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In order to study the resonance characteristics of rock under harmonic excitation, two vibration models have been
presented to estimate the natural frequency of rock encountered during the drilling. +e first one is a developed single-
DOF model which considers the properties and dimensions of the rock. +e second one is a multi-DOF model based on the
principle of least action. Subsequently, the modal characteristics, as well as the influence of excitation frequency, the
mechanical properties, and dimensions of the rock on its resonance frequency, are analyzed by using FEM. Finally, the
ultrasonic test on artificial sandstones and materials of drill tools are carried out indoor, and the FFT transform method is
adopted to obtain their resonance frequencies. Based on the analysis undertaken, it can be concluded that the natural
frequency of the rock increases with the change of vibration mode. For the same kind of rock, the resonance frequency is
inversely proportional to mass, while for the different kinds of rocks, the mechanical parameters, such as density, elastic
modulus, and Poisson’s ratio, determine the resonance frequency of the rock together. Besides, the shape of the rock is also
one of the main factors affecting its resonance frequency. At last, the theoretical research results are further verified by
ultrasonic tests.

1. Introduction

It is well known that the resonance is a very common
physical phenomenon in nature, and it can be observed in
almost every field of engineering technology. Because of its
severe damage effect, many engineering structures, ma-
chines, and equipment are designed to avoid the occurrence
of resonance effect. However, resonance also has a positive
side, and it is of great significance in some fields, for instance,
musical instrument manufacturing, medical testing, and so
on. Nowadays, a new drilling technology which also takes
advantage of the damage characteristic of resonance has
been proposed in the petroleum engineering, namely,
Resonance Enhanced Drilling (RED). +e main idea of this
technology is that the bit, while rotating, applies a dynamic
impacting force with an adjustable high frequency to the
rock, so that makes the rock resonate to achieve rock

fragmentation [1]. +e RED technology can solve the
common problems, such as slow rate of penetration and
serious wear of drill bit, when drilling the deep and hard
formations [2–4].

+e key of the RED technology is to realize the rock
resonance. At present, the studies on the rock resonance
mainly include the following aspects.+e basic characteristic
parameters of the rock are tested based on the acoustic and
electromagnetic resonance principles. More specifically,
elastic modulus [5–7], compressibility, density [8], shear
modulus, and damping ratio [9] of the rock can be obtained
by resonance ultrasonic spectrum and the pore character-
istics, saturation [10], and sediment characteristics [11] of
the rock can be extracted by nuclear magnetic resonance
technology. Besides, the resonance characteristics of various
structures of rocks are identified and analyzed based on the
principle of seismic resonance measurement so as to provide
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a better guidance for environmental safety [12–14]. In ad-
dition, there are also a large number of studies on the
transformation of pavements and other rock engineering
structures by utilizing the destructive properties of reso-
nance [15].

However, since the key to realizing of the RED
technology is to determine the magnitude or the range of
the resonance frequency of the rock so that the corre-
sponding harmonic vibration impact can be exerted on
the rock to achieve resonance fragmentation. Moreover,
the rock encountered in drilling is relatively small
comparing with the rock structures which are in the
natural environment. +erefore, although many experts
and scholars have conducted lots of relevant studies on
the rock resonance [16–18], the existing research results
are still not completely applicable to the field of drilling.
So it is very necessary to carry out the research on the
resonance characteristics of the rock encountered in the
drilling field.

In this paper, aiming at the small rocks, a single-DOF
model of natural frequency considering the properties
and dimensions of the rock is developed. +en, based on
the principle of least action, a multi-DOF model of
natural frequency is proposed. Consequently, the main
influencing factors which affect the resonance charac-
teristics of the rock are determined. +e rest of the paper
is organized as follows. In Section 3, numerical simu-
lations are carried out to analyze the influence of key
factors on the resonance frequency of the rock. +en the
ultrasonic test is conducted on the artificial sandstones
and the materials of drill tool in Section 4 to verify the
theoretical research results and explain the feasibility of
RED technology.

2. Natural Frequency Models of the Rock

In this section, two vibration models considering the
properties and dimensions of the rock are proposed to es-
timate its natural frequency.

2.1. A Single-DOF Model of Natural Frequency. +e vi-
bration system of the rock under the drill bit during drilling
can be represented by a physical model as shown in Figure 1.
+emassmwhich is a particle is an abstraction of inertia and
the massless spring with stiffness k is an abstraction of
elasticity in the rock vibration system.

According to the vibration theory [19], the natural
frequency of the above system can be expressed as
follows:

ωn �

��

k

m



. (1)

Assuming that the rock is an elastic homogeneous
medium, its stiffness can be obtained from the stiffness
formula of elastic material, namely,

k �
EA
l

. (2)

Substituting equation (2) into equation (1), the natural
frequency of the rock can be further rewritten as
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, (3)
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. (4)

Equation (4) is the single–DOF model of natural fre-
quency of the rock.

2.2. A Multi-DOF Model of Natural Frequency. Due to the
limitation of damping, energy, and other factors, the im-
pact force of the drill bit can only pass a limited distance
through the rock when drilling. As a result, the surface of
the rock which is in contact with the drill bit breaks first.
+erefore, the surface rock can be assumed as a homo-
geneous elastic plate comparing to the formation. Con-
sidering the actual situation of the rock at the bottom of the
well, the plate is subjected to a simple support constraint, as
shown in Figure 2.

Based on the principal of least action, the vibration
equation of the above model can be given as

ρutt +
D

h
Δ2u � 0. (5)

Take the Fourier transform on the above equation,
multiply both sides of the equation by eiωt and integrate.
+en, equation (5) becomes

ρω2
u +

D

h
Δ2u � 0. (6)

Selecting the boundary of plate as the coordinate axis, the
boundary condition can be expressed as

k

m

x

Figure 1: A single-DOF vibration model of the rock.
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u � 0,
z2u

zx2 � 0, x � 0, a,

u � 0,
z2u

zy2 � 0, y � 0, b.

(7)

+e solution satisfying the above boundary conditions
can be written as

u0 � A sin
mπx

a
sin

nπy

b
(m and n are integers). (8)

+us, the natural frequency of the plate can be de-
termined as
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Equation (10) is the multi-DOF model of natural fre-
quency of the rock.

+e above two vibration models can be used to estimate
the natural frequency of the rock initially. Moreover,
whether it is a single- or multi-DOF calculation model of
natural frequency, we can find that the natural frequency of
the rock is related to both its mechanical properties, such as
stiffness, elastic modulus, Poisson’s ratio, and density, and
dimensions, such as length of side, area, and volume.

3. Numerical Simulation

In this section, modal analysis and harmonic response
analysis are conducted to further study the resonance
characteristics of rock. +e modal analysis on the rock is to
identify its natural frequency, while the harmonic response
analysis is used to calculate the response frequency of the
rock under a certain excitation frequency.

In the simulation, the shapes of rocks are block and
cylinder and the lithologies of rocks are sandstone and
granite. +e models are intelligently meshed by tetrahedrons,
as shown in Figure 3. +e applied harmonic amplitude is

1000N, and the impact frequencies are 10 kHz and 20 kHz,
respectively. +e specific properties of rocks are given in
Table 1.

3.1.ModalAnalysis. Figure 4 shows the natural frequencies
of the first 30 orders of granite and sandstone with the size
of 200mm × 200mm × 200mm. It can be seen from the
figure that the natural frequency of the rock increases with
the change of the vibration mode and the rock has different
resonance frequencies in different frequency ranges. Here,
the natural frequency of sandstone is higher than that of
granite in every order. According to the theoretical model,
if the rock has the same shape, its natural frequency is
proportional to elastic modulus and inversely pro-
portional to Poisson’s ratio and density. +e results ob-
tained from the simulation are consistent with the
theoretical results.

3.2. Influence of Excitation Frequency. A harmonic impact
force with the amplitude of 1000 N and the excitation
frequency of 10 kHz and 20 kHz are exerted on the granite
and sandstone with the dimension of
200mm × 200mm × 200mm, respectively. +e response
results of rocks are shown in Figure 5. When the excitation
frequency is within the range of 0∼10 kHz, the resonance
frequency of granite is 6900Hz, and that of sandstone is
8700 Hz. However, when the excitation frequency is
within the range of 0∼20 kHz, the resonance frequencies
of granite and sandstone are 10.6 kHz and 16.2 kHz, re-
spectively. It can be seen that the resonance frequencies of
the rock are different under different ranges of excitation
frequency. As the excitation frequency increases, the
resonance frequency of the rock also increases. It can be
regarded as another manifestation that the rock has dif-
ferent natural frequencies for a multi-DOF system.

3.3. Influence of Mechanics Parameters of the Rock. +e
resonance frequencies curves of sandstone under a harmonic
force of 1000N and 20 kHz with the size of
100mm× 100mm× 100mm, 200mm× 200mm× 200mm,
and 300mm× 300mm× 300mm are presented in
Figure 6(a). It can be seen that the bigger the rock is, the
smaller the resonance frequency is when its mechanics
parameters are the same. It could be also argued that the
smaller the mass of the rock, the higher the frequency
needed to make it resonate. Figure 6(b) depicts the reso-
nance frequencies of granite and sandstone with the same
volume and shape (200mm× 200mm× 200mm) under a
harmonic force of 1000N and 20 kHz. Comparing the results
presented in Figure 6(b), we note that the resonance fre-
quency of granite is lower than that of sandstone. In the case
of the same shape and size, the main factor that determines
the resonance frequency of the rock is its mechanical
properties. By comparing the density, elastic modulus, and
Poisson’s ratio of these two kinds of rocks, it can be found
that the results of numerical simulation are consistent with
the theoretical laws.

Figure 2: A multi-DOF vibration model of the rock.

Shock and Vibration 3



3.4. Influence of the Shape of the Rock. Figure 7 plots the
contrast curves of resonance frequencies of granite and
sandstone with different shapes. Figure 7(a) shows har-
monic response curves of cylindrical granite with the di-
mension of Φ100mm × 200mm (v � 0.00157m3) and
cubic granite with the size of 100mm × 100mm × 100mm
(v � 0.001m3). We can know from the simulation results
that the resonance frequency of cylindrical granite is
14.4 kHz, and that of cubic granite is 10.6 kHz. It is obvious
that the resonance frequency of the bigger cylindrical

granite is higher than that of the smaller cubic granite.
Similar analysis is performed on the sandstone, whose
shapes are a cylinder with the dimension of Φ200 × 200
(v � 0.00628m3) and a block with the size of
200mm × 200mm × 200mm (v � 0.008m3), respectively.
We can also get that the resonance frequency of cylindrical
sandstone is 14.8 kHz and that of cubic sandstone is
16.2 kHz. It is evident from the presented results that the
resonance frequency of the small cylindrical sandstone is
lower than that of the big cubic sandstone.

Based on the single-DOF model, we can know that the
rock with a small volume should have a large resonance
frequency. However, the conclusion which we get from
the simulation results is exactly opposite, which indicates
that the shape of the rock does have an impact on its
resonance frequency. +e reason for this result may be
due to that the stiffness of the rock will change with
its shape, which will further affect its resonance
frequency.

4. Ultrasonic Test

In order to further confirm the resonance characteristics of
the rock, an indoor ultrasonic test on the resonance fre-
quency of the rock is carried out.

4.1. Device and Cores. +e device used in the test is an ul-
trasonic test system, which mainly includes an ultrasonic
pulse generator/receiver, an oscilloscope, and low-frequency
probes. +e pulse generator/receiver has a frequency range

Table 1: Property parameters of rocks in the numerical simulation.

Lithology Density Kg/m3 Elastic modulus Pa Poisson’s ratio
Dimensions mm

Block Cylinder
Granite 2790 2.6×1010 0.26 100×100×100

200× 200× 200
300× 300× 300

Φ200× 200
Φ100× 200Sandstone 2560 4×1010 0.34

(a) (b)

Figure 3: Finite element models of rocks.
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Figure 4: Modes in different orders of granite and sandstone.
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of 50 kHz to 20MHz, and the frequencies of probe are
50 kHz and 250 kHz, respectively.

Artificial sandstone is used as the test core, and the
mechanics parameters of rock have been given in the nu-
merical simulation. +e sandstone is processed into two
shapes, which are cylinders with the sizes of Φ8 cm× 20 cm,
Φ8 cm× 15 cm, Φ8 cm× 14 cm, Φ8 cm× 10 cm, Φ8 cm × 5
cm, and Φ8 cm× 3 cm and blocks with the sizes of 10
cm× 10 cm× 10 cm, 5 cm× 5 cm× 5 cm, and 4 cm× 4 cm
× 4 cm, as shown in Figure 8.

4.2. Process and Principle. In the test, the pulse generator/
receiver, the oscilloscope, and probes are connected as

shown in Figure 9. +e end face of the sandstone core
should be flat, and the low-frequency probes are
clamped at both ends of the core with butter as an
adhesive.

+e principle of the test is that a preset ultrasonic
signal generated by the pulse generator/receiver device is
applied to the sandstone core through a low-frequency
probe. Here, the ultrasonic frequencies set in the test are
50 kHz and 250 kHz. +en, another low-frequency probe
picks up the acoustic signal propagating from the core. At
this time, the oscilloscope displays not only the trans-
mitted signal, but also the acoustic signal received from
the sandstone core. According to the received signal, the
time-amplitude data of the rock can be obtained.
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Figure 5: Resonance frequencies of granite and sandstone at different excitation frequencies.

×10–4

×10–5

100mm × 100mm × 100mm
200mm × 200mm × 200mm
300mm × 300mm × 300mm

Granite
Sandstone

×104

×104

0

1

2

3

A
m

pl
itu

de
 (m

)

0
1
2
3
4

A
m

pl
itu

de
 (m

)

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 20
Frequency (Hz)

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 20
Frequency (Hz)

Figure 6: Resonance frequencies of rocks: (a) sandstones with the different volumes; (b) granite and sandstone with the same volume.
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However, in order to obtain the resonance frequency of
the core, it is necessary to perform FFT transformation on
the time-amplitude curve and convert it into an ampli-
tude-frequency curve, as shown in Figure 10. +en, the
resonance frequency and maximum amplitude of the test
core under a specific excitation frequency can be obtained,
namley, the frequency and amplitude at the peak of the
amplitude-frequency curve.

4.3. Experimental Results and Analysis. +e resonance fre-
quency and the maximum amplitude of the rock at the
excitation frequencies of 50 kHz and 250 kHz can be ob-
tained by processing the time-amplitude data. +e ex-
perimental results are given in Table 2 and four
representative amplitude-frequency curves are shown in
Figure 11.

4.3.1. Influence of Excitation Frequency. +e variation
curves of resonance frequency of sandstone cores under the
excitation frequencies of 50 kHz and 250 kHz are shown in
Figure 12(a), and the enlarged resonance frequency curve
under the excitation frequency of 50 kHz is given in
Figure 12(b). Here, the cores 1 to 6 are cylindrical sand-
stones, and the cores 7 to 9 are cubic sandstones. It can be
seen from the figure that the resonance frequencies of the
same sandstone core are not the same under the different
excitation frequencies, which increase with the increasing of
the excitation frequency. +e experimental results further
verify the conclusion of the theoretical research.

4.3.2. Influence of Core Volume. Figure 13 shows the var-
iation of the resonance frequencies of sandstone cores with
different volumes under the excitation frequencies of 50 kHz
and 250 kHz. It should be noted that the nine cores are
arranged by volumes and do not distinguish their shapes. It
can be seen from both of the two curves that as the core
volume increases, the resonance frequency of the core basically
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Figure 7: Resonance frequencies of different shapes of rocks: (a) granite; (b) sandstone.

Figure 8: Cores of artificial sandstone adopted in the test.
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Figure 9: Schematic of the test device.
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Table 2: Ultrasonic test results of sandstone cores.

No. Shape Size Resonance frequency (50 kHz)
kHz Amplitude Resonance frequency (250 kHz)

kHz Amplitude

1

Cylinder

Φ8 cm× 20 cm 62 0.1691 92 0.1763
2 Φ8 cm× 15 cm 63 0.1438 92 0.2845
3 Φ8 cm× 14 cm 67 0.1874 93 0.317
4 Φ8 cm× 10 cm 67 0.1781 93 0.4409
5 Φ8 cm× 5 cm 68 0.4277 204 0.1986
6 Φ8 cm× 3 cm 68 0.4953 204 0.1611
7

Block
10 cm× 10 cm× 10 cm 63 0.5264 186 0.1368

8 5 cm× 5 cm× 5 cm 67 0.6015 197 0.1657
9 4 cm× 4 cm× 4 cm 68 0.4888 206 0.1347
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Figure 11: Continued.
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decreases. In addition, there is a singularity on the curve,
which is caused by the different shapes of rocks. It can be
confirmed by the curves of resonance frequency in
Figure 12(b), where the volume of cylindrical sandstone de-
creases from 1 to 6 and the volume of cubic sandstone de-
creases from 7 to 9. +en, we can conclude that the resonance
frequencies of cylindrical and cubic sandstone increase with
the decreasing of their volumes under the two excitation
frequencies.

Since the artificial sandstone core is homogeneous, its
properties such as density can be considered the same. So
when we do the qualitative analysis, the variable of core
volume can be equivalent to the variable of core mass. +us,

it can be concluded that the larger the mass of the rock is, the
lower its resonance frequency is, which agrees with the
analysis of the theoretical model of the natural frequency of
the rock.

4.3.3. Influence of Core Shape. +e resonance frequencies
of cylindrical and cubic sandstone cores with similar
volumes are compared, as shown in Figure 14. As can be
seen from the histogram, whether at the excitation fre-
quency of 50 kHz (Figure 14(a)) or 250 kHz (Figure 14(b)),
the resonance frequencies of big sandstone cores are
higher than those of small sandstone cores. +is
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Figure 12: Resonance frequencies curves of sandstone cores under the different excitation frequencies: (a) the excitation frequency of
50 kHz and 250 kHz; (b) the excitation frequency of 50 kHz.
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Figure 11: Representative amplitude-frequency curves of sandstones.
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contradicts the previous conclusion that the resonance
frequency of the rock with the same mechanics parameters
is inversely proportional to its volume, which further
verifies the conclusion that the shape of rock will affect its
resonance frequency.

4.3.4. Comparison of Resonance Frequency between Rock and
Drilling Tool. To ensure the feasibility of RED technology, it
is important to find out whether the excitation frequency
that causes the rock to resonate will damage the drilling tool.
+erefore, a series of resonance frequency tests have been
also carried out on the alloy steel used in drilling tools and
the tungsten carbide used in cutting teeth of drill bit, and the
comparison results are given in Figure 15.

Figure 15 shows the resonance frequency curves of rock,
tungsten carbide, and alloy steel obtained at the excitation
frequency of 50 kHz, respectively. It can be seen from the
results that the resonance frequencies of tungsten carbide
and rock are quite different, and the resonance frequencies
of rock and alloy steel are relatively close. However, this is

also related to the size of the test materials. In fact, to prevent
high-frequency vibration from affecting the drill string
system, the vibration isolation device needs to be installed
between the RED module and the drill string to ensure that
the drill string is not affected. +us, even when resonance
+us, even if resonance frequencies of the alloy steel in drill
string and the rock are similar, the drill tools will not be
damaged during rock resonance.

5. Conclusions

In this paper, the resonance characteristics of the rock
encountered during the drilling under harmonic excitation
have been investigated theoretically and experimentally.
Two vibration models of the rock which can be used to
estimate its natural frequency have been presented. Firstly,
a single-DOF model considering the properties and di-
mensions of the rock is developed. +en, a multi-DOF
model is proposed based on the principle of least action. As
a result, we can conclude that the resonance characteristics
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Figure 14: Histograms of resonance frequencies of sandstone cores with different shapes: (a) 50 kHz; (b) 250 kHz.

Shock and Vibration 9



of the rock are related to both its mechanical properties and
dimensions.

+e numerical simulations have been carried out to
analyze the resonance characteristics of the rock. It can be
known from the modal analysis that the natural fre-
quency of the rock increases with the change of vibration
mode, and the rock has different resonance frequencies in
different frequency ranges. Besides, the harmonic re-
sponse analysis shows that the resonance frequency of the
rock increases with the increase of excitation frequency.
For the same kind of rock, the smaller the mass is, the
larger the resonance frequency is, while for the different
kinds of rocks, the mechanical parameters such as
density, elastic modulus, and Poisson’s ratio determine
the resonance frequency. Furthermore, the shape of the
rock is also one of the main factors affecting the reso-
nance frequency.

Finally, indoor tests have been conducted on artificial
sandstones and materials of drill tools by an ultrasonic test
system. +e results obtained from the tests further verify the
correctness of the theoretical analysis and explain the fea-
sibility of RED technology.

Nomenclature

k: Stiffness of rock, N/m
m: Mass of rock, kg
l: Length of rock, m
E: Elastic modulus, MPa
A: Cross-sectional area of rock, m2

ωn: Natural angular frequency of rock, rad/s
fn: Natural frequency of rock, Hz
ρ: Density of plate, kg/m3

u: Vertical displacement of a point on a neutral plane, m
utt: Acceleration of plate, m/s2
D: Bending rigidity of plate, N·m2

h: +ickness of plate, m
μ: Poisson’s ratio
a, b: Length of plate, m.
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