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We report the theoretical investigation of the phenomenon of the formation of patterns
transverse to the tunneling current in resonant tunneling double-barrier heterostructures
in the case of wide range of bistable voltages. In contrast to the case of the patterns in
the structures with small region of bistability, for pronounced bistability electron lateral
transport is strongly nonlocal. We performed numerical simulations of the stationary
and mobile patterns using special variational procedure. Our results revealed that
though the possible types of patterns remains the same as for the structures with small
bistability region, their characteristics are modified considerably.
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1. INTRODUCTION

It is well established that the resonant tunneling in
the double barrier heterostructures (DBH) is
supplemented by the dynamic charge accumula-
tion in the quantum well. This charge accumula-
tion is particularly substantial in the case of the
structure with asymmetrical barriers. The impor-
tant effect, induced by the built-up charge is
intrinsic bistability of the system under considera-
tion. For some range of biases two stable states
exist at the same bias. One state is characterized by
a large built-up charge, resonant tunneling condi-
tions and a large current, the other one corres-

ponds to resonance breaking, lowering of the
quasi-bound state below the bottom of the emitter
band and a low charge built-up and current. The
effect of bistability transforms the shape of the
current-voltage characteristic of the resonant
tunneling diode from N-type to Z-type. The effect
of bistability was experimentally observed in
[1- 3]. Theoretical investigations of the bistability
were performed in [4-6]. In these papers, the
tunneling was considered as one-dimensional and
the transport through the DBH was supposed to
be dependent on only one coordinate, perpendi-
cular to the barriers. Actually, most of the DBH
are layered ones and a tunneling electron moves
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not only across the layers (vertical transport), but
also along these layers (horizontal, or lateral,
transport). In previous works [7, 8] we have shown
that under the bistable conditions not only
laterally uniform, but also nonuniform configura-
tions of built-up charge and tunneling current
(patterns) can exist. Results of [7, 8] were
applicable mainly to DBHs with a small range of
bistable voltages, where local approach for elec-
tron lateral transport was applied. In this work we
present results of numerical simulations of sta-
tionary and mobile patterns for the DBHs with
wide voltage range of bistability, where electron
lateral transport is ballistic and strongly nonlocal.

2. MODEL AND BASIC EQUATIONS

Since the problem of the transverse patterns
requires at least a two dimensional spatial analysis,
we use a simple model, showing the main features
of the bistability and the patterns. We deal with
the model of a resonant tunneling heterostructure,
schematically shown in Figure 1. The structure is
treated as a system of three parts, weakly coupled
by tunneling: emitter (E), quantum well (QW) and
collector (C). The electrodes E and C are usually
heavy doped semiconductors and are supposed to

FIGURE The scheme of the resonant tunneling structure
and its energy band diagram under bias.

be ideal conductors. The energy height of the
barriers B, B2 is V and their thicknesses are

d,, d, respectively. Charge accumulation in the
well causes a change of the potential profile in the
whole structure. It alters the position of the quasi-
bound state with respect to the bottom ofthe energy
band of the emitter and, in general, with respect to
the bottom of the quantum well. We disregard the
latter effect and consider, that the built-up charge
shifts equally the well bottom and the quasi-bound
level. Such a case corresponds to the very thin
quantum well, where the built-up charge can be
accounted for as an infinitely thin sheet.
The horizontal electron transfer is the main

process, determining the transverse patterns. This
transfer can be thought as follows. The electron is
injected from the emitter to the well in general with
a finite horizontal component of the momentum p
or velocity v=p/m (m* is effective mass). The
velocity depends on the position of the quasi-
bound state energy with respect to the Fermi
energy EF in the emitter: when the energy quasi-
bound level, e0, moves from EF through the
bottom of the emitter band E0, the velocity
changes from zero to the Fermi velocity
VF v/2EF/m*. For estimates, one can account
that v and VF have the same order of magnitude.
We can introduce the characteristic time for
horizontal transfer: time of tunneling escape from
the well ’es. As we show below, the existence of the
developed intrinsic bistability is strongly related
with the character of electron lateral transport.
Namely, the time of electron tunneling escape
from the QW should be smaller than the time of
scattering on phonons, impurities, etc. It means,
that between the tunneling events electron moves
in the QW ballistically. As a result, the horizontal
characteristic distance is Lch-- v 7"es. One can expect
that the scale of the patterns in question is of the
order of Lch.
For narrow resonant level from the uncertainty

relation we can write e0%s >> h. Combining this
inequality with the fact, that EF, eo and the kinetic
energy of the horizontal motion m*v2/2 are of the
same order of magnitude, we find for the in-plane
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wave vector k:

kLch P m* V2

Zch T7es C0 7es >> 1. (1)

The latter estimate shows, that horizontal
transfer can be considered as classical, while the
vertical transport should be treated as quantum. As
a result, we can introduce the distribution function
of the resonant electrons in the QW. Assuming
weak tunneling coupling between E, QW and C,
we derive the kinetic equation for the distribution
function f:

Of ff Of Odp Of= G((V., t),ff) f + I{f}Ot m* OF OF Off 7-es

(2)

where qS(V) is the electrostatic potential energy in
the well, G(qS(V, t),/3) is the local rate of tunneling
from the emitter to the well, -es is the tunneling
escape time, I{f} is the collision integral for the
electrons inside the well, G and -es are functions of
q5 at fixed K They are expressed through the
tunneling probabilities and the Fermi distribution
of electrons in the emitter.
From the uncertainty condition (1) we can

deduce, that the characteristical scale Lch greatly
exceeds the well width. We assume Lch is much
larger than the thickness of the DBH: Lch >> d. In
this case one can use the quasi-local relation
between b and electron density n f(V, , t):

(qS(V) + 47re 2 dld
n(V), (3)

which can be derived from the Poisson equation.
Here is dielectric permittivity, q is the external
bias in the energetical units. Eqs. (2), (3) compose
the system of coupled nonlinear equations which
describe the system under consideration.

3. BISTABILITY IN THE UNIFORM
STRUCTURE

Let us show, that the model formulated above
allows the bistable vertical transport regimes with

uniform tunneling in the x, y plane. In such a case
the V, dependences are absent and from kinetic
Eq. (2) one can find the areal electron concentra-
tion

n(b)- n0(qS) "res(h) G(b(V, t),ff). (4)

Since the left-hand side of (4) is a function of 05,
we get two algebraic Eqs. (3) and (4) for two
variables n, q. It is convenient to rewrite this
system as

L(d?) =_ no(dp)
47re2dBldB + ---d- R(p).

For the particular heterostructure the latter
equation has one controlling parameter, external
bias .
We have calculated the functions -es(4) and g(qS)

for the heterostructure with parameters: V eV,
m* 0.067 m0, d=5.7 nm, dB 2nm, c0 0.1 eV,
n 11.5. In Figure 2 the left and right-hand sides
are shown for EF 56 meV and zero temperature
The dependence of L on is weak and only one
curve L (4) is shown. Qualitatively the dependence
L(b) corresponds to the switching on of the
resonant tunneling when the resonant level crosses
the bottom of emitter conduction band and further
gradual decrease of the number of resonant
electrons in the emitter while the resonant level is
shifted toward the Fermi level of the emitter. R(b)
is just a straight line whose vertical shift is
determined by the bias. From Figure 2 one can
see that our system possess the property of
bistability in the particular range of biases
qt < I, < Oh. Corresponding current-voltage char-
acteristic is shown in the insert of Figure 2.
The approach, used in Eq. (2) allows to include

into the tunneling generation rate G the effect of
scattering of the resonant electrons in the QW (see
[9]). The analysis of this effect has shown that the
wide range of the bistability can take place if

-ew << %d-w/(-wT"s). Here ’ew, ’w are the char-
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FIGURE 2 Illustration of the self-consistent solutions of
the bistability problem under uniform tunneling for the
structure described in the text. Curve is almost independent
on the external bias L(4) and other curves are R(4) for two
biases: 0.29 eV (curve 2) and 0.31 eV (curve 3). The insert shows
the current-voltage characteristic. L and R are in units
1011 cm-2.

acteristical times of tunneling from the emitter to
the QW and from the QW to the collector,
calculated for the electrons with the energy of
vertical motion equal to the Fermi energy in the
emitter, and rs is the characteristical time of
scattering. It means, that the bistable range of
voltages is substantial for the structure with high
asymmetry in the barriers transmission coefficients
(the collector barrier should be less transparent)
and with ballistic or quasi-ballistic character of
lateral electron transport. Furthermore, this fact
explains dependence of the bistability on the
temperature, which is usually observed in experi-
ments: at higher temperatures rsc decreases and
this washes out the asymmetry of tunneling in the
system and the effect of bistability.

this case (2) becomes

Of p Of Od) Of G f (6)OZ + m Oy Oy Op re--s
here p labels the y-component of momentum/.
One can solve (6) in terms of the characteristic
curves

/_

p 4- /p + 2m* (b(y0) b(y)) 7(p0, Y0, Y),

(7)

where P0 is the momentum of the electron, injected
into the well at the point Y=Yo. The general
solution of the kinetic equation has the form

f(y, if) f m*
dy’

’)7(p, Y, Y
a(p(p, y, y’), y’),

M(p, y, y’)
(8)

where the kernel M(p,y,y’) depends on the
particular shape of the potential b(y) and can be
easily calculated in the explicit form.

Unfortunately, iteration methods of solution
fail in the solution of (3), (8) due to stability
problems. Because of that we have applied the
following variational procedure for the self-con-
sistent solution of (3), (8). We introduce the
functional

where

J{q} f dy (d)- {q})2, (9)

47re2dB’ dB2 m* f{(/5}--
dB l + Z dy

---d- nd
MG.

p

(10)

4. PATTERNS UNDER BALLISTIC REGIME
OF HORIZONTAL TRANSFER

We consider the theory of the one-dimensional
patterns, in which all physical values (built-up
charge, tunneling currents, etc.) depend on only
one coordinate, namely y. Then, we assume
completely ballistic lateral electron transport. In

Functional J equals zero for the exact solution
of (3), (8). For a particular solution we can choose
some probe functions Cpr(y, ci) where C are
variational parameters. These parameters are
determined by the condition of minimization of
J(ci). It can be shown that our variational
formulation of the problem of patterns is equiva-
lent to the initial system of Eqs. (3), (6).
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Using this method we have analyzed the
possible types of stationary patterns. The possible
types of patterns are the same as for the case of the
structures with small range of bistable biases. The
bistable range of biases can be split into the two
regions t<<C and c<<h with the
different types of patterns. In the first region the
soliton-like patterns can exist. In these patterns at
large lYl the system is in the low-current state,
while in the certain spatial region the local increase
of the built-up charge and tunneling current takes
place. At ,<<h the possible patterns are
anti-soliton-like with the opposite characteristics:
at high ]Yl the system is in the high current state
and local decrease of the built-up charge and the
tunneling current in the finite spatial region. The

e is the critical bias: in this case the special
kink-like pattern occurs. In this pattern high and
low current states coexist in the different spatial
regions.
Our calculations revealed that the anti-soliton

patterns are substantially wider than soliton
patterns. This is because for soliton pattern in the
region of nonuniformity tunneling via both bar-
riers is possible, while for anti-soliton only tunnel-
ing via collector barrier takes place. This influence
the characteristical length which an electron can
pass in the quantum well, and consequently the
width of the pattern. The degree of the asymmetry
in the spatial scales of the soliton anti-soliton
patterns strongly depends on the degree of
asymmetry of the transmission coefficients of
emitter and collector barriers. To avoid numerical
difficulties, we performed numerical simulations of
the stationary patterns for a structure with thinner
collector barrier with respect to the structure
described in Section 3, namely with d 3.4 nm.
The dependence of the L, for the case of soliton-
like pattern and La for the case of anti-soliton
pattern on the dimensionless parameter
q--(-t)/(h-t) is presented in Figure 3.
The important property of patterns in the case

of pronounced bistability is substantial difference
between the spatial regions of localization of
nonuniformities of the emitter-QW and the Q W-
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FIGURE 3 Dependence of the width of the soliton pattern,
Ls, and anti-soliton pattern, La, on the dimensionless voltage
parameter q _= (-t)/(h-t).

collector tunneling currents. This is due to i) a
strong dependence of the tunneling injection rate
from the emitter to the QW on the position of the
resonant level with respect to the bottom of the
emitter conduction band and ii) a ballistic leakage
of the injected electrons over the QW before the
tunneling escape to the contacts. This is illustrated
in Figure 4. In the upper part of the figure the
current field in the structure is shown (spacing
between the current lines is proportional to the
value of the current density). In the lower part of
the figure spatial dependences of the emitter-Q W,

-20
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FIGURE 4 The spatial dependence of the current for the
soliton-like pattern at q 0.3. In the upper part the current field
is depicted. In the lower part the emitter (curve 1), collector
(curve 2, multiplied by factor 5) and two-dimensional lateral
(curve 3) currents are presented.
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Q W-collector and two-dimensional lateral cur-
rents are depicted. The bias at which calculations
were performed corresponds to q =0.3.

In addition to the stationary, we have investi-
gated mobile autowave patterns. In fact, they are
the moving kink-like patterns, describing switch-
ing of the DBH from one uniform state to the
other. For the particular value of the bias the
unique value of the switching wave velocity and
the type of the switching exist. Namely, for

I’t << I’c the switching from the high to the
low current state is possible, while for c < < h
the switching from the high to the low current state
can occur. Due to the ballistic character of the
horizontal transport the characteristical velocity of
the switching waves is determined by the Fermi
velocity of electrons in the emitter Vv. In Figure 5
the dependence of the switching wave velocity (in
units Vv) on q is presented for the structure
described in Section 3. The insert shows the spatial
dependence of the built-up charge in the stationary
kink at =I’c. The positive sign of velocity, in
accordance with mentioned above, corresponds to
the switching from the high to the low current
state.

Note, that (3) is obtained for the infinitely
conducting emitter and collector. For autowaves,
moving with the velocity of the order of VF and

spatial scale of the kink transition region VF7"es
this assumption is valid for the structures, in which

-es is substantially greater than the characteristical
time of relaxation in electrodes. This is true for the
heterostructures with thick enough barriers and
electrodes with high conductivity. Otherwise, the
characteristics of autowaves (their velocity, for
example) can be modified by the relaxation
processes in the electrodes.

5. SUMMARY

In a conclusion, we have investigated the phenom-
enon of the transverse patterns formation in the
resonant tunneling double barrier diode with
the wide voltage range of intrinsic bistability of
the current-voltage characteristic. These patterns
are stationary or mobile nonuniform distributions
of the built-up charge and tunneling current. For
the pronounced bistability the characteristics of
the patterns are determined by the ballistic and
nonlocal character of lateral transport of the
resonant electrons in the Q W. This fact gives rise
to specific features of the patterns with respect to
the similar phenomena in DBHs with a small
range of bistable voltages. For numerical simula-
tions a special variational procedure was devel-
oped.
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d .oo cooaDmxrz, s.

0.25 0.5 0.75
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FIGURE 5 The dependences of the switching wave velocity
(in units vF) on dimensionless voltage parameter (’-t)/
(h-t). The spatial dependence of the built-up charge (in
units 101 cm- in the stationary kink is shown in the insert.
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