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We derive some properties of the star graph in this paper. In particular, we compute the number of nodes at distance
from a fixed node e in a star graph. To this end, a recursive formula is first obtained. This recursive formula is,

in general, hard to solve for a closed form solution. We then study the relations among the number of nodes at
distance to node e in star graphs of different dimensions. This study reveals a very interesting relation among
these numbers, which leads to a simple homogeneous linear recursive formula whose characteristic equation is
easy to solve. Thus, we get a systematic way to obtain a closed form solution with given initial conditions for any
fixed i.
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1 INTRODUCTION

et Vn be the set of all n! permutations of sym-
bols 1, 2 n. For any permutation v Vn,

if we denote the ith symbol of v by v(i), then v can
be written as v(1)o(2).., v(n). We use the notation i.
to represent a permutation whose first symbol is i,
where represents any permutation of the n 1
symbols in 1, 2 n} {i}. Similarly, .i rep-
resents a permutation whose last symbol is i. A star
graph on n symbols, Sn (V, E), is an undirected
graph with n! nodes, where each node v is connected
to n 1 nodes which can be obtained by interchang-
ing the first and ith symbols of v, i.e., (o(1)o(2)
v(i)v(i + 1) v(n), 0(00(2) v(i 1)v(1)v(i + 1)

v(n)) E, for 2 <- -< n. We call these n 1
connections dimensions. Thus each node is con-
nected to n 1 nodes through dimensions 2, 3,

n. Sn is also called an n-star or an n-dimensional
star. Fig. 1 shows $4.
The star graph is an attractive alternative to the

hypercube, a popular network for interconnecting
processors in a parallel computer, and compares fa-
vorably with it in several aspects 1, 2]. For example,
the degree of S is n 1, i.e., sub-logarithmic in the
number of nodes of S, while a hypercube with O(n!)
nodes has degree (R)(log n!) (R)(n log n), i.e., log-

arithmic in the number of nodes. The same can be
said about the diameter of Sno Much work has been
done to study both the topological properties and
parallel algorithms of the star graph lately [3, 4, 7,
11, 13, 14, 15, 16, 17, 18, 19, 20].

It is known that the star graph is both vertex sym-
metric and edge symmetric 1 ]. The vertex symmetry
of the star graph implies that routing between two
arbitrary nodes reduces to routing from an arbitrary
node to the identity node e 123 n. Therefore,
the diameter of S, D(n), is the length of the longest
shortest paths to e among all the nodes in S, i.e.
D(n) maXxvn {d(x, e)}, where d(x, y) denotes the
shortest distance from node x to node y.

In [2], a greedy algorithm is given which finds a
path from any node ,r to e. The algorithm is given
by the following two rules:

1. if 7r(1) 1, move. it to any position not oc-
cupied by the correct symbol, and

2. if 7r(1) x : 1, move it to its correct position.

It is shown in [2] that this algorithm will always find
the shortest path from 7r to e in S.

For a permutation 7r of n symbols, it is well known
that r has a unique cyclic representation (in canon-
ical form) 12, page 176]. For example, the canonical
cyclic representation of permutation zr 931846572
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FIGURE A 4-Star 54.

is (6)(4875)(1923). Let c be the number of cycles
with more than one symbol, and rn the total number
of symbols in these c cycles, then the following the-
orem can be proved [2]:

Theorem 1 The shortest distance from 7r to e is
given by:

(02 ifTr(1)= 1
d(Tr, e) c + rn

otherwise.

Therefore, D(n) is the maximum value of d(Tr, e)
over all n! possible permutations. It has been shown
that D(n) is equal to L3(n 1)/2/in [1, 2].

In this paper, we derive some properties of the star
graph. In particular, we pose the following question:
How many nodes are at distance from node e in
S,? If the star graph is used as an interconnection
network for interconnecting processors in a parallel
computer such that each processor can communicate
with all its neighbors in one time unit, then a direct
application of our study is to obtain an answer to the
following question" If a processor wants to send a
message to as many processors as possible, then after
steps, how many processors would have received

the message?
Spanning trees of Sn rooted at the identity e have

been proposed and studied in [6, 8, 9]. These span-
ning trees are similar to a breadth first spanning tree
(BFST) rooted at e, in which the shortest distance
from a node at level to e is i. Note that a BFST
rooted at any node in S is not unique. However, the
number of nodes at level of any BFST rooted at

the same node is the same. Thus, the number of
a nodes at distance to e in S is the same as the

number of nodes at level of a BFST of S rooted
at e. The motivation to study this spanning tree is
similar to that of [10], which is to develop more
efficient communication algorithms on the intercon-
nection network. Therefore, our effort here is a first
step in the study of the spanning tree structure of the
star graphs.

Let C’ m!/(k!(m k)!) denote a binomial co-
efficient that represents the number of ways to
choose k objects from m objects. For a hypercube of
dimension n, the number of nodes at distance from
node 000 0 can be easily obtained. Since the dis-
tance from node a to 000 0 is equal to the total

d number of l’s in a’s binary representation, namely
the Hamming distance of a, it follows that the total
number is C’.
The problem of computing the number of nodes

at a given distance from an origin is also studied for
rotator graphs in [5]. This distance is used to find
the average distance between nodes in a rotator
graph (the average distance in a star graph is ob-
tained through a different method in [2]).

In an n-star, one way to compute this number is
to find the number of permutations 7r satisfying:

i=c+m-(02 if w(1) 1
otherwise.

This task seems difficult in general, except for some
specific i’s, for example, when is small or when
is the diameter. For example, when 1, the only
choice is that c 1, and rn 2, and the permutations
are

2134 ...n
3214 n

n234 1

Also, when is the diameter, it is easy to compute
the total number of nodes whose distance to e is
i. For example, when n 2k + 1 is an odd num-
ber, then all the nodes whose distance to e is D(n)
(= 3k) are of the form 1. [20, Lemma 1). In this
case, it is easy to show that the total number of nodes
at distance D(n)is 1 3 5 (2k- 1).

In the next section, we first derive a recursive for-
mula which computes the total number of nodes at
distance from node e in S,. However, it is worth
pointing out that the recursive formula obtained has
two parameters, and is hard to solve in general. The
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approach used is to count the number of nodes of a
specific form at a particular distance, and the total
number of nodes at that distance is simply the sum
of all these numbers. We then continue our study in
Section 3, using a different approach, to obtain a nice
recursive formula for the total number of nodes at
distance from e in S. This recursive formula is
simple and its characteristic equation is easy to
solve. Therefore, given initial conditions, there is a
systematic way to obtain a closed form solution to
the recursive equation for any fixed i.

2 COUNTING THE NUMBER OF
NODES AT DISTANCE i FROM e" I

Let S_(i) be a sub-graph of S induced by all the
nodes of the form ,i, for some 1 <- -< n. It can be
seen that Sn_l(i) is an (n 1)-star defined on sym-
bols 1, 2, ..., n} {i}. Thus, S, can be decomposed
into n Sn_’s: S_(i), 1 <- <- n [1, 2]. For example,
$4 in Fig. 1 contains four 3-stars, namely $3(1 ),
$3(2), $3(3), and $3(4), respectively.
We use f(n, i, j) to denote the number of nodes

of the form j, at distance from node e in S, and
we use g(n, i) to denote the total number of nodes
at distance from e in S, for 1 -< j -< n and 0 -<
-< 13(n 1)/2J. Clearly,

g(n, i) f(n, i, j), (1)
j=l

L3(n- 1)/2.]

g(n, i) n!.
i=0

It is easily seen that:

g(n, O) f(n, O, 1) 1, and f(n, 0, j) 0 for
2<_j<_n;
g(n, 1) n- 1, f(n, 1, j) 1 for2 <-j<-n,
and f(n, 1, 1) 0;
g(n, 2) (n 2)(n 1), f(n, 2, j) n 2
for 2 <-j -< n, and f(n, 2, 1) 0.

The following lemma immediately follows from
the edge-symmetry of the star graph.

Lemma 1 f(n, i, j) f(n, i, k), for 2 <- j, k <- n.

Lemma2 For 2 <-j <- n + l and O <- <- 3(n
1)/2, we have f(n + 1, + 1, j) g(n, i), i.e. the
number of nodes of the form j,, where 2 <-j <- n +
1, at distance + 1 from e in Sn+l is equal to the
total number of nodes at distance from e in Sn.

FIGURE 2

11,

12,, 13,, 14,

$ 2,, $ 3,, $ 4,

31,, 2,, 3,, $4,

1,, 12,, 13,, 14,

Nodes at different distances from e in $4.

Proof: By Lemma 1, we only need to show that
the lemma is true for j n + 1.
By the greedy algorithm, if there exist shortest

paths of length + 1 from node of the form (n +
1), to 12 n(n + 1), then at least one of such paths
takes the form of

(n + 1).--+ (n + 1).----+ 123 n(n + 1)=,
steps, all inside Sn(n+ 1)

Therefore, the number of nodes of the form (n + 1),
at distance + 1 from node 123 n(n + 1) is equal
to the number of nodes of the form ,(n + 1) at
distance from node 123 n(n + 1), which is g(n,
i). Thus it follows that f(n+ 1, + 1, n + 1) g(n,
i). Edge symmetry of the star graph implies that f(n
+ 1, i+ 1, j)=g(n,i),2<_j<_n+ 1. 7q

The numbers of nodes of different forms at dif-
ferent distances in $4, $5, and $6 are given in italics
in Figures 2, 3, and 4. Lemma 2 says that the se-
quence of j,’s (j 4: 1) coefficients at different dis-
tances in Sn/ is the same as the sequence of total
number of nodes at different distances in Sn. For ex-
ample, the sequence for 2,’s in $6 is 1, 4, 12, 30, 44,
26, 3, the same as the sequence for g(5, i), 0 -< -<
6 (see Table I). By checking the diameter of S,, given
by L3(n 1)/21, we notice that D(n + 1) D(n) +
2 when n is even, but nodes whose distance to e is
D(n + 1) are all of the form 1,. When n is odd, D(n
+ 1) D(n) + 1. Therefore, Lemma 2 gives a way
to compute the number of nodes of the form j,, 2 -<
j <- n, at any distance from e in S,, as a function of
g(n- 1, i- 1).

11,

12,, 13,, 14,, 15,

32,, 33,, 34,, 35,

61,, 62,, 63,, 64,, 65,
81,, 92., 93., 94., 95.
61,, 52,, 53,, 54,, 55,

31,

FIGURE 3 Nodes at different distances from e in $5.
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101,

0 1,

30 1,

39 1,

$0 1,

11,

12,, 13,, 14,, 15,, 16,

2,, 3,, 4 4,, 4 5,, 4 6,

1 2,, 1 3,, 15 4,, 15 5,, 1 6,

30 2,, 30 3,, 30 4,, 30 5,, 30 6,

6 2,, 26 3,, 26 4,, 6 5,, 26 6,

32,, 33,, 34,, 35,, 36,

FIGURE 4 Nodes at different distances from e in $6.

l,k-*

k 1 (n + 1)23...n 1--, 123 n(n + 1).
i-steps

So the total number of such nodes is equal to the
total number of nodes of the form k 1 whose dis-
tance to (n + 1)23 n l is 2, which, in turn, is
f(n, 2, k) by vertex symmetry (by considering
node (n + 1)23 nl as the identity in Sn(1)).

Combining the above results, we have

Lemma3 For2 <-j <- n, we have f(n + 1, i, 1)
f(n, i, 1) + (n 1)f(n, i- 2, j).

Proof: By the hierarchical structure of the star
graph, Sn/ can be partitioned into n + 1 n-stars Sn(n
+ 1), Sn(n) Sn(2), Sn(1 ). Clearly, there is no
node of the form 1. in sub-star S,(1). Let the number
of nodes of the form 1 k in Sn(k) at distance to
einS,+beN(k,i),for2-<k-<n + 1, thenf(n +
1, i, 1) "--’k=2V"+l N(k, i). Clearly, N(n + 1, i)
f(n, i, 1).
By edge symmetry, N(k, i) N(l, i), for 2 -< k,

-< n. We now show that N(k, i) f(n, 2, k), for
2 -< k -< n. For each node of the form 1 k at
distance to e, by the greedy algorithm, one optimal
path is as follows:

f(n + 1, i, 1)

f(n, i, 1) + (n 1)f(n, i- 2, j), 2 <_j<_n.

Theorem 2 In S,, the total number of nodes at dis-
tance from e can be computed recursively as fol-
lows: For n >- 1 and <- 2,

g(n, O) 1

g(n, 1) n- 1

g(n, 2) (n 1)(n 2)

and for n >- 1 and 3 <- <- D(n),

Now consider this k 1 as the identity (by vertex
symmetry) and apply the greedy algorithm to find a
shortest path from node 12 n(n + 1) to the node
k 1. In thig path, we would go as follows:

12 n(n+ 1) (n + 1)23 nl k 1
i-2-’teps

so the path length from node k 1 to (n + 1)23
nl is 2. Therefore, all nodes of the form 1 k
whose distances to 123 n(n + 1) is will have a
path

g(n, i)= (n- 1)g(n- 1, i- 1)
n-2

+ jg(j, 3).
j=l

(2)

Proof: The theorem follows directly from Lemmas
2, 3, and Eq. 1. 7q

From the theorem, some properties about the num-
ber of nodes at different distances from e of a star
graph can be derived easily as follows"

Corollary 1 (1). For <- n 2, g(n, i) <- g(n, +
1), and the equality holds only when n 2 and n
3 for some i’s; and (2). For >- n 1, g(n, i) >
g(n, + 1). That is, for any fixed n, the function

i=0 i=1

TABLE
Total Number of Nodes at Different Distances From e in S,, n -< 8

i=2 i=3 i=4 i=5 i=6 i=7 i=8 i=9 i=10

n=l
n=2
n=3 2 2
n=4 3 6 9 5
n 5 4 12 30 44
n 6 5 20 70 170
n 7 6 30 135 460
n 8 7 42 231 1015

26 3
250 169 35
1110 1689 1254
3430 8379 13083

340 15
10408 3409 315



STAR GRAPH PROPERTIES 393

g(n, i) increases as increases until it reaches its
maximum g(n, n 1) at n 1, then decreases
as increases after n 1.

Proof: By simple induction on n.
For n 1, 2, 3, and 4, the claim is true by check-

ing Table I. Note that the equality holds only when
n 2 or 3 for some i’s.
Assume that the claim is true for n > 4, then for

n + 1, we need to show that (a) g(n + 1, i) <- g(n
+ 1, + 1) fori-< (n + 1)- 2 n- 1, and(b)
g(n + 1, i) > g(n + 1, + 1) fori-> (n + 1)- 1.
From Theorem 2:

n-1

g(n + 1, i) ng(n., 1) + ] jg(j, 3)
j=l

n-I

g(n + 1, + 1) ng(n, i) + jg(j, 3)
j=l

By our induction hypothesis, we know that g(n,
1) < .g(n, i) for -< n 1, thus g(n + 1, i) <
g(n + 1, i+ 1) fori<-(n + 1)- 2=n- 1. Also,
for >- n, g(n, 1) > g(n, i) by induction hypoth-
esis, thus g(n + 1, i) > g(n + 1, + 1) for -> n.

This recursive formula (Eq. 2) has two parameters,
and has non-constant coefficients, which make it
hard to obtain a closed form solution in general. In
the next section, we will study the problem from a
different angle to get a systematic way of obtaining.
a closed form solution to the problem.

Table I gives the number of nodes at different dis-
tances from e in S, for n -< 8.

g(n + 3, 2)- 3g(n + 2, 2) + 3g(n + 1, 2)

g(n, 2) 0 for n >- 3

(n + 4, 3) 4g(n + 3, 3) + 6g(n + 2, 3)

-4g(n + 1,3) +g(n, 3)=0forn_>3

g(n + 5, 4) 5g(n + 4, 4) + 10g(n + 3, 4)

10g(n + 2, 4) + 5g(n + 1, 4) g(n, 4)

0forn -> 4

Of course, the above observation is valid only for
the entries in that table. But in fact, we can show
that the above observation can be generalized as
follows"

Theorem 3 For any i, n, such that 0 <- <-
L3(n 1)/2/, we have:

i+1

(-1)kCi+g(n + + 1 k,i)
k=0

g(n + + 1, i) Ci+g(n + i, i)

+ Ciz+g(n + i- 1, i)

+ (- 1)i+CiIg(n, i)

0 (3)

Proof: We prove the theorem by applying induc-
tion on i.
From Theorem 2 we know that:

for 0, and n -> 1,

g(n + 1,0)- g(n,O) 1 1 0;

3 COUNTING THE NUMBER OF
NODES AT DISTANCE i FROM e: II

Our purpose is to derive a recursive equation to
which a closed form solution can be easily obtained.
To this end, we now check each column in Table I
closely to see whether there is any correlation among
the number of nodes at the same distance for stars
of different dimensions.
From Table I, we observe that:

g(n + 1,0)- g(n,O) 0forn-> 1

g(n + 2, 1) 2g(n + 1, 1) + g(n, 1)

Oforn -> 2

fori= 1, andn->2,

g(n + 2, 1) 2g(n + 1, 1) + g(n, 1)

(n + 1)- 2n + (n- 1)

O;

fori= 2, andn-> 3,

g(n + 3, 2) 3g(n + 2, 2) + 3g(n + 1, 2)

g(n, 2) (n+ 2)(n + 1) 3(n + 1)n

+ 3n(n- 1)- (n- 1)(n- 2)

"-0.

Assume that the theorem is true for all h -< i, where
-> 3, i.e.
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h+l

-1) C lg(n+ h + 1 k, h)
k=0

g(n + h + 1, h) Ch+lg(n + h, h)

+ Ch+lg(n + h- 1, h)

+ (-- 1)h+l’h+-,h+g(n, h)

=0,

for h <- 13(n- 1)/2J. We now need to show that for
i+ 1 -< L3(n- 1)/2J,

i+2

E (--1)kC+2g(n + + 2- k, + 1)
k=O

g(n + + 2, + 1)

C]+2g(n + i+ 1, i+ 1)

+ C+2g(n + i, + 1) +

+ 1 i+2 i+2) C+2g(n, + 1)

By Theorem 2, we know that

g(n + + 2, i+ 1)- C]+2g(n + i+ 1, + 1)

+ Ci2+2g(n + i, + 1) +

+ (-1i+2 i+2Ci+2g(n,i+ 1)
n+i

[(n + + 1)g(n + + 1, i) + jg(j, i-2)]
j=l

n+i-1

Cl+2[(n + i)g(n +i,i) + jg(j,i- 2)]
j=l

+ C+Z[(n + i- 1)g(n + i- 1, i)

n+i-2

+ jg(j, 2)]
j=l

+ (- 1"i+2i+2: ,..i+2[(n- 1)g(n- 1, i)

n-2

+ jg(j, 2)]
j=l

where

i+2

"Cl E (--1)kC+2(n + + 1 k)g(n +
k=O

+ 1-k,i)

"1/2 (--1)kC+= jg(j, 2)
k=O \ j=l

Let

i+1

(-1)kC+g( + + 1 k, i),
k=O

i+1

fl (- 1)kCik+ g(n + k, i),
k=O

i-I

(1 (--1)kC-lg(n + i- k, i- 2),
k=O

i-I

,q3 (--1)kCFlg(n + i-- 1 k, i- 2),
k=O

i-1

? (--1)kCk-lg(n + i- 2- k, i- 2).
k=O

From the induction hypothesis, we know that a =/3
a= 3 = 0.
We now show 0 by showing that
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= (n + i+ 1)a- (n- 1)/3+ (n + i)a

+ (-2n- + 1)J3 + (n- 1)t.

To this end, we show that

, (n + i+ 1)a- (n- 1)/3, (4)

52 (n + i)6J + (-2n- + 1)B + (n- 1) (5)

To show that Eq. 4 holds, we compare the coef-
ficients of function g(m, i), for n 1 <- rn -< n +
+ 1, i.e., for 0 -< k -< + 2, on both sides of the
equation. To show that Eq. 5 holds, we compare the
coefficients of the corresponding g(j, 2)’s on
both sides of the equation for 1 _< j <_ n + i. The
proof is then straightforward and can be found in
[17]. E]

Note that although Eq. 3 has two parameters, it
actually has only one for any fixed value of i. Thus
we are left with a linear homogeneous recursive
equation with constant coefficients, which can be
solved easily as follows"
The characteristic equation of Eq. 3 is:

1 n n n]
1 n2 n n[

1 hi+ n/2+l n[+

This is the transpose of a Vandermonde matrix [12,
page 36] whose determinant is known to be
IIj<_<i+ (n nj). This determinant is not equal to
0 unless there exist k and j such that 1 _< j, k -< +
1, k 4: j, and n n1. Therefore, the system of linear
equations has a unique solution when + 1 distinct
initial values g(n, i), g(nz, i) g(ni+, i), are
given such that n n if k 4: j, and 1 <- k, j <-
i+1.
We now give an example for 4. The general

solution is"

g(n, 4) Cl + c2n -t- c3n2 d- c4n3 d- csn4,

for n >- 4. The initial conditions are:

g(4, 4) 5,

g(5, 4) 44,

(X 1)i+1 0 g(6, 4) 170,

where x 1 is the only root and it is a multiple root.
Therefore, the solution to Eq. 3 takes the form:

g(n, i) c + c2n + c3n2 d-... + Ci+lhi, (6)

where cj’s, 1 -< j <- + 1, are constants to be deter-
mined later. This gives us an estimate about the value
of g(n, i), namely, a polynomial in n of degree i.

Eq. 6 gives a closed form solution for the total
number of nodes at distance from the identity e for
any n, provided that 0 -< -< L3(n 1)/21. The +
1 constants c can be determined by initial conditions
to the recurrence Eq. 3, which are + 1 values g(n l,

i), g(n2, i) g(ni+l, i), where <- L3(n 1)/2A,
for 1 _< j <_ + 1. Initial conditions can be computed
by using the result of Theorem 2. Substituting these
values into Eq. 6, we get a system of linear
equations:

c + c2nl + c3n2 + + ci+ln] g(nl, i)
c + c:n2 + c3n + + ci+ln2 g(n2, i)

C + c2n + c3n2i + + ci+lni: g(ni, i)
C "" c2ni+ "Jl" c3n2i+ + + i).Ci+lni+ g(ni+l,

g(7, 4) 460,

g(8, 4) 1015.

The system of linear equations is"

C + 4C2 + 16C3 + 64C4 + 256c5 5
C - 5C2

-[- 25C3 + 125C4 + 725c5 44
c + 6c2 + 36c3 + 216c4 + 1296c5 170
c + 7c2 + 49c3 + 343c4 + 2401c5 -460
C + 8C2 "" 64c3 "" 512C4 + 4096C5 1015.

Solving this, we get:

c 19,

C2 -245/6,

c3 30,

C4 -55/6,

The coefficient matrix of the system is Therefore,
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g(n, 4) 19 245n/6 + 30n2 55n3/6 -I- n4.

Thus, for n 10, say, g(10, 4) 3444.

4 CONCLUSION

In this paper, we derived some properties of the star
graph. In particular, we obtained a recursive formula
to compute the number of nodes at any distance to
a fixed node in S,. We also presented a systematic
way for obtaining a closed form solution that gives
the number of nodes at distance from e for any
fixed i. These properties are interesting in their own
right. This study will help us better understand star
graphs. Finally, it is worth noting that although our
approach gives a systematic way to compute a closed
form expression for g(n, i), for any fixed and any
n, it does need + 1 initial conditions (which can
be obtained by using recursive equation Eq. 2). Nev-
ertheless, the result of Section 3 characterizes the
behavior of the number of nodes at any distance
from e in S,. It remains an open problem to obtain
a closed form solution for g(n, i) for any fixed n and
any i, -< 3(n 1)/21, without using any initial
conditions.
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