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Earthquakes are vibrations induced by the rapid releases of large quantities of energy from the crustal movements. During seismic
excitation, there are kinetic energy, damping energy, and strain energy acting on the tunnel structure. Based on the indexes of the
total energy, releasable elastic strain energy, and dissipated energy, this paper proposes three energy evaluation criteria for the
tunnel structure, which are applied to the optimization of the aseismic design of the cross-sectional shape andmaterial property of
the tunnel structure. It can be concluded that the peak values and accumulated values of elastic strain energy at the spandrel and
arch springing are significantly larger than other positions, which indicates that the strengths of the spandrel and arch springing
are the most influential factor for the seismic damage of the tunnel structure. Considering this factor, the width-to-height ratio of
1.33 and Poisson’s ratio of 0.3 are determined as the most optimal cross-sectional shape and material property, respectively.
Furthermore, by analyzing the relationship between the internal energy and the input energy of the tunnel structure with seismic
excitation and proposing an equation for the evaluation of the dynamic stability of tunnel structure, the stabilities of the tunnel
structure with different PGAs are analyzed; it can be concluded that the larger the peak value of seismic wave acceleration, the
longer the instable period and the greater the degree of dynamic instability.)e derived equations can be used as references for the
seismic analysis of the tunnel structure, and the conclusions of this paper can contribute to the aseismic design of tunnel lining.

1. Introduction

Energy is an index that describes the state of the whole
system [1], which includes the overall dynamic response
[2, 3], structural parameters [4], and external excitation [5].
)erefore, the mechanism of the instability of structures
with seismic excitation can be revealed based on the prin-
ciple of energy [6].

Originally, the convergence or divergence of the motion
index based on the periodic load was proposed to analyze the

dynamic response of structures [7]. However, there would be
a jump phenomenon when applied to the nonlinear dynamic
response analysis [8]. Afterwards, the quasi-static stiffness
principle based on the tangent stiffness matrix was proposed
[9, 10], which could evaluate the dynamic instability con-
ditions of structures [11]. In terms of that principle, the
motion equation was transformed to the differential equa-
tion of the first order [12], and its stability can be evaluated
by the positive definite stability theory of the matrix in
motion [13]. Moreover, in regard to the B-R principle,
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incremental dynamic analysis (IDA) curves were used to
describe the relation of the strength and displacement [14],
which could be effectively used for the dynamic stability
analysis of structures. However, the IDA curves occasionally
displayed nonmonotonic behaviors and discontinuous
points [15]; sometimes, it was difficult to use them to identify
the critical strength of structures [16, 17], which could in-
fluence the dynamic stability analysis of structures [18];
hence, there was no unified quantitative criterion to define
the dynamic response of structures based on the B-R
principle [19].

Recently, the principle of energy conservation was used
to describe the dynamic instability mechanism of structures
with seismic excitation [20, 21], pointing out that the
structures were stable when the input seismic energy was less
than the critical value of the energy possessed by the
structures [22]. However, it was difficult to determine the
critical value of the energy possessed by complex structures
with seismic excitation [23, 24].

)e stability of the tunnel structure with seismic excitation
is closely related to the external vibration intensity and internal
structural characteristics [25]; it is essential to adopt an ap-
propriate principle to evaluate the stability of the tunnel
structure with seismic excitation [26, 27]. From the perspective
of the energy generated from the system and the internal tunnel
structure induced by seismic excitation and considering the
external vibration intensity and structural characteristics [28],
the physical mechanism of seismic instability of complex de-
formation in the tunnel structure is researched in this paper.

2. The Methodology

2.1. Energy Balance Equation of Tunnel Structure. Only
considering the single layer structure of tunnel lining, the
multi-degree-of-freedom equation of motion can be
expressed as follows [29]:

M €u (t) + C _u(t) + f(u, t) � −Mr _ug(t), (1)

whereM is the mass matrix, C is the damping matrix, f(u, t)

is the internal force, r is the load impact matrix, _ug(t) is the
seismic ground acceleration vector, and €u(t), _u(t), and u(t)

are the acceleration, velocity, and displacement vectors,
respectively.

Considering that the aseismic stability of the structure is
closely related to the internal structural characteristics and
external excitation load, integrating the terms in equation (1)
over time, the energy equation in the form of work can be
obtained as follows [30]:


t

0
_u
T
M€u (t)dt + 

t

0
_u
T
C _u(t)dt + 

t

0
_u
T
f(u, t)dt � − 

t

0
Mr _ug(t)dt.

(2)

Rewriting equation (2) into the energy balance equation,
equation (3) can be obtained as follows [31]:

EK(t) + ED(t) + ES(t) � EI(t), (3)

where EK(t) is the kinetic energy, ED(t) is the damping
energy, ES(t) is the strain energy, and EI(t) is the input total

energy. Each term can be expressed as the following
equations, respectively:

EK(t) � 
t

0
_u
T
M€u (t)dt, (4)

ED(t) � 
t

0
_u
T

C _u(t)dt, (5)

ES(t) � 
t

0
_u
T
f(u, t)dt, (6)

EI(t) � − 
t

0
Mr _ug(t)dt. (7)

2.2.6ree Energy Evaluation Criteria of the Stability of Tunnel
Structure

2.2.1. Stability Evaluation Criterion Based on the Total
Energy. When the structure is motivated by the external
excitation [32], there are kinetic energy, damping energy,
and strain energy existing inside the structure [33, 34]. )e
structure is dynamically stable when the total input energy is
equal to the sum of the internal strain energy and dissipated
energy [35].)e structure is still dynamically stable when the
total input energy is greater than the sum of the internal
strain energy and dissipated energy due to the fact that the
redundant input energy will transform to other forms of
energy to be dissipated [36, 37]. On the contrary, when the
total input energy is less than the sum of the internal strain
energy and dissipated energy, the structure is no longer
stable and extradeformation will occur to offset the energy
difference inside and outside the system. )erefore, the
physical mechanism of structural dynamic instability can be
attributed to the unbalance of the energy required by
structural deformation and external input energy [38]. )e
state of the dynamic balance can be expressed as

Fext(t) � Fint(t), (8)

where Fext(t) is the instantaneous external force vector and
Fint(t) is the instantaneous internal force vector. Regarding
the structural dynamic force, damping force, and the seismic
force as the external force vector and regarding the restoring
force generated by structural deformation as the internal
force vector, the following equations can be obtained as

Fext(t) � −Mr _ug(t) − M€u (t) − C _u(t), (9)

Fint(t) � f(u, t). (10)

)e instantaneous work done by the instantaneous ex-
ternal force vector with seismic excitation can be expressed
as

Wext(t) � −Mr _ug(t) − M€u(t) − C _u(t) 
T
u(t). (11)

)e work done by the restoring force vector of the in-
ternal deformation of the structure at a certain time can be
expressed as
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Wint(t) � 
u

0
f(u, t)du. (12)

)e difference between the instantaneous work done by
the external and internal force vectors is denoted as W(t),
and equation (13) can be obtained as

W(t) � −Mr _ug(t) − M €u(t) − C _u(t) 
T
u(t) − 

u

0
f(u, t)du.

(13)

From the perspective of thermodynamics, the work done
by the internal and external forces during an adiabatic
process actually represents the variation of the energy rather
than the stored energy in the structure [39]. With seismic
excitation, the work done by the internal and external forces
of the structure is constantly varying, which can be expressed
as

Eintr(t) � |W(t)| � Wext(t) − Wint(t)


. (14)

)erein, the input energy of the structure can be cal-
culated by equation (7). )e structure is instable when the
input energy EI(t) is less than the internal energy Eintr(t); it
will absorb extra energy to offset the input energy so that the
input energy can be equal to or greater than the intrinsic
energy, which represents the dynamic stable state.)erefore,
based on the energy evaluation principle, the structural
stability can be expressed as

Eintr(t)≤EI(t), stable, t> 0,

Eintr(t)>EI(t), instable, t< 0.
(15)

)erefore, if the intrinsic energy curve of the structure
exceeds the input energy curve, the structure is in a dynamic
instable state; the dynamic stability equation can be
expressed as

S(t) � EI(t) − Eintr(t), (16)

where the structure is dynamically stable when S(t)≥ 0 and
the structure is instable when S(t)< 0.

2.2.2. Strength Failure Criterion Based on the Dissipated
Energy. According to the law of thermodynamics, energy
conversion is an essential feature of the physical process, and
substance destruction is a phenomenon of instability in-
duced by energy [40, 41]. According to equation (3), the
accumulated elastic strain energy ES(t) can be divided into
the elastic strain energy Ee(t) and the plastic strain energy
Ep(t), as shown in

ES(t) � Ee(t) + Ep(t). (17)

In the process of element deformation, the elastic strain
energy at the elastic stage continues to increase until the
yield limit is reached, which means that the elastic strain
energy of the element reaches the maximum [42]. When the
yield limit is exceeded, the material will undergo an irre-
coverable plastic deformation, and it reaches the maximum
when the material is almost destroyed, which means that the

accumulated plastic strain energy reached the maximum
[43, 44]. With seismic excitation, the structure elements
alternatively exhibit tension and compression; they will
experience the cycle of loading, compaction, elasticity,
plasticity, and unloading, which induces cyclic impact on the
material and brings about crack expansion, crack penetra-
tion, and even damage of the structure [45].

During seismic excitation, seismic energy is continuously
input into the structural system over time; a part of seismic
energy is dissipated by the structure through its damping and
plastic deformation, and the other part of seismic energy is
converted into the kinetic energy of the structure or absorbed in
the form of elastic strain energy of the structure [46]. It can be
concluded from equation (3) that the total input energy of the
structure is converted to the kinetic energy, damping energy,
elastic strain energy, and plastic strain energy. In view of that the
elastic strain energy and plastic strain energy correspond to the
deformation states of the structure, the stability of the structure
can be evaluated by calculating the strain energy and analyzing
the tendency of the strain energy [47, 48].

(1) Strain Energy. )e strain energy density can be
calculated from the stress and strain of the structure ele-
ments, as shown in

w �  σijεijdεij. (18)

)ere is a strain equation for the elastoplastic material, as
shown in

εij � εe
ij + εp

ij. (19)

)e strain energy density is expressed as

w �
1
2
σijε

e
ij + σijε

p
ij. (20)

Besides, the strain energy of the element can be
expressed as

we � 
V

wdv, (21)

where w is the strain energy density of the element and we is
the strain energy of the element.

)e total strain energy of the structure can be obtained
by summing the strain energy of each element, as shown in

W �  we. (22)

(2) Strength Failure 6eory Based on the Dissipated
Energy. Considering the deformation of the element with
external force, assuming that there is no heat exchange with
surrounding, and denoting the total input energy generated
by the external force as U, the following equation can be
obtained according to the first law of thermodynamics as

U � U
p

+ U
e
, (23)

where Up is the plastic strain energy and Ue is the releasable
elastic strain energy. )e plastic strain energy Up is used to
form internal damage and plastic deformation, which result
in the strength failure, and the release of the elastic strain
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energy Ue stored in the element is the underlying reason for
the sudden failure of the tunnel element.

)e energy of each part of the element in the principal
stress space can be expressed as follows:

U � 
ε1

0
σ1dε1 + 

ε2

0
σ2dε2 + 

ε3

0
σ3dε3, (24)

U
e

�
1
2
σ1ε

e
1 +

1
2
σ2ε

e
2 +

1
2
σ3ε

e
3, (25)

U
p

� U − U
e
. (26)

)e energy damage quantity of the tunnel element can be
defined as

ϖ �
U

p

U
c , (27)

where Uc is the critical value of energy dissipation when the
element loses its strength, which is a material constant
determined by the uniaxial tension test, uniaxial compres-
sion test, and pure shear test; the calculation method of Uc is
same as that of Up. When ϖ � 1, it denotes that the material

loses its strength no matter what stress state the material is
in, which can be expressed as

ϖ �
U

p

U
c � 1. (28)

Substituting equation (28) into equations (25) and (26),
the strength failure criterion based on the dissipated energy
can be obtained as


ε1

0
σ1dε1 + 

ε2

0
σ2dε2 + 

ε3

0
σ3dε3 −

1
2
σ1ε

e
1 −

1
2
σ2ε

e
2 −

1
2
σ3ε

e
3 � U

c
.

(29)

2.2.3. Overall Failure Criterion Based on the Releasable
Elastic Strain Energy. It can be concluded from equation
(25) that the releasable strain energy stored by the element is
related to the unloading elastic modulus Ei and Poisson’s
ratio v after damaged. Considering the orthotropy of the
element damage, the damage is directly related to the
elasticity. Assuming that the compressive stress is positive,
when the element is not damaged, it can be expressed as

U
e

�
1
2
σiε

e
i �

1
2

σ21
E1

+
σ22
E2

+
σ23
E3

− v
1

E1
+

1
E2

 σ1σ2 +
1

E1
+

1
E3

 σ1σ3 +
1

E2
+

1
E3

 σ2σ3  . (30)

In terms of the damaged structure, the conventional
damage variable ωi is introduced to consider the effect of
damage on the unloading modulus Ei of the structure, as
shown in

Ei � 1 − ωi( E0, (31)

where E0 is the initial elastic modulus when the structure is
not damaged.

Assuming that Poisson’s ratio is not affected by the
damage and substituting it into equation (30), then the
following equation can be obtained as

U
e

�
1
2
σiε

e
i �

1
2E0

σ21
1 − ω1

+
σ22

1 − ω2
+

σ23
1 − ω3

− v
1

1 − ω1
+

1
1 − ω2

 σ1σ2 +
1

1 − ω1
+

1
1 − ω3

 σ1σ3 +
1

1 − ω2
+

1
1 − ω3

 σ2σ3  . (32)

Considering the average effect of the damage along the
three directions of the principal stresses, equation (32) can
be simplified as

E � E0(1 − ω),

v �
v

1 − ω
,

ωi � ω, i � 1, 2, and 3.

(33)

)e releasable elastic strain energy can be rewritten as

U
e

�
1
2E

σ21 + σ22 + σ23 − 2v σ1σ2 + σ1σ3 + σ2σ3  . (34)

Herein, the average values E, v, andω can be determined
by the unidirectional cyclic compression loading and
unloading tests. It can also be taken as the initial elastic

modulus E0 and Poisson’s ratio v for convenience; then,
equation (34) can be rewritten as

U
e

�
1
2E

σ21 + σ22 + σ23 − 2v σ1σ2 + σ1σ3 + σ2σ3  . (35)

Equation (35) is aimed at the linear unloading process in
the nonlinear process of the element. Summing up the re-
leasable elastic strain energy Ue

i of each element, the re-
leasable elastic strain energy  Ue

i of the whole structure can
be obtained. As the damage of the element increases with
external action, the strength gradually decreases; when the
releasable elastic strain energy Ue

i of an element reaches the
surface energy U0 required by the element damage, Ue

i will
be released in the form of elastic surface energy. When the
damaged elements reach a certain critical number, the whole
structure will be damaged.
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Based on the above releasable energy concept, the overall
failure criterion of the structure element can be concluded
that a part of the work done by the external force on the
structure is converted into the dissipated energy Up, which
makes the structure gradually loses its strength, and the
other part is converted into the gradually increasing re-
leasable elastic strain energy Ue. When Ue reaches the value
of the surface energy U0 of the tunnel element, the strain
energy Ue is released and the whole structure element is
damaged. In the principal stress space, Ue is difficult to be
released along the direction of the maximum compressive
stress σ1, but is apt to be released along the direction of the
minimum compressive stress or tensile stress σ3. )e overall
failure criteria of the element with compressive stress and
tensile stress are given below.

(1) 6ree-Directional Compressive Stress State
(σ1 > σ2 > σ3 ≥ 0, Assuming 6at the Compressive Stress Is
Positive). When the element is in a three-directional com-
pressive stress state and the overall instability occurs, the
releasable elastic strain energy will be released along the
three directions of stresses. )e quantity of the released
energy is proportional to the releasable energy stored in the
element, and the released strain energy Gi along each di-
rection is distributed according to the difference value with
the maximum principal stress, which can be expressed as

Gi � Ki σ1 − σi( U
e
, (36)

where G3 is the positive correlation coefficient that can be
determined by the uniaxial compression test and Gc is the
releasable elastic strain energy in the element.

It can be known from equation (36) that the releasable
elastic strain energy in the element is primarily released
along the third principal stress direction. When the released
strain energy along the third principal stress direction G3
reaches a critical value Gc, the releasable elastic strain energy
will be released firstly along this direction, which can be
expressed as

G3 � K3 σ1 − σ3( U
e

� Gc, (37)

where Gc is the material constant of the element, which can
be determined by the uniaxial compression test. When the
tunnel element is in the uniaxial compression state, the
element will be overall instable if the element undergoes
strength failure. Assuming that σ1 � σc when the element
undergoes uniaxial compression strength failure, then σ2 �

σ3 � 0 and the following equation can be obtained as

U
e

�
σ2c
2E0

. (38)

Substituting equation (38) into equation (37), the fol-
lowing equation can be obtained as

Gc � K3
σ3c
2E0

. (39)

)erefore, the instability criterion of the element in the
three-directional compressive stress state can be obtained as

U
e

�
σ2c

2E0 σ1 − σ3( 
. (40)

It can be also expressed as

σ1 − σ3(  σ21 + σ22 + σ23 − 2v σ1σ2 + σ1σ3 + σ2σ3(   � σ3c .

(41)

(2) Stress State with Both Tension and Compression
(σ1 > 0, σ3 < 0). When at least one of the principal stresses is
tensile stress, considering that the tensile stress of any
magnitude will promote the energy release of the damaged
element, the stored releasable strain energy Ue is distributed
according to the principal stress value along the three di-
rections of principal stress. )erefore, the energy release rate
Gi of the element along the σi direction can be defined as

Gi � KiσiU
e
. (42)

)e releasable elastic strain energy in the element is
primarily released along the direction of the maximum
principal tensile stress.)erefore, it is necessary to satisfy the
following equation when the overall instability occurs:

G3 � K3σ3U
e

� Gt, (43)

where Gt is the critical strain energy release rate of the el-
ement with tensile stress, which is a material constant de-
termined by the uniaxial tensile test.

When the element is in uniaxial tension state, it will be
damaged if the strength is lost. Assuming that σ3 � σt, σ1 �

σ2 � 0 and substituting them into equation (35), the fol-
lowing equation can be obtained as

U
e

�
σ2t
2E0

. (44)

)en, substituting it into equation (42), the following
equation can be obtained as

Gt � K3
σ3t
2E0

. (45)

Moreover, substituting equation (45) into equation (43),
the following equation can be obtained as

σ3U
e

�
σ3t
2E0

. (46)

Eventually, substituting equation (46) into equation (35),
the overall instability criterion in the stress state with both
tension and compression can be obtained as

σ3 σ21 + σ22 + σ23 − 2v σ1σ2 + σ1σ3 + σ2σ3(   � σ3t . (47)

3. Numerical Simulation

)e finite element method (FEM) was employed to conduct
the numerical simulation, which had an advantage in solving
the simulation of the structure composed of components
with different properties. In this series of numerical simu-
lation, stratum-structure model and solid elements were
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adopted to simulate lining structure and surrounding rock,
and contact elements were adopted to simulate the slip
between lining structure and surrounding rock. Besides,
considering the dynamic parameters of the materials, both
lining structure and surrounding rock were set as the
elastoplastic constitutive model.

3.1. Tunnel StructureswithCross Sections inDifferent Ratios of
Width to Height

3.1.1. Finite Element Calculation Model. )is paper uses
local damping for calculation, which was set as 0.1571, and
the critical damping ratio is taken as 5% according to the
engineering experience. In regard to the boundary condi-
tions, the bottom surface of the model was set as the vis-
coelastic boundary, and the side surfaces were set as the free
field boundary.

Five types of ratios of width to height were established,
which were set as 0.68, 0.76, 0.92, 1.33, and 1.52, as shown in
Figure 1. Considering the Saint-Venant principle, the
boundary dimension was set as 50m (length)× 40m
(width)× 50m (height), as shown in Figure 2(a), and the
calculation model was composed of 33286 nodes and 29280
elements in total. Furthermore, adopting the solid elements,
the Mohr–Coulomb model was used to simulate sur-
rounding rock and initial support, while the elastic con-
stitutive model was used to simulate the lining structure.)e
physical and mechanical parameters of surrounding rock,
initial support, and lining structure were derived from the
actual working conditions, and the material of the sur-
rounding rock was strongly weathered sandstone, and the
material of the lining structure was C30 concrete, and the
specific values of the parameters are listed in Table 1.

3.1.2. Design of Operating Conditions. Analyzing the dy-
namic response characteristics of tunnel structures in dif-
ferent structural shapes with seismic excitation from the
perspective of energy, the optimal tunnel structure shape
was researched, and the operating conditions are listed in
Table 2.

3.1.3. Monitoring Point Arrangement. A monitoring section
was set up at a distance of 20m from the tunnel portal, and
six monitoring points were set at the crown, left spandrel,
right spandrel, left arch springing, right arch springing, and
invert, as shown in Figures 2(b) and 2(c).

3.2. Tunnel Structures with Linings in Different Poisson’s
Ratios. Adopting the cross-sectional shape with the
width-to-height ratio of 0.92 (shown in Figure 1(c)), the
tunnel model with the lining structure in Poisson’s ratio
of 0.2, 0.3, and 0.4 was established. Considering the Saint-
Venant principle, the boundary dimension was set as
50 m (length) × 40m (width) × 50m (height), and the
calculation model was composed of 33286 nodes and
29280 elements in total. Furthermore, adopting the solid
elements, the Mohr–Coulomb model was used to

simulate surrounding rock and initial support, while the
elastic constitutive model was used to simulate the lining
structure.

3.3. Seismic Wave Processing. )e Wolong seismic wave in
the “5.12” Wenchuan earthquake was selected as the input
seismic wave. )e original seismic wave was an acceleration
wave with a duration of 180 s, whose peak acceleration was
953 cm·s−2 and occurred at 33.01 s. Considering that the
energy of the seismic wave was concentrated in the range of
0–18Hz, the original seismic wave was processed by baseline
correction and the components greater than 18Hz were
filtered out. Furthermore, the time period of 27.1 s–42.1 s
was selected for the dynamic calculation, which included the
peak acceleration and most of the energy, then it was
multiplied by the reduction coefficient to simulate the
seismic response with 0.4 g PGA. )e acceleration time
history curve and velocity time history curve obtained after
processing are shown in Figure 3. )erein, the velocity wave
was input from the bottom of the model after being con-
verted into the stress form.

3.4. Tunnel Structures with Different PGAs. Adopting the
operating condition with the width-to-height ratio of 1.33 in
Section 3.1 and Poisson’s ratio of 0.3 in Section 3.2, seismic
waves with PGAs of 0.15 g, 0.3 g, and 0.4 g obtained by being
multiplied by different reduction coefficients were input,
which were corresponding to seismic fortification intensities
of 7, 8, and 9, respectively. )e stability of tunnel structures
with different PGAs was researched from the perspective of
energy.

Considering the Saint-Venant principle, the boundary
dimension was set as 50m (length)× 40m (width)× 50m
(height), and the calculation model was composed of 33286
nodes and 29280 elements in total. Furthermore, adopting
solid elements, the surrounding rock, initial support, and
lining structure were all simulated by the Mohr–Coulomb
model.

4. Analysis of Numerical Simulation Results

4.1. Seismic Responses of Tunnel Structures with Different
Ratios of Width to Height

4.1.1. Analysis of Peak Elastic Strain Energy. Extracting three
principal stresses of the measuring points at the crown,
spandrel, arch springing, and invert corresponding to five
types of ratios of width to height with the operating con-
dition of 15 s Wolong wave and Poisson’s ratio of 0.2, the
peak elastic strain energy diagram can be plotted by cal-
culating the elastic strain energy of the elements at the
measuring points through equation (21), as illustrated in
Figure 4.

)e peak values of elastic strain energy at the invert and
crown are obviously smaller than those at the spandrel and
arch springing, which is due to the fact that the seismic
extrusion effect of surrounding rock on both sides of the
tunnel structure is stronger than that on the top and bottom
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of the tunnel structure. As for the crown, the peak elastic
strain energy with the operating condition of the width-to-
height ratio of 0.76 is the largest. In terms of the invert, the
peak elastic strain energy with the operating condition of the
width-to-height ratio of 0.92 is the largest, and both the peak

elastic strain energy of the crown and invert decreases with
the increase of the width-to-height ratio.

In regard to the left spandrel, the peak elastic strain
energy with the operating condition of the width-to-height
ratio of 1.33 is the smallest, while the peak elastic strain

9.
7m

6.6m

(a)

9.
8m

7.4m

(b)

9.
7m

8.9m

(c)

8.
3m

11.0m

(d)

11
.6

m

17.6m

(e)

Figure 1: Cross sections in different ratios of width to height. (a) 0.68; (b) 0.76; (c) 0.92; (d) 1.33; (e) 1.52.
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energy with the operating condition of the width-to-height
ratio of 0.68 is the largest; what is different is that the peak
elastic strain energy increases with the increase of the width-
to-height ratio when the width-to-height ratio is greater than
1.)e seismic response of the right spandrel is similar to that
of the left spandrel; the only difference is that the peak elastic
strain energy of the right spandrel reaches the maximum at
the operating condition of the width-to-height ratio of 1.52.

Furthermore, the peak elastic strain energy of the arch
springing is generally larger than that of other positions,
which indicates that the energy generated by seismic exci-
tation mostly concentrates at the arch springing. Besides, the

peak elastic strain energy increases with the increase of the
width-to-height ratio when the width-to-height ratio is
smaller than 1, and it reaches the maximum at the operating
condition of the width-to-height ratio of 0.92, and the peak
elastic strain energy with the operating condition of the
width-to-height ratio of 1.33 is smaller than that of the
width-to-height ratio of 1.52.

In summary, comparing the operating conditions of
different ratios of width to height at different positions of the
tunnel structure, one can see that the peak elastic strain
energy with the operating condition of the width-to-height
ratio of 1.33 is the smallest, which indicates that the cross-
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40m

20m 20m
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(b)

Crown

Invert

Left spandrel Right spandrel

Left arch springing Right arch springing
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Figure 2: Calculation model of numerical simulation. (a) Overall model. (b) Monitoring section. (c) Monitoring points.

Table 1: Physical and mechanical parameters of surrounding rock, initial support, and lining structure.

Material Density (kg·m−3) Elastic modulus (GPa) Poisson’s ratio (μ) Cohesion (MPa) Friction angle (°)
Surrounding rock 2500 3 0.3 0.0044 35
Lining structure 2500 30 0.2/0.3/0.4 — —
Initial support 2200 20 0.3 4.4 35

Table 2: Operating conditions for the dynamic response analysis of tunnel structures in different shapes.

Operating condition Width-to-height ratio Lining Poisson’s ratio Tunnel form
1 0.68

0.2
Two-lane railway tunnel2 0.76

3 0.92
4 1.33 Two-lane highway tunnel
5 1.52 Four-lane highway tunnel
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sectional shape can effectively reduce the elastic strain en-
ergy concentrating on the tunnel structure with seismic
excitation, and the shape of the width-to-height ratio of 1.33
is the optimal tunnel cross-sectional shape.

4.1.2. Analysis of Accumulated Elastic Strain Energy. )e
accumulated elastic strain energy after inputting the 15 s
seismic wave at the six monitoring points of the tunnel
structure was plotted in Figure 5. With the increase of the
width-to-height ratio, the accumulated elastic strain
energy of the crown and invert gradually decreases,
whereas the accumulated elastic strain energy of the
spandrel and arch springing gradually increases, and the
strain state with seismic excitation gradually transferred
from the crown and invert alternatively expanding and
contracting to the spandrel and arch springing alterna-
tively expanding and contracting.

As for the crown, the accumulated elastic strain energy with
the operating condition of the width-to-height ratio of 0.76 is
the largest, and the accumulated elastic strain energy gradually
decreases with the increase of the width-to-height ratio when
thewidth-to-height ratio is greater than 1. In terms of the invert,
the accumulated elastic strain energy with the operating con-
dition of the width-to-height ratio of 0.92 is the largest, and the
accumulated elastic strain energy with the operating condition
of the width-to-height ratio of 1.33 is smaller than that of the
width-to-height ratio of 1.52, which indicates that the seismic
performance of the shape of the width-to-height ratio of 1.33 is
better than that of the width-to-height ratio of 1.52.

)e accumulated elastic strain energy of the spandrel and
arch springing is obviously greater than that of the invert and
crown. )e accumulated elastic strain energy of the left
spandrel, left arch springing, and right arch springing with the
operating condition of the width-to-height ratio of 1.33 is the
smallest, while the accumulated elastic strain energy of the right
spandrel is also relatively small. )erefore, it can be concluded
that the cross section in the width-to-height ratio of 1.33 has the
best seismic performance.

4.2. Seismic Responses of Tunnel Structures with Linings in
Different Poisson’s Ratios

4.2.1. Analysis of Peak Elastic Strain Energy. Extracting
three principal stresses of the measuring points at the
crown, spandrel, arch springing, and invert corre-
sponding to three types of Poisson’s ratios with the
operating condition of 15 s Wolong wave and the width-
to-height ratio of 0.92, the peak elastic strain energy
diagram can be plotted by calculating the elastic strain
energy of the elements at the measuring points through
equation (21), as illustrated in Figure 6.

With the operating conditions of three different
Poisson’s ratios, the peak values of elastic strain energy at
the invert and crown are all smaller than that at the
spandrel and arch springing. )e peak elastic strain
energy at the crown, invert, and left spandrel slightly
decreases with the operating condition of Poisson’s ratio
of 0.3, and the peak elastic strain energy at other positions
increases, whereas the seismic response with the oper-
ating condition of Poisson’s ratio of 0.4 is on the contrary.
Considering that the peak elastic strain energy at the arch
springing is the largest, it is determined that Poisson’s
ratio of 0.4 is most optimal Poisson’s ratio.

4.2.2. Analysis of Accumulated Elastic Strain Energy. )e
accumulated elastic strain energy after inputting the 15 s
seismic wave at the six monitoring points of the tunnel
structure is plotted in Figure 7. Different from the dis-
tribution trend of the peak elastic strain energy, the
accumulated elastic strain energy at the spandrel is
greater than that of arch springing, which indicates that
the cyclic deformation of spandrel is greater than that of
arch springing. With the increase of Poisson’s ratio, the
accumulated elastic strain energy of the crown increases
greatly, indicating that the increase of Poisson’s ratio is
unfavorable to the stability of the crown.

)e variations of the positions except the crown are
stable when Poisson’s ratio is 0.3, and the increase and
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Figure 3: Time history curves of the input seismic wave. (a) Acceleration time history curve. (b) Velocity time history curve.
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decrease of the accumulated elastic strain energy are
relatively small. When Poisson’s ratio is 0.4, the accu-
mulated elastic strain energy at the crown increases
significantly, and the accumulated elastic strain energy at
the right spandrel also increases. )e maximum value of
the accumulated elastic strain energy with the operating
conditions of three Poisson’s ratios all occurs at the right
spandrel, and when Poisson’s ratio is 0.3, it is less than the

value when Poisson’s ratio is 0.4. In summary, Poisson’s
ratio of 0.3 is most optimal Poisson’s ratio for the
aseismic design.

4.3. Seismic Responses of Tunnel Structures with Different
PGAs. Analyzing the total seismic input energy, kinetic
energy, damping energy, and strain energy in the energy
balance equation, the energy responses of tunnel structures
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(d) 1.33; (e) 1.52.

10 Shock and Vibration



with different PGAs are researched, and a structural dy-
namic stability function based on the energy is established to
evaluate the safety and stability of the tunnel structure with
seismic excitation.

With seismic excitation, the tunnel structure is in an
energy field, and the effect of the earthquake on the
structure is a process of transferring and transformation
of energy. According to the derivation in Section 2.2,
when the total input energy is greater than or equal to the

energy generated inside the structure with seismic ex-
citation, the structure can maintain a dynamic balance
state, which can be expressed as

EI ≥ES + EP + ED + EK, (48)

where EI is the total input energy, ES is the elastic strain
energy, EP is the plastic strain energy, ED is the damping
energy, EK is the kinetic energy, and the sum of the elastic
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strain energy ES and the plastic strain energy EP is called the
strain energy EN.

4.3.1. Energy Response of Dynamic Process. Inputting the
seismic wave with the peak acceleration of 0.15 g, 0.3 g, and
0.4 g, for most of the time, the energy of the lining structure
has the trend of kinetic energy> damping energy> strain
energy. Besides, the energy increases with the increase of the
peak acceleration of the input seismic wave. In order to
observe the variation of energy with the increase of the peak
acceleration of the input seismic wave, the maximum and
secondary maximum of each energy are listed in Table 3.

)e kinetic energy, damping energy, and strain energy all
increase significantly with the increase of the peak accel-
eration of input seismic wave. For example, when the PGA
increases from 0.15 g to 0.3 g, the kinetic energy, damping
energy, and strain energy increase by 300%, 302%, and 297%,
respectively. When the PGA increases from 0.3 g to 0.4 g, the
kinetic energy, damping energy, and strain energy all in-
crease by 78%.

Considering that the proportions of each energy of the
lining structure in the total input energy with the PGAs of
0.15 g, 0.3 g, and 0.4 g are 56.8%, 56.7%, and 36.5% for the
kinetic energy, 21.6%, 21.6%, and 13.9% for the damping

energy, and 10.0%, 9.9%, and 6.4% for the strain energy, the
proportions of each energy decreases significantly when the
peak acceleration of the input seismic wave increases to 0.4 g,
which is due to the fact that the energy is dissipated by the
instability of the tunnel structure.

At the end of the dynamic calculation, the accumulated
value of each energy with the PGAs of 0.15 g, 0.3 g, and 0.4 g
is shown in Figure 8.

)e kinetic energy has a rapider growth trend during the
dynamic process, whereas the damping energy and elastic
strain energy have a much slower growth trend and the
plastic strain energy is very small throughout the whole
process, which indicates that the lining structure has little
plastic deformation. In addition, with the increase of PGA,
the proportions of each energy decreases whereas the total
input energy increases, which indicates that the larger the
PGA, the more likely the energy of the structure will be lost
due to the instability.

4.3.2. Energy Dynamic Stability Equation of Lining Structure.
In order to observe clearly whether the tunnel structure is
instable and the corresponding period of instability, the
dynamic stability equation of the lining structure can be
obtained as
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Figure 6: Peak elastic strain energy diagrams of tunnel structures with different Poisson’s ratios (unit: J). (a) 0.2; (b) 0.3; (c) 0.4.
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S(t) � EI(t) − Eintr(t). (49)

)e internal energy Eintr(t) can be obtained by equation
(14), and the dynamic stability equation curves with different
PGAs are shown in Figure 9, where the red lines in the
diagrams represent the critical value of tunnel stability.

It is known from equation (16) that the structure is stable
when S(t)≥ 0 and is instable when S(t)< 0, and the value of
S(t) can be used to evaluate the stability of the lining
structure. As shown in Figure 9, the lining structure is stable

for most of the time, and it is instable only at about 2 s, 3.2 s,
6.5 s, 8 s, and 11.2 s. )e instability of the lining structure is
the most serious at about 11.2 s with all the three PGAs,
which is consistent with the seismic performance in the
actual event, while the minimum values of S(t) for the PGAs
of 0.15 g, 0.3 g, and 0.4 g are −2.79×1010, −1.30×1011, and
−2.43×1011, respectively. It can be concluded that the
proposed equation can accurately evaluate the stability of the
tunnel structure, and the instability degree of the tunnel
structure can be represented by the specific value.
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Figure 7: Accumulated elastic strain energy diagrams of tunnel structures with different Poisson’s ratios (unit: J). (a) 0.2; (b) 0.3; (c) 0.4.

Table 3: )e maximum and secondary maximum of each energy (unit: 1010 J).

Operating condition (g) Total input energy EI Kinetic energy EK Damping energy ED Strain energy EN

0.15 Maximum 32.9 18.7 7.1 3.3
Secondary maximum 19.1 10.3 4.1 3.0

0.3 Maximum 131.8 74.8 28.5 13.1
Secondary maximum 77.2 42.1 16.1 11.7

0.4 Maximum 364.6 133 50.7 23.3
Secondary maximum 214.2 73 30.2 21.5
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Furthermore, the larger the peak value of seismic wave
acceleration, the longer period of the tunnel structure is
instable and the greater the degree of dynamic instability.

5. Conclusions

Beginning from the energy balance equation of the tunnel
structure, this paper analyzed the relationship between
the internal energy and the input energy of tunnel
structure with seismic excitation and proposed equations
for the evaluation of the dynamic stability of the tunnel
structure. Based on the indexes of the releasable elastic
strain energy and dissipated energy, the strength failure
criterion of the tunnel structure was proposed, which was
applied to the optimization of the aseismic design of the
cross-sectional shape and material property of the tunnel
structure. Besides, the stability of the tunnel structure
with different PGAs based on the energy dynamic sta-
bility equation was analyzed. )e conclusions are sum-
marized as follows:

(1) )e energy balance equation with seismic excitation
is established for the tunnel structure. Further, the
structure stability evaluation index is proposed from
the perspective of the total energy balance of the
system, and the tunnel strength failure criterion is
proposed from the perspective of irreversible dissi-
pation energy and releasable elastic strain energy.

(2) )e releasable elastic strain energy index is used to
optimize the cross-sectional shape of the tunnel
structure. It is concluded that the peak values and
accumulated values of elastic strain energy at the
spandrel and arch springing are significantly larger
than other positions, which indicates that the
strengths of the spandrel and arch springing are the
most influential factor for the seismic damage of the
tunnel structure. Considering this factor, the width-
to-height ratio of 1.33 is determined as the most
optimal cross-sectional shape.

(3) )e releasable elastic strain energy index is used to
optimize the material property of the tunnel struc-
ture. It is shown that the peak elastic strain energy of
the arch springing is the largest, while the accu-
mulated elastic strain energy of the spandrel is the
largest. Comparing the variations of the elastic strain
energy with different operating conditions, Poisson’s
ratio of 0.3 is determined as the most optimal ma-
terial property.

(4) )e seismic responses of the total input energy,
kinetic energy, damping energy, and strain energy of
the tunnel structure with different PGAs are ana-
lyzed. From the perspective of the total energy
balance of the system and applying the energy dy-
namic stability equation derived by analyzing the
relationship between the internal energy and the
total input energy, the stability of the tunnel struc-
ture is analyzed. It can be concluded that the larger
the peak value of seismic wave acceleration, the

longer period of the tunnel structure is instable and
the greater the degree of dynamic instability.
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