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Abstract

Let f [0, 7r] x 1%g --. lrtN, (N > 1) satisfy Caratheodory conditions, e(z) E LI([0, 7r];Rg).
This paper studies the system of nonlinear Neumann boundary value problems

"(t) + y(t, (t)) = (t), o < <

’(0) = ’() = 0.

This problem is at resonance since the associated linear boundary value problem

"(t) = (t), 0 < t < ,
’(0) = ’() = 0,

has A = 0 as an eigenvalue. Asymptotic conditions on the nonlinearity .f(t, z(t)) are offered to
give existence of solutions for the nonlinear systems. The methods apply to the corresponding
system of Lienard-type periodic boundary value problems.
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Introduction

Let ttAr denote the N-dimensional Euclidean space. For z = (Zl,Z2, -..,:gN) t RN, andy =

(Yt,Y,...,YN) e RN, let [zl- z-t-z + i’i""+ Zv, and < z,y >= zyl + zy + + zyYy

denote the Euclidean norm of z and the inner product of z and y in tLN, respectively. Let
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f (fl, f2, ..., fN) "[0, 71"] X R,N R,N be a function satisfying Caratheodory’s conditions, and let
e’[0, 7r]---+ 1:N be a Lebesgue integrable function.

This paper is devoted to the study of systems of Neumann boundary value problems

-z"(t) + f(t,z(t))= e(t), 0 < t < r,

’(0) = 0,

and

z"(t) + f(t,z(t))= e(t), 0 < t < r,

’(o) = o.
(1.3)
(1.4)

We obtain the existence of a solution for (1.1)-(1.2) when f e(t)dt = 0 and when, for each i =
1, 2, ..., N, there exists a real number ri > 0 such that

(i) y (t,z)z >_ o,
for a.e. t (5 [0, r] and all x (5 1N with Izl >_ r, and

(ii) If (t,x)l <_

(1.5)

for a.e. t [0, 7r] and all z RN with Iz l _< r. We give asymptotic conditions on the behavior of
zi-lfi(t, z), i = 1, 2,..., N, at the first two eigenvalues 0 and I of the linear problem

z"(t) + Az(t)= 0, 0 < t < 7r, (1.7)

x’(0) = x’(r)- 0, (1.8)
for the problem (1.3)-(1.4).

Our methods can be adapted and similar results obtained for Lienard’s system of equations

4- x"(t) + [-gradF(x(t))] + f(t,x(t)) = e(t), 0 < t < r, (1.9)

z(0)- x(2rr)- z’(0)- x’(2rr)- 0, (I.i0)
where F tLN -+ tt is in C(I:tN, P), f’[0, 2rr] x 1N -+ pN satisfies Caratheodory’s conditions,
and e [0,2r] --+ pN is Lebesgue integrable. The problem (1.9)-(1.10) was studied by Ianacci
and Nkashama in [3], where they give sufficient non-resonance conditions for the existence of a
solution. We provide in this paper sufficient resonance conditions for the existence of a solution
for the problems (1.1)-(1.2) and (1.3)-(1.4) and accordingly for (1.9)-(1.10)in line with our remark
above.

Our results and methods are inspired by the results of Gupta and Mawhin [2] for the problem
(1.9)-(1.10) when N = 1. We present in Section 2 notations and definitions that we need in this
paper. In Section 3 we present some lemmas that are extensions to systems of corresponding
lemmas in [3]. We present in Section 4 our theorems giving the existence of solutions for the
problems (1.1)-(1.2) and (1.3)-(1.4). Our conditions for the existence of solutions for (1.3)-(1.4)
allow resonance at infinitely many eigenvalues of the linear problem (1.7)-(1.8). Finally, in Section 5
we present a theorem for the problem (1.3)-(1.4) sharpening the condition for resonance at infinitely
many eigenvalues of the linear problem (1.7)-(1.8) in the absence of L-resonance at the second
eigenvalue , = 1 of (1.7)-(1.8).



Nonlinear 2nd Order System of Neumann Boundary Value Problems: Gupta 171

2 Notations and Definitions

Let tLN, N _> 1, denote the N-dimensiona2 Euclidean space. For z = (Zl, x2, ...,zn), let

(2.1)

denote the Euclidean norm of z in pN; and for z = (z,z, ,XN) and y = (Yx,Y, ,YN) in N

< , >= ,, (.1
i=1

denote the inner product of x and y in pN.

We shall use the following spaces"

(i) the Lebesgue spaces Lv([O, r],l:tN), 1 _< p _< c, with the norms defined by

N

II.fllz, = [(Li=1
71"

forl<_p<,

and
N

Ilfll2 = ( lYI.)/2, fo =
i=1

(ii) the space of C([0, 71"],PN) of continuous functions with its usual norm, the norm induced by
the Lebesgue space L([0, 7r],R.N);
(iii) the Sobolev space HI([0, 7r],lN) defined by

H’([0, n],lN) {x" [0, r]- RNIx is absolutely continuous and z’ e L:([0, 7r],R.N)},

with the inner product defined by

lfo’(z, )n =< x(t)dt -rl fo
r

y(t)dt > +- < z’(t), y’(t) > tit,

and the corresponding norm I1" IIH defined by

ljf0II=IIH = ( lfoIz’(t)ldt + I z(t)dtl)l/2;

(iv) the Sobolev space #1([0, 7r],tN) defined by

/’]rl([0, 7t’], PN)- {X e Hx([0,r],RN)I " z(t)dt = 0}

with the norm induced by H’([0, 7r],ILN); and

(v) the Sobolev space W’([0, r],lN) defined by

W2’1([0, 71"],PN) - {x "[0,71"] PNIx and x’ absolutely continuous}
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with the norm defined by
2

j=0

where z() = x,z() = z’,x() = z".
For the sake of simplicity in the notation of the space, we shall omit ttN when N = 1.

We note that for x H([0, r];IN), x = (x,x,...,XN) if and only if xi . H[0,r], for
i = 1,2, ...,N. Also, every xi . H[0, r] can be written in the form

xi(t) = .i + i(t)
1with i H[0, r] and 2i = - f xi(t)dt. Moreover,

(c(t))2dt)1/2

so that we have
N

II=IIH = ( II=II,)/.
i=1

For x = (xx,x2,...,XN)
i = 1, 2, ..., N and

zi(t)dt,

3 Technical Lemmas

Lemma 1 Let 1" = (rx,r,...,r) e Lx([o, ],rt) ch that for a.e. t e [0, 7r],

r(t) < , (3.)

for i = 1, 2, ..., N with strict inequality holding on a subset of [0, 7r] of positive measure. Then there
exists a g = (F) > 0 such that for all ([0, r], l:tN) with 5:’(0) = 5:’(r) = 0,

[15:,(t)l

> 1111 /./v

N

ri(t)(t)ldt
i=1

(3.2)

Proof. Using (3.1), the method of expanding a scalar function :i e /rl[0, 71"1, with :(0) = 0 nd
(r) O, into cosine Fourier series, nd Parseval’s identities for ’ and z-, we see that

N

Br() = 1_ [l’(t)l Fi(t)(t)ldt
71" i=1

i=1
[((t))2- ri(t)(t)ldt

>_, O, (3.3)
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for all /1([0, ],1"h’r) with "(0)= "(r)-- 0. Moreover,

(3.4)

if and only if
Y’(t) = A cos t,

for some A = (Ax, A2, ...,AN) . tLN. But we then get from (3.4) and (3.5) that

N ___A jf0,0 = Br(5:)=
7r

i=1
( r(t)) cos tdt;

so that by our assumption (3.1) on Fi we have Ai = 0 for every i = 1, 2,..., N, and hence = 0.

Let us next assume that the conclusion of the lemma is false. Then there exists a sequence
{:n}, ;n e /1([0, 7r], R.N), such that

Br() --, 0asno,

[lnllHv = 1, for every n = 1,2, (3.6)

We may also assume, by going to a subsequence if necessary, that there exists an : e/([0, r], 1N)
such that

weakly in HI([0, 7r], RN),
in C([0, 7r], ILN). (3.7)

Using Theorem 5.2 in [4], we have that BF() > 0, even though $’(0) and $’(r) may not be zero.
Also, from (3:7) and the weak lower semicoatiauity of the norm in H([0, r], 1:iN), we have that

and hence
0 _< Br() _< lim inf Br() = 0.

Thus : = 0, from the first part of the proof. We next see that

1/o 7r
Icledt Br(.) + ri(t)l,,i(t)ldt

7r
i=1

1/o ri(t)lei(t)ldt = le’(t)ldt.
71"

i=1

Thus, n --* & in Hi([0, ],1N) and II’IIH = 1, which forms a contradiction. Hence the lemma.

Lemma 2 Let r = (r,,r,...,r) e Z’([0,],N) d r, = (r,,,...,r) e r([0,),). t
r (r, ..., r) e ([o,),) dr = (r,...,r)e ([o,,],) ch ,

(i) r = r + rz + r,
(ii) for a.e. C= [0, r] and every i- 1,2,...,N,r,(t) _< , (3.8)
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with strict inequality holding on a subset of [0, 7r] of positive measure,

7r 2

where 5(ra) > 0 is given by Lemma 1.

Then for every //([0, r], 1N) with &’(0) = &’(r)= 0,

r2

Br(i) > [8(Fa)- TIIFIIL IlroollL]llll z
Hr

Proof. Using the fact that H([0, ],lN) C C([0, ],lN) and the inequalities (see IS])

for a]l e /rl([0, 71"11R.N), &s well ns Lemma 1, we see that

lj/0Br() =
r

N

[l’(t)l Fi(t)(t)]dt

N
[l:’(t)l r(t)(t)]dt

i=1

1_ [r,(t) + r,(t)l:(t)dt
7r

i=1

> a(r)llllHi,- IIrllL,llil -Ilroollllli
> (() TIICII I1oo11)1111/-/o

(3.9)

Definition 1 For z = (x,z2, ZN) and y = (y, y, ,YN) in I:tN.., we say x < y ff zi <_ Yi for
every i = 1, 2, ..., N.

Lemma 3 Let/= (7,7,...,/N) LX([0, a’l,tLN) andr = r,+r,+roo e L([0,rl,ttN) be as in
Lemma 2, and let 6(Fc,) be 9iven by Lemma 1. Then for all measurable functions p’[0, r] --+ R.u
such that < p, p(t) < F(t) for a.e. t [0, 7r] and all z W,[(0, a’),RN] with z’(O) = z’(r) = O,

< . :(t), 5:"(t)+ pT(t)ISc(t) > dt

7r2> rll2 + [(r) -5-11rllz, -IlroollL]llll,. (3.11)

Here r/= min{’il < < N}, I denotes the N x N identity matrix, pT(t) denotes the transpose of
the column vector col.{p(t),p2(t),...,pg(t)}, and all vectors are aestood a cotm ctos yo
the purpose of matrix arithmetic.
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Proof. For x = (2:1,x2, XN) e W’([0, Tr],tLN) with x’(0)= x’(Tr)= 0, we have (on integrating
by parts and from Lemma 2) that

< z (t), "(t) + rY(t)z(t) > at

Hence the lemma follows. El

4 Asymptotic Resonance Conditions for the Existence of Solu-
tions

Let f’[0, 7r] x Pt,N -+ Pt,N be a function satisfying Caratheodory’s conditions, namely,

(i) for each x ttN, the function t [0, r] f(t,x) R.N is measurable on [0, 7r];
(ii) for i.e. t [0, 7r], the function z ILN -, f(t,x) RN is continuous; and

(iii) for each r > 0, there exists a function at(t) /[0, Tr] such that If(t,x)l <_ cr(t) for i.e.

t [0, Tr] and all x R.N with Ixl < r.

Let x = C([0,Tr],R.N) and Y = /l([0, rr],ttN). Also, let Y1 C Y denote the subspace of Y
defined by

Y = {x i([O, Tr],IN)lxi(t) is constant for i.e. t [0, Tr],i = 1,2,...,N}; (4.1)

and let Y2 be the closed subspace of Y such that Y Y1 Y2. We define the canonical projections
P’Y"-’Yx and Q’Y Y---, by setting, for x ( Y,

Px(t) = x(t)-
1

x(t)dt = ’(t), (4.2)
1

x(t)dt , (4 3)Qx(t) = -for t e [0, 7r].
We next define a linear operator L D(L) C X Y by setting

D(L) = {x W’X([O,r],I:LN)[x’(O)- z’(r)- 0};

and for z e D(L),
Lz = --Xtt. (4.5)
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Now, for z D(L), we see, on integrating by parts, that

Lx, z < -x"(t),x(t) >dt

(4.6)

Lemma 4 For every given y LI([0, rl, tLN) with 3 = O, there exists a unique z E C([0, Trl,tLN)
with 2 = 0 such that

"(t) = o < t <
’(0) = o. (4.8)

Proof. It is easy to see that

1 if0
r

)2y(v)dr, (4.9)x(t) = (t- r)y(r)dr + (Tr- 7"

for t [0, 7r], is the unique solution for (4.7)-(4.8) with : = 0. Hence the lemma follows, t3

It follows from Lemma 4 that there is bounded linear operator K Y --. X such that for
yY,

KPy D(L),LKPy = Py, (KPy, Py) > O. (4.10)
Now let N X Y be a nonlinear operator defined by

(Nz)(t) = f(t, x(t)), t e [0,

where f [0, 7r] l:tN tLN is given function satisfying Caratheodory’s conditions. It follows
easily from the Arzela-Ascoli theorem that the operator KPN X X is a compact operator
(i.e., it maps bounded subsets in X into relatively compact subsets of X) and QN X --, X is a
bounded operator (i.e., QN maps bounded subsets in X into bounded subsets in X).

Theorem 1 Let f = (f, f, ..., fN) [0, 7r] X R.N R. be a function satisfying Caratheodory’s
conditions. Suppose that for each i = 1, 2, ..., N there exist real numbers ri, Ri, ai and Ai with

ri < 0 < Ri and ai <_ Ai such that

(i) for a.e. t [0, 7r] and all x pN with zi >_ Ri,

fi(t, x) > Ai, (4.12)

(ii) for a.e. t [0, r] and all z Pt.N with zi < ri,

fi(t, x) _< ai. (4.13)

Suppose further that for every real number r >_ 0 and each i = 1,2, ...,N there exist functions
ai(t) L[0, r] such that

If (t, z)l _< (4.14)
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for a.e. t [0, 7r] and all x IN with Ix.l <_ ,’. Zhe., fo e,y LI([0, 7r], R,N) with ai <_. -i <_ Ai
for each i = 1,2, ..., N the boundary value problem

z"(t)+ f(t,z(t))= e(t), 0 < t < 7r, (4.15)

has at least one solution.

’(0) = z’() = 0, (.)

Proof. Define F = (F, F2,..., FN)" [0, 7r] x 1N IZN by

Fi(t) = fi(t)- Ai + ai (4.17)

for (t, x) e [0, r] x tLy and = 1, 2, ..., N. Also define E" [0, rr] It.N, E = (E, E2, ..., EN), by

Ai +ai(t) = (t)- (.s)

for t [0, r] and i = 1,2, ..., N. Clearly F satisfies Caratheodory’s conditions, and for i = 1, 2, ..., N
and for a.e. t

Ai aiFi(t, z) >_ 2::: -> 0, (4.19)

for all x e pY with zi >_ Ri, while

Fi(t, z) < Ai -2 Ai <_ O,

for all x pN with xi < ri. Further, for every real number r > 0 and each = 1,2,...,N there
exist functions ri /_,[0, ’] such that

IF(t,z)l < (t), (4.2X)

for a.e. t [0, 7r] and all x tLy with Ixl _< r. Indeed, in view of (4.14), we have/ri(t) =
ari(t) + 1/21Ai +ail for t e [0, 7r]. We also hve for i = 1, 2, ..., N,

I
-(ai- Ai) <_ Ei <_. -(Ai- ai). (4.22)

Clearly, (4.15) is equivalent to

z"(t)+ F(t, z(t)) E(t), 0 < t < rr. (4.23)

Let us next define the nonlinear operator N X ---, Y by

(Nx)(t) = F(t,x(t)), t e [0,

while x(t) e X. It is easy to see, in view of (4.19), (4.20), and (4.21), that for every k >_ 0 there
ests a constant C(k) >_ 0 such that

(Nx, x) >_ klINzlI, (4.24)
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for x X. Now, if L D(L) C X Y is the linear operator defined by (4.4) and (4.5) and
K Y --* X is the linear operator as in (4.10), then the boundary value problem of (4.23) with
(4.16) is equivalent to the operator equation

Lz + Nx = E, x X, (4.25)

which in turn is equivalent to the system of equations

Pz + KPNz = KPE
QNz = QE, (4.26)

where P and Q are as defined by (4.2) and (4.3). Now, (4.26) is clearly equivalent to the single
equation

Pz + QNx + KPNz = KPE + QE, (4.27)
which has the form of a compact perturbation of the Fredholm operator P of index zero. We can,
therefore, apply the version given in [6: Theorem 1, Corollary 1] or [5: Theorem IV.4] or [7] of the
Leray-Schauder Continuation theorem which ensures the existence of a solution for (4.27) if the
set of all possible solutions of the family of equations

Px + (1 ),)Qz + QNz + ,KPN = AKPE + ,QE,

(0, 1), is a priori bounded in X, independently of A. Notice that (4.28) is equivalent to the
system of equations

Pz + KPNz = KPE
(1-),)Qz + ,QNx = )QE. (4.29)

If x X is a solution for (4.29) for some A e (0, 1), then xa . D(L) and

Lz +,kPNz, = APE,
(1- )Qz, + AQNz = ,QE. (4.30)

Now we get from (4.30) that

(Lx,, Px),) + (PNx),, Px),) = ,(PE, Px),),

(1 )(Qz,, Qz),) + A(QNz:,, Qz:,) = (QE, Qz,).

Since (Lx), Px,) = (Lx:,x),), and given (4.6) and (4.24), we obtain that

IIPxxllH, + kll2Vx llY c(k) _< IIPEIIv" Ilexxllx + IQEI. IQxaI.

Now, the second equation in (4.30) gives for each i = 1, 2, ..., N that

ljf0’ xi(t)dt + ,1 Fi(t zx(t))dt = ),1 Ei(t)dt. (4.32)

If xxi(t) >_ Ri for every t [0, ], we get from (4.32), in view of (4.19) and (4.22), that

(1- A)Ri + -(Ai- a) <_ (Ai- a.i).



Nonlinear 2nd Order System of Neumann Boundary Value Problems: Gupta 179

Thus, (1 A)Ri <_ 0, and we have a contradiction. Similarly, xi(t) <_ ri for every t fi [0, 7r] leads
to a contradiction. So for every i = 1,2,...,N there ex.ists a ri fi [0, r] such that ri < xi(ri) <
It follows that there exist constants Cx > 0 and C2 _> 0, independent of A (0, 1) such that

IIz,\llx _< cx + CIIPxxlIH.
Finally, using the facts that IIPxIIx < 211xnilx and IQzxl _< IIxllx, we have that

IIPxIIHb +/cllgxll -C(&) _< C3(Ca +

(4.33)

where C3 = 211PEII + IQEI. Hence, there exists a constant C > 0, independent of A e (0, 1), such
that

which implies, from (4.33), that

IIxllx <_ c, + cc.
We have thus shown that the set of solutions of (4.28) is bounded in X independently of (0, 1).
Hence the theorem follows.

Theorem 2 Let F = (r,r,...,r)e L.([0.].r) i. Lemma 2. Let f = (fx, f2,...,fN)
[0, ’] x R.N --. I:l. be as in Theorem 1. Assume, .further, .for each i = 1, 2, ..., N

lira sup fi(t,z) <_ ri(t), (4.34)

uniformly a.e. in t [0, r]. Then, for every e e /I([0, Tr],PN) with ai < .i < Ai for each
i = 1, 2, ..., N the boundary value problem

z"(t) + f(t,z(t))= e(t), 0 < t < r,

x’(0) = z’(Tr)= 0, (4.36)
has at least one solution.

Proof. Define F = (F, F2, ...,Fn)" [0, 7r] x pN
_
RN and E’[0, 7r] 1N, E = (E, E2, ..., EN),

as in the proof of Theorem 1, so that (4.19), (4.20), (4.21), and (4.22) hold. Ve have from (4.34)
for each i = 1, 2, ...,N that

nm sup Fi(t, x) r,(t), (4.37)

uniformly a.e. in t [0, 7r]. We also see for each i = 1,2,...N for all x ttN with [zl
max(R/,-ri) that Fi(t, z)zi > O, so that Fi(t) _> 0 n.e. in [0, 7r]. Moreover, the equation (4.35)is
equivalent to

z"(t) + F(t,z(t))= E(t), 0 < t < r. (4.38)

Now let = __.[(r)- -a-IlrzllL, -IIrollL] > 0. Then for each i there exists a pi > 0 such that

for a.e. t [0, 7r] nd all x 1:N with Izil >_ pi,

0

_
Fi(t,x_____)

_
ri(t)+ r/. (4.39)
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Next, set p = max{pl < _< N} and define " [0, Tr]xRN RN by setting, for (t,x) e [0, r]xRN
and each i = 1, 2,...N,

#(t,z) =

/(t, z ) =

z/i(t, x =

Fi(t, x)
if Ixl _> p,

x
Fi(t, zx ..., Xi-l, P, Xi+l, "", ZN) ()P

xi+( -)r(t) for 0 _< xi < p,

xiF,.(t, , ..., _, -,+, ...,1(_)P

)ri(t) for < zi < O.+(+7 --Then - satisfies Caratheodory’s conditions and

o <_ /(t,z) < r(t)+ , (4.40)

for a.e. t [0, r], all x e RN, and i = 1, 2, ..., N. If we next set h = (h,h2, ...,hN) with

hi(t, z) = Fi(t, z) 5/i(t, z)xi,

for t [0, r], z RN, and i = 1, 2, ..., N, then we see from (4.21) and the definition of "i that
there exist functions mi(t)e L[0, Tr] such that

Ihi(t, z)l < mi(t), (4.41)

for a.e. t [0 7r] and all x q 1N Defining g [0 r] 1N RN--* g = (g, g2, ...,gN) by setting

for (t,x) [0, 7r] RN, i = 1, 2, ...,N, we see that the equation (4.38) is equivalent to

z"(t) + g(t, z(t)) + h(t, z(t)) = E(t). (4.42)

We can next apply Theorem IV.4 of [5] to the boundary value problem posed by(4.42) and
(4.36). It suffices to show that the set of solutions of the family of equations

z"(t) + (1 )T(t)Iz(t) + g(t,z(t)) + ,h(t,x(t)) = ,E(t), (4.43)

’(0) = ’() = 0,

A e (0, 1),is a priori bounded in X = C([0, 7r],RN) independently of A, where ’(t) = (’x(t), ...,N(t))
with r(t) F(t)+ 7, i = 1, 2, ..., N.

If, now, z(t) is a possible solution of (4.43) for some , fi (0, 1), we see on integrating the
equation obtained by taking the inner product of the equation in (4.43) with -(- k(t)) and using
Lemma 3 with Fi replaced by Fi + r/, for i 1,2, ..., N and 7 = (Tx, .-.,Tg) --= 0 that

< x"(t),2- 2(t)> dt
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where C > 0 is a constant independent of A (0, 1). Hence,

i111 <(
c

H -)(11 + I11 IH?)- (4.44)

Next, integrating each of the component equations in (4.43) over [0, r], we see that

(1 ,)g (r(t) + )zi(t)dt + "klr Fi(t, z(t))dt

= " -rl fo’ Ei(t)dt,

i = 1,2, ...N. As in the proof of Theorem 1, we see that there exist constants C >_ 0 and C: _> O,
such that

lY:l _< Ilxllx < Cx + CIIIIH,. (4.45)

It follows from (4.44) and (4.45) that there ests a constant C3 independent of A (0, 1) such that

IIIIH --< c3,
and hence

Ilxllx _< cx / cc3.
Thus we have shown that the set of solutions of (4.43) is bounded in X independently of . Hence
the theorem holds, rq

Remark 1. We say that the boundary value problem (4.35)-(4.36) has "no LC-resonnce’’ at the
second eigenvalue ,k = 1 of the linear eigenvalue problem (1.7)-(1.8)if I’a = r = 0 in Theorem
2. In the case of no LZC-resonance, Theorem 2 implies the e.xistence of a solution for the boundary
value problem (4.35)-(4.36)if IIr,ll, < . We give a sharpening of this result in Section 5.

5 Resonance Condition When No L-Resonance Exists

We need the following lemma for a sharper resonance condition that gives the existence of a solution

for the boundary value problem (4.35)-(4.36) vhen there is no L-resonance.

1Lemma 5 Let e LI([0, 7rl,l:LN) and F (r,, r,..,FN) e LI([o, I,I:LN) with i = - f Fi(t)dt >_
0 for every = 1, 2, ..., N. Then every possible solution z(t) of he linear boundary value problem

x"(t) + p(t)TIx(t)- e(t),0 < t < r
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’(0) = ’(r) = 0,

with p = (p, p, ..., PN) /1([0, r], IN) such that

p < r, 0 _< p(t) (5.2)

for a.e. t [0, 7r], = 1,2, ...,N, satisfies the inequality

72

(1- --(Here. (1, r2, ...,N).)

Proof. It follows from Lemma 4 of [1] that each solution zi(t) of the i-th component boundary
value problem of (5.1), namely,

xT(t) + pi(t)xi(t)= el(t), 0 < t < rr

satisfies the inequality

(o) = ()- o,

i)llzTII= _< 21leill llzTIl + illeillz, I1i11oo

for each i = 1,2,...,N. Noting that maxl<i<n ’i < I1, we get

for each i = 1, 2, ..., N. On adding all these inequalities and using the Cauchy-Schwarz inequality
in R,N we get that

Il)llx"ll x"lL% 211ellLll IL + IIllelIL%IIIIw
Hence the lemma follows.

NTheorem 3 Let F (F1, r2, ..., FN) E L ([0, r], l:t ) be such that I’1 < 4 t’_: Le f (fl, I2, "", fN)
[0, 7r] X IN ---+ I:N be as in Theorem 2. Then for every e E Ll([0,r],tL) with ai <_ .i <_ Ai for
each i- 1,2,...,N, the boundar9 value problem

"(t) + y(t, (t)) (t), o < t < (5.4)

has at least one solution.

’(o) = ’()= o,

Proof. Define F (Fi, F, ..., FN)" [0, 7r] X pN .. pN, E’[0, r] iN and E = (El, E2, ..., EN)
as in the proof of Theorem 2. Then the boundary value problem (5.4) is equivalent to the boundary
value problem

x"(t) + F(t,x(t))- E(t), 0 < t < 7r, (5.5)
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Also

llm

uniformly a.e. in t [0, r] and

x’(O) = ’(-) = o.

F(t x)
sup _< r(t),

Ixi l--*oo

F(t, z)z >_ O,

for a.e. t e [0, r] and all x RN with I1 >_ max(Ri,-ri) so that r(t) >_ 0 for a.e. t e [0, r]. Let
4 4n ( -If’l) so that I1 + Nr/< . Proceeding as in the proof of Theorem 2, we can write

the boundary value problem (5.5)in the equivalent form

z"(t) + g(t, z(t)) + h(t, z(t)) = E(t),

z’(0) = ’()= 0.

The same degree arguments will imply the existence of a solution for (5.6) if the set of all possible
solutions of the family of equations

z"(t) + (1 a)r’r(t)zz(t) + g(t,z(t)) + ,h(t,z(t)) = ,E(t)

’(0) = ’()= 0,

,k 5 (0, 1),is a priori bounded in Z = C([0, r],RN) independently of,X. Here F*(t) = (r;(t),..., rv(t))
with F’(t) = Fi(t)+ r/, i- 1,2, ..., N, t e [0, 7r].

We note that g = (gi, g2, ...,gN) in (5.6) is such that gi(t, z) = /i(t, z)zi. If we write "(t, z) =
(’l(t, z), ..., ZN(t, z)), then

g(t, x) = 5/(t, z)TIx.
We see that

0 < (1- ,)F’(t)+ ,zi(t,z(t)) N r’(t)
for i = 1, 2, ...,N in view of (4.40) with

N N

i=1 i=1

4<_ If’l + r/N < a.--.
Also, since

N

liE(t)- h(t,x(t))llLk < IIEIILk + ilmllz,
i=1

it follows from Lemma 5 that

N(x--X-,a’If’* I)II :"I =,Zr-< 2(IIEI Iz, + llllz,’
i=I

N

+ IE’*I(IIEIIL + llmllL,)llxllL.
i=l
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As in the proof of Theoren 2, we hve that there exist constants C > 0 nd C2 >_ 0, independent
of .k fi (0, 1) such that

_< C1 + C27]]

and, hence, from (5.9) again,

II IIL cx + c - c3.
Hence the theorem holds.

Remark 2. If there is no L-resonance (i.e., ra = too = 0), Theorem 3 improves the condition on
34 compared to Theorem 2, where ]] < .

Remark 3. If p(t) (p(t),...,pN(t)) e LX([0,r],ILN) in Lemma 5 satisfies, additionally, for a
4given r/> 0, pi(t) > 7 > 0 for a.e. t e [0, r], i = 1, 2, ..., N and ]’1 < , it follows easily from the

inequality (5.3) that the boundary value problem (5.1) has at most one solution.
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