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Continuous grain growth of a polycrystalline structure proceeds by the simultaneous movement of all
grain boundaries driven by the grain boundary energy and controlled by the boundary mobility. In the
present model calculations, energy and mobility are allowed to depend on the orientation difference
between neighbouring crystals. The growth process then depends on the misorientation distribution
function. In a first approximation the orientation correlations are assumed to be random. Then the
MODF can be expressed by the texture. A simple growth model leads to a continuity equation
depending on crystal orientation g and grain radius r which can be integrated for the steady state case
in which the texture and the shape of the grain size distribution curve remain constant. The same
solution also serves as an approximation for pseudo-steady state cases with slowly varying texture.
More general solutions are obtained by adding several pseudo-steady state solutions. The specific case
of two pseudo-steady state components is considered in detail. Thereby the growth kinetics, texture
changes and the form of the grain size distribution curves is obtained.

KEY WORDS Continuous grain growth, continuity equation, analytical steady state solution,
pseudo-steady state solutions, one and two component case

INTRODUCTION

During annealing the grain size of a polycrystalline structure may continuously
increase, driven by a reduction of grain boundary energy. The driving force of
this recrystallization process is much smaller than that of primary recrystalliza-
tion. Hence, continuous grain growth may strongly depend on all kinds of
additional driving or impeding forces of the same order of magnitude such as
dislocation substructures, internal stresses, solute atoms especially concentrated
in grain boundaries, and second phase particles. If one considers an ideally pure
and homogeneous material, these effects may be assumed to be small compared
with grain boundary energy. Continuous grain growth is then controlled solely by
grain boundary energy and mobility. In an ideal material of this type the specific
grain boundary energy as well as the mobility must be assumed to be constant
throughout the process. Both quantities will, however, strongly depend on the
orientation difference across the grain boundaries and the orientation of the
boundary itself, i.e. on five grain boundary orientation parameters.

In detail, the movement of any grain boundary point must be assumed to be
determined by the local curvature, the local mobility and the local specific energy.
These quantities, in turn, are controlled by the topological necessity for the grain
boundaries to form a connected three-dimensional structure, and by the crystal
orientations of neighbouring grains. Starting with a given grain structure and with
given grain orientations the growth process can then be followed step by step by
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computer simulation following the movement of each point of each grain
boundary throughout the whole growth process. This is the most direct way to
model continuous grain growth (see e.g. Anderson, 1986, Grest, Anderson and
Srolowitz 1986). Model calculations of this type are theoretically very satisfactory
in as far as they are based on "first principles." They are, however, at the same
time also very time consuming if all relevant structural parameters are to be
included in the calculations. Furthermore, they have the disadvantage that the
results, strictly speaking, apply only to the particular structure chosen for the
initial state. In order to generalize the results to a whole "class" of structures, the
calculations have then to be repeated for a number of individual grain structures
which are considered to be representative for what is called the "class" of grain
structures. In fact, this latter uncertainty detracts considerably from the theoreti-
cal advantage of starting from first principles. The definition of a "statistically
relevant class" of grain structures is often not very clear.
Another group of model calculations, so to speak, inverts the sequence of

assumptions which are being made. At first one decides which parameters of a
polycrystalline structure are assumed to be "statistically relevant" and then one
assumes a growth model which can be formulated within these assumed
parameters. This type of model calculation was first used by Hillert (1965). He
assumed the grain radius r to be the controlling variable. In a more detailed
model the radius r and number of faces of a grain can be considered as separate
variables (Kurtz and Carpay 1980).

Since, however, experimentally a statistical relationship between the number of
faces and the mean radius of this class of grains is found (e.g. Beck 1950,
Feltham, 1957, Aboav and Langdon 1969), this relationship can be included into
the considerations as an experimental fact, thus reducing the variables again to
the grain size, only.
An "ideal" grain structure is mostly assumed to be isotropic i.e. the mean

radius of a class of grains is assumed to be independent of the direction. Then it
must be assumed that all grain boundary orientations are equally frequent.
Hence, the dependence of grain boundary energy and mobility on boundary
orientation may be averaged out. It remains only the orientation difference Ag
(the misorientation) across the boundaries between neighbouring grains.
Under certain statistical assumptions the orientation differences between grain

pairs can be expressed by the orientations g of the crystallites. Hence, a statistical
theory of grain growth can be formulated with the variables "grain size r" and
"grain orientation g." Under these premises a polycrystalline structure is
statistically completely described by a distribution function n(r, g) which includes
the grain size distribution (independent of orientation) and the texture (inde-
pendent of grain size). If these parameters are really relevant and sufficient it
should be possible to formulate a satisfactory theory using only these parameters.

It can, however, be forseen that the parameters r and g alone will not be
completely sufficient to characterize a polycrystalline structure. The growth
process will certainly favour low energy boundaries which correspond to certain
orientation differences Ag. Then Ag has to be considered additionally as an
independent variable. Such a theory must be formulated with a distribution
function n(r, g, Ag) which comprises grain size distribution, the texture and the
misorientation distribution function (or the orientation correlation function).

In the present paper we shall restrict ourselves, however, to the simpler case
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which can be formulated with a distribution function n(r, g) i.e. we allow for a
texture in the material but not for orientation correlation.
A theory of this type has been formulated by Abbruzzese and Liicke (1986a, b)

and by Bunge and Dahlem (1986, 1987). The two theories are similar in their
assumptions. Liicke and Abbruzzese assumed the mean curvature of a class of
grains as the driving force whereas Bunge and Dahlem considered the balance of
grain boundary energy of the surrounding "a" boundaries of a grain pulling
"inwards" and the "b" boundaries between two neighbouring grains pulling
"outwards." This latter model has the advantage that it allows to take the
different orientation mean values of the grain boundary energy for "a" and "b"
boundaries into account. In both theories similar differential equations for n(r, g)
are derived. Abbruzzese and Liicke solved their equation by numerical integra-
tion. To our opinion this is problematic since at r 0 the flow rate of the
disappearing grains takes on the form 0-oo. Hence, this is a singular point which
is very sensitive to the modalities of numerical integration with finite steps of r.
On the other hand, however, the whole growth process is essentially determined
just by those grains disappearing from the structure because their radius
converges to zero. Therefore, Bunge and Dahlem used a partly analytical solution
(analytical with respect to the variable r).

Recently Atkinson (1988) published a review on grain growth. Thereby he
defined two attributes of "normal" grain growth, 1) a "uniform appearence" i.e.
a relatively narrow range of grain sizes and shapes and 2) "scaling" i.e. the
growth structure is geometrically similar (in a statistical sense) to the starting
structure. Both attributes are, however, only fulfilled in certain idealized cases
i.e. in cases where the texture does not change very much. These are especially
the completely random case and the case of a sharp single component texture such
as the cube texture (as long as one does not consider the sharpening of the
texture within the spread range of the cube orientation). For these ideal situations
a growth rate law f---t

1/2 has often been reported. The same growth rate law has
also been deduced by several theories (see e.g. Atkinson 1988). On the other
hand, also deviating growth rate laws were observed. This was mostly attributed
to deviations of the material from the ideal situation e.g. by impurities or
particles. Strong deviations were also observed in the case of textures changing
during grain growth (Brickenkamp, Liicke 1981; Dahms, Welch, Bunge 1982;
Distl, Welch, Bunge 1983; Bunge, Lee, Dahlem 1984; Bunge, Nauer-Gerhardt
1985; Eichelkraut, Liicke, Abbruzzese 1986; Eichelkraut, Abbruzzese, Liicke
1988). In these cases also deviations from the attribute: "uniform appearance,"
were observed, though much smaller ones than in the case of discontinuous grain
growth or secondary recrystallization.
The second attribute: "scaling," may also be violated if one looks into details.

True scaling requires a "steady state" grain size distribution curve, the specific
form of which is a result of the growth process. This steady state grain size
distribution curve has been measured experimentally and it can be deduced from
corresponding growth theories. In the most general case, it must be assumed that
the shape of this curve, immediately after primary recrystallization, does not
necessarily correspond to the steady state form. Hence, transient phenomena will
occur in the beginning until a steady state shape of this curve is reached. During
this period, deviations from the ideal steady state growth rate law must also be
expected.
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On the other hand, "scaling" very often seems to be a rather good
approximation. Hence, it may be tempting to compose a general solution of the
differential equation of grain growth from several steady state solutions. This line
will be followed in the present considerations.

In the steady state, i.e. with a constant form of the grain size distribution curve,
an analytical solution of the growth equation can be found which has still a free
parameter. Hence, several such solutions with different values of this "shape
parameter" can be added in order to obtain a wider class of most general
solutions. The case consisting of two steady state components was considered in
more detail. Thereby it turned out that always one of the two steady state
components finally vanishes. This means, if we start with a grain size distribution
curve which deviates from the steady state shape then the growing grain structure
automatically converges towards the steady state which is in agreement with many
experimental results.

GENERAL DEFINITIONS

A grain in a polycrystalline material may be characterized by its crystal
orientation g defined, for instance, by the Euler angles

and by its size which will be specified by the grain radius r. In a two-dimensional
or three-dimensional model respectively, r is related to the area A or Volume V
of the grain

r r (2)

The number dN of grains of the size r and orientation g in the unit volume of the
sample at the time t defines an "orientation-size" distribution function

dN(r, g, t)
n(r, g, t)= (3)

dr dg

From this function, the grain size distribution--irrespective of crystal
orientation can be deduced

v(r, t)= n(r, g, t)dg (4)

The mean grain diameter is obtained from v(r, t) by

[ v(r, t) r. dr

e(t) =" (5)

f v(r, t) dr

The texture (by volume) is defined by

f(g, t) =-- n(r, g, t)r3 dr (6)
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The total volume of the material is assumed to be unity

V f(g, t) dg 1 (7)

We can also define the texture by number

fly(g, t)= n(r, g, t)dr (8)

Furthermore, we define particular mean values taken over the grains of the
orientation g, only. The mean radius of these grains is defined by

f n(r, g, t)r dr
f(g, t)= (9)

f n(r, g, t) dr

and the mean volume of g-grains is

4r
n(r, g, t)r3 dr

(10)

It can also be expressed in terms of the ratio of the two definitions of the texture

f(g, t)
fy(g, t)=fly(g, t) (11)

The orientation difference between two neighbouring grains which have the
orientations g and g2 is defined by

Ag g2 g{ (12)

Then the area fraction dA/A of grain boundaries having the "misorientation" Ag
defines a misorientations distributions function (MODF)

dA(Ag, t)/A(t)F(Ag, t)= (13)
dAg

This function will be considered separately for the "a"-boundaries surrounding a
grain of orientation g (whereby it is assumed that the MODF does not depend on
the size r of the grain) and the "b"-boundaries, Figure 1. It is assumed

Fb(Ag, t)= Fa(Ag, g, t).f(g, t)dg (14)

If the neighbouring grain orientations are statistically uncorrelated then the
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b

/ b- boundories-.. Fitre 1 Definition of "a" and "b" boundaries,
crystal orientations, misorientations and averaged
grain boundary properties.

misorientation functions are completely determined by the texture

1
gCf,(Ag, g, t) - f(Ag g, t)

t) f(Ag g, t) f(g, t) dgFb,(Ag,

(15)

(16)

where g are the crystal symmetry rotations.
In the most general case neighbouring grain orientations will, however, be

correlated. Then a correlation function q0(Ag, t) is defined by (Bunge, Weiland
1988)

F(Ag, t)qg(Ag, t)=
F,(Ag, t) (17)

(The correlation function must be assumed to be the same for "a" and "b"
boundaries). The correlation function tp(Ag, t) is an independent structural
parameter which is not defined by the grain orientation-size function n(r, g, t),
i.e. it is not defined by the texture. In the following we shall use a simplified
model with

tp(Ag, t)---- 1 (18)
The misorientation functions F and Fb define the mean properties of "a" and
"b" boundaries, Figure 1, i.e. the mean specific grain boundary energies and the
mean mobilities in terms of the misorientation dependence of mobility B(Ag) and
boundary energy y(Ag)

Ba(g, t)= B(Ag) Fa(Ag, g, t)dAg (19)

/a(g, t)= y(Ag). Fa(Ag, g, t)dAg (20)

’b(t) y(Ag) Fb(Ag, t) dAg (21)
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During grain growth, grains may grow (or shrink). The mean growth rate of the
(r, g)-grains is given by

dr=- (r, g, t) :(g, t). (r, g, t) (22)

where /5 is a driving force given by the variation of the total grain boundary
energy E on a virtual change of the grain radius referred to the circumference u
of a two-dimensional grain or the surface area A of a three-dimensional grain
respectively

1 6E 1 6E
P e (23)

u dir’ A

The energy E is expressed by the areas of "a" and "b" boundaries, Figure 1, and
?= and ?o. The grain orientation g remains constant during grain growth. Hence,
a flux of grains in the (r, g) space may be defined, Figure 2

(r, g, t) n(r, g, t) (r, g, t) (24)
Since no grains disappear except for r 0, the distribution function n must obey a
continuity equation for r 0

tSn(r, g, t) tS@(r, g, t)
6t 6r (25)

g

--)

I--- ---/----I

dr re(g) T

(R),(g)

G(r.g)

l|gllre 2 Illustration of the fundamental quan-
tities of grain growth theory, a) The r- g-space
and flux of grains in r-direction, o(g) flux of
disappearing grains at r 0, re(g)= critical radius.
b) The grain fl_ux (r, g) is the product of the
growth rate G(r,g) and the size distribution
n(r,g).



66 H. J. BUNGE AND E. DAHLEM-KLEIN

The total loss rate of g-grains is determined by the flux at r 0

n(r, g, t)
6t

dr -(0, g, t) (26)

Most of the specific growth rate models, including the one used in this paper Eq.
(28) postulate an infinite growth rate at r 0 (Figure 2). The flux of grains at
r 0 must, however, be finite. Hence, the grain size distribution curve n(r, g, t)
must go to zero for r---> 0. This provides some difficulties if numerical integration
with respect to the variable r is used.
The considerations up to here are quite general without taking recourse to a

specific model of the polycrystalline structure or to a specific growth rate model.

A SPECIFIC GROWTH RATE MODEL

A specific growth rate model was considered by Bunge and Dahlem (1986, 1987)
assuming a two-dimensional grain structure, Figure 3, and the relationship
between grain size and number of corners m,

r
m =mo+ b.- (27)

which was first proved by Feltham (1957). This leads to the growth rate law
(Bunge, Dahlem 1987)

with

((r, g, t)=/)*(g, t)[1 (28)
rc(g, t)-J

[a(g, t)B*(g, t)= Ba(g, t) b(t) ,b(t)
re(g, t)= f(t) C(g, t)

a [a(g, t)
C(g, t) - b(t)

mO]a (29)

(30)

(31)

\\ /
/

/ Figure 3 Two-dimensional growth rate model
(m-sided regular polygon) "a"-boundaries pulling
inwards, "b"-boundaries pulling outwards.



CONTINUOUS GRAIN GROWTH 67

with the constants
a 2, b 2.5, mo 3 (32)

with Eq. (28), the continuity equation Eq. (25) takes on the form

tt =-B*(g, t)
r2

+
C(g, t) (t)- 6r

Then the t-dependence of the quantities B*(g, t) and C(g, t) comes in by the
change of the texture f(g, t) which defines the mean values /a, a and ?b
according to Eqs. (19), (20), (21) and Eqs. (15), (16). The values of the
parameters a, b, m0 in Eq. (32) are slightly model dependent, i.e. they depend on
the shapes of the grains and the statistical distribution of the shapes. Particularly,
they are slightly different for a simple 2-D or a simple 3-D model. The form of
the growth rate expression, Eq. (28), and hence of the continuity equation, Eq.
(33), seems, however, to be quite general, at least for a wide class of geometrical
models. Hence, the influence of the geometrical model on the final results will be
considered later by a slight variation of the numerical values of the "constants" a,
b, m0.

INTEGRATION OF THE CONTINUITY EQUATION

As long as the texture changes are assumed to be small, the t-dependence of the
quantities B* and C may be neglected. Under these assumptions a steady state
solution of Eq. (33) can be obtained. A steady state solution is defined by a
constant shape of the grain size distribution curve ("scaling") as is shown in
Figure 4

n(r, g, t)= A(g, t) m(g, p) (34)
where

P =(t) (35)

is the relative grain size. According to Eq. (34) the distribution of the relative
grain sizes m(g, p) of g-grains is constant and only the "amount" A(g, t) of these
grains depends on time. The "momenta" of the relative grain size curve are
defined by

fft;(g) m(g, p). p; dp (36)

n(r)

Figure 4

tt t. t t

’(t ?(t Tlt) In

Steady state grain size distribution curve (scaling).
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The function m(g, p) may be assumed to be normalized such that

ffta(g) 1 (37)

With these definitions, the mean radius and the mean volume of g-grains, Eqs.
(9) and (10) take on the simple form

m (g)
f(g, t) f(t)  0(g) (38)

4ff 1
O(g, t) -- 3(t) fftO(g) (39)

Furthermore, the value p ,(g) where re(g, p) takes on its maximum is defined
by

[6m(g, p)] =O (40)6p

The parameter Z defines the shape of the grain size distribution curve as is shown
in Figure 5. With the definition of the texture, Eq. (6), the definitions Eqs. (34),
(35) and the normalization Eq. (37), the texture function f(g, t) is related to the
function A(g, t) defined in Eq. (34)

4r
f(g, t)=-A(g, t). e4(/) (41)

Hence, Eq. (34) can also be written in the form

3 1
n(r, g, t)=

,)4--_. F4,t f(g, t). m(g, p) (42)

Hence, the "amount"-function A is no longer needed. Under these assumptions
analytical expressions for the three functions , f, m and hence for the
distribution function n(r, g, t) were obtained (Bunge, Dahlem 1986, 1987) which

mlp)

X X p. _.._r
Hgare $ The shape of a grain size distribution curve characterized by the shape parameter , i.e. the
most-frequent relative grain size.
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can be written in the form

[ 2K ]
/2

(t) o 1 4- -. t (43)

[ 2K
f(g, t)=f(g, 0). 1 + -o t (44)

P F
p2K ]t(g)re(g, p) l(g) p 1 C(g---- /*(g)J

[ 1 (p.2r 1 )] (45)exp re(g), arctg
W(g) B(g) C(g)

with

[ 4K 1 ]
/2

W(g)= /g() C2(g)
(46)

1 [ /)*(g) ]fl(g) -. _1 + ,2(g)rJ (47)

1 [ /*(g) ]tr(g)
W(g) C(g) [1 (--kJ (48)

1 . /*(g)
K (g, O) .2(g) dg (49)

The normalization factor (g) is defined in accordance with Eq. (37). The
solution Eqs. (43)-(45) contains the free parameter (g) which must be chosen in
such a way that the total volume V, Eq. (7), remains constant and that Eq. (45) is
consistent with Eq. (43). These two requirements lead to the side-conditions

f(g, O)[m*(g) r(g)] dg 0 (50)

f B*(g)
(g, O)[ml(g) rh(g)] 2(g) dg=O (51)

which restrict the possible choices of the shape parameters Z(g) for the grain size
distribution curves of the crystals of the orientations g.

Since the quantities B*(g, t) and C(g, t) were assumed to be constant, what
they really are not because of the texture dependence, the solution given above is
only an approximation which is the better valid the shorter the time interval At in
which it is being considered. Hence, the solution has to be repeated with the
texture f(g, At) obtained at the end of the interval At replacing the starting
texture in the next interval. Since the quantity K Eq. (49) depends on the texture
(and hence on the time) the mean grain size (t) does then no longer follow the
ideal square root law as in the elementary interval At expressed by Eq. (43). The
present approximation is justified as long as the time dependence of K is small
compared with the time dependence of expressed by Eq. (43).



70 H.J. BUNGE AND E. DAHLEM-KLEIN

CONSTANT-TEXTURE SOLUTION

With the particular choice of the shape parameter (critical shape parameter)

x/*(g) (52)
/*(g)

const 4K,
VA2(g)

the exponent in Eq. (44) becomes zero. Hence in this case the texture remains
constant.

f(g, t)=f(g, 0) (53)
With Eq. (52), Eq. (49) is identically fulfilled. Furthermore, the two side
equations, Eqs. (50) and (51), become identical. They fix the only remaining
parameter K. Hence, with the choice of A according to Eq. (52), all parameters in
Eq. (45) are truly time-independ, i.e. the assumption Eq. (34) is exactly fulfilled
and the growth law Eq. (43) is truly parabolic. Hence, with Eq. (52), an exact
solution of the growth equation Eq. (33) is obtained. In this solution the texture
remains unchanged. With Eq. (52), each texture component has its own
particular grain size distribution curve.

mc(g, p)=/(g)" p[1 pEK
C(g)

[ -3 1 (p.2K 1 )] (54)x exp W(gi : C(g)" arctg
W(g) B;(g) C(g)

with W(g) according to Eq. (46) and K chosen so that Eq. (50) is fulfilled.
This solution of the growth equation plays a central role for the pseudo-

stationary solutions. It is seen from Eq. (44) that a particular texture component
grows or shrinks depending on its shape parameter (g).

> Ac(g) growth
(55)< .c(g) shrinkage

Hence, the critical shape parameter At(g) decides about growth or shrinkage of a
whole texture component similar to the critical radius rc(g, t), Eq. (30), which
decides about growth or shrinkage of grains of the size r within this texture
component.

DISCRETIZATION OF THE SOLUTION

The solution Eqs. (42)-(45) is a continuous one with respect to the orientation g.
We shall now assume that only discrete orientations

g =gi; i= 1, 2,... I (56)
occur. Then we obtain a discrete solution in the form

3 1
hi(r, t) 4--" f4rt,-,) f/(t) mi(p) (57)
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The momenta of the relative grain size distribution curve of the orientation
component are defined according to Eq. (36) by

rh{= m,(p) p/dp (58)

The normalization of the relative grain size distribution is given by

-3
mi 1 (59)

and the shape parameter Ai follows from

[dmi(p) ] =O
do

The solution Eqs. (43), (44), (45) takes on the form

(60)

2K ]1/2(t) 0 1 + ---oZ t

[ 2K ]2-(&/2K’V)f(t) =(0)- 1 + ----t
o oKl" l(p.2K

(61)

(62)

with the abbreviations

4K 1 ]1/2 (64)w,.= c
fli -" 1 + ,KJ (65)

or, V- C," [ 1 ,KJ (66)

And the side conditions take on the form

E(0){ I 0 (a)

Ef(O)[ ]. 0 (69)

Since there are I orientations g for each of which a shape parameter Z is defined
but only two side conditions among them, the restriction imposed by the side

(67)
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conditions is the less severe the higher the number of orientations. Also the Eqs.
(19), (20), (21) have to be written in the discrete form.

I

B E Bij (70)

i

?7 E )ti] fl" (71)

I

?b E )ti] fi fj (72)

and finally the quantities/ and C are defined

a [’’ ro] (74)Ci =
The discrete solution will be the basis for the numerical calculations which will be
considered later on.

NON-STEADY STATE SOLUTION

The discrete solution given above is a pseudo-steady state one which is expressed
in Eq. (57). The relative grain size distribution mi(p) of a crystal orientation gi
remains constant throughout the integration interval At. Only the amount of this
component i.e. the texture f.(t) changes during the interval. This allows an easy
generalization to a non-steady state solution. We assume that some of the
orientations gi are identical e.g.

gi, gi2 gi3 gk (75)
Then the grain size distribution of grains of orientation gk is no longer
"pseudo-steady state" during the integration interval. The size distribution of
these grains is given by

3 1
flk(r, t)

4r 4(t) --1=
f/(t)" mi(p) (76)

This is a function which changes its shape in the interval At since the f(t) are
variable with t. A schematic example showing two orientations, each of which
consists of two steady state components is shown in Figure 6. If we keep the
definition of the function f.(t) as being the volume fraction of the indioidual
pseudo-steady state component then the texture i.e. the volume fraction of the
orientation gk must be re-defined. It is

fk(t) f/(t) (77)

In this case, the quantities/, , b Eqs. (70), (71), (72) are to be defined with
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Figare 6 The orientation-size distribution function for the case of two orientations, each of which
consists of two pseudo-steady state size distribution components.

the "true" texture function fk(t) instead of the former definition with f. Hence,
these quantities are the same for all "steady state" compo_nents ix belonging to
the same "orientation component" k. Also the quantities B* and C depend only
on the orientation component k. This case will be considered in more detail in
another paper.

ONE STEADY STATE COMPONENT

If there is only one steady state component

I=1

the equations Eqs. (57), (61)-(66) take on the simple form

3 1
n(r, t)= 4--" 4(t---S m(p)

* t]
1/2

[ p p2]-5/2 [ 3 arctgl ( p
m(p) =/p 1 + exp

WC 2

w=

(78)

(79)

(80)

(82)
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and the side conditions Eqs. (68), (69) take on the common form

which can also be written

o re(p)(1 dp 0P)

(83)

(84)

This is a truely analytical solution which is truely "steady state" in the sense that
the relative grain size distribution curve re(p) is truely (not only in an interval At)
constant. This case has been treated numerically by Bunge and Dahlem (1987).

TWO STEADY STATE COMPONENTS

In this case the equations Eqs. (67)-(69) read

1 I-.fi(O)/K=.L + ,
(o)[,- ,1] +(o)[, a,] o

f(o)BZfl(O)__ [fft]- ifft] + [fftl- ff/] 0

with

(85)

(86)

(87)

th o; (90)
This is a solution with texture changes. The solutions of branch 1 and 2 together
provide the complete spectrum of solutions of Eqs. (86), (87). With two
components present, only two types of grain boundaries occur, i.e. boundaries
=] between grains of the same component, these are low angle boundaries

(ideally they are no boundaries at all since it is Ag 0) and (1, 2) boundaries
between grains of the two components. We introduce the ratios of the boundary
energies and mobilities of the two types of boundaries.

B12 12
Bi

x, y (91)

then Eq. (87) is identical with Eq. (86). According to Eq. (53) this is a solution
without texture change.
Branch 2 (solution with texture change). Eqs. (86), (87) can also be fulfilled
simultaneously by putting:

Eqs. (86), (87) can be fulfilled in two ways which define two branches of
solutions"
Branch 1 (constant-texture solution). If we put according to Eq. (52)

.-1 .-2 4K (89)

f(O) +3(0) 1 (88)
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then Eqs. (70)-(72) read
-aB, B,,[f + x. f.] (92)

9 )’i,[f + Y" f-] (93)

9b ),ii[(f21 + f22 + y. f2l (94)

The parameters/ and Ci are then expressed by

[ m (f2 +.fz) m 2y.f, ] (95)

a[ +y. ] (96)C= f +f + 2yf, f-
where and f2 are related to each other by Eq. (88). It is seen that the absolute
values of grain boundary energy and mobility enter these relationships only in the
form of the product B . According to Eqs. (29) and (67) also the parameter
K is proportional to this value. Hence, the ratio B/K is independent of B- .
According to Eqs. (64)-(66) the same holds for the parameters , , . Finally
it also holds for m(p) according to Eq. (63) and also to the side conditions Eqs.
(68), (69) from which the parameters Z are to be determined. The shapes of the
grain size distributions are thus independent of the absolute values of mobility
and energy. They depend only on the misorientation dependence of these
quantities expressed by the parameters x and y. The factor B. enters only
Eqs. (61) and (62) via K as a factor of the time t. Hence, the absolute value
B’i, so to speak, changes only the time scale of grain growth but not the
shapes of the distribution functions and the texture development. If we put in Eq.
(86)

f,(0) A(0) (97)
then it follows from Eq. (87)

Hence this is a solution without texture change. Furthermore, it follows from
Eqs. (70), (7), (73), (74)

Bt B, C, C (99)
and with Eq. (98) it also follows

Z Z (1)
Hence, the two texture components have also the same grain size distribution
cue which is identical with that of the one-component case. The assumption,
Eq. (97), thus leads to the one-component case.

If the grain boundary energy and mobility are independent of the orientation
difference then we have to put in Eq. (91)

x=y= 
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With this assumption we obtain from Eqs. (92)-(95)
/} =/}’ (102)

and Eq. (86), (87) have the only solution

,1 2 (103)
Hence, in this case no texture change occurs and the grain size distribution curves
of both texture components are identical to those of the one-component case.

Finally, Eq. (102) also holds if the orientations g and g2 are the same. Because
of Eq. (103) the two corresponding grain size distribution curves then are the
same. This means, a non-steady state solution as assumed in Eq. (76) does not
exist in the two-component case.

If we consider more than two steady state components which have the same
orientation gk according to Eq. (75) then the equivalent to Eq. (102) also holds.
However, the argument which lead from Eq. (102) to Eq. (103) does not hold in
this case. Hence, with three or more steady state components a non-steady state
solution can be obtained even with one orientation component. This case will be
discussed elsewhere.

NUMERICAL RESULTS

One component case

The simplest case is that of one steady state component which may be a sharp
single-orientation texture or the case of a completely random material. In this
case it is according to Eqs. (29), (31)

B* B [1 -m]a =/}. . 0.523 (104)

a[C= 1- =1.313 (105)

1.2

1.0

no solution

/

/

!

!

1.2 1.4

Parameter C

Fibre 7 Relationship between shape parameter
Z and the constant C defining the critical radius
in the case of one steady state component.
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Table 1 Values of the parameter C and
corresponding values of the shape para-
meter A

C Comment

<1.13
1.13 1.1
1.15 1.05
1.313 0.857
1.5 0.79
2.0 0.71

no solution

present model

The value of C is fixed in this case by the values of the parameters a, b, too. It
was, however, mentioned that the values of these latter parameters must be
considered as being slightly model-dependent. Hence, the parameter C is
considered here as a variable. The parameter determines the shape of the grain
size distribution curve. It is the relative grain size for which this curve takes on its
maximum. The condition Eq. (84) establishes a relationship between 3. and C
which can be calculated numerically using Eqs. (81), (82). This relationship is
shown in Figure 7. (It is to be mentioned that Figure 7 was published earlier,
Bunge, Dahlem 1987 with a wrong scale on the Z-axis). It is seen that there is no
solution for C < 1.13. The boundary C 3. is due to the parameter W, Eq. (83),
which must be real. Some corresponding values of C and 3. are given also in Table
1. The present model leads to the value C 1.313. The corresponding relative
grain size distribution curve is shown in Figure 8. It is not a log-normal curve as
can be seen from Figure 8b. Grain size distribution curves for a range of C-values
are shown in Figure 9. With increasing C-value the distribution contains an
increasing amount of grains larger than twice the mean grain size f. According to
Eq. (81) the growth rate depends on the shape parameter 3.(C). This is shown in
Figure 10 where the growth curves are expressed in relative scales r/ro and
1/2B*" ffft.

O.lO
._

._
0.02

C=1.3

0.1
c bp r/ p r/

C=1.3

A=0.85

Relative grain size

Figure 8 Relative grain size distribution curve according to the present model for one steady state
component (sharp single orientation texture or random distribution), a) linear scale, b) logarithmic
scale.
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c-, .s /N c-- .3

’ A=l.05

, 0.06

p=r/

C,,1.5

Relative grain size

Figure 9 Relative grain size distribution curve for some C-values.

12

’- 10

: 2

0
0 2) 40 60 80 100

*/r-.=],Reduced time 1.
Fil,ure ]0 Grain growth curves for various values of the parameter Z.

Two-component case

In this case the solution of the side equations Eqs. (86), (87) for the shape
parameters Z1, Z2 depends only on the parameters x, y, Eq. (91) which describe
the Ag-dependence of grain boundary energy and mobility and on the texture
which is in this case described by the volume fraction fl of crystals in the
orientation gl. The shape parameters do not depend on the absolute values of
boundary energy and mobility nor on the mean initial grain size. Hence, a
complete survey over this case is obtained by choosing a representative set of
points in the (x- y) plane as is shown in Figure 11. As was shown in Eqs.
(101)-(103) the case x =y 1 is equivalent to the one-component case. The
points on the line x 1 represent the influence of anisotropic grain boundary
energy alone whereas y 1 represents the influence of anisotropic mobility only.
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100

10
o

o._

10 100

Anisotropy of rnobitity x

Figure 11 Values of the anisotropy parameters x
(mobility) and y (energy) for which model calcula-
tions were carried out.

The shape parameters. At first, the shape parameters 1, /2 have to be determined
such that the two side equations Eqs. (86) and (87) are simultaneously fulfilled. In
the constant-texture solution (branch 1) the ratio 2/Z1 is constant according to
Eq. (89). The ratio B/B and hence Z2/Z1 depends on the texture described by
fl. Hence, the value of the expression Eq. (86) was calculated numerically for
2/,1 const, and its zero point was determined by interpolation. An example of
this is shown in Figure 12a.
The solution with texture change (branch 2) is defined by Eq. (90). Hence, the

quantities rh Eq. (58) were calculated numerically, using Eq. (63), as a function
of 1, 2. The solution is then obtained by interpolation as is seen in an example
in Figure 12b.
With the anisotropy parameters x and y fixed, the solution still depends on the

texture described by j. Figure 13 gives an example of possible 1, Z2 values for
different textures as indicated along the curves. The solution must be symmetrical
with respect to the line 2 1. Exchange of 3 and f2 leads to the exchange of 2
and ,1. Furthermore, both curves must pass through the point 1 2 =0.857,
which describes the one-component state as was explained in Eq. (97) to (103).
A survey of solutions depending on the values x, y of the grain boundary

anisotropy parameters is contained in Figure 14. In this figure the values Zi are
plotted as a function of f (Two corresponding values of Z1 and Z2 are thus
obtained from Figure 14 by corresponding values of fl and 1-f1). In each
partial diagram, either x or y is kept constant and the other one of these
parameters varies through the relevant range which was shown in Figure 11.
The solutions , 2 can also be represented in the , Z2-field as is shown in

Figure 15. The partial diagrams of this figure correspond to the same values of x
or y as those of Figure 14. Hence, Figure 14 and Figure 15 contain a survey of
possible values Zl, Z2 satisfying the two side conditions Eqs. (86), (87) for various
values x, y of anisotropy of grain boundary energy and mobility. It is seen, that
the influence of both anisotropies on the solution is quite different.
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(a)

0.85 /

/

/

/

0.7 /

0.9 0.95 1.05

Shape parameter

(b)

Shape parameter

Figure 12 (b) Numerical solution of Eq. (90)
for x=3, y=10, f=0.45. Branch 1. (a)
Numerical solution of Eq. (86) for x 3, y

10, f 0.7. Branch 2.

The grain size distribution. The shape parameters .i determine the shape of the
grain size distribution curves according to Eq. (63) with the abbreviations Eqs.
(64)-(67). A survey of the various grain size distribution curves is given in
Figures 16, 17, 18. In Figure 16 the variation of these curves with the anisotropy
parameters x, y is shown. Thereby the texture i.e. j is kept constant (In branch 1,
j 0.45 was chosen and in branch 2 it was fl 0.25). For better comparison of
both curves in each diagram, the curves are not normalized according to Eq. (59).
Instead, ’ 1 was chosen. Hence, the curves in Figure 16 are normalized to the
same number of crystallites of orientation 1 and 2 rather than to the same total
volume. Figure 17 shows the influence of the texture fl on the shape of the grain
size distribution. Finally, Figure 18 contains some examples of partial grain size
distribution curves and their addition to the total grain size distribution
normalized in terms of volume fractions of grains of orientations 1 and 2.
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1.2

1.1

0.9

0.8

0.6

fl ,0.75 =0.6,

i Bronch 2

0.6 0. 0.8 0.9

Shope poromefer

0.ss

0.5’8ronch

1.2

Figare 13 Possible values of shape parameters according to branch 1 and 2 for x 10, y 10.

The growth kinetics. The growth kinetics is described by Eqs. (61), (62) which are
both valid within a certain time interval in which the quantities K as well as/ and
Ai can be assumed to be constant. These quantities are truly constant for the
solutions of branch 1. In this branch, the texture doesn’t change. Hence, the
kinetics is completely described, in this case, by Eq. (61) which may then be
written

=[ 2K ]1/2(t)
1 +. t (106)

The growth law is thus truly parabolic and the growth kinetics is defined by the
parameter

2K B* Biiii u(fl, x, y)
---o 22f---o 2--o" Z (107)

where u is an expression given in Eq. (95). The shape parameter 1 is determined
when, x and y are given. The first factor in Eq. (107) is trivial. It contains the
absolute values of boundary energy and mobility and the initial grain size. The
second factor contains the anisotropy and texture-dependence. Its values for
certain cases are given in Table 2.

CONCLUSIONS

In the present grain growth model it is assumed that the growth rate of a
crystallite depends only on crystal orientation g and grain size r. The particular
form of the growth rate expression Eq. (28) is based on the driving force obtained
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Branch (constant texturo)

1.O
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0.8
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1.0

0.9

0.8

0.?

0.6

y=l
0 X=l X=3

X=lOo X=lOO

-l’*,...T ,.J
OJ.6 OJ.8 0.50 0.52

Branch 2 (with texture change)

x:lO

03 O.t. 0.5 0.6 0.7

Texture component

Figure 14 The shape parameter ,i as a function of the texture component f,.. The meaning of the
symbols is indicated in the uppermost diagrams.

as the balance between grain boundary forces pulling "inwards" and "outwards"
as illustrated in Figure 3. Both kinds of boundaries have different distributions of
orientation difference and hence different mean energies depending on the
texture of the material. The model leads to a differential equation Eq. (33), the
integrals of which represent the number of grains having orientation g and radius
r at the time t. Under the assumption of a steady state grain size distribution
(scaling) for each orientation g this equation can be analytically integrated.
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This assumption is exactly fulfilled in the "one-component" case which holds
for single-component sharp textures as well as for completely random structures.
The assumption is also exactly fulfilled in the multi-component case (deliberate
texture) if each grain orientation g has its own particular grain size distribution
curve me(g, p) fixed by the shape parameter Z(g) according to Eqs. (52) and
(54). In both these cases the texture remains constant and the mean grain size
follows exactly a parabolic law.

In the most general case, the assumption of "scaling" for each orientation g is
not strictly fulfilled. Nevertheless, there is a wide class of orientation-size
distributions for which it is a good approximation. Also these cases can be treated
with the help of the analytical solution, the validity of which is then restricted to a

1.1

1.2

1.1

0.S

Branch (constant texture)

x=l

/I

0."9

0 Y=I +
Y=IO Y=IO0

/
y=l

C) X=I + X=)
c! X=lO<a X=lO0

/ /

1.’1

L

$,//

y=

Shape pentameter )’z
Figure 15 Possible values of shape parameters Zt and /2, (branch 1).
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Branch 2 (with texture change)
0 Y:I + :3
[11 Y=IO Y--IO0

X-1

/
1.1

x=10

Figure 15 (Continued)

y=l

0 X=I + X=3
x:oo x:o0

y=lO

/
/

Shape pQrameter )’z
Possible values of shape parameters 1 and 2, (branch 2).

1.:

/

fl-O-

1.1

certain time interval At. After that a new solution has to be obtained with
constants calculated with the new texture. This approximation is justified when
the texture changes are slowly compared with the increase of grain size.
Numerical calculations have been carried out for the one-component case

(consisting of one orientation g or random orientation) and for the two-
component case. In this latter case, only two types of grain boundaries occur, i.e.
small angle boundaries between grains of the same component and large angle
boundaries between grains of the two orientations. It has been shown that in this
case the growth behaviour is determined by the ratio x of energies and y of
mobilities of the two types of boundaries. The absolute values of energy and
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mobility have only an influence on the time-scale of grain growth. The
anisotropies of grain boundary energy (parameter x) and mobility (parameter y)
have quite different influence on the growth behaviour.
More general, non-steady state solutions can be "composed" of pseudo-steady

state solutions in such a way that several pseudo-steady state orientation-size
components are allowed to have the same orientation g but different size
distribution curves. It was also shown that in this case at least three steady state
components are needed. (In the present paper, however, numerical calculations
were restricted to the two-component case.) The numerical results show that the
grain growth behaviour (growth or shrinkage) of a particular texture component g
depends very sensitively on details of its particular grain size distribution curve.
In order to come near to realistic situations, multi-component cases must be
considered which have an extremely increasing number of degrees of freedom in
their orientation-size distribution n(g, r). The decomposition of this curve into a
finite number of pseudo-steady state components, however, provides the chance
to systematically analyse these influences.
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0.6

0.6

0.2

0.8
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FilPe 16 Relative gain size distribution curves mi(p)/mi (normalized to equal numbers of grains 1
and 2). Branch Ifl 0.45.
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Fig.re 16 (Continued) Branch 2 f 0.25.

x:l

x=3

x=10

0.920 / 0.875

8r

O. 350

a nch

ranch 2

Retotive groin size p

Fibre 17 Relative grain size distribution curves mi(p)/mi (normalized to equal numbers of grains 1
and 2) for x 10, y 3 and for different textures
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":: 0.12

" 0.08

Bronch" 0.0

0.2

0.08
Brnch 2

0.0

Relative grain size

igure 18 Relative grain size distribution cues mz(p). showing size distribution and amount of
grains g and g.

Table 2 Some values of the function u defined in Eq. (107)

fl =0.2 f 0.8

x y u(f, x, y) x y u(f, x, y)

3 10 17 3 10
10 1 4 10 1 1
10 10 52 10 10 3

100 42 100 11
100 10 509 100 10 20
10 3 15 10 3 2

10 6 10
100 65 100 5

10 100 530 10 100 15
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