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To analyze the problem of vibration and bifurcation in the rotor system of the aeroengine with the elastic ring squeeze film damper
(ERSFD) and elastic supports, the theoretical equation of the dynamic rotor system is developed in this paper, based on the rotor
system, elastic ring squeeze film damper (ERSFD), and three elastic supports.*e estimated analytical solution of the oil film force
is solved using the short bearing approximation theory and the semi-oil film inference theory in the suspension and the inner and
outer boss contact. Considering the oil film stiffness and damping of rolling bearings, the rolling bearing force model is established
based on the elastohydrodynamic lubrication (EHL) theory. By the average method, the vibration and bifurcation modes are
obtained concerning the bearing coefficient and parameters.*e range optimization of parameters can be appropriately improved
to enhance the dynamic characteristics of the device given different parameters of the hole of oil seepage, the stiffness, the position
of elastic supports, and other structural parameters.

1. Introduction

Based on the squeeze film damper (SFD), Russian scholars
proposed an elastic ring squeeze film damper (ERSFD). *e
basic principle is to leave the appropriate clearance between
the outer ring of the rolling bearing and bearing support.*e
elastic ring and the lubricating oil were added to the
clearance.*e vibration attenuation effect is mediated by the
journal vortex extrusion between the inner and outer rings
of the lubricating oil as well as the elastic band.*e inner and
outer surfaces of the elastic ring are machined with many
bosses, which are staggered and uniformly distributed. *e
inner surface boss is matched with the outer ring of the
bearing surface, and the outer surface boss is matched with
the inner surface of the bearing surface. It can be divided into
four situations based on the interaction between the elastic
ring, the journal, and the bearing seat: outer bosses contact,
inner bosses contact, inner and outer bosses contact, and
suspension. Owing to its simple structure, limited occupa-
tion space, noticeable vibration reduction, more vital system

stability, and other characteristics, it has been successfully
applied to various aeroengines.

*e structural style of the rotor system, nonlinear
characteristics of the elastic ring squeeze film damper,
Reynolds equation solution, experimental design, and
simulation have provided plenty of research information.
Experiments by Zhu and Feng [1] examined the effect of oil
film radial clearance, unbalance value, and centering spring
stiffness on the phenomenon of vibration in a rotor-squeeze
film damper system. Meng and Xia [2] investigated the
action of bifurcation and chaos in the design of a flexible
rotor and a nonconcentric squeeze film damper under an
excitation response. *e critical paths of response to chaos
are the periodic bifurcation, quasiperiodic bifurcation, and
paroxysmal bifurcation into chaos. *ere are two main ways
for the system to exit chaos: periodic and quasiperiodic
bifurcations. Xia et al. [3] obtained some parameter com-
binations to avoid the phenomenon of vibration jumping by
analyzing the response curve of the flexible rotor system and
the squeeze film damper. Rezvani and Hahn [4] and Zhao
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et al. [5] studied the floating ring squeeze film damper, which
effectively improved the bistable phenomenon of the squeeze
film damper, and pointed out that the rotor system had
obvious bifurcations and quasiperiodic motions above two
times the critical speed. Wang et al. [6] used CFD to analyze
the deformation influence of ERSFD and introduced the
Zwart–Gerber–Belamri model to reveal the adaptive
mechanism of the thickness of the oil film. Han et al. [7]
calculated the deformation of an elastic ring based on the
Kirchhoff hypothesis and numerically simulated the dy-
namics and response of the rotor system. Wang et al. [8]
used a numerical method to improve the fluid-structure
coupling calculation model of the ERSFD and built a test
bench to test the dynamic characteristic coefficients of the
elastic ring and oil film. Furthermore, they proposed that the
oil film force of the elastic ring leads to the complex de-
formation of the elastic ring and affects the contact state of
bosses of the elastic ring. Li et al. [9] constructed a rotor
system with ERSFD. *e characteristics of vibration re-
duction in each state of the elastic ring were investigated
experimentally by adjusting the fit of the pedestals on the
elastic ring and the unbalance value of the rotor. Based on
the findings, the inner pedestals of the elastic ring should be
clearance-fitted according to the ERSFD specification. Xu
et al. [10] studied the dynamic characteristics of the elastic
ring of the distribution of oil seepage holes and the design of
the oil seepage hole position under the optimal damping of
the elastic ring. *e dynamic characteristics of the damper
were significantly influenced by the coordination relation-
ship between the inner and outer bosses of the elastic ring.

In conclusion, most research based on numerical sim-
ulation and experimental analysis of the ERSFD or SFD
rotor system focused on the theoretical solution of the
dynamical model. *e theoretical derivation process of the
affecting efficiency of related factors has not been studied,
especially the elastic ring, journal, and bearing support
during various contacts. *e research object in this paper
study is the vibration and bifurcation of an aeroengine rotor
systemwith ERSFDwhen the elastic ring is in the suspension
and the inner and outer boss contact between the journal
and bearing seat. *e ERSFD model was estimated using
geometric relationships.*e approximate analytical solution
of the oil film force was obtained using the short bearing
approximation theory and semi-oil film inference theory.
*e moderate equations by the average method examine the
effect of parameters on the amplitude frequency charac-
teristics and the system’s optimum parameter range.

2. The Structure of ERSFD Rotor System

*e aeroengine rotor test bench was simplified as a rigid
rotor with elastic supports, as shown in Figure 1. On the left-
hand side, there are elastic supports 1 and 2, and their
bearing stiffness are k1 and k2, respectively. Elastic support 2
is parallel to the ERSFD, which is l1 away from elastic
support 1. Elastic support 3 is installed on the right side, and
its bearing stiffness is k3.

*e basic structure of the elastic supports is as follows:
*e inner ring of the bearing is fixed on the rotor and rotates

with the rotor. *e outer ring is fixed to the inner ring of the
cage and held motionless. *e ball or roller is evenly dis-
tributed around the inner ring. *ere is only pure rolling
between the rollers and the inner and outer rings, with no
sliding. Contact is an ideal contact, and the contact stress
conforms to the Hertz contact theory.*e structural order of
the supporting structure of the ERSFD from inside to
outside is as follows: rotor, inner ring of bearing, ball (or
roller), outer ring of bearing, squirrel cage, inner oil film,
elastic ring, outer oil film, engine casing. To analyze the
dynamic characteristics of the rotor system, the oil film force
of the ERSFD and the bearing force of the rolling bearings
are analyzed in detail.

2.1. +e Model of the Oil Film Force of the ERSFD.
According to the design of Russian scholars, the theory of
hydrodynamic lubrication can calculate the oil film force of
the ERSFD, and the elastic ring passes on the hydrodynamic
pressure. *ey analyzed the motion process of the elastic
ring from the perspective of simulations and experiments
[8–10]. In this study, a theoretical model is established for
analysis: (1) *e pressure model of the inner layer of the oil
film is established under the suspension and the inner and
outer bosses contact. (2) Using the short bearing theory, the
oil film forces of these structures are obtained. (3) *e
approximate analytical solution of the oil film force is
consistent with the actual situation when the semi-Som-
merfield theory boundary theory is assumed. *e expression
is also given in the rectangular coordinate system.

*e following simplified assumptions are made to an-
alyze the flow field of ERSFD. (1) Film hypothesis: the oil film
is considered so thin that the velocity gradient in the
thickness direction is more important than the velocity
gradient in any other direction. (2) Fluid is an incom-
pressible flow, and the oil film flow is a laminar flow with no
eddy current and turbulence, in line with Newton’s law of
viscosity. (3) *e effects of temperature and fluid volume
force are not considered. (4) Ignoring the journal curvature
effect, the journal moves in a circle [11].

Considering that the elastic ring with bosses and oil
seepage holes is subjected to extrusion motion from the axial
direction and diameter, the movement process is from the
suspension to the inner bosses contact. Owing to the ec-
centricity depicted in Figure 2, e1 and e2 are the eccentricity
of the journal Oj and the elastic ring Of with the bearing seat
Ob. e3 is the relative eccentricity of the journal Oj and the
elastic ring Of. μ is the viscosity of the oil film. Ω1 is the
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Figure 1: Schematic diagram of the rotor system with elastic ring
squeeze film damper.
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precession speed of the journal.Ω2 is the precession speed of
the elastic ring.

In the suspension, the inner and outer bosses of the
elastic ring do not contact the outer surface of the bearing
and the inner surface of the bearing seat in the precession
process of the elastic ring and the journal. Moreover, the oil
film of the elastic ring is divided into the inner and outer
layers of the oil film.*e center of the elastic ring, the center
of the journal, and the center of the bearing seat are
eccentric.

According to the relationship of geometry [11–13] and
the transient Reynolds equation of ERSFD, the maximum oil
film clearance is measured and analyzed separately. θ1 and θ2
are the included angles from the maximum oil film thickness
of the inner and the outer oil films, respectively. *e
equations for the oil film pressure were derived.

(1) *e equation of the inner oil film pressure of the
suspension is
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(2) *e equation of the outer oil film pressure of the
suspension is
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where h00 is the height of the inner and outer bosses.
h01 is the thickness of the elastic ring. When the
height of the boss is considered, the indicative
function is δ0 � 1; otherwise, δ0 � 0. vd is the flow
rate of the oil seepage holes. *e clearance of the
inner oil film is c1 � R2 − h00δ0 − R1. *e thickness
of the inner oil film is h1 � c1 + e3 cos θ. c2 � R3 −

(R2 + h01 + h00δ0) is the clearance of the outer oil

film. h2 � c2 + e2 cos θ2 is the thickness of the outer
oil film. e21 � e2Ω. e22 � _e2.
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*e inner and outer bosses contact is that the inner
bosses contact the outer ring of the bearing, and the
outer bosses contact the inner surface of the bearing
seat. *e oil film is divided into inner and outer oil
cavities by an elastic ring. *e oil film and the elastic
ring are compressed by the precession process of the
shaft journal to promote oil flow between the oil
holes. *e extruded elastic ring is equivalent to a
fixed inside because of the contact between the inner
and outer bosses. *us, the eccentricity of the elastic
ring and the center of the bearing seat are ignored,
and only the eccentricity between the elastic ring and
the journal exists. θ3 and θ4 are the included angles
from the maximum thickness of the inner and the
outer oil films, respectively. According to the rela-
tionship of geometry, the equation of the oil film
pressure is derived.

(3) *e equation of the inner oil film pressure of the
inner and outer bosses contact is
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(4) *e equation of the outer oil film pressure of the
inner and outer bosses contact is
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where the clearance of the inner oil film is
c3 � R2 − h00δ0 − R1. h3 � c3 + e2 cos θ3 is the
thickness of the inner oil film. c4 � h00 is the
clearance of the outer oil film. h4 � R3 − R2 − h01 −

h00δ0 is the thickness of the outer oil film. e31 � e2Ω.
e32 � _e2. e41 � 0. e42 � 0.
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Figure 2: Structure diagram of elastic ring squeeze film damper.
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*e above equations describe the inner and outer layers
of the oil film force models of the elastic ring within the
suspension and inner and outer bosses contact. Based on the
relationships between the two types of combination models
and the selection and adjustment of its related parameters,
the conditionmodel of the outer bosses contact (the inner oil
film pressure model of the suspension and the outer oil film
pressure model of the inner and outer bosses contact) and
the conditionmodel of the inner bosses contact (the outer oil
film pressure model of the suspension and the inner oil film
pressure model of the inner and outer bosses contact) are
described. *erefore, the Russian scholars’ proposed
mathematical model of four contact situations of the ERSFD
is improved in the construction.

In addition, static eccentricity exists in the installation
process of the elastic ring and the journal. Dynamic eccen-
tricity exists between the elastic ring, journal, and bearing seat
owing to the precession extrusion process of the journal. *e
influence of three eccentricities (e1, e2, and e3) is considered in
this study, which is consistent with reality. If only the ec-
centricity of the journal and the elastic ring are considered,
these models are simplified to their models [10, 11, 13].
Furthermore, the thickness of the elastic ring and the height of
the bosses were considered. When different structural pa-
rameters are selected, the above four models can be converted
into structural models of SFD, PSFD, and FSFD.

*e journal structure, elastic ring, and inner oil film
between them are mainly analyzed in this study. *e short
bearing theory solves the inner oil film forces of the sus-
pension and the contact between the inner and outer bosses.
When there are sealing devices at both ends of the damper,
the boundary condition is considered as
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According to the short bearing theory, the radial and
circumferential forces of oil film are, respectively,
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where e∗1 � (e11, e21)
T, e∗2 � (e12, e22)

T, Ilm
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positive-force zone of the oil film, and θ2 is the endpoint of
the positive-force zone of the oil film.

*e eccentricity is
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*e oil clearance is

c � c1, c2( 
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(9)

*ese studies focused on the suspension and inner and
outer bosses contact of the elastic ring. *e oil clearance
from c1 to c2 describes the process from the suspension to
the inner and outer bosses contact. Although the changing
process has been verified experimentally [9], a mathematical
model is established and analyzed theoretically and in depth.
According to further analysis, the elastic ring is often fixed
by the pin in a particular engine structure to prevent in-
stability. *e elastic ring is squeezed by the journal and the
oil film and moves in a synchronous circle with the journal.

Assuming that e1 � e2 � e3 � e, e11 � e21 � eω,
Ω01 � Ω02 � ω, e12 � e22 � _e, combined with the boundary
condition of the semi-Sommerfield theory θ1 � π and
θ2 � 2π, we obtain
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*e Cartesian coordinate system is changed to
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is the radial displacement of the
journal.

Depending on the different values, combined with
equations (10)–(12), the oil film forces of the radial and
circumferential are expressions of the oil film force under the
state of radial and circumferential in semi-oil film cases and
the rectangular coordinate system, when the elastic ring is in
the suspension and the inner and outer bosses contact.

Compared with other studies, this model includes the
thickness of the elastic ring, height of the bosses, oil
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clearance, oil seepage hole, and pressure at both ends, which
is more consistent with actual working conditions.

Furthermore, the approximate analytical solutions of the
four types of oil film forces can be obtained theoretically
using different combinations of oil film forces, which pro-
vides a theoretical basis for analyzing complex contact cases
of ERSFD.

2.2. +e Model of the Bearing Force of the Rolling Bearing.
Considering the oil film stiffness and damping of rolling
bearings in elastic supports 1, 2, and 3, the elastohy-
drodynamic lubrication (EHL) model of the shaft bearing is
established in this section [14]. It is assumed that the contact
zone structure of the lubricant inlet space, Hertz contact
space, and lubricant outlet space can be simplified as a spring
and viscous damping structure. Ignoring the oil film
damping in the Hertz contact space, and the oil film stiffness
and damping in the inlet space, the total contact stiffness of
the bearings can be connected by the Hertz contact stiffness
in the Hertz contact space and the oil film stiffness in series,
and then in parallel with the oil film stiffness in the lubricant
inlet space. *e total damping is the viscous damping of the
oil film in the inlet space [15], as shown in Figure 3(b).

In Figure 3(a), the center of the inner and outer rings of
the bearing is O. *e number of rolling bodies is Nb. *e
radius of the inner ring of the rolling bearing is Rbi. *e
radius of the outer ring of the rolling bearing is Rb0. *e
angular velocity of the inner ring of the bearing is ωrotor � Ω.
*e dotted line indicates the cage of the rolling bearing. *e
rotating speed of the cage is ωcage � ωrotor(Rbi/Ri + Rb0).

*e stiffness and damping of the rolling body in contact
with the inner and outer raceways are regarded as the series

relation. *e total stiffness and damping can be obtained
using a complex stiffness equation.*ey satisfy the following
relationship:
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where the oil film extrusion stiffness between the rolling
body and inner ring is ki.*eHertz contact stiffness between
the rolling body and the inner ring is kho. *e oil film ex-
trusion stiffness between the rolling body and the outer ring
is k0. khi is the Hertz contact stiffness between the rolling
body and the outer ring. kei and cei are the dynamic pressure
stiffness and damping of the oil film inlet space between the
rolling body and inner ring, respectively. ke0 and ce0 are the
dynamic pressure stiffness and damping of the oil film inlet
space between the rolling body and outer ring, respectively.

*e total stiffness between the rolling body and inner
ring is ks1 � (kikh/ki + kh) + kei, and the total damping is
cs1 � cei. ks2 � (k0kh/k0 + kh) + ke0 is the total stiffness be-
tween the rolling body and the outer ring, and its total
damping is cs2 � ce0.

*e relevant stiffness calculation formula and value can
be found in [16, 17]. Because the Hertz contact stiffness (N/
m1.5) is inconsistent with the oil film stiffness (N/m) units, a
coordinate transformation is required.

After considering the EHL, the contact stiffness of the
rolling bearing is changed and the damping is considered;
the rolling bearing force model of the EHL is
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 , (14b)

where xj, x0, yj, and y0 represent the horizontal and vertical
displacement components of the inner and outer rings of the
bearing, respectively. +indicates that the value in brackets is
nonnegative. When the value in brackets is less than 0, it is
calculated as 0. *e initial displacement δ∗0 is related to the
static eccentric position of the rotor system.

α � (10/9) represents roller bearing. α � (3/2) repre-
sents ball bearing. θj � (2π/Nb)(j − 1) + ωcage × t is the
azimuth of the first roller.

Based on the geometric structure and force analysis,
the model and expression of oil film force and bearing
force of the ERSFD rotor system are established, and
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further analysis shows that the rotor rotates and proceeds
during the movement of the rotor. *e cage precesses and
extrudes the oil film. *e oil film force varies over time. In
the rotating process of the rolling bearing cages, each
roller passes through the lowest point of the inner ring in
turn, and the contact stiffness of the roller and rotor is
also the periodic variable stiffness [14, 18].

*erefore, in the rotor dynamics equation, there are
several expressions for force. (1) A simplified expression of
the force is adopted. (2) *e partial derivative of its ap-
proximate analytical solution with respect to displacement is
adopted in the form of equivalent stiffness and damping. (3)
*e form of the fitting test data and numerical calculations
(finite element method, Ansys software, etc.) can also be
adopted. *ese methods can also be used to evaluate the
equivalent stiffness and damping, such as the ratio calcu-
lation method, least square method, and finite element
model. Shi et al. [9, 19] show that the least square method
reflects the linear relationship between load of rings and
corresponding deformation better, and the calculation re-
sults have better accuracy and stability.

Here, in order to carry out subsequent analysis and
research, the oil film force is analyzed using the short bearing
theory in the form of an approximate analytical solution
obtained by formulas (10) and (11). *e stiffness and
damping of the bearing force are analyzed using the adaptive
method and polynomial fitting method to obtain specific
data of formulas (13), (14a), and (14b) based on the relevant
results [18, 19]. *e stiffness kmc of the squirrel cage can be
found in literature [20–22]. *erefore, the overall stiffness
and damping of the supporting structure can be obtained
through a series and parallel structures.

3. Theoretical Analysis of ERSFD Rotor System

By analyzing the kinetic energy, elastic potential energy,
dissipated energy, and excitation force generated by the
unbalanced mass, the differential equation of the rotor
system vibration established by the Lagrange method is as
follows:
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+ k1 l1 + l2(  + k2l2 − k3l3 θy + Fx � δω2 cos(ωt),

m€y + c1 + c2 + c3(  _y − c1 l1 + l2(  + c2l2 − c3l3  _θx + k1 + k2 + k3( y

− k1 l1 + l2(  + k2l2 − k3l3 θx + Fy � δω2 sin(ωt),

Jd
€θx + Jpω _θy − c1 l1 + l2(  + c2l2 − c3l3  _y + c1 l1 + l2( 

2
+ c2l

2
2 + c3l

2
3  _θx

− k1 l1 + l2(  + k2l2 − k3l3 y + k1 l1 + l2( 
2

+ k2l
2
2 + k3l

2
3 θx − Fyl2 � 0,

Jd
€θy − Jpω _θx + c1 l1 + l2(  + c2l2 − c3l3  _x + c1 l1 + l2( 

2
+ c2l

2
2 + c3l

2
3  _θy

+ k1 l1 + l2(  + k2l2 − k3l3 x + k1 l1 + l2( 
2

+ k2l
2
2 + k3l

2
3 θy + Fxl2 � 0,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(15)
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Figure 3: EHL (elastohydrodynamic lubrication) model of shaft bearing. (a) Geometric construction. (b) Contact mechanics model.
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where ki is the bearing stiffness of the elastic support i. ci is
the bearing damping of elastic support i, i � 1, 2, 3. ki and ci

are obtained between the stiffness and damping of the
squirrel cage and the rolling bearings through series and
parallel structures. l1 is the distance between elastic support
1 and elastic support 2. l2 is the distance between the disk
center and elastic support 2. l3 is the distance between the
disk center and elastic support 3. m is the equivalent mass of
the center disk-shaft structure. δ is the unbalance value. Jd

and Jp are the equivalent equatorial inertia and equivalent
polar inertia, respectively. Fx is the oil film force in the
direction x. Fy is the oil film force in the direction y. x and y

are displacements of the node of the equivalent mass in the
plane xoy.

Assuming that q1 � x + iy, _q1 � _x + i _y, €q1 � €x + i €y,
q2 � θyl2 − iθxl2, _q2 � _θyl2 − i _θxl2, τ � ω0t, €q2 � €θyl2 − i€θxl2,
(15) is transformed into

m(€x + i€y) + c1 + c2 + c3( ( _x + i _y) + k1 + k2 + k3( (x + iy) + c1 l1 + l2(  + c2l2 − c3l3  _θy − i _θx 

+ k1 l1 + l2(  + k2l2 − k3l3  θy − iθx  + Fx + iFy � δω2 cos(ωt) + iδω2 sin(ωt)

Jd
€θy − i€θx  + − iJpω + c1 l1 + l2( 

2
+ c2l

2
2 + c3l

2
3  _θy − i _θx  + k1 l1 + l2( 

2
+ k2l

2
2 + k3l

2
3  θy − iθx 

+ c1 l1 + l2(  + c2l2 − c3l3 ( _x + i _y) + k1 l1 + l2(  + k2l2 − k3l3 (x + iy) + Fxl2 + iFyl2 � 0.

(16)

For the convenience of subsequent discussion, it is ab-
breviated as

M€q +(− iωG + C) _q + Kq + Fc � Fu, (17)

where M �
m 0
0 Jd

 . G �
0 0
0 Jp

 . C �

c1 + c2 + c3 c1(l1 + l2) + c2l2 − c3l3
c1(l1 + l2) + c2l2 − c3l3 c1(l1 + l2)

2
+ c2l

2
2 + c3l

2
3

 .

K �
k1 + k2 + k3 k1 l1 + l2(  + k2l2 − k3l3

k1 l1 + l2(  + k2l2 − k3l3 k1 l1 + l2( 
2

+ k2l
2
2 + k3l

2
3

⎛⎝ ⎞⎠,

Fc � Fx + iFy 
1

l2
 ,

Fu � δω2
e

iωτ 1

0
 ,

q �
q1

q2

⎛⎝ ⎞⎠

�
x + iy

θyl2 − iθxl2

⎛⎝ ⎞⎠.

(18)

*e average method was used to analyze the vibration
and bifurcation of a rotor system equipped with two elastic
supports and an SFD [23]. On this basis, the theoretical
mathematical model of the ERSFD and three elastic supports
is established by adding the structure of the test bench in this
study. From the theoretical point of view, nondimensional
integrated unbalance value, nondimensional bearing pa-
rameter, stiffness, installation location of the elastic support,
ERSFD movement state, oil seepage hole flow, and other
related structures are further analyzed deeply for the in-
fluence of the vibration. *e dimensionless equation is used
to analyze the rotor dynamics model theoretically, and (17) is
transformed into

m€q1 + c1 + c2 + c3(  _q1 + k1 + k2 + k3( q1 + c1 l1 + l2(  + c2l2 − c3l3  _q2

+ k1 l1 + l2(  + k2l2 − k3l3 q2 + Fx + iFy � δω2
(cos ωt + i sin ωt),

Jd€q2 + − iJpω + c1 l1 + l2( 
2

+ c2l
2
2 + c3l

2
3  _q2 + k1 l1 + l2( 

2
+ k2l

2
2 + k3l

2
3 q2

+ c1 l1 + l2(  + c2l2 − c3l3  _q1 + k1 l1 + l2(  + k2l2 − k3l3 q1 + Fx + iFy l2 � 0.

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(19)

Select Q1 � (q1/ω0c), Q2 � (q2/ω0c), _Q1 � ( _q1/ω0c),
_Q2 � ( _q2/ω0c), €Q1 � (€q1/ω0c), €Q2 � (€q2/ω0c); the above
equation is converted to
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€Q
2
1 +

k1 + k2 + k3

mω2
0

Q1 +
k1 l1 + l2(  + k2l2 − k3l3

mω2
0l2

Q2

�
δ

mc

ω2

ω2
0

(cos ωt + i sin ωt) −
c1 + c2 + c3

mω2
0

_Q1 −
c1 l1 + l2(  + c2l2 − c3l3

mω2
0l2

_Q2 −
1

mω2
0c

Fx + iFy ,

€Q2 +
l2 k1 l1 + l2(  + k2l2 − k3l3 

ω2
0Jd

Q1 +
k1 l1 + l2( 

2
+ k2l

2
2 + k3l

2
3

ω2
0Jd

Q2 − i
ω
ω0

Jp

Jd

_Q2

� −
c1 l1 + l2( 

2
+ c2l

2
2 + c3l

2
3

Jdω
2
0

_Q2 −
l2 c1 l1 + l2(  + c2l2 − c3l3 

Jdω
2
0

_Q1 −
l
2
2

Jdω
2
0c

Fx + iFy .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(20)

Namely,
€Q1 + Q1 + κQ2 � F1 + Fc1 + Fd1,

€Q2 + α1Q1 + α2Q2 − iΩη _Q2 � Fc2 + Fd2,

⎧⎨

⎩ (21)

where Fc � (Fx + iFy)
1
l2

 , Fu � δω2eiωτ 1
0 , q �

q1
q2

  �
x + iy

θy − iθx
 , τ � ω0t, q1 � x + iy, _q1 � _x + i _y,

€q1 � €x + i €y, q2 � θyl2 − iθxl2, _q2 � _θyl2 − i _θxl2, €q2 � €θyl2−

i€θxl2, Q1 � (q1/ω0c), Q2 � (q2/ω0c), _Q1 � ( _q1/ω0c),
_Q2 � ( _q2/ω0c), €Q1 � (€q1/ω0c), €Q2 � (€q2/ω0c),
ω2
0 � (k1 + k2 + k3/m), κ � (k1(l1 + l2) + k2l2 − k3l3/mω2

0l2),
Ω � (ω/ω0), U � (δ/mc), ζ1 � (c1 + c2 + c3/mω2

0), ζ2 �

(c1(l1 + l2) + c2l2 − c3l3/mω2
0l2), ξ1 � (l2[c1(l1+ l2) + c2l2 −

c3l3]/Jdω2
0), η � (Jp/Jd),Ω � (ω/ω0), B � (μRL3/mc3ω0), ξ2

� (c1(l1 + l2)
2 + c2l

2
2 + c3l

2
3/Jdω2

0), α1 � (l2[k1(l1 + l2)+

k2l2− k3l3]/ω2
0Jd), Fr � (μRL3/c2)Fr, Fd1 � ζ1 _Q1 + ζ2 _Q2,

α2 � (k1(l1 + l2)
2 + k2l

2
2 + k3l

2
3/ω

2
0Jd), F1 � UΩ2eiΩτ �

(δ/mc)(ω2/ ω2
0)[cos(Ωτ) + i sin(Ωτ)], Fd2 � − ξ1Q1′ − ξ2Q2′,

Ft � (μRL3/ c2)Ft, Fr � (μRL3/c2)Fr, and Fc1 � − BFr(Q1+

Q2/e)− iBFt(Q1 + Q2/e),

Fc2 � − B′Fr

Q1 + Q2

e
− iB′Ft

Q1 + Q2

e
. (22)

Because of − iΩη _Q2 � − η €Q2, the corresponding homo-
geneous equation (21) is

€Q1 + Q1 + κQ2 � 0, €Q2 +
α1

1 − η
Q1 +

α2
1 − η

Q2 � 0. (23)

*e corresponding characteristic equation is

1 − λ κ

α1 α2 − (1 − η)λ




� (1 − λ) α2 − (1 − η)λ  − κα1

� (1 − η)λ2 − λ α2 + 1 − η(  + α2 − κα1
� 0.

(24)

*e natural frequency is

λ1 � ω2
1

�
α2 + 1 − η −

����������������������������

α2 + 1 − η( 
2

− 4(1 − η) α2 − κα1( 



2(1 − η)
,

λ2 � ω2
2

�
α2 + 1 − η +

����������������������������

α2 + 1 − η( 
2

− 4(1 − η) α2 − κα1( 



2(1 − η)
.

(25)

*e corresponding shape is

p1 �
(1 − η)ω2

1 − α2
α1

,

p2 �
(1 − η) 1 − ω2

1 

α1
.

(26)

*erefore, the shape matrix is

P �
p1 p2

1 1
 . (27)

Its inverse matrix is

P
− 1

�
1

p1 − p2

1 − p2

− 1 p1

⎛⎝ ⎞⎠

�

1
p1 − p2

−
p2

p1 − p2

−
1

p1 − p2

p1

p1 − p2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

�

q11 1 − q22

− q11 q22

⎛⎝ ⎞⎠,

(28)

where q11 � (1/p1 − p2). q22 � (p1/p1 − p2). Namely,
p1 � (q22/q11). p2 � (q22 − 1/q11).
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Suppose that the influence of damping, the nonlinear
factors, and the gyro effect are considered to be dimen-
sionless. Assume that Q � P− 1Q, ω1 − Ω � εσ. Further,

Q1″ + ω2
1Q1 � ε

1
p1 − p2

UΩ2eiΩτ
− BFr

p1 + 1( Q1 + p2 + 1( Q2

e
− iBFt

p1 + 1( Q1 + p2 + 1( Q2

e
− ζ1 p1Q1′ + p2Q2′(  − ζ2 Q1′ + Q2′(  

+ ε 1 −
p1

p1 − p2
  − B′Fr

p1 + 1( Q1 + p2 + 1( Q2

e
− iB′Ft

p1 + 1( Q1 + p2 + 1( Q2

e
− ξ1 p1Q1′ + p2Q2′(  − ξ2 Q1′ + Q2′(  + iΩη Q1′ + Q2′(  

Q2″ + ω2
2Q2 � −

1
p1 − p2

UΩ2eiΩτ
+ ε

1
p1 − p2

BFr

p1 + 1( Q1 + p2 + 1( Q2

e
+ iBFt

p1 + 1( Q1 + p2 + 1( Q2

e
+ ζ1 p1Q1′ + p2Q2′(  + ζ2 Q1′ + Q2′(  

+ ε
p1

p1 − p2
− B′Fr

p1 + 1( Q1 + p2 + 1( Q2

e
− iB′Ft

p1 + 1( Q1 + p2 + 1( Q2

e
− ξ1 p1Q1′ + p2Q2′(  − ξ2 Q1′ + Q2′(  + iΩη Q1′ + Q2′(  .

(29)

*e solution is obtained according to the resonance
condition.

Q1 � a1e
i Ωτ+θ1( ),

Q1′ � iω1a1e
i Ωτ+θ1( ),

Q2 � a2e
i ω2τ+θ2( ) −

q11UΩ
2

ω2
2 − Ω2

e
iΩt

,

Q2′ � iω2a2e
i ω2τ+θ2( ) − i

q11UΩ
3

ω2
2 − Ω2

e
iΩτ

.

(30)

*e average equation of the system can be obtained by
the average method.

da1

dτ
� −

ε
2ω1

1
p1 − p2

UΩ2 sin θ1 + BFt

p1 + 1
e

a1 + ζ1ω1p1a1 + ζ2ω1a1 

+ ε
p1

p1 − p2
− 1  B′Ft

p1 + 1( a1

e
+ ω1ξ1p1a1 + ω1ξ2a1 ,

(31)

dθ1
dτ

� ω1 − Ω −
ε

2a1ω1

1
p1 − p2

UΩ2 cos θ1 − BFr

p1 + 1
e

a1  −
ε

2a1ω1

p1

p1 − p2
− 1  ηΩa1ω1 +

B′
e

Fr p1 + 1( a1 , (32)

da2

dτ
� −

ε
2ω2

1
p1 − p2

− ζ1p2a2ω2 − ζ2a2ω2 −
B

e
Ft p2 + 1( a2  +

ε
2ω2

p1

p1 − p2
− ξ1p2a2ω2 − ξ2a2ω2 −

B′
e

Ft p2 + 1( a2 , (33)

dθ2
dτ

� −
ε

2ω2a2

1
p1 − p2

B

e
Fr p2 + 1(  +

ε
2ω2a2

p1

p1 − p2
ηΩω2 +

B′
e

Fr p2 + 1(  . (34)

It can be obtained from equation (33):
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1
p1 − p2

ζ1p2ω2 + ζ2ω2 +
B

e
Ft p2 + 1(   −

p1

p1 − p2
ξ1p2ω2 + ξ2ω2 +

B′
e

Ft p2 + 1(   a2 � 0. (35)

Get

a2 � 0,

1
p1 − p2

ζ1p2ω2 + ζ2ω2 +
B

e
Ft p2 + 1(   −

p1

p1 − p2
ξ1p2ω2 + ξ2ω2 +

B′
e

Ft p2 + 1(   � 0.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(36)

*erefore,
1

p1 − p2
ζ1p2 + ζ2(  −

p1

p1 − p2
ξ1p2 + ξ2( < 0,

1
p1 − p2

B −
p1

p1 − p2
B′ < 0.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(37)

According to equation (37) and literature [23], it can be
seen that ‖Q2‖≪ ‖Q1‖.

Since Q1 � p1Q1 + εp2Q2 and Q2 � Q1 + εQ2, a1 �

‖Q1‖ ≈ p1a1 and a2 � ‖Q2‖ ≈ a1 are get.
Choosing the dimensionless of Ω1 � Ω/ω1, we can

combine it with equations (32) and (33):

2ω1p2B′ − B( Ft

p1 + 1( a1

p1e
+ 2ω2

1p2ξ1 − ζ1ω1 a1 + 2ω2
1p2ξ2 − ζ2ω1 

a1

p1
 

2

+ 2
a1

p1
ω2
1 p1 − p2(  1 − Ω1(  − p2ηΩ1

a1

p1
ω2
1 + B − p2B′( Fr

p1 + 1
e

a1

p1
 

2

� UΩ1
2ω2

1 
2
.

(38)

Hence, considering (e/c) � (p1 + 1/p1)a1, the bifurca-
tion equation is obtained:

G � 2ω1p2B′ − B( F
∗
t + 2ω2

1p2ξ1 − ζ1ω1 a1 + 2ω2
1p2ξ2 − ζ2ω1 

a1

p1
 

2

+ 2
a1

p1
ω2
1 p1 − p2(  1 − Ω1(  − p2ηΩ1

a1

p1
ω2
1 + B − p2B′( F

∗
r 

2

− UΩ1
2ω2

1 
2
.

(39)

*en, equivalent oil film forces of Fr and Ft are

F
∗
r �

2p
2
1 p1 + 1( 

2
a
2
1

p
2
1 − p1 + 1( 

2
a
2
1 

2 −
2πvdp

4
1 p1 + 1( a1

c p
2
1 − p1 + 1( 

2
a
2
1 

5/2,

F
∗
t �

πp
2
1 p1 + 1( a1

2 p
2
1 − p1 + 1( 

2
a
2
1 

3/2 −
2vdp

2
1

c p
2
1 − p1 + 1( 

2
a
2
1 

.

(40)

Singularity theory analyzes the bifurcation set, lag set,
and transition set [23]. In this study, these can be also
obtained using the bifurcation formula (39). However, in the
analysis process, the interesting factors cannot be analyzed.
For example, the coefficient of bearing in the literature
includes the viscosity coefficient of the oil film, quality of the

bearing, oil clearance, and precession speed. *erefore, they
are unable to describe the influence of various parameters on
some specific structures. In this study, according to the basic
theory and thought of the singularity theory, a numerical
simulation is used to discuss the relevant structural pa-
rameters to verify relevant theories.

4. Numerical Simulation

Based on the above theoretical analysis, the relevant sim-
ulation parameters for the ERSFD rotor system are selected,
as shown in Table 1. Different amplitude modes obtained
concerning the bearing coefficient and parameters of the
rotor eccentricity, hole of oil seepage, and stiffness and
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position of elastic supports are analyzed to improve the
range optimization of parameters.

Figure 4 describes the theoretical analysis results of SFD
and SREFD under the proposed method in this paper and
the numerical calculation results by using the fourth-order
Runge–Kutta method. *e numerical results calculated are
consistent with theoretical analysis results in this paper,
which verifies the feasibility of the method in this study. By
analyzing the intersection of SFD and ERSFD kinds of
structure, it can be seen that the amplitude of the SFD rotor
system at point A is significantly higher than the amplitude
of the ERSFD rotor system. *e oil film force plays a sig-
nificant role in the low precession speed of the shaft. When
the rotor speed increases due to the precession speed rising,
vibration suppression of the elastic ring increases, which is
consistent with the overall effect. *e impact of the ERSFD
on vibration suppression is better than that of SFD, and the
maximum amplitude of ERSFD at the peak is reduced by
10% compared with that of SFD.

By considering the nondimensional integrated unbal-
ance value U (the oil clearance, unbalance value, and rotor
mass), the nondimensional damper-bearing parameter B
(the rotor mass, oil film viscosity coefficient, oil clearance,
length and radius of the shaft, and precession speed), and the
flow permeability of the oil film of the elastic ring, the vi-
bration conditions of the ERSFD rotor system are discussed
and analyzed in Figures 5(a)–5(e).

As shown in Figure 5(a), the maximum amplitude
gradually decreased with increasing B. *ere are two different
kinds of amplitudes in the speed range of [0, 0.9] during
B ∈ (0.04, 0.08). At B � 0.0963, the amplitude increased. In
Figure 5(b), the maximum amplitude increases with an in-
crease in U. At U � 6e − 4 and U � 2e − 4, the effect of the
unbalanced value on the amplitude can be ignored when Ω1
exceeds 1. Refer to some relevant papers; there are different
bifurcation forms consistent with the trend analyzed by the
bifurcation set and the transition set [23].

To further analyze the influence of related parameters,
Figures 5(c) and 5(d) study the unbalance value δ and some
parameters of the ERSFD in detail. As shown in Figure 5(c),

the amplitude gradually increases with an increase in the
unbalance, and the overall trend does not change. However,
the speed of the maximum amplitude increases gradually.

In Figure 5(d), the relationship between the rotor speed
and amplitude of the process of the elastic ring moving from
the suspension to the inner and outer bosses contact is
analyzed theoretically. *e essence of the moving process of
the elastic ring from the suspension to the inner and outer
bosses contact is to change the oil film clearance through
extrusion and produce different oil film forces. *erefore,
according to the structural parameters, different values of c
were selected to describe the process. Assuming that the
height of the inner and outer bosses is h00 � 0.5e − 4m, the
curve of c � 3.5e − 4m and the curve of c � 3.0e − 4m
describe the position between two bosses and the oil film
force effect of the boss position, respectively. Of course, this
can also describe the amplitude frequency curve of the oil
film clearance change from the perspective of elastic ring
movement. With smaller oil film clearance, the amplitude
gradually decreases. Mainly the oil film force increases,
which suppresses vibration. When the clearance is less than
the height of the boss, its primary role is that the supporting
force of the elastic ring is greater than that of the oil film
force between the two bosses. Furthermore, as shown in
Figure 5(e), with the increased flow permeability of the oil film
of the elastic ring, the amplitude decreases gradually at the same
speed.*is implies that the oil film has a significant dampening
effect. Otherwise, the size of the oil hole’s permeability is af-
fected by the structural parameters of the elastic ring, which
provides the theoretical basis for the analysis and design of the
structural parameters of the elastic ring.

*e vibration influence of the stiffness and distance of
the supporting system is shown in Figures 6(a) and 6(b). As
shown in Figure 6(a), when k2 � 2e7N/m and k3 � 8e7N/m,
there are more complex vibration forms. When k2 � 3e7N/
m and k3 � 7e7N/m, the amplitudes are the smallest. *e
order of amplitude corresponding to each stiffness value is
different in the speed interval of less than 0.8 and higher than
1.1. Overall, the initial parameters (as shown inA) selected in
this study are reasonable. As the support stiffness increases,

Table 1: Parameters of the ERSFD rotor system.

Physical description Parameter Value
Equivalent mass of the rotor m (kg) 643
Equivalent equatorial moment of inertia Jd (kg.m2) 15
Equivalent polar moment of inertia Jp (kg.m2) 30
Distance from elastic support 1 to elastic support 2 l1 (m) 0.28
Distance from elastic support 2 to disk center l2 (m) 1.28
Distance from disk center to elastic support 3 l3 (m) 0.62
Stiffness coefficient of elastic support 1 k1 (N/m) 1.0×106

Stiffness coefficient of elastic support 2 k2 (N/m) 3.0×106

Stiffness coefficient of elastic support 3 k3 (N/m) 6.0×106

Rotor unbalance value δ (kg.m) 3.5×10− 3

Clearance of squeeze film damper c (m) 3.0×10− 4

Radius of the journal R (m) 265×10− 3

Length of squeeze film damper L (m) 15×10− 3

Height of boss h00 (m) 0.5×10− 4

*ickness of elastic ring h01 (m) 3.5×10− 4

Kinetic viscosity coefficient of oil film μ (N.s/m) 6.76×10− 3
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Figure 5: (a) Amplitude frequency curves of B,U� 0.018. (b) Amplitude frequency curves of U, B� 0.0036. (c) Amplitude frequency curves
of δ, c� 3.0e − 4m. (d) Amplitude frequency curves of the process of elastic ring moving from the suspension to the inner and outer contact,
δ � 3.5e − 3 kg·m. (e) Amplitude frequency curves of the permeability oil hole, c� 3.0e − 4, δ � 3.5e − 3 kg·m.
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the amplitude of the support changes slightly, resulting in
different bifurcation structures [23]. *is is consistent with
the results of previous studies.

As shown in Figure 6(b), the amplitude effect at different
distances is significant. *e total length of the rotor shaft
remains unchanged, and the positions of elastic supports 1
and 3 at both ends are changed. As can be seen, the max-
imum amplitude decreases gradually as the distance in-
creases at the resonance point. However, as the rotor speed
increases, at point C, the amplitude gradually increases with
a decrease in l1. At points A and B, as the value of l3 de-
creases, the amplitude gradually increases. *erefore, the
elastic modulus and installation position should be con-
sidered comprehensively in actual operation.

Based on the above discussion, the unbalanced value of the
dimensional, bearing parameter, permeability flow rate of the oil
hole, support stiffness, and supporting position are all discussed
with the vibration analysis. It can be seen that, in comparison to
SFD, ERSFD effectively suppressed the amplitude, and the
influence of structural parameters had different amplitude
frequency curves, including the process of elastic ring moving
from the suspension to the inner and outer bosses contact,
permeability oil hole, bearing stiffness, and bearing position.

5. Conclusion

In this study, a model of the elastic ring squeeze film damper,
elastic support, and rotor system dynamics were estimated.
*e short bearing theory approximates the analytical

solution of the inner oil film forces of the suspension and
the inner and outer bosses contact. Considering the oil
film stiffness and damping of rolling bearings, the elas-
tohydrodynamic lubrication (EHL) model is used to de-
scribe the supports stiffness of the rolling bearing. *e
average approach is used to analyze the relationships
between system parameters. *e specific conclusions are
as follows:

(1) *e dynamic characteristics of the ERSFD rotor
system can be significantly improved over the SFD
rotor system, and the vibration amplitude can be
decreased.

(2) With an increase in the nondimensional damper-
bearing parameter, the maximum amplitude grad-
ually decreases. However, the maximum amplitude
increases with an increase in the nondimensional
integrated unbalanced value.

(3) As the unbalanced value increases, the amplitude
gradually increases, and the overall trend does not
change. Nevertheless, the speed of the maximum
amplitude increases gradually.

(4) According to the structural parameters, different
values of c are selected to describe the process of the
elastic ring from the suspension to the inner and
outer bosses contact. With a minor oil film clearance,
the oil film force increases, and the amplitude
gradually decreases. *e flow permeability of the oil
film of the elastic ring increases, and the amplitude
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Figure 6: (a) Amplitude frequency curves of the bearing stiffness. (b) Amplitude frequency curves of the bearing positions l1, l2, and l3.

14 Shock and Vibration



decreases gradually. *is implies that the oil film has
a significant dampening effect.

(5) *e amplitude changes as the stiffness changes. At
the resonance point, the maximum amplitude
gradually decreases with an increase in the distance.
*e elastic modulus and the installation position
should be comprehensively considered in the actual
operation.

Different regions have different amplitudes of parameter
values. *ese results will contribute to the decision-making
process for unsymmetrical rotor system simplification and
understanding the nonlinear dynamic behaviors of ERSFD
rotor systems for parameter optimization.
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