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The effects of hardware impairments with imperfect channel estimation for cache-enabled UAV networks are studied in this paper.
The effects of the setup parameters, such as the number of cached or relaying nodes, the hardware impairment factor, the channel
estimation error, and the transmission SNR, on the outage probability are present by deriving the exact closed-form expressions on
outage probability. Also, the asymptotic results are present when the transmission SNR is large enough. From the asymptotic
analysis, we can see that there is an error floor introduced by the hardware impairments and imperfect channel estimation.
Specifically, the error floor is dependent on the channel estimation error factor, the hardware impairment distortion factor, and
the QoS requirements. And the diversity order of the error floor for the cached/relaying links is equal to the number of
cached/relaying UAV nodes.

1. Introduction

In recent years, wireless throughput is growing up exponen-
tially [1–3] and wireless communication network is facing
more and more challenges introduced by wireless big data
[4–7]. Cache technology, which can both improve the quality
of service (QoS) of wireless link and relieve the pressure of
wireless throughput, has demonstrated as a remarkable
enabling solution for wireless networks [8–10]. By exploiting
interference neutralization, the authors in [11] proposed an
optimal content placement method to improve the system
capacity. Furthermore, the maximum distance separable cod-
ing is adopted in wireless cache networks in [12], which can
improve the system performance in terms of successful
retrieval probability.

On the other hand, hardware impairments, which are
introduced by phase noise of the RF components, show great
effects on the system performance. Hardware impairments
have been extensively studied and modeled as additive dis-
tortion noise [13] or nonlinear polynomial multiplicative fac-

tor [14, 15]. Considering amplify-and-forward (AF) relaying
networks, the authors in [16] investigated the effects of hard-
ware impairments on channel capacity by exact closed-form
expression as well as the tight bounds, while Ref. [17] proved
that larger hardware impairments can be used in massive
MIMO due to the huge degrees of space freedom. By using
iterative optimization algorithm, Ding et al. [18] proposed a
solution to maximize the detection probability.

Meanwhile, due to the high mobility, there exists imper-
fect channel estimation since the linear estimation methods
are applied on pilot signals [19]. Considering correlated
Rayleigh fading with imperfect channel status information,
Al-Hussaibi and Ali [20] derived expressions on the ergodic
capacity with antenna selection. The authors in [21] analyzed
the impact of imperfect CSI estimation for Alamouti-OSTBC
Wireless Cooperative Networks in terms of symbol error
probability.

However, the impacts of hardware impairments with
imperfect channel estimation on relaying networks are still
open questions. Considering unmanned aerial vehicle (UAV)
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networks, the UAV nodes work as a cache enable access
point or an AF relaying node. To improve the QoS of the
wireless channels, the best cached UAV nodes or AF relay-
ing nodes are selected to help the message transmission
from the macro BS to the user. The effects of the system
parameters, such as the number of cached/relaying nodes,
the hardware impairment factor, the channel estimation
error, and the transmission SNR, on the outage probability
are present by deriving the exact closed-form expressions
on outage probability. Also, the asymptotic results are pres-
ent when the transmission SNR is large enough. From the
asymptotic analysis, we can see that there is an error floor
introduced by the hardware impairments and imperfect
channel estimation. Specifically, the error floor is dependent
on the channel estimation error factor, the hardware
impairment distortion factor, and the QoS requirements.
And the diversity order of the error floor for the cached/
relaying links is equal to the number of cached/relaying
UAV nodes.

The main contributions of this paper are as follows:

(i) Cache-enabled UAV relaying protocol is adopted to
improve the QoS of the wireless links, where the
UAV nodes work as a cache enable access point or
an AF relaying node

(ii) We provide the deep insight on the effects of the
system parameters, such as the number of cached/re-
laying nodes, the hardware impairment factor, the
channel estimation error, and the transmission
SNR, on the outage probability by deriving the exact
closed-form expressions on outage probability

The organization of this paper is as follows. Section 2 pre-
sents the system model of cache-enabled amplify-and-
forward UAV networks, while the UAV selection algorithm
and its performance analysis are given in Section 3. Further-
more, the asymptotical analysis is present in Section 4 with
large transmission power. In Section 5, simulation results
are present to validate the theoretical analysis. Finally, con-
clusion is given in Section 6.

2. System Model

The system model of cache-enabled amplify-and-forward
unmanned aerial vehicle (UAV) networks is present in
Figure 1, where there is one destination user, one macro
base station (BS) and N cache-enabled UAV relaying
nodes. We assumed that all nodes are equipped with only
one antenna. Furthermore, because of the shadow fading,
there is no direct link from the macro BS to the destina-
tion user. In order to improve the QoS of the links, one
of the UAV nodes is selected to assist the message trans-
mission. Since the UAV nodes hold limited cache mem-
ory, the backhaul load from the macro BS to the UAV
nodes can be relieved if the requested files from the user
are hit in the UAV nodes. In this case, one of the UAV
nodes is selected and directly transmits message to the
user. On the other hand, if the requested file is not cached,

the selected UAV node will work as an amplify-and-
forward relaying node to help the data transmission. It is
assumed that all links are block Rayleigh fading channel
and independent with each other.

3. Selection Algorithm and
Performance Analysis

3.1. Cached Links. If the requested file is cached by the UAV
nodes, the power normalized transmission signal from the
UAV node can be modeled as [13]

si =
ffiffiffiffiffiffiffiffiffiffiffiffi
1

1 + κη

s
ŝi +

ffiffiffiffiffi
κη

p
ηi

� �
, ð1Þ

where ŝi is the information bearing signal with unit power,
ηi ∈CN ð0, 1Þ is the distortion noise introduced by hardware
impairments [22–25], and κη is the hardware impairment
distortion factor.

Since the classical MMSE channel estimation algorithm is
adopted, there exists some estimation error between the real
channel fading coefficient and the estimated version [26–29].
It is assumed that the estimation error is independent with
the imperfect CSI [30–35]. Thus, the relationship between
the imperfect channel status information and the ideal ver-
sion is given as

hu,i =
ffiffiffiffiffiffiffiffiffiffiffi
1

1 + κe

s
ĥu,i +

ffiffiffiffiffiffiffi
κeei

p� �
, ð2Þ

where hu,i ∈CN ð0, 1Þ is the CSI from the ith UAV node to

the user, while ĥu,i ∈CN ð0, 1Þ denotes the imperfect estima-

tion of hi, ei ∈CN ð0, 1Þ is the difference between ĥu,i and
hu,i, and κe is the channel estimation error factor. Specifi-
cally, κe = 0 means the perfect channel estimation.

Figure 1: System model of cache-enabled amplify-and-forward
UAV networks.
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Given that the ith UAV relaying node is selected, the
requested file is cached by the selected node. Then, the
received signal of the user can be given as

yi =
ffiffiffiffiffi
PR

p
hu,isi + ni

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

PR

1 + κeð Þ 1 + κη
� �s

ĥu,i +
ffiffiffiffi
κe

p
ei

� �
ŝi +

ffiffiffiffiffi
κη

p
ηi

� �
+ ni,

ð3Þ

where PR is the transmission power of the UAV node, and
ni ∈CN ð0, σ2Þ is the received white Gauss noise.

Then, the signal to interference plus noise ratio (SINR)
can be given as

γc,i =
ρu,i

ρu,iκη + d1
, ð4Þ

where

ρu,i = ĥu,i
��� ���2,

λR =
PR

σ2
,

d1 = κe 1 + κη
� �

+ 1 + κeð Þ 1 + κη
� �

λR
:

8>>>>>>><
>>>>>>>:

ð5Þ

Obviously, γc,i is a monotone increasing function of ρu,i.
In this case, the optimal UAV node can be given as follows:

n∗1 = arg max
i∈ΩC

ρu,i
� �

: ð6Þ

Due to the independence between different ρu,i’s, accord-
ing to the ordered statistics, we have

Fρu,n∗1
xð Þ = Fρu,i

xð Þ
h iNR = 1 − e−x½ �NR , ð7Þ

where NR is the number of relaying nodes.
Then, the outage probability of the cached links can be

given as

PO,C = Pr CC < C0½ � = Pr γr,n∗1
< γ0

h i
= Pr ρu,n∗1

< d1γ0
1 − κηγ0

" #
,

ð8Þ

where γ0 = 2C0 − 1 and C0 are the required capacity.
Substituting (7) into (8), we obtain

PO,C = Pr ρu,n∗1
< d1γ0
1 − κηγ0

" #

= 1 − exp d1γ0
1 − κηγ0

 !" #NR

, γ0 <
1
κη

:

ð9Þ

3.2. Relaying Links. On the other hand, if the requested file is
not cached in the selected UAV node, the original message
will be transmitted from the macro BS to the user with the
help of the UAV node by using amplify-and-forward relaying
protocol.

In this case, the received signal at the ith UAV node can
be given as

ri = hr,i

ffiffiffiffiffiffiffiffiffiffiffiffi
PS

1 + κη

s
ŝi +

ffiffiffiffiffi
κη

p
ηi

� �
+ nr,i, ð10Þ

where PS is the transmission power of the macro BS, hr,i ∈
CN ð0, 1Þ denotes the channel fading coefficient from the
macro BS to the ith UAV node, and nr,i ∈CN ð0, σ2Þ is the
received Gauss noise at the UAV node.

Then, the UAV node will amplify the received signal with
power PR and retransmit to the user. Thus, the received sig-
nal at the user through AF protocol can be given as

yi = hu,iζiri + ni, ð11Þ

where ζi is the power amplify factor as follows

ζi =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

PR

ρr,iPS + σ2

s
, ð12Þ

and ρr,i = jhr,ij2 is the channel fading power of the first hop.
By substituting (2) and (12) into (11), we can obtain the

SINR at the user through AF protocol

γr,i =
ρr,iρu,i

ρr,iρu,iκη + ρr,iCr + ρu,iCu + Cn
, ð13Þ

where

ρr,i = ĥr,i
��� ���2,

λS =
PS

σ2
,

λR =
PR

σ2
,

cr = κe 1 + κη
� �

,

cu =
1 + κeð Þ 1 + κη

� �
λR + σ2 ,

cn = κeσ
2 +

1 + κeð Þ 1 + κη
� �

λS/λR
:

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

ð14Þ

In order to obtain the best SINR, an UAV selection algo-
rithm can be employed. Note that if the transmission power
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is large enough, i.e., λS → 0, λR → 0, the high order items can
be ignored. Then, γr,i in (13) can be simplified as

γr,i ≃ κη +
cr
ρu,i

+ cu
ρr,i

� 	−1
: ð15Þ

To simply the complexity of theoretical analysis, we
use the following approximation. Recall the following fact
that [36]

1
min x, yð Þ ≤

1
x
+ 1
y
≤

2
min x, yð Þ , ∀x, y > 0: ð16Þ

To obtain the best SINR through AF protocol, the
selection criterion can be given as

n∗2 = arg max
i∈ΩR

min ρu,i, ξρr,i
� �

, ð17Þ

where ξ = cr/cu.

Theorem 1. The cumulative distribution functions of ρu,n∗2
and ρr,n∗2

are given as

Fρu,n∗
2

xð Þ =NR 〠
NR−1

k=1
bk

1
ξ2

−
e−x

ξ3
+ e−ξ2x

ξ3ξ2ð Þ

" #
,

Fρr,n∗
2

xð Þ =NR 〠
NR−1

k=1
bk

1
ξ2

−
e−x

ξ4
+ e−ξ2ξx

ξξ2ξ4ð Þ

" #
,

8>>>>><
>>>>>:

ð18Þ

for NR ≥ 2.

Fρu,n∗
2

xð Þ = Fρr,n∗
2

xð Þ = 1 − e−x, ð19Þ

for NR = 1, where

ξ1 = 1 + 1
ξ
,

ξ2 = k + 1ð Þξ1,

ξ3 = kξ1 +
1
ξ
= ξ2 − 1,

ξ4 = kξ1 + 1 = ξ2 −
1
ξ
,

bk = Ck
NR−1

−1ð Þk−1kξ1:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð20Þ

Taking the derivative of equations in Theorem 1, we can
obtain the following corollary.

Corollary 2. The probability distribution functions of ρu,n∗2
and ρr,n∗2

are given as

f ρu,n∗
2

xð Þ =NR 〠
NR−1

k=1

bk
ξ3 e−x − e−ξ2x
� � ,

f ρr,n∗
2

xð Þ =NR 〠
NR−1

k=1

bk
ξ4 e−x − e−ξ2ξx
� � ,

8>>>>><
>>>>>:

ð21Þ

for NR ≥ 2, and

f ρu,n∗
2

xð Þ = f ρr,n∗
2

xð Þ = e−x , ð22Þ

for NR = 1.

Proof. See Appendix VI-A.
Considering the SINR expression in (13), the outage

occurs when γr,n∗2 falls below the quality-of-service require-

ment, i.e.,

PO,R = Pr CR < C0½ � = Pr γr,n∗2 < γ0

h i
, ð23Þ

where γ0 = 2C0 − 1.
Substituting (13) into (24), we have

PO,R = Pr ρr,iρu,i
ρr,iρu,iκη + ρr,iCr + ρu,iCu + Cn

< γ0

" #

= Pr ρr,iρu,i 1 − γ0κη
� �

< ρr,iCrγ0 + ρu,iCuγ0 + γ0Cn

� �
 �
= Pr ρr,i ρu,i 1 − γ0κη

� �
− Crγ0


 �
< ρu,iCuγ0 + γ0Cn

� �
 �
:

ð24Þ

Applying conditional probability formula, we have

PO,R = Pr ρr,i ρu,i 1 − γ0κη
� �

− crγ0

 �

< ρu,icuγ0 + γ0cn
� �
 �

= Pr ρu,i < c1

 �

+ Pr ρr,i < c2
ρu,i + cn/cu
ρu,i − c1

, ρu,i ≥ c1

� 	
= Pr ρu,i < c1


 �|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
P1

+ Pr ρr,i ≤ c2, ρu,i ≥ c1

 �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

P2

+ Pr c2 < ρr,i < c2
ρu,i + cn/cu
ρu,i − c1

, ρu,i ≥ c1

� 	
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

P3

,

ð25Þ
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where

c1 =
crγ0

1 − γ0κη
� � ,

c2 =
cuγ0

1 − γ0κη
� � ,

c3 =
cn
c1cuð Þ :

8>>>>>>><
>>>>>>>:

ð26Þ

Applying (18) on (25), we can obtain

P1 = Fρu,n∗2
c1ð Þ, ð27Þ

P2 = Fρr,n∗2
c2ð Þ 1 − Fρu,n∗2

c1ð Þ
h i

: ð28Þ

To derive the exact expression of P3, firstly we give the
following definition

FZ zð Þ = Pr ρu,i + cn/cu
ρu,i − c1

< z, ρu,i ≥ c1

� 	
,  z > 1

= Pr ρu,i > c1
z + cn/ c1cuð Þ

z − 1 , ρu,i ≥ c1

� 	
,  z > 1

= Pr ρu,i > c1
z + cn/ c1cuð Þ

z − 1

� 	
,  z > 1

= Pr ρu,i > c1
z + c3
z − 1

h i
,  z > 1:

ð29Þ

Applying (18) on (29), we can obtain

FZ zð Þ = Pr ρu,i > c1
z + c3
z − 1

h i
,  z > 1 = Fρu,n∗2

c1
z + c3
z − 1

� �
: ð30Þ

Thus, the item P3 in equation (25) can be given as

P3 = Pr c2 < ρr,i < c2
ρu,i + cn/cu
ρu,i − c1

, ρu,i ≥ c1

� 	

=
ð+∞
x>c2

f ρr,n∗2
xð Þ 1 − FZ

x
c2

 �� 	
dx

=
ð+∞
x>c2

f ρr,n∗2
xð Þ 1 − Fρu,n∗2

c1
x + c3c2
x − c2

 �� 	
dx:

ð31Þ

By using necessary mathematical derivation and applying
equation (3.324-1) in [37], i.e.,

ð+∞
0

exp β

4x − γx
 �

dx =
ffiffiffi
β

γ

s
K1

ffiffiffiffiffiffi
βγ

p� �
, ð32Þ

the closed-form expression of P3 can be obtained.
By substituting (27), (28), and (31) into (25), we can

obtain the exact closed-form expression of PO,R.

4. Asymptotical Analysis

To get a deep insight on the impact of hardware impairments
with imperfect channel estimation, we will conduct the
asymptotical analysis of outage probability. Note that if the
transmission power is large enough, i.e., 1/λS → 0, 1/λR → 0,
and κe → 0, κη → 0.

Thus, we have

cr ≃ κe 1 + κη
� �

,

cu ≃ σ2,
cn ≃ κeσ

2

d1 ≃ κe 1 + κη
� �

,

ξ ≃
κe 1 + κη
� �
σ2

,

8>>>>>>>>>><
>>>>>>>>>>:

c1 ≃
κe 1 + κη
� �

γ0
1 − γ0κη
� � ,

c2 ≃
σ2γ0

1 − γ0κη
� � ,

c3 ≃
1 − γ0κη
� �
1 + κη
� �

γ0
:

8>>>>>>>>>><
>>>>>>>>>>:

ð33Þ

Applying the approximation that 1 − e−x ≃ x, if x→ 0 on
(9), we have

PO,C ≃
d1γ0

1 − κηγ0

 !NC

≃ γ0
κe 1 + κη
� �
1 − κηγ0

" #NC

: ð34Þ

According to the asymptotical expression on outage
probability for cached links, we can conclude the following
remarks:

Remark 3. There is an error floor for the cached links when
the transmission power is large enough. Meanwhile, the
diversity order with respect to the transmission power is zero.

Remark 4. The error floor for the cached links is dependent on
the channel estimation error factor κe, the hardware impair-
ment distortion factor κη, and the QoS requirements γ0.

Remark 5. The diversity order of error floor for the cached
links is equal to the number of cached UAV nodes.

Considering the SINR expression in (15), we have

PO,R ≃ Pr max
i∈ΩR

min ρu,i, ξρr,i
� �

< γ0
ξcu

1 − γ0κη
� �" #

= Pr min ρu,i, ξρr,i
� �

< c4

 �� �NR :

ð35Þ
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By using the result in (A.3), we have

PO,R ≃ 1 − e−ξ1c4
� �NR

≃ ξ1c4ð ÞNR ≃ γ0
1 + ξð Þσ2
1 − γ0κη
� �" #NR

≃ γ0
σ2 + κe 1 + κη

� �
1 − γ0κη
� �" #NR

,
ð36Þ

where

c4 = γ0
ξcu

1 − γ0κη
� � ≃ γ0

ξσ2

1 − γ0κη
� � : ð37Þ

Remark 6. There also exists an error floor for the relaying
links when the transmission power is large enough.

Remark 7. The diversity order of error floor for the relaying
links is equal to the number of relaying UAV nodes.

5. Simulation Results

In this section, simulation results are provided to verify the
accuracy of the theoretical analysis. For the sake of simplicity,
we set κe = κη = σ2. The impacts of the system parameters,
such as the number of UAV nodes N , the transmission
SNR of the cached links and the relaying links λS, λR, and
the capacity threshold C0, are investigated.

Figure 2 shows the impacts of transmission SNR λS on
outage performance for cached links. In this simulation, we

have the following system parameters: NC = 2, κe = κη = 0:01,
C0 = 1 bps/Hz, and the transmission SNR λS changes from
12dB to 39dB. The simulation results and the theoretical
analysis as well as the asymptotic analysis are compared in
this figure. As shown in this figure, in all SNR regions, the
simulation results match well with the theoretical analysis.
Furthermore, an error floor appears when the transmission
SNR grows large, which coincides with the asymptotic per-
formance analysis. The reason is that when SNR is large
enough, the bottleneck of the system performance is the
hardware impairments and the channel estimation error.
The detailed relationship between the error floor and κη
and κe is given as in equations (34) and (36). When the
requested file is not hit by the UAV nodes, amplify-and-
forward protocol is adopted and the simulation results are
present in Figure 3, where similar conclusion can be obtained
for relaying links with NR = 2.

Figures 4 and 5 show the effects of the capacity threshold
C0 on outage probability for cached links and relaying links,
respectively. The system parameters are set as follows:
NC =NR = 2, κe = κη = 0:01, and the capacity threshold C0
changed from 1bps/Hz to 3 bps/Hz. From the two figures,
we can observe that C0 shows significant impact on outage
probability for all of the SNR regions. Specifically, the
diversity order of outage probability is zero with respect
to the transmission SNR λS or λR.

Figures 6 and 7 show the effects of the hardware impair-
ment factor κη on outage probability for cached links and
relaying links, respectively. The system parameters are set
as follows: NC =NR = 2, κe = κη = 0:01, C0 = 1 bps/Hz, and
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Figure 2: Outage probability for cached link with NC = 2.
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the hardware impairment factor κη changed from 0.01 to
0.03. From these figures, we can observe that C0 shows con-
siderable impact on outage probability especially in high

SNR regions. Specifically, the larger κη will introduce higher
error floor. The reason is that, in the considered scenario,
the bottleneck of the system performance is the hardware

N
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Figure 3: Outage probability for AF relaying links with NR = 2.
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Figure 4: Outage probability versus capacity threshold for cached links with NC = 2.

7Wireless Communications and Mobile Computing



impairments. When the hardware impairment factor κη
grows larger, the noise power will be higher, which will dete-
riorate the system performance.

The effect of the number of cached UAV nodes is present
in Figure 8, where the system parameters are set as follows:
κe = κη = 0:01, C0 = 1 bps/Hz, and the number of cached
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Figure 5: Outage probability versus capacity threshold for relaying links with NR = 2.
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UAV nodes NC changed from 2 to 3. We can see from
this figure that NC shows great impact on system perfor-
mance. As mentioned by the remarks of asymptotic anal-

ysis, the diversity order of error floor for the cached/
relaying links is equal to the number of cached/relaying
UAV nodes.
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6. Conclusions

The impacts of hardware impairments with imperfect chan-
nel estimation for cache-enabled UAV relaying networks
are investigated in this paper. To improve the QoS of the
wireless channels, the best cached UAV nodes or AF relaying
nodes are selected to help the message transmission from the
macro BS to the user. The impacts of the setup parameters,
such as the number of cached/relaying nodes, the hardware
impairment factor, the channel estimation error, and the
transmission SNR, on the outage probability are present by
deriving the exact closed-form expressions on outage proba-
bility. Also, the asymptotic results are present when the
transmission SNR is large enough. From the asymptotic anal-
ysis, we can see that there is an error floor introduced by the
hardware impairments and imperfect channel estimation.
Specifically, the error floor is dependent on the channel esti-
mation error factor, the hardware impairment distortion fac-
tor, and the QoS requirements. In future works, we will
introduce deep learning-based [38–40] or Q-learning-based
algorithms [41, 42] to further improve the system perfor-
mance. Moreover, we will apply the considered wireless tech-
niques into some practical IoT systems [43, 44] to achieve the
green energy applications.

Appendix

Proof of Theorem 1

For the case NR = 1, the theorem obviously holds.
We will focus on the case that NR ≥ 2. Firstly, we give the

following definition

zi =min ρu,i, ξρr,i
� �

: ðA:1Þ

Then, the PDF of zi can be derived as

Fzi xð Þ = Pr min ρu,i, ξρr,i
� �

< z
� �

= 1 − Pr min ρu,i, ξρr,i
� �

≥ z
� �

= 1 − Pr ρu,i ≥ z, ρr,i ≥
z
ξ

� �
:

ðA:2Þ

Due to the independence between ρu,i and ρr,i, we obtain

Fzi xð Þ = 1 − Pr ρu,i ≥ z
� �

Pr ρr,i ≥
z
ξ

� �
= 1 − e−ze−z

ξ = 1 − e− 1+1/ξð Þz :

ðA:3Þ

Taking the derivative of Fzi
ðxÞ, we can get the PDF of

zi as

f zi xð Þ = ξ1e
−ξ1x, ðA:4Þ

where

ξ1 = 1 + 1
ξ
: ðA:5Þ

Secondly, we give another definition as

θm = max
i∈ΩR/m

zi: ðA:6Þ

Since zi’s are independent identical distribution, we
can have

Fθm
xð Þ = Fzi

xð Þ
 �NR−1: ðA:7Þ

By substituting (A.3) into (A.7) and applying the bino-
mial theorem, we have

Fθm
xð Þ = 1 − e−ξ1z

� �NR−1

= 〠
NR−1

k=0
Ck
NR−1 −1ð Þke−kξ1z

= 1 − 〠
NR−1

k=1
Ck
NR−1 −1ð Þk−1e−kξ1z , NR ≥ 2:

ðA:8Þ

As such, the PDF of θm can be obtained as

f θm xð Þ = 〠
NR−1

k=1
bke

−kξ1x , ðA:9Þ

where bk = Ck
NR−1ð−1Þ

k−1kξ1.
According to the definition in (17), we can derive the

CDF of ρu,n∗2 ,

Fρu,n∗2
xð Þ = 〠

NR

m=1
Pr ρu,m < x, zm > θm

 �

=NRPr ρu,1 < x, z1 > θ1

 �

=NRPr ρu,1 < x, ρu,1 > θ1, ξρr,1 > θ1

 �

=NRPr θ1 < ρu,1 < x, ρr,1 >
θ1
ξ
, θ1 < x

� 	
:

ðA:10Þ

By using the result in (A.9), we have

Fρu,n∗2
xð Þ =NRPr θ1 < ρu,1 < x, ρr,1 >

θ1
ξ
, θ1 < x

� 	
=NR

ðx
0
f θ1 θð Þ e−θ − e−x

� �
e−θ/ξdθ

=NR 〠
NR−1

k=1
bk

1
ξ2

−
e−x

ξ3
+ e−ξ2x

ξ3ξ2

" #
,

ðA:11Þ
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where

ξ2 = k + 1ð Þξ1,

ξ3 = kξ1 +
1
ξ
= ξ2 − 1,

ξ4 = kξ1 + 1 = ξ2 −
1
ξ
:

8>>>>><
>>>>>:

ðA:12Þ

Similarly, we can obtain the CDF of ρr,n∗2 as follows:

Fρr,n∗2
xð Þ =NR 〠

NR−1

k=1
bk

1
ξ2

−
e−x

ξ4
+ e−ξ2ξx

ξξ2ξ4

" #
: ðA:13Þ

Thus, Theorem 1 is proved.
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