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Concrete buttress dams could potentially be susceptible to high-frequency vibrations, especially in the cross-stream direction, due
to their slender design. Previous studies have mainly focused on low-frequency vibrations in stream direction using a simplified
foundation model with the massless method, which does not consider topographic amplifications. %is paper therefore in-
vestigates the nonlinear behaviour of concrete buttress dams subjected to high-frequency excitations, considering cross-stream
vibrations. For comparison, the effect of low-frequency excitations is also investigated. %e influence of the irregular topography
of the foundation surface on the amplification of seismic waves at the foundation surface and thus in the dam is considered by a
rigorous method based on the domain-reduction method using the direct finite element method. %e sensitivity of the calculated
response of the dam to the free-field modelling approach is investigated by comparing the result with analyses using an analytical
method based on one-dimensional wave propagation theory and a massless approach. Available deconvolution software is based
on the one-dimensional shear wave propagation to transform the earthquake motion from the foundation surface to the
corresponding input motion at depth. Here, a new deconvolution method for both shear and pressure wave propagation is
developed based on an iterative time-domain procedure using a one-dimensional finite element column. %e examples presented
showed that topographic amplifications of high-frequency excitations have a significant impact on the response of this type of
dam. Cross-stream vibrations reduced the safety of the dam due to the opening of the joints and the increasing stresses. %e
foundation modelling approach had a significant impact on the calculated response of the dam. %e massless method produced
unreliable results, especially for high-frequency excitations. %e free-field modelling with the analytical method led to unreliable
joint openings. It is therefore recommended to use an accurate approach for foundation modelling, especially in cases where
nonlinearity is considered.

1. Introduction

Seismic evaluation of concrete dams is essential because of the
catastrophic consequences in case of their failure. Evaluation of
buttress dams requires special attention, especially in areas of
hard rock where seismic excitations are dominated by high-
frequency vibrations. To increase efficiency, concrete buttress
dams have a much lower mass than, for example, a corre-
sponding massive gravity dam. Both the front-plate and the
supporting buttresses are relatively slender, but due to their
design the stiffness of a monolith is quite high, resulting in high

natural vibration frequencies of the dams and low resistance to
cross-stream vibrations. Another factor that can have a sig-
nificant influence on the response of concrete buttresses is
topographical amplification due to high-frequency ground
motions at the interface between the dam and the foundation.
In addition, concrete buttress dams are designed as individual
monoliths separated by vertical contraction joints that are
expected to open/close and slide cyclically when subjected to
strong earthquake groundmotions.%erefore, it is important to
study the seismic response of such structures, especially in the
cross-stream direction.
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Concrete buttress dams have shown their vulnerability to
nearby earthquakes. Examples of two buttress dams shaken by
significant earthquakes are the Hsinfengkiang dam in China
during the 1962 earthquake and the Sefid-rud dam in Iran
during the 1990Manjil earthquake [1, 2].%e limited discussion
found in the literature on the dynamic behaviour of buttress
dams mainly focus on the behaviour in the stream directions.
Ghaemmaghami and Ghaemian [3] performed experimental
seismic investigation of the Sefid-rud concrete buttress dam
using a model on a shaking table. %ey investigated nonlinear
seismic response of the highest monolith with a case of an
empty reservoir.%emodel was excited only in the longitudinal
and transverse directions (no vertical component). %e trans-
verse acceleration was reduced by 10% to compensate for the
absence of lateral supports in the dam. Ilinca et al. [4] conducted
seismic analysis for one monolith of a buttress dam, using the
spectral analysis and the direct time integration methods. An
accelerogram was applied, in the upstream-downstream di-
rection. %e hydrodynamic effect of the reservoir was con-
sidered according to the addedmass procedure. Hariri-Ardebili
and Seyed-Kolbadi [5] modelled one monolith of the Sefid-rud
dam. Pressure-based fluid elements were used formodelling the
reservoir domain with a massless approach for the foundation.
All three components of the Manjil earthquake were applied to
the finite element model but the dam was restricted to in-plane
vibrations only. Colombo et al. [6] studied the bearable max-
imum seismic action of concrete buttress dams while consid-
ering the sliding in the construction and foundation.%ey used
a pseudo-static analysis of a concrete buttress dam monolith
with constraining lateral movement of the monolith [7] and
developed a method to validate finite element modelling of
concrete buttress dams [8]. Chi-fai et al. [9] performed a re-
sponse spectrum and linear time history analysis using a three-
dimensional finite element model of the Oberon buttress dam
located in the Central Tablelands region of New South Wales,
Australia, with a 232m long concrete buttress section with a
maximum height of 35m. Hydrodynamic pressure was in-
cluded by using the added mass method and the rock foun-
dation was modelled by the massless method.%e fundamental
mode shape of the buttress dam model show in-phase vibra-
tions of some of the buttresseswith a relatively high frequency of
11.93Hz, which should be compared to the predominant
frequency of the seismic load close to 5Hz.

%e critical factors that have a significant effect on the
seismic response of dams are water compressibility in dam-
reservoir interaction, radiation damping in infinite foun-
dation, variation of seismic input at dam foundation in-
terfaces, and nonlinear behaviour of the dam and
foundation. To facilitate nonlinear dynamic analysis, the
most common approximation is by applying the massless
foundation method proposed by Clough [10]. Chopra [11]
showed that this method is unrealistic. %ere are two
limitations for the massless method: (1) ignoring the ra-
diation damping effect of the infinite foundation and (2)
ignoring topographic amplifications. To overcome these
limitations, a foundation mass should be defined with
appropriate absorbing boundary conditions. Bielak et al.
[12] proposed a two-step finite element procedure called
the domain-reduction method (DRM). In this, the effects of

incoming waves due to remote excitations are introduced
by equivalent nodal forces applied in a single continuous
layer of elements in the interior of the truncated boundary.
%e rigorous procedure for free-field foundation modelling
is based on using perfectly matched layers (PML) as ab-
sorbing boundary and DRM for the earthquake input
mechanism [13, 14]. %e PML boundary and the DRM
procedure are currently not available in most commercial
FE codes; the only exception is LS-DYNA [15]. To over-
come this, Lokke and Chopra [16] developed a method
based on DRM, using the direct finite element (FE) method
for viscous boundaries. In this method, effective earth-
quake forces are applied at nonreflecting boundaries. %e
effective earthquake forces at such boundaries can be
computed through an analytical approach using one-di-
mensional (1D) wave theory. %is method was developed
for viscous-spring boundaries [17–19]. %en, Song et al.
[20] developed this further for use with infinite element.

In this paper, the nonlinear behaviour of a typical
concrete buttress dam under high-frequency seismic
excitations is investigated. For comparison, the behav-
iour under low-frequency excitations is also analyzed.
%e behaviour of buttress dams, both in the stream and
cross-stream directions, is investigated using three-di-
mensional finite element modelling. Topographic am-
plifications are considered using the direct finite element
method (FE) (Lokke and Chopra [16]) and the analytical
approach (Song et al. [20]). %e results are also compared
with those of the massless method. A deconvolution to
transform the earthquake motion from the foundation
surface to the corresponding input motion at depth is
performed with a new time-domain deconvolution
method for both shear and pressure wave propagation
based on an iterative procedure using a one-dimensional
FE column.

2. Dam-Reservoir-Foundation System

Interaction between reservoir, dam, and rock foundation
during seismic excitation produces a hydrodynamic
pressure. A simplified method for considering this
pressure is the added mass approach [21, 22]. In this
method, water compressibility is neglected, which results
in unreliable seismic response in analyzed dams [23]. For
considering the water compressibility, an acoustic fluid
method can be used for numerical modelling of the
reservoir in dam-water-foundation systems [24–26]. %e
acoustic wave equation can be used for simulating fluid-
structure interaction by assuming that the fluid is
compressible, irrotational, neglecting its viscosity, as-
suming no mean flow of the fluid and no body forces. %e
acoustic elements have only one degree of freedom,
describing the pressure. In the dam-rock-reservoir sys-
tem, acceleration of the boundaries in contact with the
reservoir induces hydrodynamic pressures. Figure 1 il-
lustrates different conditions at the reservoir boundaries.

In the FE discretization, the coupled equation of the
dam-rock-reservoir system with truncated fluid and foun-
dation domains is given by
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wherem, k, and c are the standardmass, stiffness, and damping
matrices, respectively, for the dam–foundation system; s, b, and
h are the mass, damping, and stiffness matrices, respectively, for
the water; cf and cr are the damper matrixes at nonreflecting
boundaries of the foundation and reservoir, respectively; rt is the
total displacements vector in the dam and rock foundation; and
ptr the total hydrodynamic pressures vector in the fluid.Qb and
Qh are matrices that couple accelerations to hydrodynamic
pressures at the water–foundation rock interface and the
dam–water interface, respectively. P0f is the effective earthquake
forces associated with the absorbing boundaries of the
foundation.

3. Effective Earthquake Forces

Two methods for computing effective earthquake forces
which are implemented in this paper are described.%ese are
both based on the assumption of vertical propagation of
seismic waves.

3.1. Direct FE Method. Here, the free-field modelling of the
foundation proposed by Lokke and Chopra [16] is con-
sidered as the reference solution.%is method is accurate for
seismic analysis of concrete dams. %e application of this
method was validated for the Morrow Point arch dam. In
this method, the effective earthquake forces are obtained
based on the scattering problem in which the dam perturbs
the free-field motion in the unbounded media. In the direct
FE method, the effective earthquake forces at the side
foundation boundaries are obtained by

P0
f � R0

+ cf _r
0
. (2)

%e effective earthquake forces consists of two parts: the
forces R0 which are consistent with the free-field tractions at
boundaries, and cf _r0, the damper forces determined from
the spatially varying free-field motion at the boundaries’
nodes, where the free-field displacements are denoted by r0.
Effective earthquake forces at the bottom boundary are
computed by

P0
f � 2cf _r

0
I , (3)

where _r0I is the incident (upward propagating) seismic waves.
%e incident motion is computed as 1/2 of the outcrop motion
at the bottom boundary. Free-field motions _r0 and tractions R0

at each nodal point are computed through auxiliary analyses.
%e free-field system shown in Figure 2(a) is reduced to a two-
dimensional free-field system with corresponding 1D corner
columns, as in Figure 2(b). %e effective earthquake forces at
every node along the side boundaries are computed from
equation (2), where _r0andR0 are determined from analyses of a
1D column assumed at the along-canyon boundaries. Free-field
motions _r0 and tractions R0 at the cross-canyon boundaries at
the upstream and downstream ends of the domain are deter-
mined from analysis of the 2D system.

3.2. Analytical Method. In this method, the effective nodal
forces are computed from

Ff � cf _u
0
f + σ0fn, (4)

where _u0
f is the free-field velocity and σ0f the free-field stress

and n cosine vectors of the outer normal direction of the
artificial boundary. %e components of the free-field stress
are obtained from the elastic theory:
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Figure 1: Schematic view of the dam-rock-reservoir FE model, highlighting the different conditions at the reservoir boundaries.
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where [uvm]T denotes the displacement vector and λ and G
are the medium’s Lame’s constants. When a P-wave
propagates vertically from the bottom boundary, the dis-
placements of the incidental wave are u � 0, v � 0, w

� w0(t). %e free-field displacement, velocity, and the partial
derivative of the displacement at height h are determined
from the 1D wave motion theory in two parts, the incident
and reflected waves:
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where H is the distance from the bottom boundary to the
free surface. Using equations (5) and (6) and taking into
account the conditions u � 0, v � 0, h � 0 at the bottom
boundary, the free-field stress is calculated as
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count the boundary condition n � 0 0 −1 

T, the effective
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where CT � ρcs and CN � ρcp are the normal and tan-
gential damping coefficients, respectively, and ρ is the
medium’s mass density. Also, cs and cp are the wave
velocities of the S- and P-waves, respectively. When the
shear wave propagates vertically from the bottom
boundary, the particle displacements within the input
wave are u � u0(t), v � 0, w � 0, and the effective forces
are derived by the analogous method:
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%e corresponding effective forces at four lateral
boundaries are derived by the described procedure.

4. Concrete Buttress Dam Geometry and
Material Properties

%e concrete buttress investigated in this study is chosen
because its geometry and dimensions are representative of
typical large concrete buttress dams in Sweden, where there
are about 25 concrete buttress dams with similar geometry
[27]. It is about 100m long and consists of 13 almost
identical concrete monoliths. A principal drawing of the
studied monolith is shown in Figure 3. %e monoliths are
divided by vertical contraction joints, built with a water-
stop. Each monolith consists of a 2m thick and 8m wide
front-plate facing the water and a 40m high supporting
buttress that is 2m thick and 34m wide near the bedrock.
%e upper 10m of the front-plate is vertical while the lower
part is inclined, with an angle of 56.3° versus the horizontal
axis. %e downstream edge of the buttress slopes 68.2° versus
the horizontal. %e dam crest, the horizontal upper part of
the buttress and front-plate, has a width of 4.5m.%ere is an
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inspection gangway that goes through all buttresses in
openings of 2m× 1.5m.

%e concrete material has modulus of elasticity
Ec � 25GPa, density ρc � 2400kg/m3, and Poisson’s ratio
υc � 0.2. %e concrete buttresses are here assumed to be
founded on rock in a rectangular canyon where the rock
material parameters areEf � 25GPa, density ρf � 2400kg/m3,
and Poisson’s ratio υf � 0.2 [27]. For the water in the reservoir
are the bulk modulus of Kr � 2.02GPa and density
ρr � 1000kg/m3. Material damping of 1% and 2% are assumed
for the dam and rock foundation, respectively [24]. It should be
noted that a significant part of the damping in the dam-res-
ervoir-foundation system is related to radiation damping, which
is considered here by placing absorbing boundary conditions at
truncated surfaces. Material damping in time-domain analyses
can be defined by Rayleigh damping which required two pa-
rameters:mass proportional damping and stiffness proportional
damping coefficients. In the analyses, the stiffness proportional
damping coefficient of 5.13×10−4 s and 1.03×10−3 s were
calculated for the dam and foundation, respectively. %e mass
proportional damping is omitted to prevent spurious damping
forces that prohibit sliding and opening between sections
[28, 29].

5. Finite Element Model

%e three-dimensional finite element modelling is carried
out using the finite element software ABAQUS [30]. %e
finite element model of the dam-reservoir-foundation sys-
tem studied here is shown in Figure 4. %e FE model of the
dam is shown in Figure 4(a). Each monolith is discretised by
3036 solid elements (C3D8). %e maximum element size
considered in the analysis is less than one-eighth of the
shortest wavelength of the slowest propagating body wave
(shear wave) [31].

%e contraction joints between the monoliths are
highlighted in Figure 4(b). %ese are built with a water
stop that has no shear resistance in the stream direction
but can open and close during strong ground motion. A
common method for modelling joints is a contact for-
mulation at the surfaces between the monoliths [17, 32].
Contraction joints in the tangential direction have no
shear strength and are modelled as frictionless

interaction interfaces. In the normal direction, the joints
are modelled with a soft contact constraint that has an
exponential relationship between pressure and
overclosure:

p �

0, for d≤ − c0,

p0

(e − 1)

d

c0
+ 1  e

d

c0
+ 1 

− 1
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, for d> − c0,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(10)

where p is contact pressure, d is overclosure, p0 is contact
pressure at zero opening, and c0 is the initial contact dis-
tance. In an exponential (soft) contact pressure-overclosure
relationship, the surfaces begin to transmit contact pressure
once the clearance between them, measured in the contact
(normal) direction, reduces toc0. In the FE modelling of the
joints p0 � 5MPa and c0 � 0.1mm were assumed [33].

%e dam-foundation interface in the normal direction
is modelled using a zero tensile strength hard contact
constraint to allow opening and closing of this joint. In
the tangential directions, frictional sliding can be mod-
elled by the penalty contact formulation based on the
Coulomb friction model. Two contacting surfaces start
sliding relative to one another when the shear stress
exceeds the critical shear stress τcrit � μp, where μ is the
coefficient of friction. Moreover, the penalty friction
formulation includes a stiffness that allows some relative
motion, i.e., elastic slip of the actual surfaces when they
are in the sticking phase. %e elastic slip is here specified
by slip tolerance as a fraction of the element length. Here,
a friction coefficient and a slip tolerance of 1 and 0.0001
are used [33, 34].

A full reservoir condition is considered with a depth
of 38.5 m. At the interfaces between reservoir water and
dam-foundation, a tie constraint is used to connect
acoustic fluid nodes to the solid. At the upstream end of
the reservoir, a nonreflecting boundary was defined. A
reservoir length with a minimum of twice of the reservoir
depth is recommended to avoid reflection issues [33]. A
reservoir length of 3.5 times the depth is considered here

∞

∞∞

∞

(a)

1D column

2D system

(b)

Figure 2: Computing effective earthquake forces with the direct FE method: (a) the 3D free-field system with uniform canyon cut in the
foundation rock half-space; (b) the two-dimensional free-field system with corresponding 1D corner columns, reproduced from Lokke and
Chopra [16].
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and the effect from the reservoir bottom sediments is
ignored. For a FE model where water-foundation inter-
action and the associated radiation damping are included
in the analysis, the additional vibration energy dissipa-
tion due to sediments is insignificant and therefore the
sediments’ effect can be ignored [24]. %e reservoir water
is discretised with 10 816 acoustic elements (AC3D8)
(Figure 4(c)).

%e FE model of the rock foundation shown in
Figure 4(d) consists of 14355 solid elements (C3D8) and
3107 infinite elements (CIN3D8) based on the work by
Zienkiewicz et al. [35] for static response and by Lysmer and
Kuhlemeyer [36] for dynamic response. %e infinite ele-
ments perfectly absorb normal incident body waves to the
boundary but partially absorb body waves with arbitrary
incident angle and surface waves. However, an acceptable
accuracy is obtained by placing the boundary at sufficient
distance from the wave source [37]. From convergence
analysis, a place of absorbing boundary conditions were
obtained by extending the rock foundation to twice of the
dam height, from the bottom of the dam and along the
lateral sides in the cross-stream direction. %e overall
foundation size is 264m in the stream and the cross-stream
directions and 120m in the vertical direction. For the
massless foundation, it is recommended to determine the
size of the foundation based on the ratio between the
modulus of the foundation and that of the concrete Ef/Ec to
account for the flexibility of the foundation region [38]. For a
competent foundation with Ef/Ec ≥ 1, it is sufficient to
extend the size of the foundation by one dam height in all
directions. For a more flexible foundation with
Ef/Ec � 1/2to1/4, the foundation model should extend by at
least twice the dam height in all directions. %erefore, the
foundation size considered here is larger than the recom-
mended criteria.

Effective earthquake forces in the direct FE method
are determined by two analyses, of a 1D column and a 2D

system. Figure 5 shows steps for auxiliary analyses in
computing effective earthquake forces by using the direct
FE method. %e effective earthquake forces at every node
along the side is computed from equation (2) with _r0and
R0 determined from analyses of a 1D column assumed at
the along-canyon boundaries and of a 2D system at the
cross-canyon boundaries at the upstream and down-
stream ends of the domain. %e effective earthquake
forces at the bottom boundary are calculated
from equation (3). Auxiliary analyses were performed
using Python programming to develop 1D and the 2D
rock foundation systems and transferring forces. For the
analytical method, a MATLAB script was used to obtain
effective forces at the foundation boundaries’
nodes, then assigned to each node in the finite element
model.

6. Earthquake Loads

%e design earthquake motions for dynamic analyses are
usually given as outcrop motions. However, for a direct
FE analysis, the seismic input must be applied at the base
of the foundation. %e corresponding input motion at
depth can be calculated by a deconvolution analysis. %is
is usually done in the frequency domain by applying 1D
shear wave (S-wave) propagation in horizontally layered
media using a 1D wave propagation software, such as
SHAKE [39] or DEEPSOIL [40], or by directly calculating
the inverse of the transfer function for a 1D half-space
[41]. A 1D wave propagation software usually calculates
two different base motions at depth: a within motion and
an outcrop motion. %e within motion is the superpo-
sition of the incident and reflected waves, which gives the
actual motion at a given depth in half-space. %ese types
of base motions are suitable for input to a rigid base,
where a time history of acceleration (or velocity or dis-
placement) at the base is given. For example, a rigid base
is suitable when simulating low velocity sediment over
high velocity rock at the base [42]. %e outcrop motion is
the motion that would occur at a theoretical outcrop
location (free surface) at the same depth to satisfy the zero
shear stress condition at the free surface, where the
upward and downward waves should be equal. %erefore,
the outcrop motion is equal to twice the amplitude of the
incident motion. %is type of base motion is suitable for a
compliant base where an absorbing boundary is used at
the base [43].

To consider the deconvolution of pressure waves (P-waves),
this paper develops a time-domain deconvolutionmethod based
on an iterative procedure using the model of a one-dimensional
FE column subjected to vertical propagation of P- or S-waves. In
this method, the frequency and amplitude of the incident wave
are adjusted to obtain themotion of the target surface. In the first
estimation, it is assumed that the motion of the base outcrop is
identical to the target.%erefore, the incident wave is considered
as half of the target motion. %e effective earthquake forces are
calculated fromequation (3) and applied to the base of the 1DFE
column:

40
 m

10
 m

19
 m

2 
m

9 
m

34 m

1.5 m20 m 12.5 m

2 m

4.5 m

2 m

Figure 3: Geometry of the studied concrete monolith.
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F
Input
i (t) � 2ρcs _u

Input
i (t)⟶ S − wave,

F
Input
i (t) � 2ρcp _u

Input
i (t)⟶ P − wave,

(11)

where _u
Input
i is the velocity time history of the incident wave.

A 1D FE column subjected to the assumed incident wave is
analyzed, and the surface and base acceleration time his-
tories are recorded. A correction factor is then calculated by
dividing the target response acceleration, S

Target
a (ω), by the

response acceleration of the recorded motion at the free
surface of the column S

Response
a−i (ω):

H(ω) �
S
Target
a (ω)

S
Response
a−i (ω)

. (12)

%e input motion is modified by multiplying the cor-
rection factor by the Fast Fourier Transform (FFT) com-
ponent of the incident wave, A

Input
i−1 (ω):

A
Input
i (ω) � H(ω)A

Input
i−1 (ω). (13)

%enew incident wave is transformed into the time domain
by Inverse Fast Fourier Transform (IFFT).%e 1D FE column is
analyzed with the new input excitation and the free surface
motion generated is compared to the target. %e iteration

procedure is continued until the responsemotion on the surface
matches the target. %e accuracy can be calculated using the
Euclidian 2-norm:

r �
‖X − Y‖

2

‖Y‖
2 �

������������


j�n
j�1 xj − yj




2



��������


j�n
j�1 yj




2

 × 100. (14)

In the final iteration step, the introduced acceleration
time history at the base of the FE column is recorded as
within motion consisting of incident and reflected waves.
%e outcrop motion is twice the modified input wave:

€u within
deconvolved(t) � €u

Response
i−base , €u

outcrop
deconvolved(t) � 2€u

input
i . (15)

%e procedure described is summarized in Figure 6. %e
other advantage of using deconvolution in the time domain
is that the material properties considered in the FE column
are the same as in the main FE model. For example, time-
domain analysis uses Rayleigh damping, which is frequency
dependent, while frequency domain analysis uses frequency
independent damping. In the frequency domain, the non-
linearity of the ground is taken into account by the
equivalent linear approach. Furthermore, the available

(a) (b)

(c) (d)

Figure 4: FE models of the studied concrete buttress dam (a), layout of contraction joints (b), reservoir (c), and rock foundation (d).
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Develop a FE model for the 1D foundation-
rock column that has the same mesh density as

the boundary of the 2D system.

For each component of ground motion, k = x, y,
z, add a viscous damper (infinite element) at

the base in the k-direction and constrain DOFs
in other directions to permit only shear (k = x,

z) or axial (k=y) deformation of the 1D
column.

Analysis of 1D column

Apply effective earthquake forces from
Eq. (3) to the base in k-direction and

compute r.0 and R0 at every node
along the height.

Record 
r.0 and R0

Apply forces
From Eq. (3)

Viscous
damper (Infinite

element)

Develop a FE model for the 2D foundation-rock
system, with the same mesh density as the main FE

model at the upstream/downstream boundary.

For each component of ground motion, k =x, y,
z, add viscous dampers (infinite element) at

the bottom and side boundaries and constrain
the DOFs at the faces to model the "infinite

length" in the direction normal to the model
boundary

Analysis of 2D system

Apply effective earthquake forces from Eq. (3) to the
bottom boundary and from Eq. (2) to the side

boundaries using r.0 and R0 from the 1D analysis,
and compute r.0 and R0 at every node in the 2D 

system.

Apply forces
from Eq. (3)

to bottom boundary

Apply forces
from Eq. (2)

to side boundaries

Viscous
damper (Infinite

element)

Record
r0 and R0

Figure 5: Steps for auxiliary analyses for computing effective earthquake forces by using the direct FE method.

8 Shock and Vibration



deconvolution software is based on the vertical propagation
of shear waves [39, 40]. Here, deconvolution is performed
for both P- and S-waves.

%e described procedure is used in this work to
deconvolve the seismic input motions. In areas of low
seismicity, the dams should be designed for an earthquake
with a return period of at least 10 000 years [44]. Due to the
absence of such records, the excitation with high-frequency
content is chosen based on artificial accelerograms corre-
sponding to Swedish hard rock response spectra [45]. %e
low-frequency ground motion is based on acceleration time
histories recorded during the 1952 Kern County earthquake
(station: Taft Lincoln School) [46]. %e Taft earthquake was
scaled to have the same peak ground acceleration (PGA) as
the Swedish design earthquake, which has PGA of 0.146 g,
0.122 g, and 0.090 g in the stream, cross-stream, and vertical
directions, respectively. To perform the deconvolution, a
control point (a point on the free ground surface) is selected
at the abutments top surface of the rock foundation. %e
iteration procedure was performed to achieve an error of less
than 2% between the free surface (target) motion and the
convolved motion recorded at the surface of the column (see
Figure 7). It can also be seen from the figure that the high-
frequency excitation was dominated by frequencies between
10 and 20Hz and that the low-frequency component was
dominated by frequencies in the range of 2–7Hz.

7. Numerical Results

In the following, the results of the analyses of the concrete
buttress dam are presented. First, an eigenvalue analysis is
performed to investigate the mechanical properties of the FE
models. %en, seismic analyses are performed in two steps.
Gravity and hydrostatic pressure loads are applied in the
initial static step, and in the subsequent step, nonlinear
dynamic analyses are performed in an implicit step using the
HHT-alpha time integration scheme and an automatic time-
stepping control that changes the time increment depending
on the convergence rate of the solution.

7.1. Eigenvalue Analysis. To investigate the natural fre-
quencies of the concrete dam, a massless foundation ap-
proach is motivated and used here since all nonstructural
modes emanating from the rock mass are suppressed. In the
linear eigenvalue analyses, the nonlinear behaviour cannot
be taken into account, so the contraction joints are modelled
as hinges. %e free vibration modes of the monoliths in the
buttress dam correspond to relatively high natural fre-
quencies, all calculated above 6.00Hz. A significant part of
the mass of the buttress dam system is active above 7.00Hz.
%e results here are divided into two different types of
bending modes: lateral bending and bending in the stream
direction. %eir natural frequencies are close together, with
several modes just above 6.00Hz. %e buttress monoliths
exhibit several lateral bending modes, with the first, second,
and third lateral bending modes of the central monolith
corresponding to frequencies of 6.00Hz, 10.00Hz, and
18.00Hz, respectively, as shown in Figure 8. %is shows that

the buttress dam can be sensitive to cross-stream excitations,
especially at frequencies above 7.00Hz.

7.2. Influence of Irregular Topography on the Free Surface
Motion of the Foundation. Figure 9 shows the distribution of
peak ground acceleration (PGA) recorded at the free surface
of the canyon due to the Swedish design earthquake. %e
motions at the free surface are shown in the stream, cross-
stream, and vertical directions for free-field modelling of the
rock foundation using the direct FE method, the analytical
method, and the massless method. It can be seen from the
figures that modelling the foundation considering the rock
mass with the direct FE and the analytical method leads to an
uneven distribution of the surface movements in all di-
rections. %e massless approach results in uniform move-
ment along the free surface of the canyon. Since the mass of
the foundation is neglected, this leads to an infinite wave
propagation velocity. %erefore, the seismic waves at the
upper surface of the rock are identical to the applied ex-
citation at the rock boundaries.

%e Swedish design earthquake results in significant
variations of the PGA along the free surface of the
canyon. In the stream direction, the maximum acceler-
ation is triggered in the middle of the canyon, where the
dam is located, with a value of 1.60 m/s2. %e accelera-
tions at the right abutment at coordinate +52.00 m are
higher than at the left, where the acceleration difference
between the upper points of the abutments is 0.14 m/s2. In
the cross-stream and vertical directions, two acceleration
peaks occur for the points at the base of the canyon.
Furthermore, the distribution of the PGA along the
canyon is not symmetrical. In the cross-stream direction,
the acceleration in the canyon increases from the centre
with a value of 1.20 m/s2 to 1.30 m/s2 at the coordinate of
+17.00 m. %e top point at the right abutment has the
highest acceleration of 1.60 m/s2. In the vertical direction,
maximum accelerations of 1.25 m/s2 and 2.00 m/s2 occur
at the coordinates of −27.00m and +52.00 m, respectively.
It can also be seen that the discrepancies between the
motions of the free surface calculated with the direct FE
and the analytical methods are small, but the analytical
approach mainly overestimates the motions. %e small
differences are due to the fact that in the direct FE
method, the free-field system is identical to the actual
system in the region outside the nonreflected boundaries.
In the analytical method, the free-field system was sim-
plified to the one-dimensional column.

Compared to the Swedish design earthquake, the Taft
earthquake shows a more uniform motion without peaks in
the centre of the canyon and towards the abutments, as given
in Figure 10. In the stream direction, the distribution of the
PGA is almost symmetrical and there are small differences
between the motions at the abutments. %e maximum PGA
of 1.20m/s2 and 1.40m/s2 occurs in the canyon and at the
top point of the abutment, respectively. %e motions, in the
cross-stream direction are more asymmetrical compared to
the stream direction, with higher acceleration at the right
abutment than at the left. It can also be seen that the

Shock and Vibration 9



discrepancy between the analytical method and the direct FE
method is greater than the other cases shown in Figures 9
and 10. %e maximum PGA caused by the direct FE method
is 1.04m/s2 and for the analytical method it is 0.91m/s2. %e
difference in acceleration between the upper points of the
abutments is 0.15m/s2, with the right side having a PGA of
1.40m/s2. In the vertical direction, the distribution is more
uniform and close to the massless induced motion.

%e comparison between the free surface motions
produced by high-frequency excitation and low-frequency
excitation shows that for the high-frequency case, it is
important to choose a suitable and correct approach to
accurately capture the topographic amplifications on the
surface of the foundation. For high-frequency excitation,

there is a significant difference between the massless ap-
proach and the two approaches with free-field forces. For
low-frequency excitation, the peak acceleration is more or
less constant along the canyon and slightly lower than at the
top. With the high-frequency excitation, the peak acceler-
ation is not constant along the upper part of the rock
foundation. %ere is also a significant variation in acceler-
ation along the canyon. %e peak typically occurs in the
middle or near the middle of the canyon.

7.3. Influence of the Free-FieldModelling of the Foundation on
the Computed Response of the Dam. Figure 11 shows the
distribution of the PGA triggered by the Swedish design
earthquake along the crest of the dam.%e results are shown
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Stablish 1D FE column

Calculate Fourier spectrum and Response spectrum of the 
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Figure 6: Deconvolution of the seismic surface ground motions using the time-domain iteration method.
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Figure 7: Acceleration response spectrum of Swedish design earthquake (left) and Taft earthquake (right) at free surface (control point), at
base (deconvolved), and recorded at column surface (convolution), in the (a) stream, (b) cross-stream, and (c) vertical directions.

f=18.28 Hz (mode 54)f=10.04 Hz (mode 18)f=6.18 Hz (mode 1)

Figure 8: Lateral bending mode shapes of the middle monolith. (a) f� 6.18Hz (mode 1), (b) f� 10.04Hz (mode 18), and (c) f� 18.28Hz
(mode 54).
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for the stream and cross-stream directions. In the stream
direction, the models taking into account the foundation
mass lead to significant deviations of the PGA along the dam
crest. %ere is clearly an influence of the 13 buttress
monoliths, with the peak occurring at the joints. %e points
with the lowest acceleration correspond to where the but-
tresses are attached to the front plates. Due to the additional
mass, the accelerations are lower at the centre of the front
plate of each monolith. It can also be seen that the distri-
bution of the PGA along the crest is not symmetrical. %e
same behaviour can be seen in Figure 9, where the accel-
eration at the right abutment was higher than at the left. %is
also results in the monoliths near the rock having higher
accelerations.

%emasslessmethod resulted in sliding failure due to loss of
contact between the rock foundation and the dam after almost 8
seconds in the simulation, as shown in Figure 12(a). %erefore,
using a massless method would lead to the conclusion that the
dam is not safe and requires strengthening to withstand this
seismic excitation. At the same time, the analyses with mass
foundation, which model the foundation more realistically,
obtain a significant radiation damping which reduces the risk
for this sliding failure. Significant overestimation of the vi-
bration induced in the dam due to the massless approach has
also been investigated in [17, 18, 26]. To overcome this problem,

many researchers have used unrealistically high damping ratios
around 15% to fit the results to the measurements [47]. Here,
also by increasing the damping to 5%, the risk for sliding failure
could be reduced, as shown in Figure 12(b).

In the stream direction, free-field modelling with the
direct FE and the analytical methods lead to similar re-
sponses at the crest, while there are discrepancies between
the two methods in the cross-stream direction. %e differ-
ences are significant at coordinates between −52m and
−36m, corresponding to monoliths one and two, where the
analytical method overestimates the acceleration.%e reason
for these discrepancies is that there is an effect of opening
joints in the cross-stream direction that significantly affects
the acceleration at the crest. Figure 13 shows the distribution
of the maximum joint opening at the crest and as can be seen
from the figure, the maximum joint opening occurs at the
first joint with a coordinate of −44m, with the largest dif-
ference between the direct FE and the analytical methods.
%e joint opening for the analytical method is 1.55mm,
which is 0.3mm higher than for the direct method. As
mentioned earlier, the discrepancy between the accelerations
calculated by the direct FE and analytical methods is greater
at monolith one and two, where joint one is located.

Figure 14 illustrates the distribution of PGA at the crest
caused by the Taft earthquake in the stream and cross-stream
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Figure 9: Distribution of PGA recorded at points along the canyon free surface induced by the Swedish design earthquake in the (a) stream,
(b) cross-stream, and (c) vertical directions for free-field modelling of the rock foundation using the direct FE method, analytical method,
and massless method.
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directions. In the stream direction, with the exception of the
two lateral monoliths, the massless method overestimates
the accelerations compared to the methods that consider the
foundation mass. %e distribution of PGA at the crest is
uniform except for three peaks induced by the direct FE
method, and the variation of acceleration at each monolith is
much smaller than the variation induced by the Swedish
design earthquake (see Figure 11). %is behaviour is related
to the topographic amplification of the motion at the free
rock surface, which is smooth in the Taft earthquake
compared to the Swedish design earthquake (see Figure 10).

In the cross-stream direction, the direct FE method
yields higher accelerations than the other methods. %e
massless method and the analytical method yield similar
accelerations in this case. %is behaviour is in contrast to the
behaviour observed at the dam heel, where the massless
method overestimates the accelerations compared to the
other methods. %is is because at the dam crest, where most
of the joint openings occur, the accelerations are more
influenced by the nonlinear behaviour of the joints. Fig-
ure 15 shows that the joint opening for the direct FE method
is significantly higher than for the other methods. %e
maximum joint opening for the direct FE method is 2.0mm,
while it is 0.5mm for the analytical method, and 0.7mm for
the massless method.

%e opening and closing of the joint appears to initiate
an impact load that causes high-frequency acceleration at the
crest for a short time. For the Swedish design earthquake,
both the direct FE method and the analytical method were
able to detect these high frequencies. For the joints near the
abutments, which have a larger joint opening, there is a
significant amplification of acceleration at frequencies above
20Hz, while this is not the case for the joints in the central
part of the dam, which have smaller joint openings. In the
direct FE method for the Taft earthquake, which has a larger
joint opening compared to the analytical method, all joints
produce high-frequency accelerations above 10Hz. For the
joints near the abutments, which have a larger joint opening,
the amplification of the acceleration is too large, so that
frequencies below 10Hz are also affected. Figure 16 shows
the time history of the opening of the 7th joint (at coordinate
4 in Figure 15). It can be seen that the time history for the
direct FE method contains four peaks, with the first having
the highest opening of 0.53mm.

%e acceleration time history for a middle point at the
dam crest from the direct FE method also contains four
peaks in the same time interval as for the joint opening, as
shown in Figure 17. %e peaks mentioned contain high-
frequency accelerations above 10Hz, which can be seen in
the response spectrum of the acceleration time history.
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stream, and (c) vertical directions for free-field modelling of the rock foundation with the direct FEmethod, analytical method, andmassless
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%erefore, the analyses show that it is important to use an
accurate modelling approach for the rock foundation, es-
pecially in cases where nonlinearity is considered. It has been
shown that the joint opening can be over- or underestimated
when using the analytical approach compared to the direct
FE approach. It should be noted that free-field modelling

using the analytical method is as accurate as the direct FE
method for seismic analysis of concrete gravity dams, where
a linear two-dimensional model of dam-reservoir-founda-
tion is implemented. %is is because for two-dimensional
models, the free-field system is a one-dimensional column
for both the direct FE method and the analytical method.
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Figure 11: Distribution of PGA at upstream side of the buttress dam along the crest induced by the Swedish design earthquake in the
(a) stream and (b) cross-stream directions for foundation modelling using direct FE method and analytical method.
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Figure 12: Displacement time history induced by the Swedish design earthquake for the midpoint at the crest and heel of the dam in the
stream direction with a Rayleigh damping of 1% (a) and 5% (b).
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%e analytical method has been used for linear two-di-
mensional modelling of concrete gravity dams, e.g., by
Enzell et al. [48] and Chen et al. [49].

7.4. Influence of the Structural Slenderness on the Dam
Response. Here, the influence of the structural slenderness
of the buttress on the response of the dam is discussed by

comparing the response spectrum of the acceleration time
histories generated during the passage of the seismic wave at
the dam heel, at the cross-section change, and at the dam
crest also with the free surface motion of the foundation.%e
predominant frequency interval of the free surface of the
foundation for the Swedish design earthquake is
10.0–20.0Hz. In the stream direction, the frequency interval
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Figure 13: Maximum envelope of joint opening at the crest due to the Swedish design earthquake for foundation modelling using direct FE
method and analytical method.
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of 12.5–17.0Hz is left at the heel, as shown in Figure 18. Two
frequency intervals of 6.6–8.0Hz and 12.3–13.3Hz are ex-
cited at the cross-section change. A frequency interval of
6.6–8.0Hz is also excited at the crest, but the dominant
frequency interval is 12.7–15.7Hz. %e excited frequencies
are natural frequencies of the buttress moving upstream and
downstream, i.e., the stream bending modes. In the cross-
stream direction at the heel, a frequency interval of
11.0–21.0Hz is excited. At the cross-section change and at
the crest, two frequencies of 10.4Hz and 30.0Hz are excited,
corresponding to the second and fourth lateral bending
modes.

For the Taft earthquake, the response spectrum of the
acceleration time history is presented for the model with
free-field modelling of the foundation using the analytical
method because, as shown in Figure 17, the high-frequency
accelerations in the cross-stream direction are due to the
nonlinearity of the joints. %e predominant frequency of the
free surface of the foundation due to the Taft earthquake is
2.8Hz. In the direction of the stream, the frequency of 6.2Hz
is excited at the heel and at the cross-section change, as

shown in Figure 19. At the crest, frequencies of 6.2Hz and
12.5Hz are excited, which are lower than the dominant
frequency interval excited by the Swedish earthquake, where
the dominant frequencies were above 12.7Hz. In the cross-
stream direction, a frequency of 2.8Hz is excited at the heel
and frequencies of 2.8Hz, 4.8Hz, and 10.0Hz are excited at
the cross-section change. At the crest, frequency intervals of
5.1–5.8Hz and 9.8–13.0Hz are excited. %e frequency in-
terval of 5.1–5.8Hz was not captured in the eigenvalue
analysis, but the frequency of 9.8Hz is close to the second
lateral bending mode, as shown in Figure 8.

%e amplification of acceleration between the crest of the
dam and the heel in the middle of the dam in the stream and
cross-stream directions is between 4 and 5 times for both
earthquakes. However, this amplification is in the frequency
range of 10–30Hz for the high-frequency excitation, while it
is between 5–13Hz for the low frequencies. %is shows that
the buttress has higher natural frequencies due to its slen-
derness, which are influenced by high-frequency excitation.
Furthermore, the high-frequency excitation in the stream
direction leads to a significant amplification between the
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Figure 15: Maximum envelope of joint opening at crest due to the Taft earthquake for foundationmodelling using the direct FEmethod, the
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crest and the cross-sectional change.%e amplification of the
accelerations between the crest and the heel increases from
the monoliths in the middle of the canyon to the monoliths
next to the abutments, as shown in Figures 11 and 14. For the
high-frequency excitation, there is up to 25 times and 90
times amplification in the direction of the stream and across
the stream for the monoliths near the abutments, respec-
tively. For the low-frequency excitation, they are 13 times
and 12 times in the direction of the stream and cross stream,
respectively. Amplifications due to the high-frequency ex-
citation are higher than the low-frequency excitation.

7.5. Sensitivityof theButtressDamtoCross-StreamVibrations.
%e sensitivity of the buttress dam due to the cross-stream
excitation is investigated by comparing the dam responses of
a model subjected only to vibrations in the stream direction
and a model considering all components of the earthquake.
Figure 20 shows the maximum envelope of the maximum
principal stresses at upstream and downstream of the dam
induced by the Swedish design earthquake, considering only
the motion in the direction of the stream. %e figure shows
that the monoliths in the middle of the canyon have the
higher stresses between 1.0 and 1.2MPa. %e uneven stress
distribution between the monoliths is related to the uneven
amplification of the high-frequency excitation at the foun-
dation surface caused by the irregular topography, as shown
in Figure 9. Two monoliths adjacent to the abutments also
show a local stress concentration at the cross-section change,

with the highest value between 1.4 and 1.6MPa. %is may be
due to the large variations in displacements within the two
lateral monoliths between the cross-section change and the
crest, as shown in Figure 21.

When the cross-stream excitations are included, the
stresses in the monoliths increase and the stress distribution
becomes asymmetric, as shown in Figure 22. Maximum
stresses between 1.4 and 1.6MPa were generated in the
monoliths. Two monoliths on the right side of the central
monolith have higher stresses than the other two monoliths
on the left side. %is is because the PGA distribution in the
cross-stream direction was not symmetrical and the PGA
increased from the centre to the coordinate of +17m, which
includes the two monoliths next to the central monolith.

For a model exposed only to the stream vibrations of the
Taft earthquake, the stress distribution is symmetrical and
except for two lateral monoliths adjacent to the rock, all have
almost the same stress level with a maximum of almost 0.8MPa
(Figure 23).%e reason for this is the uniformdistribution of the
PGA in the canyon, in the direction of the stream, as can be seen
in Figure 10.

When including the cross-stream motions, the stresses in
the monoliths increase and reach a maximum between 1.0 and
1.4MPa, as shown in Figure 24. %erefore, the inclusion of
cross-stream vibrations leads to an increase in stresses for both
excitations, and the high-frequency excitation was higher than
the low-frequency excitation. In addition, the inclusion of cross-
stream vibrations leads to an opening of the joints, which
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Figure 17: Acceleration time history and corresponding response spectrum induced by the Taft earthquake for a middle point at the dam
crest in the cross-stream direction.
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significantly reduces safety in the case of strong seismic exci-
tations, as shown in Figures 13 and 15. %e seismic excitations
considered here did not lead to high stresses that could cause
cracks in the concrete, so the nonlinear concrete behaviour was
not considered in the analyses. However, the irregular topog-
raphy of the foundation surface had a significant influence on
the amplification of the rock surface motion and thus on the
response of the dam. It can be seen that the high-frequency
excitation produces an uneven stress distribution between the
monoliths compared to the low-frequency excitation.%erefore,

it is important to consider the cross-stream vibrations taking
into account the topographical amplifications of the foundation
surface with the effective foundation modelling method. %is
has also been shown to have a significant impact on the cal-
culation of the joints’ opening. As can be seen in Figures 13 and
15, the massless method, where the topographical amplifica-
tions are not taken into account, and the analytical method,
where the motion of the foundation surface is calculated with a
simplification in the free-field modelling, lead to unreliable
joints opening.

Stream direction

Rock free surface
Heel

Section change
Crest

0

10

20

30

40

A
cc

el
er

at
io

n 
(m

/s
2 )

100 101 10210–1

Frequency (Hz)

Cross stream direction

0

10

20

30

40

A
cc

el
er

at
io

n 
(m

/s
2 )

100 101 10210–1

Frequency (Hz)

Figure 18: Response spectrum of acceleration time histories produced by the Swedish design earthquake at the middle of heel, section
change, and crest of the dam in the (a) stream and (b) cross-stream direction with rock foundation modelling using the direct FE method.
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the dam in the (a) stream and (b) cross-stream direction with rock foundation modelling using the analytical method.
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Figure 20: Maximum envelope of maximum principal stresses at upstream and downstream of buttress dam induced by the Swedish design
earthquake considering only stream motion.
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Figure 23: Maximum envelope of maximum principal stresses at upstream and downstream of buttress dam induced by the Taft earthquake
considering only stream motion.
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Figure 21: Maximum envelope of displacement in the stream direction induced by the Swedish design earthquake with only stream
vibration.
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Figure 22: Maximum envelope of maximum principal stresses at upstream and downstream sides of the buttress dam with all components
of the Swedish design earthquake considered.
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Figure 24:Maximum envelope of maximum principal stresses at upstream and downstream of the buttress dam considering all components
of the Taft earthquake.

Shock and Vibration 19



8. Conclusions

%e aim of this work was to investigate the nonlinear be-
haviour of concrete buttress dams subjected to high-fre-
quency seismic excitation. For comparison, the effects of a
low-frequency earthquake were also considered. %e results
of the eigenvalue analysis showed that a typical buttress has
relatively high natural frequencies of over 6Hz. Higher
lateral bending modes had natural frequencies above 10Hz
due to the slenderness of the concrete buttresses. %e im-
portance of free-field modelling of the foundation for high
excitations was investigated by sensitivity analysis of the
response with respect to different foundation modelling
methods.%ree methods were used to model the foundation:
a massless approach, an effective earthquake input method
using the direct finite element method, and an analytical
method based on one-dimensional wave propagation the-
ory. A new time-domain deconvolution method was de-
veloped for both shear and pressure wave propagation based
on an iterative procedure using a one-dimensional FE
column to transform the earthquake motion from the
foundation surface to the corresponding input motion at
depth. %e following conclusions can be drawn from the
analyses for the free rock motion and the dam response.

Modelling the foundation with the direct FE method and
the analytical method resulted in uneven motions of the free
rock surface, while the massless method resulted in uniform
motions. For both excitations, the discrepancy between the
analytical and the direct FE method was insignificant. Only
at the low frequencies in the cross-stream direction did the
analytical method slightly underestimate the motion. %e
irregular surface topography had a significant influence on
the amplification of the high-frequency seismic waves. %e
free surface motion caused by the high-frequency excitation
showed significant acceleration variation compared to the
low-frequency excitation. %is led to large differences be-
tween the massless method and a method that accurately
accounts for the topographic amplifications of the seismic
waves.

For the dam response, the massless method leads to
unreliable results, especially for high-frequency excitations.
%e massless method gave a sliding failure of the dam for
high-frequency excitation, but for low-frequency excitation
in the stream direction it overestimated the accelerations
and underestimated the joint opening in the cross-stream
direction. %e analytical approach behaved similarly to the
direct FE method in the stream direction. In the cross-
stream direction, the joint opening could be overestimated
or underestimated when using the analytical approach
compared to the direct FE approach. %is is particularly
important for low-frequency excitations. %erefore, it is
important to use an accurate modelling approach for the
rock foundation, especially in cases where nonlinearity is
considered.

A comparison between the dynamic responses of the
buttress dam due to high-and low-frequency motions
showed that high-frequency motions excited free vibration
frequencies above 10Hz, while the low-frequency motion
affected free vibration modes up to 13Hz, for the earthquake

cases studied here. %is shows that the buttress has higher
natural frequencies due to its slenderness, which are more
sensitive to high-frequency excitations. %erefore, the
stresses in the monoliths were higher for the high-frequency
excitation than for the low frequencies. Due to the topo-
graphic amplifications of the seismic waves at the canyon
surface, the high-frequency excitation leads to a nonuniform
stress distribution between the monoliths compared to the
low-frequency excitation. Allowing for cross-stream vibra-
tion caused joints to open and stresses in the dam to in-
crease, reducing the safety of the dam, especially during
high-frequency excitation.
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