.
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Figures 7 and 8 properly indicate the signi�cance of the SSSI
e�ect. For two footings in Figure 7 and two side footings in
Figure 8, the pressure distribution around the outside edge is
still in accord with that of a single footing, while the pressure
distribution around the inside edge slopes downward be-
cause of the interference from the adjacent footing. More-
over, the middle footing in Figure 8 although presents
a symmetrical distribution of pressure, its magnitude and
shape are completely di�erent from those of the single
footing. erefore, those pressure distribution assumptions

for single footings would cause a considerable error in SSSI
analysis.

6.2. In�uence of Distance Ratio on SSSI E�ect. Two adjacent
strip footings with the same width L and separated by
a distance S are used to investigate the in�uence of the
distance ratio S/L on the SSSI e�ect under vertical harmonic
excitation. e variation of the vertical �exibility with the
dimensionless frequency is plotted in Figures 9–11 for
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0.00

2.00

q
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Left footing
Right footing
Single footing

0.25

0.50
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(b)

Figure 7: SSSI e�ect between two strip footings on dynamic contact pressures (footing distance ratio S/L� 0.25; Poisson’s ratio v � 1/3).
(a) a0� 0.2. (b) a0� 3.0.
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Figure 8: SSSI e�ect among three strip footings on dynamic contact pressures (footing distance ratio S/L� 0.25; Poisson’s ratio v � 1/3).
(a) a0� 0.2. (b) a0� 3.0.
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di�erent distance ratios (S/L� 0.125, 0.5, 4.0, ∞) and dif-
ferent Poisson’s ratios (v � 0.25, v � 1/3, v � 0.5). e
maximum di�erentia between the vertical �exibility con-
sidering the SSSI e�ect and that of a single footing is less than
10% in Figures 9–11 when the distance ratio between two
adjacent footings reaches S/L� 4. However, it can be seen
from Figures 9–11 that the SSSI e�ect between adjacent
footings increases with the decrease of the distance ratio S/L.
e vertical �exibility for the case of a small distance ratio
S/L� 0.125 shows an obvious �uctuation around the

solution of an isolated footing which is induced by the SSSI
e�ect. In addition, the comparison among Figures 9–11
shows that Poisson’s ratio of the soil produces little in�u-
ence on the e�ective distance of the SSSI e�ect.

6.3. Dynamic Interaction between Multiple Strip Footings.
is example shows the matrix impedance for a group
of three footings in the case of a distance ratio S/L� 0.5
and Poisson’s ratio v � 0.4. e vertical impedances Kii and

πG
·R

e(
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�e dimensionless frequency a0 (v = 0.5)
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Figure 9: Vertical �exibility F(a0) in consideration of SSSI e�ect for v � 0.5. (a) Real part. (b) Imaginary part.
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Figure 10: Vertical �exibility F(a0) in consideration of SSSI e�ect for v � 1/3. (a) Real part. (b) Imaginary part.
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Cii (i� 1, 2, and 3) are shown in Figure 12, and the corre-
sponding coupling impedances Kij and Cij of paired footings
are shown in Figure 13. e impedance of an isolated footing
Ksig and Csig without the SSSI e�ect is also presented in Fig-
ures 12 and 13 for comparisons. It can be seen from Figure 12
that the vertical impedances of Kii and Cii in�uenced by the
SSSI e�ect �uctuate around that of the isolated one. It can
be seen from Figure 13(a) that the coupling sti�ness K21

and K23 are negative for low frequencies. erefore, al-
though the sti�ness of K22 is higher than the sti�ness of
a single footing Ksig in Figure 12(a) for low frequencies,
the sti�ness of the central footing ∑3

j�1K2j is still
lower than Ksig when the footing group has the same
displacement. It agrees with the general behavior of group
footings and agrees with the results of Figures 7 and 8.
Moreover, the comparison between K11 and K22 in
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Figure 11: Vertical �exibility F(a0) in consideration of SSSI e�ect for v � 0.25. (a) Real part. (b) Imaginary part.
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Figure 12: Vertical impedances of Kii and Cii in the impedance matrix. (a) Real part. (b) Imaginary part.
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Figure 12, as well as C11 and C22, indicates that the middle
footing experiences a greater SSSI e�ect than the side ones.
e coupling impedances of paired footings given in
Figure 13 show that the SSSI e�ect between themiddle footing
and its adjacent ones is signi�cantly greater than that between
two side footings due to a smaller distance ratio.

7. Conclusions

An e�cient semianalytical method has been presented for
modelling the vertical dynamic interaction among a group of
strip footings rested on the elastic half-space. e approach
is of signi�cance for dynamic analysis and seismic design of
strip footings with close space, such as a series of parallel
tracks or building foundations with a high ratio of length to
width.e dynamic contact pressures and impedancematrix
of a group of rigid strip footings considering the SSSI e�ect
have been studied in detail, and the following conclusions
can be emphasized:

(1) e present method overcomes the mathematical
limitations in themixed boundary-value method and
can provide the dynamic impedances of multiple
footings within a wide scope of excitation frequency.
e computational stability and accuracy of the
present method have been veri�ed by the conver-
gence studies and the comparison examples.

(2) e distributions of contact pressures for strip
footing groups are in�uenced by the frequency of
excitation and the SSSI e�ect. erefore, those
symmetric distribution assumptions for a single
footing would cause a considerable error in SSSI
analysis.

(3) e SSSI e�ect increases with the decrease of distance
ratio S/L between paired strip footings. It is advisable

to consider the SSSI e�ect among footing groups
when S/L reaches a small ratio less than 4.0, espe-
cially for the case of a low exciting frequency a0 from
0.5 to 1.5. Poisson’s ratio of the half-space has little
e�ect on this critical value of S/L.

(4) e dynamic impedance of a strip footing in group
�uctuates around that of a single one. For strip
footings located in the di�erent positions of the
group, the middle footing generally su�ers a greater
SSSI e�ect than the side ones.

(5) Although the results in this paper are limited to the
homogeneous half-space, the presented discretized
method can be extended to the layered half-space
with the fundamental solution of the wave equation
of layered half-space, which will be derived in our
further research by a transferred matrix method.
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