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INTRODUCTION

Solid state phase transformations, especially martensitic ones, may
occur in a crystallographically well-determined way. The best known
orientation relationships are the ones due to Kurdjumov-Sachs and
Nishiyama- Wassermann which are observed during martensitic phase
changes from the y to phases in steels. If the material, before trans-
formation, has a preferred orientation of its crystallites, i.e. a texture,
then it will also have a texture in the transformed state which is
determined by the y-texture and the y orientation relationship. This
is called texture transformation.
The orientation relationship between the disappearing and the newly

formed crystals is. generally not an exact one. The newly formed crystals
may deviate more or less from their ideal, crystallographically deter-
mined orientation, the probability becoming, however, smaller and
smaller as the deviation increases. In the most general case of a solid
state transformation, the crystals of the newly formed phase may have
a crystal symmetry different from that of the disappearing phase. The
crystal symmetry of the disappearing phase gives rise to several
symmetrically equivalent variants of the orientation relationships’e.g.
24 in the case of the Kurdjumov-Sachs relation and 12 in the case of
the Nishiyama-Wasserman relation. These variants are equivalent with
respect to the crystal symmetry of the disappearing phase. Hence, they
should occur with equal probability.
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They are, however, not equivalent with respect to the sample
coordinate system e.g. rolling direction, transverse direction and normal
direction in a sheet. The probabilities of the variants may thus become
different. This effect has been called "variant selection". Several possible
reasons for variant selection have been discussed. Experimental
investigation shows that variant selection depends strongly on the state
of the material before transformation.
The problem of texture transformation has been treated quanti-

tatively in terms of the series expansion method taking into account
the probability of the deviation from the ideal orientation relations as
well as different crystal symmetries in the disappearing and newly
formed phases. The problem of variant selection has, however, only
been treated qualitatively. In the following, we give a quantitative
treatment of variant selection in texture transformation.

THE ORIENTATION DISTRIBUTION FUNCTION

In order to define the orientation of a crystallite in a polycrystalline
sample we fix a coordinate system Ka in the sample e.g. rolling direction,
transverse direction and normal direction in a sheet. Another coordinate
system KB is fixed to the crystal axes e.g. the three cube axes in cubic
crystals. The crystal orientation is defined by the rotation 9 which
moves a coordinate system from the position KA to the position KB.

Kn=g’KA (1)

The rotation g may be described for example by the three Eulerian angles

g {o q2} (2)

The volume fraction of crystals having the orientation g is given by
the orientation distribution function (Bunge 1969, 1983).

dl/-- f(g)dg (3)

The texture function f(g) is invariant with respect to certain rotations
gc of the crystal coordinate system which form the rotational subgroup
of the crystal symmetry group. The function is also invariant with
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respect to certain rotations gs of the sample coordinate system K,4 which
form the rotational subgroup of the sample symmetry.

f(gc’g’9s) =f(o) (4)

The sample symmetry is symbolized by dots placed above the functional
symbolfon the right-hand side, the crystal symmetry by dots on the left
side. Different symmetry groups are distinguished by a different number
of dots.

THE IDEAL ORIENTATION RELATION

The disappearing phase may be called the v-phase, the newly formed
one the t-phase. A crystal of the ),-phase may have the orientation 9r.
It transforms into -crystals, the orientations of which are called 9.
They are related to the orientation 0r by rotations Ag,, the N
symmetrically equivalent variants of the orientation relation

g Ag,," g (5)

Equation (5) means that the orientation g" is obtained by carrying out
first the rotation 0r and then the rotation Ag,. The orientation distri-
bution function of the -crystals is then obtained from that of the
),-crystals by the equation

N)(9) f(Ao-l"9) (6)
n=l

The texture functionf,(o) has the same sample symmetry as the function
fr(o), but it may have another crystal symmetry.

THE ORIENTATION TRANSFORMATION FUNCTION

In real cases the orientation relation A9 and its symmetrically
equivalents Ag, may not be the only ones to occur. Rather, there may
be a certain probability w(Ag) for any orientation relation A9 to occur.
The function w(Ao) will be called the texture transformation function.
It was first introduced by Bunge (1969, p. 210) in connection with the
transformation of textures by recrystallization. It has also been termed
the misorientation distribution function (Sargent 1974).
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The rotation Ag starts from .the crystal coordinate system K of the
disappearing y-crystal and it leads to the crystal coordinate system K
of the a-crystal. The probability function w(Ag) must therefore fulfil the
symmetries of these crystals as the right and left-hand symmetry
respectively (similar to eq. (4)).
The orientation distribution function of the a-crystals is obtained

from the integral over all orientation relations Ag weighted according
to the probability of their occurrence (which may be zero for many
values Ag in the case of a sharp orientation relation (Bunge 1969, 1982,
Sargent 1974, Wagner et al. 1981).

’(g) f(Ag).f(Ag- g)dAg (7)

In special cases the symmetry of the a-crystals can of course be the
same as the symmetry of the disappearing y-crystals. In practice this
case is of great importance in the V transformation in steels.

THE VARIANT SELECTION FUNCTION

Equation (5) gives the relation between the orientation of the v-crystal,
the orientation relationship Ag and the orientation of the a-crystal. The
crystal orientation g is assumed to correspond to the crystal symmetry
of the v-crystal, i.e. the orientations

are equivalent. The function f(g) is invariant with respect to eq. (8) as
is shown in eq. (4). Furthermore, the function w(Ag) in eq. (7) has been
assumed to correspond (on the right-hand side) to the crystal symmetry
of the v-crystals (on the left side it corresponds to the symmetry of the
a-crystals). Hence, Ag in eq. (7) is equivalent to

Ag Ag’g (9)

In fact, if Ag is one of the ideal orientation relations Ag, in eq. (5), say
Agl, then the Ag in eq. (9) are identical to the Ag,. We thus obtain
for the orientations of the a-crystal

{ g,} Ag" 9" 9"9 A9"9c"9 (10)
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In this equation the crystal symmetry elements g and g run through
the whole rotational subgroup of the crystal symmetry. The result is
thus the same if the crystal symmetry is taken into account only once.
For example, we can omit it in eq. (9) as is shown in the second part
of eq. (10). In other words, we can omit the symmetry of the y-crystals
in the orientation transformation function w(Ag) which is then no longer
symmetrical on the right-hand side. In terms of an ideal orientation
relation, it means that it is sufficient to choose just one of the equivalent
orientation relations Ag,, say Ag 1. In terms of the distribution function
w(Ag) this .function takes on a maximum value at Agl and is zero at
all the other A9,.
The symmetry of the y-crystal is still fully taken into account by the

symmetry of the orientation distribution function fr(g). Equation (7)
can thus be written in the form

(11)

where w(Ag) has now no symmetry on the right-hand side (triclinic
symmetry); it has, however, the symmetry of the a-crystal on the left-
hand side. In eq. (11) the equivalence of the variants of the trans-
formation law with respect to the 7-symmetry is enforced by eq. (8),
which means the invariance of the texture functionf(9) over 9 according
to eq. (4). Equation (11) is thus equivalent to eq. (7), i.e. it describes the
texture transformation, still without variant selection.
The invariance of the texture function with crystal symmetry must be
valid in any case since the orientations 9i in eq. (8) are indistinguishable
crystallographically. They must, however, be distinguished from the
transformation point of view i.e. they are considered to be the starting
orientations for the variants of the transformation relation which, itself,
has now been written without -crystal symmetry. The volume fraction
of the newly formed a-crystals for the different variants can now be
assumed to be proportional to two factors. Firstly, it is proportional
to the volume fractionf(o) of the -crystals present, which is the same
for all orientation variants, and secondly it is assumed to be proportional
to another factor, the variant selection function v(9r), which also depends
on the orientation of the decaying ,-crystals but which does not obey
the -crystal symmetry, i.e. it is different for the different variants. The
variant selection function is, however, assumed to have the sample
symmetry. Equation (11) can thus be generalized to the case including
variant selection.
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(12)

where v(Ag-.g) v(gr) is the variant selection function. Equation (12)
can be rewritten in the form

.(g) a(Ag). ti(Ag- .g)dAg (13)

where

ti(g) (g)%(g) (14)

is a function corresponding to the sample symmetry but not to the
crystal symmetry of the y-crystals.

SERIES EXPANSION

In order to solve Eq. (13), the functions fv, f,, v, w are developed into
series of generalized spherical harmonics of the corresponding
symmetries

:. oo M(lt) N(ll)

/1=0 /=1 Vl=l

i. R(I) N(l)

f(g) Z Z Z Cf" Jf’(O) (16)
/=0 p= v=

+ N(l)

/=Os= -/v=l

+ 12 N(12)

E E .12 ’/2(0 (18)
12=0r --12 v2=l

R(I) +
iv(g)= Z Z Z Wf’f’(O) (19)

l=O p= ls= -1

It has been shown that the integral relation eq. (13) leads to a relation
between the corresponding coefficients (see eq. (10.9) Bunge 1969)
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+l

E wf. v (o)C’ 21+1=-

The function u in eq. (14) is the product of two functions which have
the same right-hand side symmetry but different left side symmetries.
Therefore we express the left side symmetry offr(0) by the symmetry
coefficients according to the definition of the symmetric functions

+11

A’ 7,’1(g) (21)
m= -11

We thus obtain

L(g)
oo M(ll) N(II) +11

E E E E Au"1 (22)
11=0 p=l vl=l m -11

which we may rewrite

oo 1 N(I1)

(g)--’ E E "llf’mvl
11=0m=--11Vl=l

(23)

with the coefficients

M(II)

tl A’ (24)
/=1

The coefficients Cmvl represent the same texture function fr(g) as the
coefficients vC’1, However, they do not show the crystal symmetry
of 2, explicitelyf The function fv(9) is written in eq. (23)formally as a
function with triclinic crystal symmetry. With these coefficients, the
function u(o) can be written in the form

in which the two functions T have the same right- and left-hand
symmetries respectively. The product of two harmonic functions can
be expressed by a sum of functions using the Clebsch-Gordan
coefficients.
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]/2 + 11 N(l)

7’(g)" (g) (lll2mrlls){lll2vlv2llv} 7;, (-’ (26)
1=112-111 v=l

where (l12mrlls) are the usual Clebsch-Gordan coefficients and
{l:12vlv211v} are the coefficients for symmetric functions corresponding
to the sample symmetry. In eq. (26) m, r and s are related by

s m + r (27)

The coefficients (l12mrl ls) are zero for s > 1.
The symmetric Clebsch-Gordan coefficients are defined by (Bunge

1968, 1982)

+11 +12 ,":ATM (28){l12vlv21lv}-- (l12nln21ln)A’It ,2
/11 --ll 2 --l

The function u eq. (25) can thus be expressed according to eq. (17) with
the coefficients

+11 N(I1) N(12)
mvl :,v.(l 12mrlls){l12VlV2llv}Vl-’- 2 Z E 2 2C11 --12

/1 =O12=Om --11Vl=I v2=l
(29)

For given values of lsv in eq. (29), eq. (27) is to be taken into account
as well as the conditions s < (otherwise the coefficients (l12mrl ls) are
zero). The relationship between the coefficients of the t-texture and
those of the ?-texture is thus given by combining eq. (20), (29) and (24)

(30)

With the above mentioned conditions for the indices.
Equation (30) corresponds to eq. (12) expres.sed in terms of the respec-

tive coefficients, the last three quantities Al"m(lll2mrlls){lll2Vxv2llv}
being purely mathematical quantities.

Equation (30) establishes a relationship between the starting ?-texture,
the crystallographic transformation law, the variant selection function
and the resulting s-texture.
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The point is to know whether any one of these quantities can be
determined if the other three are known.

CALCULATION OF THE A-TEXTURE

The most straightforward problem is to calculate the a-texture if the
starting y-texture is known. This is possible if the coefficients W of the
transformation function and V of the variant selection function are
known.
A difficulty appears, however, in eq. (30). In order to calculate the

coefficients C of degree the coefficients C of all degrees 11 from zero
up to infinity are needed. The same holds for the coefficients V and
the degree 12. This is a result of the occurrence of a product of functions
v and f of the same variable in eq. (12) which has to be expressed by
the Clebsch-Gordan coefficients if the series expansion is to be used.
Hence, we have first to truncate the series with respect to 11 and 12
arbitrarily at certain values LL2, just as we truncate at the value L.

Furthermore, since the coefficients C of degree depend on the
coefficients rC of all degrees l, it is no longer possible to treat the even
and odd parts of the respective texture functions (Matthies 1979, Bunge
and Esling 1979) separately. Equation (30) can be written

Mx) N(l)

tll
/=0 =1 v=l

with the k’nown coefficients

N’Wf’v’-’.4(I 12mr.ls){l 12vv2llv}

(32)

If the coefficients rC in eq. (31) have been determined experimentally,
the coefficients C of the texture after transformation can be calculated.

CALCULATION OF THE F-TEXTURE

In many cases it is, however, more important to calculate the starting
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texturef when the resulting texturef, has been measured. This problem
is of special interest in the case of the y transformation of steels.
The hot-rolling of steels is usually carried out in the y-region thus giving
rise to a rolling or reerystallization (or an intermediate) texture in the
y-region which then transforms into the texture in the -region. Whereas
it is extremely difficult in many practical eases to measure the y-texture
directly, it is easy to determine the -texture (Pospieeh et al. 1973).

In order to solve this problem, the coefficients a in eq. (31) must be
known. The problem is then solve eq. (31) for the unknown coefficients
C when the coefficients "C are known.
A unique solution will in general be obtainable when the number of

unknowns is not larger than the number of equations. The numbers
of coefficients "C as well as of coefficients C depend on the degrees L
and L and on the respective crystal and sample symmetries. It seems
reasonable to set L L. Furthermore, the sample symmetry must
remain unchanged. This means that v and vx take on the same number
of values.
A solution can thus be obtained for eq. (31) if the number of possible

values/ is not larger than the number of possible values of p and this
in turn requires that the symmetry of the a-crystals is not higher than
the symmetry of the y-crystals

sym a < sym y (33)

In the ya transformation of steels both symmetries are cubic,c*)

Equation (33) is thus fulfilled in this case. If so, eq. (31) will, as a rule,
be soluble with coefficients rC as unknowns. Hence, if the coefficients
a are known, the starting y-texture can be recalculated from the resulting
a-texture.

It should be noted that these theoretical model calculations of the
initial y-texture, starting from the final a-texture, may be compared
with experiment in the favorable case of some high-alloy steels, such
as Fe 30 Ni, whose phases y and a are both stable at room temperature
(Kallend et al. 1976, Davies et al. 1976, Bateman and Davies 1981,
Wagner et al. 1981, Esling and Bechler 1982).

* martensite, strictly tetragonal, can be annealed at 250C to give cubic martensite
probably without changing texture.
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CALCULATION OF THE TRANSFORMATION
COEFFICIENTS A

The transformation coefficients a can be calculated if the coefficients
W and V of the transformation function w and the variant selection
function v are known. The point is then to know whether these co-
efficients can also be calculated from experimental data, i.e. correspond-
ing values of rC and =C. This would be possible only if as many pairs
of textures were available as there are terms in the summation eq. (31),
and all these different textures would have to be related with the same
coefficients a. As we have already mentioned the variant selection
function is assumed to depend on the metallurgical variables which
must be varied in order to produce different textures. This shows that
a direct experimental determination of the transformation coefficients
seems not to be possible without additional assumptions. We shall see,
however, that the calculation can be carried out if we make certain
reasonable hypotheses concerning the orientation transformation
function w(Ao).

The orientation transformation function w

The orientation relation between the and crystals is often assumed
to be a well-defined crystallographic relationship as in eq. (5). In many
cases these are the Kurdjumov-Sachs (1930) or Nishiyama (1934)-
Wassermann (1933) relations which may be expressed by

(111) (110)=
[110]vll [111]’ AOrs {48, 85.7, 9.6} (34)

(111)r (110),
[211It [011],’ A91w {45, 83.1 , 6.9} (35)

where A0 has been expressed in terms of Euler angles.
As has already been mentioned, there may be a certain spread about

these ideal orientation relationships which may be expressed in terms
of a distribution function w(Ag) which has its maximum value at A0o
(i.e. Agrs or Ag1w of eq. (34), (35)). If the orientation relation is a strict
one, with no spread about Ago then the coefficients W in eq. (32) take
on the form



92 H. J. BUNGE, M. HUMBERT AND P. I. WELCH

Wf (2/+ 1)f(Ago) (36)

where the left-side symmetry of the function T is the crystal symmetry
of the -crystals.
With a more realistic assumption, we may assume a spread about

AOo in the form of a Gauss distribution which drops to e- at the angle
090. Equation (36) is then to be replaced by

exp(- 1,2 2,,
:t Oo) exp(-1/4(/+ 1)2Oo)

W’ T’(A9)
1 exp(- z:O9o)12 (37)

There are also examples in which several, crystallographically different
orientation relationships occur, possibly with different frequencies
(Kurdjumov and Sachs 1930, Esling et al. 1978). In this case the coeffici-
ents are the weighted mean values of those of the individual relation-
ships

wf= E wf().() (38)
i=1

where M(i) is the volume fraction of the ith component.
In any case it may be assumed that the orientation transformation

function is a rather sharp function, the series expansion of which does
not converge rapidly.

The variant selection function V
The variant selection function v was assumed to depend on the
orientation 0r of the 7-crystals. It was the purpose of this function to
distinguish between different crystallographically equivalent orienta-
tions. The function was thus chosen without crystal symmetry. It must
however be assumed that v obeys the sample symmetry which should
not be broken by a non-directional processes such as thermal treatment.

Several possible reasons for variant selection have been discussed
(Wagner et al. 1981, Bateman and Davies 1981). It is common to
all of them that they lead to a rather smooth angular dependence
of v(9) as compared with sharp angular dependence of the orientation
relation function w(Ag). The series expansion of v(9) must thus be
assumed to converge rapidly, i.e. there will be only a few coefficients
V different from zero.
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Further, whereas the orientation relation function w(Ag) is assumed
to be relatively insensitive to the metallurgical variables, the variant
selection function will be strongly sensitive to those variables. It will
be, therefore, a good approximation to set the coefficients W’s in eq. (32)
as constant and to approximate them by one of the theoretical expres-
sions eq. (36)-(38) with a reasonable choice of the ideal rotations Ago
and the corresponding spreads O9o. This assumption leaves only the
coefficients V to be determined from experiment. They can be obtained
from eq. (30) if the coefficients "C and vC are known. In this case eq.
(30) can be rewritten in the form

L + 12 N(12)

Cf= v,v,_.hov,v2 (39)Vl tll
/2=0 -l v2

with

Lx M(I) +11
pvrv2

11=0 #=1 1=-11

and

+l

,,=tl
, WfSfiu(lll2mrlls){lll2vxv2llv} (41)

where

m s- r (42)

As has been mentioned, the variant selection function is assumed to
be a smooth function. This means that the number of unknowns V in
eq. (39) is small compared to the number of equations, which is related
to the degree L of the series expansion of the a-texture. It will thus, as
a rule, be possible to solve eq. (39) for the coefficients V, i.e. to determine
the variant selection function when the coefficients b are known. These
coefficients, in turn, depend on the coefficients of the corresponding
7-texture which are assumed to be known experimentally. The co-
efficient in eq. (40) are assumed to be known theoretically according
to eq. (41). The latter equation contains the coefficients W which we
have assumed according to one of the transformation laws eq. (36)-(38).
The other quantities in eq. (41) are purely mathematical quantities.
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Under these circumstances, it will thus be possible to determine the
variant selection function if two corresponding textures f(o) and f,(o)
have been measured. As has been mentioned above, this has to be done
for a variety of metallurgical parameters which may influence the
variant selection.
Numerical calculations based on the above theory are presently being

carried out and will be published in due course.

SUMMARY

Solid state phase transformations often occur in a crystallographically
related way. During martensitic tranformation of steels, for example,
the Kurdjumov-Sachs or Nishiyama-Wassermann relationships have
been observed. Any preferred orientation of the crystallites in the
starting phase will then be inherited, in some manner, by the newly
formed crystals. This is called texture transformation. The problem of
texture transformation has been treated mathematically in terms of the
orientation distribution function and the orientation transformation
function. In this analysis it has so far been assumed that crystallo-
graphically equivalent variants of the transformation law occur with
equal probability. Experimental investigations have shown, however,
that this is, in general, not the case. In this article a generalized treatment
of texture transformation is presented, taking a variant selection
function into account.
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