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A tunedmass damper inerter (TMDI) is a new class of passive control device based on the inclusion of an inerter mechanism into a
conventional tuned mass damper (TMD). (e inerter device provides inertial resisting forces to the controlled system, through
relatively small masses, converting it in a mechanism with the potential to enhance the performance of passive energy dissipating
systems. (is work presents a study of an optimal TMDI design through an exhaustive search process. TMDI device design using
the cited parameter selection methodology consists in the determination of the damper critical damping ratio, ζTMDI, and
frequency ratio, υTMDI, which result in the minimum structural response of a multidegree of freedom structural system,
considering predefined values for mass ratio (µ) and inertance ratio (β). (e used optimization process examines all possible
damping device design parameter combinations to select the set of values that results in the best device performance to reduce
response parameters in a structure. Four different optimization processes are performed by independently minimizing four
performance indices: J1 associated to the reduction of the structure’s maximum peak displacement, J2 calculates the minimal RMS
value for the structure’s peak displacement, J3 seeks by the minimal peak interstorey drift, and JP determines the lowest value for a
linear weighted combination of the abovementioned three indices. A numerical example is developed with the purpose of
validating the proposed optimization procedure and to evaluate the benefits of using TMDI as controlling devices for structures
under seismic excitation, by carrying out a comparative analysis to contrast the performance of the optimization alternatives
developed, running up to 1968192 cases.(e obtained results show that devices designed based on exhaustive search optimization
produce peak displacement reductions of up to 35% and peak structure displacement RMS reductions of up to 30%.

1. Introduction

Structural control is, fundamentally, a set of techniques that
aims to reduce risks associated with the exposure of
structures to random events originated in natural phe-
nomena such as earthquakes, wind, and the effects of coastal
waves. (e main motivation for structural control is the
possibility of providing with high level safety, comfort, and
peace of mind to the people that inhabit the controlled
structures. Structural control may be achieved through the
use of diverse types of devices, mechanisms, and algorithms
with varied levels of structural behavior. Successful struc-
tural control methodologies have been developed based on

the modification of the structural system’s stiffness, mass,
shape, or damping [1], achieving noteworthy reductions in
the structural response of systems subjected to the action of
forces of diverse origins.

Current structural control applications are adjusted to
diverse objectives and embody different variants, with de-
vices and algorithms based on principles that may be
grouped into four categories, according to the available
literature: active control [2–4], passive control [5–10],
semiactive control [11–15], and hybrid control [16–20].
Passive and active controlling devices represent the ends of
the structural control theory spectrum; for active devices,
their behavior results on the supply of large quantities of
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energy to the structural system, while in passive devices,
their behavior results in the use inertial forces within the
structure achieving reduction in the structural response
through energy dissipation mechanisms without the need
for external power sources. Semiactive and hybrid devices
correspond to intermediate solutions in which the working
mechanisms use characteristics of both active and passive
devices with low energy consumption.

Due to their simplicity, reliability, economy, and sturdi-
ness, passive control devices stand out among structural
control alternatives, especially the devices known as tunedmass
dampers (TMDs). (ese mechanisms, composed by a mass, a
spring, and a damper, are some of the oldest vibration control
devices in existence [21]; moreover, their proved efficiency for
the damage reduction and collapse prevention of structural
systems [22], as they are tuned to the fundamental frequencies
of the structure, make them ideal mechanisms to protect the
structural integrity of a building. Some of the most repre-
sentative applications of TMD can be found in base isolation
[23–26], seismic protection of buildings [27–30], effect in soil-
structure interaction [31–33], and vibration control of pe-
destrian bridges [34, 35], among others. According to their
functioning mechanism, TMD are classified into conventional
TMD, pendulumTMD (PTMD), bidirectional TMD (BTMD),
and liquid column tuned dampers (TLCD) [36].

Searching for improvement in the performance of these
devices, an important number of researchers have been
working during the last five years with a promising modi-
fication of conventional TMD, consisting in the addition of a
two-node linear device, called an inerter, that develops an
internal resisting force proportional to the relative accel-
eration between the two nodes [37]. (is new device
composed by an inerter and a conventional TMD has been
called the tuned mass damper inerter (TMDI). Several re-
search works have explored the design [38–40], optimization
[39–42], and performance [43–45] of this new passive
control device with positive results, proving that these
mechanisms may outperform the conventional TMD output
in structures under seismic loads [46]. Likewise, inerter-
based devices have been used in specific applications to
different fields of civil engineering. Examples of this are the
study of TMDI for the mitigation of wind-induced response
of tall buildings [47], the use of a Tuned Damper Inerter
(TID) for suppression of unwanted cable vibrations due to
support excitations [48], the numerical implementation of a
Tuned Parallel Inerter Mass System (TPIMS) for seismic
mitigation of a wind turbine tower [49], the optimal design
based on analytical solution for a liquid storage tank with a
inerter isolation system [50], the optimal design and seismic
performance of a TMDI when installed below the isolation
floor of base-isolated structures in order to enhance the
earthquake resilience and reduce the displacement demand
[51], the development of a comfort-based optimal method
for designing floors using Tuned Inerter Mass Systems
(TIMS) to reduce the vertical-vibration response of floors
subjected to human-induced excitations [52], the study of a
Tuned Inerter Liquid System (TILS) for vibration control by
utilizing the advantages of the inerter-based system and
tuned liquid element to improve control performance [53],

and the investigation of the effect of connecting TMDIs
between nonconsecutive floors [54], among others.

Regarding the quoted paper by Giaralis and Petrini [54],
it is suggested that an enhanced behavior is found when
connecting the TMDI device located at the top floor with a
floor up to three levels below, although reasonable, was
considered not applicable to the work described herein, as a
retrofit application is exemplified in this paper.

(e main objective of the study presented here is to
obtain an optimal TMDI design through an exhaustive
search process, which consists in the determination of the
damper critical damping ratio, ζTMDI, and frequency ratio,
υTMDI, which result in the minimum structural response of a
multidegree of freedom structural system, considering
predefined values for mass ratio (µ) and inertance ratio (β).
(e proposed optimization process examines all possible
damping device design parameter combinations, to select
the set of values that results in the best device performance to
reduce response parameters in a structure. Four different
optimization processes are performed by independently
minimizing four performance indices: J1 is associated to the
reduction of the structure’s maximum peak displacement, J2
calculates the minimal RMS value for the structure’s peak
displacement, J3 seeks by the minimal peak interstorey drift,
and JP determines the lowest value for a linear weighted
combination of the abovementioned three indices. A nu-
merical example is developed with the purpose to validate
the proposed optimization procedure and to evaluate the
benefits of using TMDI as controlling devices for structures
under seismic excitation, by carrying out a comparative
analysis to contrast the performance of the optimization
alternatives developed, running up to 1968192 cases.

(is research represents a thorough and rigorous, albeit
simple, optimization process applied on a model with
multiple degrees of freedom. (e exhaustive search-based
optimization technique works efficiently in limited size
problems, such as the one at hand. Furthermore, exhaustive
search is reliable, easy to implement, and represents a
certainty, as all possible solutions are investigated.

2. Tuned Mass Damper Inerter (TMDI)

(e inerter device (Figure 1) is conceptually developed based
on analogies between existing mechanical and electrical
systems, as a true mechanical equivalent of the electric
condenser [55].

(is mechanism, characterized by a small mass in com-
parison with the storey mass, is an element connected to two
nodes. (ese nodes move, respectively, from each other, gen-
erating relative accelerations that are proportional to the
resisting forces produced by the device, as described by equation
(1), where F is the resisting force in each node, b is the pro-
portionality constant in terms ofmass which defines the inerter,
and €ui and €uj are the i and j nodal accelerations, respectively:

F � b €ui − €uj . (1)

Most proposed inerters are devices based on mecha-
nisms developed from gears, racks, pinions, and flywheels
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[38, 39, 45, 56], although there are also inerter proposals
based on pendulum systems [43], on ball screws [56], and on
hydraulic devices [57–59].

2.1. Equation of Motion for an n Degree of Freedom System
Equipped with a TMDI. To pose the equations of motion
that govern an n degree of freedom system equipped with
a TMDI, consider the structure shown in Figure 2. Each
storey stiffness, damping, and mass is represented with a
spring with stiffness constant ki, viscous damper with
damping constant ci, and mass concentration elementsmi,
respectively, where i symbolizes each level of the
structure.

Likewise, the TMDI device is idealized in this figure as
the combination of a conventional TMD and an inerter. In
this case, the conventional TMD is installed in the nth level of
the building; the inerter connects the conventional TMD
with the structure’s level n− 1.(e TMDImass is denoted by
mTMDI, while the stiffness and damping parameters asso-
ciated with the damper are denoted as kTMDI and cTMDI,
respectively. Constant b is the parameter quantifying the
TMDI inertance.

In this way, the dynamic behavior of the n+1 degrees
of freedom TMDI equipped system subjected to a ground
acceleration at its base may be modelled with equation (2),
where x(t), _x(t), and €x(t) are the n + 1 displacement,
velocity, and acceleration system vectors, respectively,
which depend on the variation of time, 1 is a unitary
vector of the order n + 1, and €xg(t) is an scalar repre-
senting the ground acceleration which also varies with
time.

M€x (t) + C _x(t) + Kx(t) � −M1€xg (t). (2)

M is the system’s mass matrix of the order (n+ 1) x
(n+ 1), shown with the following expression:

M �

m1 0 0 0 · · · · · · 0

0 m2 0 0 · · · · · · 0

0 0 m3 0 · · · · · · 0

⋮ ⋮ ⋮ ⋱ · · · · · · ⋮

⋮ ⋮ ⋮ ⋮ mn−1 + b 0 −b

⋮ ⋮ ⋮ ⋮ 0 mn 0

0 0 · · · · · · −b 0 mTMDI + b

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (3)

C refers to the system’s damping matrix, of the order of
(n+ 1) x (n+ 1), expressed as

C �

c1 + c2 −c2 0 0 · · · · · · 0

−c2 c2 + c3 −c3 0 · · · · · · 0

0 −c3 c3 + c4 −c4 · · · · · · 0

⋮ ⋮ ⋮ ⋱ · · · · · · ⋮

⋮ ⋮ ⋮ −cn−1 cn−1 + cn −cn 0

⋮ ⋮ ⋮ 0 −cn cn + cTMDI −cTMDI

0 0 · · · 0 0 −cTMDI cTMDI

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(4)

Finally, the system’s stiffness matrix K, of the order
(n+ 1) x (n+ 1), may be calculated as

K �

k1 + k2 −k2 0 0 · · · · · · 0

−k2 k2 + k3 −k3 0 · · · · · · 0

0 −k3 k3 + k4 −k4 · · · · · · 0

⋮ ⋮ ⋮ ⋱ · · · · · · ⋮

⋮ ⋮ ⋮ −kn−1 kn−1 + kn −kn 0

⋮ ⋮ ⋮ 0 −kn kn + kTMDI −kTMDI

0 0 · · · 0 0 −kTMDI kTMDI

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(5)

(e motion described with equation (2) may be trans-
formed into a space-state representation in order to more
readily solve the dynamic system through first-degree dif-
ferential equations. Consequently, in order to represent the n

ji

F F

ui uj

Figure 1: Outline of an inerter device.
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Figure 2: n degrees of freedom system equipped with a TMDI
device.

Shock and Vibration 3



degree of freedom system’s dynamic behavior as a space-
state form, the state vector z(t) is defined as

z(t) �
x(t)

_x(t)
 , (6)

where z(t) is a vector of the order 2(n+ 1) x 1 containing the
displacements and velocities from the structural system
response. (us, equation (2) may be transformed into
equation (7), where 0 and I are the null and the identity
matrices, respectively, of the order (n+ 1) x (n+ 1).

_x(t)

€x(t)
  �

0 I

−M− 1K −M− 1C
 

x(t)

_x(t)
  +

0

M− 1  · −M1€xg (t).

(7)

Now, in order to simplify equation (7), the matrices A
and B are introduced as per equations (8) and (9), whereA is
the transition state matrix, of the order 2(n+ 1) x 2(n+ 1),
and B is the structural system’s external excitation action
location matrix:

A �
0 I

−M− 1K −M− 1C
 , (8)

B �
0

M− 1 . (9)

(us, equation (7) becomes

_z(t) � Az(t) − BM1€xg (t). (10)

(e solution for this differential linear equation of the
first-degree gives the dynamic behavior of the structure
equipped with the TMDI device, when subjected to an
acceleration record at its base.

3. TMDI Design Optimal Parameters
Selection Methodology

(e optimal parameters for the design of the TMDI device
are determined in this work through an optimization pro-
cess based on the so-called exhaustive search technique.(is
optimization methodology is a general optimal parameter
search technique that does not require specific knowledge of
the dominion, as only a general state description, an op-
erator set adjusted to the system’s typical behavior, an initial
state, and a goal or objective for the final state are needed
[60].

(e exhaustive search-based optimization methodolo-
gies work simply and directly, resulting in adequate and
precise solutions, but require an important amount of
processing time and power. Allowing for this, an exhaustive
search algorithm examines all possible solutions of each
particular state, continually comparing which of these
possible solutions is most efficient in complying with the
problem’s restrictions with the lowest cost, which is usually
defined with the system’s own characteristics and the im-
posed conditions by the problem at hand.

(e main motivation for the use in this paper of the
exhaustive search based optimization technique is that, in
limited size problems, such as the one at hand, for the se-
lection of TMDI device parameters, the used methodology
works efficiently. (is must be added to the fact that ex-
haustive search is reliable and easy to implement when it is
compared with others optimization techniques such as
evolutionary algorithms, gradient-based optimization al-
gorithms, and nature-inspired metaheuristics; furthermore,
trying all possible solutions, determining an optimal state
through the comparison between different final states of the
problem under study, is a certainty.

TMDI devices design, using the described parameter
selection procedure, consists in determining the values for
the damper critical damping ratio, ζTMDI, and frequency
ratio, υTMDI, which are defined according to equations (11)
and (12), respectively, where cTMDI, mTMDI and ωTMDI are
the damping, mass and frequency TMDI device parameters,
respectively, b is the inertance, and ω1 is the structural
system’s natural fundamental frequency:

ζTMDI �
cTMDI

2 mTMDI + b( ωTMDI
, (11)

υTMDI �
ωTMDI

ω1
. (12)

(e methodology starts with closed continuous sets of
possible optimal values for parameters ζTMDI and υTMDI. To
begin with, the process generates a division of these sets into
a finite number of values, comprising the complete set of
optimal values for each parameter.(e optimizationmethod
uses all possible combinations of finite values generated in
the process of division of the closed sets, so each one of these
discrete values and its respective combination are used to
calculate the TMDI damper coefficients of mass (mTMDI),
damping (cTMDI), and stiffness (kTMDI), from the mathe-
matical manipulation of expressions (11) and (12), assuming
a device mass ratio (µ) and an inertance ratio (β) whose
values are constant through the whole optimization process,
where µ and β are defined according to expressions (13) and
(14) and mTMDI and m1 are the TMDI device mass and the
generalized system mass that allows to obtain the structural
system natural fundamental frequency, respectively:

μ �
mTMDI

m1
, (13)

β �
b

m1
. (14)

Once the TMDI parameters are determined, the opti-
mization procedure calculates the controlled structural
system response when subjected to a specific acceleration
record. (is response is stored within a database where it is
processed to determine the performance parameters that
allowed establishing comparison criteria between the diverse
examined device cases. After this step, the optimization
process selects a new discrete value for ζTMDI and υTMDI and
repeats the process anew until it obtains updated
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comparison parameters according to the new used char-
acteristics. When the exhaustive search algorithm has spent
all possible solutions to the optimization problem, a com-
parison routine defines which are the TMDI design pa-
rameters which result in the optimized structural response,
measured through the minimum values of three response
parameters indices, namely, the structure’s maximum peak
displacement, the RMS value for the structure’s peak dis-
placement, and the peak storey drift:

J1 � min max Xipeak



  ,

J2 � min max RMS Xipeak 


  ,

J3 � min max Δipeak



  .

(15)

Furthermore, a fourth performance index is included,
consisting in a linear combination of the first three indices,
with specific weights, according to the relevance given to
each response parameter; this linear combination is labeled
as performance index, JP, and is described with the following
equation:

JP � min 0.5
max Xipeak



 

J1
+ 0.3

max RMS Xipeak 


 

J2
+ 0.2

max Δipeak



 

J3

⎛⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎠. (16)

(ese particular weights for the combination of the
performance indices were defined so as to amplify the re-
duction of the peak displacement, although all three per-
formance indices show reduced responses.

Figure 3 shows a logic tree diagram describing the
exhaustive search algorithm parameter definition used in
this study. (is is the procedure used to calculate the
optimal TMDI device design parameters, which controls
the response of a structure subjected to seismic
excitation.

4. Numerical Example for a TMDI-Equipped n
Degree of Freedom System Optimally
Designed Using the Exhaustive Search
Optimization Procedure

To study the performance of a TMDI controlled system
designed with the proposed exhaustive search procedure, a
numerical model based on a real structure is implemented.
(is model is subjected to four acceleration records of
natural origin, and a comparative analysis of the control
device is developed.

(e model used in this example is based on the
building that houses Beneficencia de Antioquia, which is
the governmental agency in charge of the city of
Medellin’s lottery, Colombia. (is building has 11 levels,
each with a height of 2.72m. (e structure’s total height is
32.14m above the ground level, counting the elevators’
engine room and the roof. According to the Colombian

earthquake resistant design code, Normas Colombianas
de Diseño y Construcción Sismo Resistente, NSR-10 [61],
the structure is comprised by two structural systems. In
the north-south direction, parallel to the building’s main
facade, the structure is a reinforced concrete moment-
resisting frame, while in the east-west direction, the
structure is a combination of a moment-resisting frame
and structural walls. Figure 4 presents an image of the
modelled building; Figure 5 shows the fifth floor plan,
which is a typical floor configuration, and the plane frame
modelled.

(e H-shaped structure was used because it is part of a
larger study for seismic retrofit being conducted by the
research group; however, a plane frame was derived from the
original structural system; the degrees of freedom of this
plane frame were reduced to one degree of freedom per
storey, assuming an infinitely rigid floor diaphragm so as to
obtain equal horizontal degrees of freedom for all nodes in
each storey, assuming axially infinitely rigid column so as to
eliminate all vertical degrees of freedom for all nodes and,
finally, condensing the rotational degrees of freedom as to be
expressed in terms of the remaining horizontal degrees of
freedom.

Expressions (17) and (18) represent the stiffness (K) and
mass (M) matrices of the reduced model, respectively. (e
damping matrix (C) is calculated as a Rayleigh damping
matrix proportional to the stiffness and mass matrices, as-
suming a critical damping ratio of 5% for the first and last
modes of vibration. Table 1 shows the modal properties of
the plane frame modelled.
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Values for parameter μ

Values for parameter β Values for parameter β

0.02 0.05

0.05 0.10 0.20 0.30 0.40 0.50

For each case response parameters J1, J2, J3, and
JP are calculated 

For each case response parameters J1, J2, J3, and
JP are calculated 

For each earthquake ground motion record used 

0.05 0.10 0.20 0.30 0.40 0.50

Optimization procedure finds the combination of device input parameters for the smallest structure response

Values for paramters ζTMDI and νTMDI
0 ≤ ζTMDI ≤ 0.5, ΔζTMDI = 0.01
0 ≤ νTMDI ≤ 2, ΔνTMDI = 0.01

Values for paramters ζTMDI and νTMDI
0 ≤ ζTMDI ≤ 0.5, ΔζTMDI = 0.01
0 ≤ νTMDI ≤ 2, ΔνTMDI = 0.01

Figure 3: Logic tree diagram for TMDI device design.

Figure 4: General view of the Beneficencia de Antioquia building.
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K �

311765 −172446 48350.9 −13110.7 2932 −658.4 148.5 −33.6 7.6 −1.7 0.3
195016 −116165 44693.4 −9953.8 2225.3 −499.5 112.6 −25.4 5.6 −0.9

183933 −148834 52580 −11700.6 2613.6 −586.1 131.7 −28.7 4.6
231499 −162559 55631 −12381.3 2765.8 −619.2 134.4 −21.4

235389 −163428 55825.5 −12424 2770.6 −599.1 95.2
235584 −163470 55830.3 −12403.9 2673 −424.1

SYMMETRIC 235589 −163450 55732.7 −11971.7 1896.5
235491 −163018 53819 −8513.8

233577 −154509 38358
195586 −85108

53714

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

kN/m,

(17)

M �

77.28 0 0 0 0 0 0 0 0 0 0
77.94 0 0 0 0 0 0 0 0 0

78.02 0 0 0 0 0 0 0 0
77.44 0 0 0 0 0 0 0

77.44 0 0 0 0 0 0
77.44 0 0 0 0 0

77.44 0 0 0 0
SYMMETRIC 77.44 0 0 0

77.44 0 0
77.44 0

74.70

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Mg.
(18)

Once the structure’s model characteristics are defined,
the TMDI parameter optimization procedure is initialized.
(is algorithm employs two fixed mass ratios, µ, of 5% and
2% and uses two close sets of optimal values for parameters
ζTMDI and υTMDI, defined as

0≤ ζTMDI ≤ 0.5,

0≤ υTMDI ≤ 2.
(19)

(ese value intervals have been selected because they are
coherent with conventional TMD devices, serving as starting
points as TMDI has the dynamic behavior same as that of
conventional TMD [62].

Several inertance ratios values, β, are tried in the optimal
TMDI design in order to analyze the impact of that property
on the structural system response performance. With that
purpose, β values of 5, 10, 20, 30, 40, and 50% were used.
Both the structural model and the optimization tool were

(a) (b)

Figure 5: Structure details. (a) Typical plan configuration of the modelled building. (b) Plane frame modelled.

Table 1: Modal properties of the plane frame modelled.

Mode 1 2 3 4 5 6 7 8 9 10 11
Period (s) 2.760 0.866 0.474 0.309 0.222 0.166 0.126 0.099 0.084 0.076 0.069
Natural frequency (rad/s) 2.28 7.26 13.26 20.36 28.33 37.88 49.90 63.42 75.04 82.96 91.65

Shock and Vibration 7



implemented in MATLAB using routines built by the
authors.

Table 2 shows the acceleration records used to excite the
controlled system in order to evaluate the performance of
the different TMDI configurations in the optimization
process. Multiple records commonly found in the literature
were used to encompass diverse acceleration inputs to show
that the device works independently of the time-history
demand.

4.1. Response of the Reference System (without Control).
Tables 3–6 show the data obtained from the structure’s
response under the seismic records employed in this work
for the system uncontrolled; interesting values are worth
pointing out. (e first one has to do with the maximum
displacement magnitude, which reached 0.572m, corre-
sponding to the lateral movement of the building’s 11th floor
under the “Kobe” earthquake record. Secondly, the maxi-
mum displacement RMS corresponds also to the same floor,
but under the acceleration record from “El Centro,” which
reached 0.162m, representing 165% greater displacement
RMS of the 11th floor under the “Kobe” record, which
reached a value of 0.097m. With respect to the storey drift
data, the peak value was reached under the “Kobe” record for
the horizontal relative displacement between floors 8 and 9,
of 0.107m, constituting a storey drift peak value of 3.92%.
Under the “Algarrobo,” “El Centro,” and “Christchurch”
records, the storey drift peak values were 0.083m, 0.078m,
and 0.061m, respectively, values that represent a storey drift
of 3.05%, 2.86%, and 2.23%, respectively.

Only elastic analysis was considered in this study as in
most codes, the principle of equivalent displacements is
invoked to allow for elastic analysis for design, using a
reduction factor for loads to consider the effect of plastifi-
cation. (e purpose of TMD and TMDI practical applica-
tions is to reduce the structural response to minimize
plastification on the building frame and concentrate energy
dissipation on the controlling device. In this paper, we seek
to try a thorough parameter optimization process to produce
reduced response; whether the final response lies inside or
outside the linear behavior is out of the scope of this paper.

4.2. TMDI Optimization Process. (e TMDI design pa-
rameters are obtained for four different optimization al-
ternatives, corresponding to the evaluation of indices J1, J2,
J3, and JP. To make sure the device design parameter se-
lection corresponds to optimal parameters, a comparative
analysis of the controlled structure’s behavior is made for
each of the TMDI parameter optimization alternatives. In
this way, the comparative analysis shows the general control
device performance main tendencies found with each of the
optimization alternative studied.

Tables 7–10 present a summary of the parameters ζTMDI
and υTMDI obtained with the optimization processes con-
ducted for TMDI mass ratios (µ) of 2 and 5% and inertance
ratios (β) of 5, 10, 20, 30, 40, and 50%. Figure 6 presents the
optimal values distribution dispersion for parameters ζTMDI
and υTMDI obtained through the linear combination

optimization proposal (JP), using the mass ratios and the
inertance ratios values mentioned above, for the acceleration
records considered.

4.3. Controlled System Response Using the Optimization Al-
ternative JP. Table 11 presents the response parameters for
the controlled structure subjected to the “El Centro”
earthquake record for the four optimization alternatives
proposed in this study. Positive and negative values in the
percentage reduction columns in this table represent, re-
spectively, a response reduction and response increase.
Based on the analysis of the results data, it may be said that
the TMDI controlled system performance with the greatest
mass ratio (µ� 5%) is always superior to that of the lesser
mass ratio (µ� 2%). (e greatest peak displacement re-
duction of the structure, corresponding to the 11th floor
displacement, is 6.76%, for the TMDI with µ� 2% and
β� 5% and optimizations alternatives JP and J1; this same
parameter for the same optimizations alternatives but with
device values of µ� 5% and β� 5% reaches a reduction of
25.84%. Something similar occurs with the RMS value for the
11th floor displacement, where the greatest reduction for this
parameter is obtained for the TMDI designed with values µ
and β of 5%, with reductions of 46.64% for the optimization
alternative J2, while the best control alternative for TMDI
designed with µ� 2%, corresponding also to the optimiza-
tion alternative J2, is that with β� 5%, with RMS displace-
ment reductions for the 11th floor of 24.47%. Finally, the
peak interstorey drift reductions show that the greater the
mass ratio, the greater the response parameter reduction, as
the TMDI-controlled system with µ and β of 5% reduces the
maximum peak storey drift in 26.22%, while the TMDI with
µ� 2% and β� 5% results in reductions of 12.87%.

(us, it can be seen that the device with mass and
inertance ratio values of 5% is the TMDI with the best results
in terms of response parameter reduction. Likewise, the
linear combination optimization alternative, JP is, in the case
of the controlled structure subjected to the “El Centro”
earthquake, the most balanced and interesting alternative, as
it results in important reductions of peak displacements and
of peak storey drifts. (e results clearly show that the linear
combination optimization surpasses the single objective
alternatives, J2 and J3, characteristics, generally reaching
considerable reduction for all analyzed response parameters.

Figure 7 presents a graphic comparison of the 11th floor
displacement evolution of the structure controlled with the
TMDI configured with design parameters selected by the
optimization alternative JP for µ� 5% and for the different
values of inertance ratio used in this work. Figure 8 shows
the peak storey drift ratio for each level of the building
controlled by a TMDI with µ� 5% and β between 5 and 50%.

TMDI performance optimized for the structure sub-
jected to the “Christchurch” record confirms that inertance
ratio (β) and mass ratio (µ) values of 5% are the parameter
combination that achieves the best response reduction re-
sults when optimized using the linear combination alter-
native proposed in this work. For this specific load case, the
peak displacement reductions are of up to 10%, while the
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Table 2: Earthquake ground-motions records used in the study.

Earthquake acceleration record Date Earthquake location (Lat, Lon) Magnitude
El Centro 05-18-1940 32.733°N 115.5°W 6.9MW
Christchurch 02-22-2011 43.583°S 172.680°E 6.2MW
Kobe 01-17-1995 34.59°N 135.07°E 6.9MW
Algarrobo 03-03-1985 33.240°S 72.040°W 8.0MW

Table 3: Response of the uncontrolled structure when it is excited by “El Centro” earthquake.

Storey
Maximum

displacement
(m)

RMS value of the
displacement

(cm)

Maximum
velocity (m/s)

RMS value
of the
velocity
(m/s)

Maximum
acceleration

(m/s2)

RMS value of
the acceleration

(m/s2)

Peak
interstorey
drift (m)

Peak
interstorey

drift ratio (%)

1 0.0280 0.010 0.1840 0.0449 6.6264 1.2309 0.028 1.03
2 0.0801 0.029 0.4587 0.1186 6.4825 1.4594 0.052 1.92
3 0.1552 0.058 0.7369 0.2011 6.8048 1.5785 0.078 2.86
4 0.2115 0.079 0.8449 0.2435 6.3304 1.5164 0.056 2.07
5 0.2583 0.098 0.9443 0.2705 5.4689 1.4371 0.062 2.27
6 0.2936 0.114 1.0937 0.2916 5.8672 1.4158 0.067 2.46
7 0.3167 0.128 1.1427 0.3107 6.8367 1.4372 0.063 2.33
8 0.3449 0.140 1.0857 0.3297 6.7817 1.3921 0.055 2.01
9 0.3812 0.150 0.8938 0.3523 5.6421 1.3339 0.047 1.73
10 0.4070 0.157 1.0476 0.3806 5.5950 1.4714 0.040 1.48
11 0.4253 0.162 1.3226 0.4096 7.5865 1.9869 0.029 1.06

Table 4: Response of the uncontrolled structure when it is excited by “Christchurch” earthquake.

Storey
Maximum

displacement
(m)

RMS value of the
displacement

(cm)

Maximum
velocity
(m/s)

RMS value
of the
velocity
(m/s)

Maximum
acceleration

(m/s2)

RMS value of
the acceleration

(m/s2)

Peak
interstorey
drift (m)

Peak
interstorey

drift ratio (%)

1 0.0212 0.005 0.2065 0.0245 13.1273 1.2379 0.021 0.78
2 0.0589 0.014 0.3956 0.0514 10.2182 1.0456 0.039 1.42
3 0.1164 0.028 0.5804 0.0758 10.2923 0.8617 0.061 2.23
4 0.1585 0.039 0.5941 0.0976 8.3369 1.0181 0.042 1.56
5 0.1901 0.049 0.5081 0.1162 9.9784 0.9546 0.039 1.42
6 0.2181 0.058 0.5916 0.1352 9.5672 0.9775 0.036 1.34
7 0.2438 0.065 0.6688 0.1510 9.0832 0.9899 0.030 1.10
8 0.2614 0.071 0.7251 0.1625 10.3773 0.9548 0.029 1.08
9 0.2695 0.076 0.7823 0.1728 8.9451 1.0506 0.030 1.11
10 0.2735 0.079 0.7292 0.1792 9.3335 0.9107 0.023 0.84
11 0.2773 0.081 0.7733 0.1865 11.0204 1.1567 0.022 0.82

Table 5: Response of the uncontrolled structure when it is excited by “Kobe” earthquake.

Storey
Maximum

displacement
(m)

RMS value of the
displacement

(cm)

Maximum
velocity
(m/s)

RMS value
of the
velocity
(m/s)

Maximum
acceleration

(m/s2)

RMS value of
the acceleration

(m/s2)

Peak
interstorey
drift (m)

Peak
interstorey

drift ratio (%)

1 0.0530 0.009 0.4131 0.0735 17.1382 2.2008 0.053 1.94
2 0.1455 0.026 0.9841 0.1952 18.7434 2.6221 0.093 3.40
3 0.2498 0.047 1.5908 0.3212 16.9989 2.9246 0.105 3.87
4 0.2922 0.059 1.6969 0.3614 13.4688 2.7020 0.079 2.91
5 0.3293 0.065 1.6649 0.3539 10.7163 2.2991 0.069 2.52
6 0.3674 0.068 1.7915 0.3230 11.6945 2.2243 0.090 3.31
7 0.3766 0.070 1.5227 0.2848 13.1905 2.3450 0.091 3.33
8 0.3676 0.074 1.6938 0.2550 13.4810 2.1738 0.092 3.37
9 0.4364 0.081 1.8312 0.2724 11.9120 1.8852 0.107 3.92
10 0.5145 0.090 2.0376 0.3476 12.8432 2.3581 0.098 3.61
11 0.5717 0.097 2.4486 0.4313 21.3402 3.3782 0.071 2.63
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Table 6: Response of the uncontrolled structure when it is excited by “Algarrobo” earthquake.

Storey
Maximum

displacement
(m)

RMS value of the
displacement

(cm)

Maximum
velocity (m/s)

RMS value
of the
velocity
(m/s)

Maximum
acceleration

(m/s2)

RMS value of
the acceleration

(m/s2)

Peak
interstorey
drift (m)

Peak
interstorey

drift ratio (%)

1 0.0338 0.007 0.3153 0.0883 12.1734 3.1552 0.034 1.24
2 0.0937 0.020 0.7276 0.1926 12.6769 3.6435 0.060 2.21
3 0.1650 0.036 0.9760 0.2456 9.1539 2.9616 0.083 3.05
4 0.2128 0.045 0.9857 0.2530 11.4629 2.6324 0.048 1.77
5 0.2318 0.053 0.9905 0.2582 10.9315 2.8978 0.041 1.51
6 0.2265 0.059 0.9758 0.2614 11.2572 3.0224 0.047 1.74
7 0.2278 0.065 1.0820 0.2573 10.8552 2.8020 0.052 1.90
8 0.2303 0.069 1.0185 0.2533 9.1700 2.7801 0.063 2.30
9 0.2408 0.074 0.9051 0.2446 11.6999 2.7564 0.058 2.14
10 0.2541 0.079 0.9759 0.2533 11.2073 2.3215 0.054 1.97
11 0.2800 0.083 1.2966 0.3220 14.6872 3.9215 0.038 1.41

Table 7: TMDI optimization parameters for µ� 0.02 and µ� 0.05 for the structure subjected to the “El Centro” record.

β� 5% β� 10% Β� 20% β� 30% β� 40% β� 50%
Optimization alternative ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI

µ� 2%
J1 0 0.99 0 0.99 0 0.98 0 0.98 0 0.98 0 0.98
J2 0.04 0.97 0.03 0.97 0.02 0.98 0.01 0.98 0.01 0.99 0.01 0.99
J3 0.5 2 0 1.09 0.01 1.05 0 1.02 0 1.03 0 1.04
JP 0 0.99 0.03 0.97 0.02 0.98 0.01 0.99 0 0.99 0 1
µ� 5%
J1 0 1 0 1 0 0.99 0 0.99 0 0.99 0 0.99
J2 0.06 0.94 0.05 0.95 0.05 0.96 0.05 0.96 0.05 0.97 0.04 0.97
J3 0.5 2 0.5 2 0.15 1.1 0.13 1.09 0.15 1.05 0.14 1.04
JP 0 1 0 1 0.05 0.96 0.05 0.97 0.04 0.97 0.04 0.98

Table 8: TMDI optimization parameters for µ� 0.02 and µ� 0.05 for the structure subjected to the “Christchurch” record.

β� 5% β� 10% Β� 20% β� 30% β� 40% β� 50%
Optimization alternative ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI

µ� 2%
J1 0 0.81 0 0.83 0 0.83 0 0.82 0 0.82 0 0.83
J2 0.05 0.93 0.04 0.94 0.03 0.95 0.03 0.96 0.03 0.96 0.03 0.97
J3 0 0.88 0.5 2 0.5 2 0.5 2 0.5 2 0.5 2
JP 0.04 0.92 0.04 0.93 0.03 0.94 0.03 0.95 0.03 0.96 0.03 0.96
µ� 5%
J1 0 0.82 0 0.83 0 0.85 0 0.85 0 0.85 0 0.85
J2 0.09 0.86 0.08 0.88 0.07 0.9 0.06 0.91 0.06 0.92 0.05 0.93
J3 0 0.83 0 0.9 0.5 2 0.5 2 0.5 2 0.5 2
JP 0.07 0.85 0.07 0.87 0.06 0.89 0.05 0.9 0.05 0.91 0.05 0.92

Table 9: TMDI optimization parameters for µ� 0.02 and µ� 0.05 for the structure subjected to the “Kobe” record.

β� 5% β� 10% β� 20% β� 30% β� 40% β� 50%
Optimization alternative ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI

µ� 2%
J1 0.5 2 0.5 2 0.5 2 0.5 2 0.5 2 0.5 2
J2 0.04 0.95 0.03 0.96 0.03 0.97 0.02 0.98 0.02 0.98 0.02 0.99
J3 0.5 2 0.43 2 0.5 2 0.5 2 0.5 2 0.5 2
JP 0.5 2 0.5 2 0.5 2 0.5 2 0.5 2 0.5 2
µ� 5%
J1 0.5 2 0.5 2 0.5 2 0.5 2 0.5 2 0.5 2
J2 0.08 0.91 0.06 0.92 0.06 0.94 0.05 0.95 0.05 0.96 0.05 0.96
J3 0.5 2 0.5 2 0.5 2 0.5 2 0.5 2 0.5 2
JP 0.5 2 0.5 2 0.5 2 0.5 2 0.5 2 0.5 2
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Table 10: TMDI optimization parameters for µ� 0.02 and µ� 0.05 for the structure subjected to the “Algarrobo” record.

β� 5% β� 10% β� 20% β� 30% β� 40% β� 50%
Optimization alternative ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI

µ� 2%
J1 0 0.87 0 0.87 0 0.87 0 0.87 0 0.88 0 0.88
J2 0 0.86 0 0.87 0 0.87 0 0.88 0 0.88 0 0.89
J3 0 0.9 0.5 2 0.5 2 0.5 2 0.5 2 0.5 2
JP 0 0.87 0 0.87 0 0.87 0 0.88 0 0.88 0 0.89
µ� 5%
J1 0.02 0.83 0 0.84 0 0.86 0 0.88 0 0.89 0 0.9
J2 0.06 0.83 0.03 0.85 0.01 0.86 0 0.87 0 0.88 0 0.88
J3 0.5 2 0.5 2 0 0.93 0 0.93 0 0.94 0.5 2
JP 0.02 0.83 0 0.84 0 0.86 0 0.88 0 0.89 0 0.89
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Figure 6: Distribution of the TMDI design parameters determined by the JP optimization alternative.

Table 11: Controlled response of the structure subjected to “El Centro” earthquake.

β Optimization
alternative

Controlled
displacement
of the 11th

storey (m)

Reduction of
the peak

displacement
(%)

Controlled
RMS value
of the

displacement
of the 11th

storey (m)

Reduction of
the RMS value
of the peak
displacement

(%)

Peak
interstorey
drift (m)

Reduction of
the maximum

peak
interstorey
drift (%)

Peak
interstorey

drift ratio (%)

µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5%

5

J1 0.3966 0.3154 6.76 25.84 0.1434 0.1190 11.30 26.43 0.0678 0.0574 12.87 26.22 2.49 2.11
J2 0.4000 0.3334 5.95 21.61 0.1221 0.0863 24.47 46.64 0.0679 0.0594 12.74 23.58 2.50 2.19
J3 0.4189 0.3976 1.51 6.52 0.1662 0.1651 −2.78 −2.11 0.0735 0.0620 5.53 20.34 2.70 2.28
JP 0.3966 0.3154 6.76 25.84 0.1434 0.1190 11.30 26.43 0.0678 0.0574 12.87 26.22 2.49 2.11

10

J1 0.4064 0.3452 4.46 18.83 0.1415 0.1274 12.50 21.21 0.0688 0.0606 11.58 22.03 2.53 2.23
J2 0.4081 0.3562 4.04 16.24 0.1309 0.0975 19.04 39.73 0.0688 0.0616 11.59 20.75 2.53 2.27
J3 0.4081 0.4021 4.05 5.45 0.1642 0.1673 −1.53 −3.44 0.0680 0.0625 12.64 19.65 2.50 2.30
JP 0.4081 0.3452 4.04 18.83 0.1309 0.1274 19.04 21.21 0.0688 0.0606 11.59 22.03 2.53 2.23
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displacement RMS achieves up to 28% reductions. In general
terms, the displacement reductions, for both the peak and
the RMS values, present a somewhat uniform performance
tendency, where small response reduction percentages are
obtained for the structure’s lower levels and much greater
response reduction values for the last floors of the building,
which is where the TMDI device exerts the greatest influence
over the structural system. Figures 9 and 10 show these
tendencies, for the peak displacements and the RMS dis-
placements, respectively, for each one of the levels of the
building, for the most efficient TMDI-controlled case, which

is the one corresponding to the device with β and µ of 5%
optimized with the linear combination alternative JP.

Tables 12 and 13 present the structure’s response under
the “Christchurch” and “Kobe” records, respectively, for the
TMDI device parameters obtained with the different opti-
mization alternatives used in this work.

Figure 11 presents the storey peak acceleration for the
controlled structure subjected to the “Kobe” record for the
optimization alternative Jp and for a value of µ� 0.05. Al-
though all cases show important reduction for this response
parameter, this time, the most efficient alternative does not
correspond to the one with β of 5%, but for the optimized
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Figure 7: 11th storey controlled response of the structure subjected
to “El Centro” acceleration record for TMDI designed with µ� 5%
and the JP optimization alternative.
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Figure 8: Interstorey drift ratio of the controlled structure sub-
jected to “El Centro” acceleration record for TMDI designed with
µ� 5% and the JP optimization alternative.

Table 11: Continued.

β Optimization
alternative

Controlled
displacement
of the 11th

storey (m)

Reduction of
the peak

displacement
(%)

Controlled
RMS value
of the

displacement
of the 11th

storey (m)

Reduction of
the RMS value
of the peak
displacement

(%)

Peak
interstorey
drift (m)

Reduction of
the maximum

peak
interstorey
drift (%)

Peak
interstorey

drift ratio (%)

µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5%

20

J1 0.4123 0.3702 3.05 12.96 0.1403 0.1396 13.24 13.70 0.0694 0.0633 10.78 18.66 2.55 2.33
J2 0.4132 0.3774 2.84 11.26 0.1377 0.1103 14.88 31.78 0.0692 0.0631 11.02 18.81 2.54 2.32
J3 0.4134 0.3904 2.80 8.21 0.1529 0.1407 5.48 12.99 0.0689 0.0602 11.48 22.65 2.53 2.21
JP 0.4132 0.3774 2.84 11.26 0.1377 0.1103 14.88 31.78 0.0692 0.0631 11.02 18.81 2.54 2.32

30

J1 0.4143 0.3811 2.58 10.39 0.1415 0.1449 12.49 10.38 0.0700 0.0642 9.99 17.52 2.57 2.36
J2 0.4147 0.3868 2.48 9.06 0.1403 0.1172 13.22 27.52 0.0705 0.0638 9.36 18.03 2.59 2.34
J3 0.4145 0.3956 2.53 6.99 0.1466 0.1433 9.34 11.36 0.0693 0.0610 10.85 21.61 2.55 2.24
JP 0.4148 0.3867 2.48 9.07 0.1404 0.1174 13.21 27.42 0.0703 0.0636 9.66 18.24 2.58 2.34

40

J1 0.4152 0.3872 2.37 8.95 0.1426 0.1462 11.82 9.59 0.0713 0.0646 8.35 16.95 2.62 2.37
J2 0.4156 0.3919 2.27 7.85 0.1415 0.1215 12.49 24.86 0.0714 0.0639 8.19 17.89 2.63 2.35
J3 0.4155 0.3991 2.30 6.16 0.1484 0.1420 8.20 12.21 0.0704 0.0613 9.47 21.19 2.59 2.25
JP 0.4152 0.3911 2.37 8.04 0.1421 0.1215 12.11 24.85 0.0710 0.0641 8.73 17.64 2.61 2.36

50

J1 0.4156 0.3911 2.28 8.05 0.1435 0.1461 11.25 9.66 0.0722 0.0648 7.22 16.63 2.65 2.38
J2 0.4160 0.3945 2.18 7.25 0.1422 0.1242 12.04 23.16 0.0722 0.0642 7.21 17.48 2.65 2.36
J3 0.4160 0.4008 2.18 5.77 0.1500 0.1419 7.22 12.26 0.0711 0.0615 8.62 20.93 2.61 2.26
JP 0.4157 0.3945 2.26 7.25 0.1427 0.1244 11.78 23.08 0.0716 0.0641 7.97 17.65 2.63 2.35
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Figure 9: Peak displacement of each storey of the controlled structure subjected to “Christchurch” acceleration record for TMDI designed
with µ� 5% and the JP optimization alternative.
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Figure 10: RMS value of the displacement of each storey of the controlled structure subjected to “Christchurch” acceleration record for
TMDI designed with µ� 5% and the JP optimization alternative.

Table 12: Controlled response of the structure subjected to “Christchurch” earthquake.

β Optimization
alternative

Controlled
displacement
of the 11th

storey (m)

Reduction of
the peak

displacement
(%)

Controlled
RMS value
of the

displacement
of the 11th

storey (m)

Reduction of
the RMS value
of the peak
displacement

(%)

Peak
interstorey
drift (m)

Reduction of
the maximum

peak
interstorey
drift (%)

Peak
interstorey

drift ratio (%)

µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5%

5

J1 0.2690 0.2496 3.01 10.00 0.0799 0.0798 1.87 1.93 0.0596 0.0524 1.58 13.50 2.19 1.93
J2 0.2740 0.2557 1.19 7.79 0.0705 0.0583 13.39 28.43 0.0598 0.0540 1.35 10.87 2.20 1.99
J3 0.2694 0.2496 2.86 9.98 0.0804 0.0810 1.22 0.45 0.0595 0.0523 1.87 13.72 2.19 1.92
JP 0.2731 0.2544 1.51 8.24 0.0706 0.0586 13.21 27.99 0.0597 0.0537 1.45 11.44 2.20 1.97

10

J1 0.2766 0.2588 0.26 6.66 0.0819 0.0831 −0.64 −2.11 0.0608 0.0564 −0.41 6.98 2.24 2.07
J2 0.2801 0.2629 −1.01 5.18 0.0742 0.0640 8.81 21.37 0.0607 0.0570 −0.24 5.94 2.23 2.10
J3 0.2929 0.2598 −5.64 6.30 0.0887 0.0911 −8.96 −11.95 0.0588 0.0560 3.05 7.58 2.16 2.06
JP 0.2798 0.2624 −0.91 5.37 0.0743 0.0641 8.74 21.26 0.0607 0.0569 −0.23 6.08 2.23 2.09
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Table 12: Continued.

β Optimization
alternative

Controlled
displacement
of the 11th

storey (m)

Reduction of
the peak

displacement
(%)

Controlled
RMS value
of the

displacement
of the 11th

storey (m)

Reduction of
the RMS value
of the peak
displacement

(%)

Peak
interstorey
drift (m)

Reduction of
the maximum

peak
interstorey
drift (%)

Peak
interstorey

drift ratio (%)

µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5%

20

J1 0.2815 0.2675 −1.51 3.53 0.0836 0.0870 −2.71 −6.91 0.0616 0.0595 −1.69 1.83 2.27 2.19
J2 0.2840 0.2762 −2.42 0.39 0.0772 0.0701 5.21 13.92 0.0613 0.0593 −1.07 2.17 2.25 2.18
J3 0.2938 0.3111 −5.95 −12.18 0.0888 0.0984 −9.13 −20.86 0.0577 0.0584 4.73 3.71 2.12 2.15
JP 0.2838 0.2749 −2.34 0.86 0.0773 0.0702 5.09 13.77 0.0613 0.0593 −1.08 2.15 2.25 2.18

30

J1 0.2832 0.2763 −2.14 0.38 0.0845 0.0880 −3.78 −8.13 0.0619 0.0609 −2.14 −0.46 2.28 2.24
J2 0.2856 0.2827 −3.00 −1.95 0.0783 0.0733 3.75 9.96 0.0613 0.0601 −1.12 0.75 2.25 2.21
J3 0.2945 0.3119 −6.22 −12.49 0.0889 0.0987 −9.22 −21.20 0.0572 0.0580 5.61 4.36 2.10 2.13
JP 0.2854 0.2816 −2.93 −1.56 0.0784 0.0736 3.73 9.55 0.0613 0.0602 −1.14 0.61 2.25 2.21

40

J1 0.2841 0.2811 −2.45 −1.36 0.0848 0.0886 −4.20 −8.84 0.0620 0.0616 −2.29 −1.67 2.28 2.27
J2 0.2863 0.2868 −3.23 −3.43 0.0789 0.0753 3.06 7.44 0.0612 0.0605 −0.98 0.18 2.25 2.22
J3 0.2952 0.3125 −6.45 −12.71 0.0890 0.0988 −9.29 −21.41 0.0570 0.0576 6.01 4.88 2.09 2.12
JP 0.2863 0.2859 −3.23 −3.09 0.0789 0.0755 3.06 7.21 0.0612 0.0606 −0.98 −0.03 2.25 2.23

50

J1 0.2845 0.2841 −2.61 −2.45 0.0848 0.0890 −4.23 −9.37 0.0620 0.0620 −2.28 −2.37 2.28 2.28
J2 0.2867 0.2888 −3.41 −4.16 0.0792 0.0768 2.67 5.71 0.0611 0.0607 −0.75 −0.22 2.24 2.23
J3 0.2957 0.3130 −6.63 −12.86 0.0890 0.0990 −9.36 −21.57 0.0569 0.0574 6.14 5.27 2.09 2.11
JP 0.2866 0.2885 −3.34 −4.05 0.0792 0.0768 2.64 5.63 0.0611 0.0608 −0.78 −0.27 2.25 2.23

Table 13: Controlled response of the structure subjected to “Kobe” earthquake.

β Optimization
alternative

Controlled
displacement
of the 11th

storey (m)

Reduction of
the peak

displacement
(%)

Controlled
RMS value
of the

displacement
of the 11th

storey (m)

Reduction of
the RMS value
of the peak
displacement

(%)

Peak
interstorey
drift (m)

Reduction of
the maximum

peak
interstorey
drift (%)

Peak
interstorey

drift ratio (%)

µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5%

5

J1 0.5350 0.5046 6.43 11.74 0.0942 0.0931 2.38 3.50 0.0984 0.0899 7.82 15.77 3.62 3.30
J2 0.5590 0.5391 2.23 5.70 0.0840 0.0755 12.97 21.81 0.1071 0.1064 −0.40 0.24 3.94 3.91
J3 0.5350 0.5046 6.43 11.74 0.0942 0.0931 2.38 3.50 0.0984 0.0899 7.82 15.77 3.62 3.30
JP 0.5350 0.5046 6.43 11.74 0.0942 0.0931 2.38 3.50 0.0984 0.0899 7.82 15.77 3.62 3.30

10

J1 0.5284 0.5015 7.57 12.27 0.0941 0.0939 2.50 2.68 0.0963 0.0893 9.72 16.29 3.54 3.28
J2 0.5588 0.5388 2.25 5.75 0.0862 0.0766 10.65 20.62 0.1073 0.1071 −0.53 −0.37 3.94 3.94
J3 0.5317 0.5015 6.99 12.27 0.0943 0.0939 2.33 2.68 0.0970 0.0893 9.13 16.29 3.56 3.28
JP 0.5284 0.5015 7.57 12.27 0.0941 0.0939 2.50 2.68 0.0963 0.0893 9.72 16.29 3.54 3.28

20

J1 0.5173 0.4956 9.51 13.31 0.0936 0.0944 3.03 2.20 0.0942 0.0869 11.76 18.60 3.46 3.19
J2 0.5582 0.5380 2.37 5.89 0.0881 0.0791 8.70 18.07 0.1073 0.1071 −0.54 −0.36 3.94 3.94
J3 0.5173 0.4956 9.51 13.31 0.0936 0.0944 3.03 2.20 0.0942 0.0869 11.76 18.60 3.46 3.19
JP 0.5173 0.4956 9.51 13.31 0.0936 0.0944 3.03 2.20 0.0942 0.0869 11.76 18.60 3.46 3.19

30

J1 0.5095 0.4918 10.89 13.98 0.0931 0.0944 3.50 2.13 0.0923 0.0845 13.46 20.83 3.39 3.11
J2 0.5580 0.5377 2.39 5.96 0.0889 0.0807 7.87 16.33 0.1078 0.1077 −0.99 −0.91 3.96 3.96
J3 0.5095 0.4918 10.89 13.98 0.0931 0.0944 3.50 2.13 0.0923 0.0845 13.46 20.83 3.39 3.11
JP 0.5095 0.4918 10.89 13.98 0.0931 0.0944 3.50 2.13 0.0923 0.0845 13.46 20.83 3.39 3.11

40

J1 0.5045 0.4901 11.76 14.28 0.0928 0.0944 3.87 2.16 0.0907 0.0831 15.04 22.12 3.33 3.06
J2 0.5575 0.5370 2.49 6.08 0.0893 0.0819 7.48 15.17 0.1079 0.1082 −1.14 −1.44 3.97 3.98
J3 0.5045 0.4901 11.76 14.28 0.0928 0.0944 3.87 2.16 0.0907 0.0831 15.04 22.12 3.33 3.06
JP 0.5045 0.4901 11.76 14.28 0.0928 0.0944 3.87 2.16 0.0907 0.0831 15.04 22.12 3.33 3.06

50

J1 0.5017 0.4899 12.24 14.30 0.0925 0.0944 4.14 2.21 0.0893 0.0824 16.31 22.75 3.28 3.03
J2 0.5569 0.5362 2.59 6.21 0.0894 0.0826 7.34 14.39 0.1080 0.1086 −1.19 −1.78 3.97 3.99
J3 0.5017 0.4899 12.24 14.30 0.0925 0.0944 4.14 2.21 0.0893 0.0824 16.31 22.75 3.28 3.03
JP 0.5017 0.4899 12.24 14.30 0.0925 0.0944 4.14 2.21 0.0893 0.0824 16.31 22.75 3.28 3.03
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Figure 11: Peak acceleration of each storey of the controlled structure subjected to “Kobe” acceleration record for TMDI designed with
µ� 5% and the JP optimization alternative.
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Figure 12: RMS value of the acceleration of each storey of the controlled structure subjected to “Kobe” acceleration record for TMDI
designed with µ� 5% and the JP optimization alternative.

Table 14: Controlled response of the structure subjected to “Algarrobo” earthquake.

β (%) Optimization
alternative

Controlled
displacement
of the 11th

storey (m)

Reduction of
the peak

displacement
(%)

Controlled
RMS value
of the

displacement
of the 11th

storey (m)

Reduction of
the RMS value
of the peak
displacement

(%)

Peak
interstorey
drift (m)

Reduction of
the maximum

peak
interstorey
drift (%)

Peak
interstorey

drift ratio (%)

µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5%

5

J1 0.2452 0.2251 12.45 19.59 0.0735 0.0722 11.33 12.88 0.0764 0.0722 7.96 13.07 2.81 2.65
J2 0.2459 0.2384 12.19 14.86 0.0732 0.0700 11.73 15.57 0.0773 0.0718 6.88 13.44 2.84 2.64
J3 0.2772 0.3355 0.99 −19.81 0.0812 0.0996 2.03 −20.20 0.0750 0.0764 9.69 7.90 2.76 2.81
JP 0.2452 0.2251 12.45 19.59 0.0735 0.0722 11.33 12.88 0.0764 0.0722 7.96 13.07 2.81 2.65

10

J1 0.2602 0.2279 7.08 18.60 0.0752 0.0723 9.29 12.78 0.0791 0.0750 4.68 9.64 2.91 2.76
J2 0.2602 0.2359 7.08 15.75 0.0752 0.0705 9.29 14.94 0.0791 0.0730 4.68 12.10 2.91 2.68
J3 0.2957 0.3328 −5.60 −18.86 0.0861 0.0995 −3.83 −20.08 0.0775 0.0762 6.65 8.20 2.85 2.80
JP 0.2602 0.2279 7.08 18.60 0.0752 0.0723 9.29 12.78 0.0791 0.0750 4.68 9.64 2.91 2.76

Shock and Vibration 15



TMDI with β of 50%. In fact, for the peak storey acceleration,
the linear combination optimized, JP, TMDI with µ and β of
5% is the case with smaller reduction values of all the op-
timization alternatives analyzed; the same situation may be
seen in Figure 12 for storey acceleration RMS values.

Figure 8 shows trends characteristic of drift variation
with respect to height in a moment-resistant frame, with
maximum drifts occurring at the third lower part of the
structure’s total height. Similar trends are shown in Figures 11
and 12 for floor accelerations, which are also characteristic of
acceleration distribution for ultimate lateral loading, where
accelerations tend to decrease with height, with respect to
ground acceleration, except for the floors of the upper quarter
of the structure, which tend to increase markedly. By contrast,
Figures 9 and 10 show the absolute displacement distribution,
which characteristically increase with height, with a higher rate
of increase in the middle third of the structure’s total height.

Table 14 presents the controlled structure’s response
values obtained for the different optimization alternatives
developed, when subjected to the “Algarrobo” record.

For this case, the controlled system’s response reduction,
under the Algarrobo record, shows that the inerter device
with mass ratio and inertance ratio of 5% achieves the best
performance. Figure 13 shows the greatest peak displace-
ment reduction for µ and β of 5%; however, as the inertance
ratio, β, increases, the reduction percentage diminishes, that
is, the peak displacements increase, almost linearly for a
mass ratio, μ, of 5%, and asymptotically for µ of 2%

Figure 14 presents the reduction of the 11th storey RMS
value of displacement of the structure subjected to “Algarrobo”
acceleration record. For this case, results also show that the
optimized device using the linear combination alternative
achieves the best results for µ of 5%, but for this input seismic
record, the greatest reduction is achieved in conjunction with β

of 20%, although the variation of the reduction percentage for
µ of 5% does not vary beyond 20% of themaximum as β varies.
For TMDI designed with µ of 2%, reductions are highest for β
of 5%, and reduction decreases asymptotically as β increases.

Finally, Figure 15 shows the peak storey drift reduction for
the controlled structure under the “Algarrobo” record. For
this case, results also show that the optimized device using the
linear combination alternative achieves the best results for µ
and β of 5%, with reductions decreasing significantly for β of
10%, and with no significant variation as β increases further.
For µ of 2%, reductions are the highest for β of 5%, and
reduction decreases asymptotically as β increases.

(e response results shown in Figure 11 through 15
show that the TMDIs effectively reduces the structural
system response for all combinations of µ and β; moreover,
the graphs show that the highest reductions are obtained for
peak interstorey drift with µ and β of 5%. (at is, the drift is
effectively reduced for all inertance ratio values, which
implies a reduction of damages under seismic excitations.

5. Conclusions

(is paper deals with the optimal design of TMDI using
exhaustive search. (e used methodology focuses on de-
termining the best combination of parameters, so the op-
timal device is able to reduce the response of a structural
system, through the single and combined control of three
different response parameters: structure’s maximum peak
displacement, RMS value for the structure’s peak dis-
placement, and peak interstorey drift. (e tuned mass
damper inerter designed optimally have a significant po-
tential for the response reduction of multiple degree of
freedom systems under seismic excitations. (e obtained
results show that those devices with fixed mass ratio (μ) and

Table 14: Continued.

β (%) Optimization
alternative

Controlled
displacement
of the 11th

storey (m)

Reduction of
the peak

displacement
(%)

Controlled
RMS value
of the

displacement
of the 11th

storey (m)

Reduction of
the RMS value
of the peak
displacement

(%)

Peak
interstorey
drift (m)

Reduction of
the maximum

peak
interstorey
drift (%)

Peak
interstorey

drift ratio (%)

µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5% µ� 2% µ� 5%

20

J1 0.2710 0.2348 3.21 16.16 0.0773 0.0711 6.70 14.22 0.0811 0.0751 2.31 9.53 2.98 2.76
J2 0.2710 0.2420 3.21 13.56 0.0773 0.0711 6.70 14.23 0.0811 0.0750 2.31 9.60 2.98 2.76
J3 0.2923 0.3703 −4.40 −32.24 0.0859 0.0975 −3.57 −17.59 0.0754 0.0672 9.16 19.03 2.77 2.47
JP 0.2710 0.2348 3.21 16.16 0.0773 0.0711 6.70 14.22 0.0811 0.0751 2.31 9.53 2.98 2.76

30

J1 0.2753 0.2404 1.68 14.16 0.0784 0.0725 5.39 12.56 0.0819 0.0743 1.37 10.52 3.01 2.73
J2 0.2755 0.2444 1.61 12.72 0.0783 0.0719 5.58 13.30 0.0815 0.0757 1.82 8.74 3.00 2.78
J3 0.2902 0.3467 −3.63 −23.80 0.0857 0.0948 −3.39 −14.38 0.0738 0.0701 11.12 15.56 2.71 2.58
JP 0.2755 0.2404 1.61 14.16 0.0783 0.0725 5.58 12.56 0.0815 0.0743 1.82 10.52 3.00 2.73

40

J1 0.2775 0.2488 0.88 11.14 0.0787 0.0740 5.03 10.77 0.0819 0.0747 1.33 9.99 3.01 2.75
J2 0.2775 0.2509 0.88 10.41 0.0787 0.0728 5.03 12.20 0.0819 0.0760 1.33 8.45 3.01 2.79
J3 0.2888 0.3361 −3.14 −20.05 0.0856 0.0978 −3.26 −17.92 0.0725 0.0718 12.67 13.50 2.66 2.64
JP 0.2775 0.2488 0.88 11.14 0.0787 0.0740 5.03 10.77 0.0819 0.0747 1.33 9.99 3.01 2.75

50

J1 0.2788 0.2554 0.44 8.77 0.0790 0.0757 4.68 8.69 0.0821 0.0749 1.06 9.74 3.02 2.75
J2 0.2792 0.2584 0.27 7.73 0.0790 0.0734 4.73 11.45 0.0818 0.0772 1.44 6.96 3.01 2.84
J3 0.2880 0.3254 −2.87 −16.20 0.0855 0.0993 −3.18 −19.83 0.0715 0.0722 13.91 13.06 2.63 2.65
JP 0.2792 0.2558 0.27 8.63 0.0790 0.0738 4.73 10.93 0.0818 0.0760 1.44 8.42 3.01 2.79
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inertance ratio (β) of 5% achieved the greatest last floor
reductions of peak displacements and RMS displacement
values, for mean values of critical damping ratio (ζTMDI) and
frequency ratio (υTMDI), of 0.03 and 0.89, respectively, with
reductions of up to 25%, for peak displacement, and up to
46% for RMS displacement values. For these design pa-
rameters, themaximumpeak storey drift ratio reductions are
of the order of 26%. Based on these results, it may be said that
the linear combination optimization alternative is a valuable
tool of easy implementation for the determination of optimal
design parameters for TMDI devices in structural systems
subjected to seismic actions. Nonlinear analysis inclusion on
this topic should be the subject of future developments on
this field to ensure practical applications of TMDI devices.
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