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ABSTRACT

Sufficient conditions for the global controllability of nonlinear
Volterra integrodifferential systems with prescribed controls are derived.
The method is a transformation of the given control system into a
boundary value problem and then the result is obtained by the
application of the Schaefer fixed point theorem.
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1. INTRODUION

Controllability of nonlinear systems has been studied by several authors by means of

fixed point principles [4]. Anichini [,21, Dauer [71, Kartsatos [8] and Lukes [9] respectively

studied the controllability of nonlinear systems with prescribed controls by means of Schaefer’s

theorem, Fan’s theorem, Tychonov’s theorem and the Schauder theorem. With the use of

Fan’s fixed point theorem, Dauer [6] established sufficient conditions for the controllability of

nonlinear systems between two fixed points.

for nonlinear systems to a closed target set.

nonlinear Volterra integrodifferential systems.

Chukwu and Silliman [5] examined the problem

Balachandran [3] studied the problem for the

In this paper, we seek to find sufficient conditions for the nonlinear control process,

t

= A(t)z + /
0

H(t,s)x(s)ds + B(t)u(t) + g(t,z(t)) (1)

is completely controllable in a finite interval [to, T] by means of controls whose initial and final

values can be assigned in advance. That is, we want to find conditions upon A(t), B(t),
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H(t,s), g(t,z) which ensure that, for each to, T R, c, fl 6- m, Z0 ZT 6- n, there exists a

control u C([to, T]; ") of (x), with u(to) = a, u(T) = fl which produces a response z(t,u)
satisfying the boundary conditions z(to, u) = zo and z(T, u) = zT.

This result will be obtained by an application of a fixed point argument to the linear

boundary value problem

t

= A(t)z + / H(t,s)z(s)ds + B(t)u(t)+ g(t,z(t))
0

:(to) = = :r

(2)

U(to)=C, u(T)=fl

where z 6_ C([to, T];Rn), the space of continuous functions with sup norm. For brevity let us

take o=0, a=u0and/=uT.

This result generalizes the results of Anichini [1].

2. PRELIMINARIES

Consider the nonlinear Volterra integrodifferential system
t

= A(t)z(t) + / H(t,s)z(s)ds + B(t)u(t) + g(t,z(t))
0

where the state z is an n-vector and the control u is an m-vector.

n2 n2The matrix functions A: J---,R B: j...,Rnm, J = [0, T], H: A---,R

A = {(t, s): 0 < t < s < T} are assumed to be continuous. The function g:[0,T] x RnRn is

such that g(t,x)6. CI(J [n,ln). The norm of a matrix and a function are taken as in [1].
Assume that, for t6-J, and (t,s) 6- A, II A(t) ll <- a, II S(t) ll < b, II H(t,s) ll < c and

11 g(t,x)I! <- 7(t), where 7(t) is a continuous function and a, b, c are positive constants. We

observe that the hypothesis on A(t) and H(t,s) allow us to say that there exists an unique

continuous matrix E(t, s) such that

OE(t,s) /cos- + E(t,s)A(s) + E(t,w)H(w,s)dw = 0

0

with E(t, t) = I, the identity matrix.

Following Anichini [1,2], we say that (1) is [0, T]-controllable by means of a certain set

U of controls iff, for every pair Xo, xT 6- Rn, there exists u 6- U, such that x(O,u)= zo,
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x(T, u) = zT.

For brevity let us denote

P(t;O) = / E(O,O- s)B(O- s)ds
0

T T
(t; T) = / P(,; / V(,;

T-t 0

t

S(t;T) = / E(t,s)B(s) (s;T)ds
0

and define

M(O, t) / B(s)B(s)*ds
0

T T T
(T)= f P(s;O)P(s; O)*ds-(l/T)[ f P(s; O)ds][ f P(s; O)’ds]

0 0 0

where the star denotes the matrix transpose.

continuous.

Observe that P(t;O), C(t;T) and S(t;T) are

We use the following theorem, due to Schaefer.

Proposition 1: Let X be a normed space, T a continuous mapping of X into X,

which is compact on each bounded subset of X. Then, either (i) the equation x = )T(z) has a

solution for = 1, or (it) the set of all such solutions z for 0 < ) < 1, is unbounded.

The following theorem is vital to the criterion of controllability.

Theorem 1: Assume that the control process (1) satisfies the hypotheses. If the

matrix M(O, tl) is non.singular for some tl >0, then the set of points attainable by the

trajectories of the control process (1) is all of Rn.

Proof: For fixed u, the given system has a solution x(t; u) which satisfies

t s

x(t;u) xo + /A(s)x(s;u)ds+/[ f H(s,r)x(r;u)dr]ds
0 0 0

0 0

(3)
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Let z1 be any given point in IRn. We have to find a control v such that for some finite point

> O, z(t;v) = z. Consider the controls of the form v(t) = B(t)*q, where q E Rn. Define a

mapping S: RnRn as follows:

S(q) = M 1(0, $1)[gl K(q) Xo] where

Suppose that the mapping q--,S(q) has a fixed point.

and from (3) it is very easy to verify that X(tl, q)

Then q -- M- 1(0, tl)[X1 K(q)- Xo]

Now we shall prove the mapping qS(q) has a fixed point. Since all the functions

involved in the definition of the operator 5’ are continuous, this mapping is continuous. From

(3) we have

t T s

dv]ds
0 0 0

T T

<_ ao + / [a-F / cdr] [[ x(r;u)[[ ds

0 0

where
T T

o = Ii o II + b / s,p{ il ,()II , e [O, Tl}d + /
0 0

Therefore by Gronwall’s inequality

11 x(t;u)[[ <_ aoezp[/(a+/cdr)ds]
0 0

<_ aoexp(aT + cT2/2).

Thus if II q ll < +, then II (t;=)II < +, which implies that II K(q)II < + and hence

II (q)II < /. Thus S(q) sends bounded sets into bounded sets. By a similar argument, we

can show that the solutions of the equation q = AS(q), for 0 < A < 1, are bounded. Then by
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Schaefer’s theorem the mapping has a fixed point.

3. MAIN RESULT

For z E F = C(J, Rn), consider

t

Xz(t) = E(t,O)xo + P(t;t)uo + (1/T)(uT Uo) / P(s;t)ds
0

+ S(t;T)Yz(T + / E(t,s)g(s,z(s))ds
0

(4)

uz(t = (1 t/T)uo + (t/T)ur + C (t; T)Yz(T (5)

where

Yz(t) = [ (T)]- l[xr E(T, 0)z0 P(T; t)uo (1/T)(uT Uo)

T T

0 0

By a similar argument parallel to that of [1], we have the following propositions.

Proposition 2:

t t

/ E(t,s)B(s)uz(s)ds = P(t;t)uo + (1/T)(uT Uo)/P(s;t)ds + S(t;T)Yz(T
0 0

and S(T; T)- S (T).

Proposition 3: Consider the boundary value control process

t

:(t) = A(t)z(t) + / tt(t,s)z(s)ds + B(t)u(t) + g(t,z)
0

(6)

with

z(O) = zo, x(T) = Xr

u(O = Uo, u(T = ur.

Then, if the matrix M(O,T) is nonsingular, every pair (zz(t),Uz(t)) defined in (4) and (5)
provides a solution of boundary value control process (6).

Now we shall prove the main result on the controllability of nonlinear Volterra

integrodifferential system.
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Theorem : Assume that the nonlinear control system (1) satisfies the

hypotheses and that the matriz M(0,T) is nonsingular for T > O. Then, for every a, fl,

7 . Rm, Zo, Zl, zT Rn, and every w [0,T], there ezists a control v, such that

(a) (o) = , (,) = , v(T) = 7

() t eso.s. of (), fo whi (0; v) = 0, .tifi (;) = , (T; v) =

Proof: Consider the mapping q: z F--q(z) = zz F where zz = zz(t) and zz(t
and Uz(t are defined in (4) and (5) respectively. Then the proof is based upon two

applications of Proposition 3.

First setting o = T, uo = c, uT = fl, xT = xI we can obtain a response x(t;v) of (1)
such that x(O; v) = xo and x(o,v) = x1.

Then, setting uo = fl, xo = x, uT = 7 we can obtain a response x(t;v) of (1) such that

x(w; v) = x and x(T; v) = zr.

Thus we extend the response x(t;v) to whole interval [0,T] and hence the theorem is

proved.

To show that the mapping q has a fixed point, we use Schaefer’s theorem.

Since E(.,. ), P(.;. and S(. are continuous and g(., z) is continuous with respect

to z we can say that zYz(t is continuous function with respect to z. Thus the map zxz is

continuous. Assume that II z II _< , 0 < < / o. Then,

II E(t,s) II -< exp(a +

II (t; T)II _<2 exp(aw A- cw2/2)

II S(t; T)l[ -< 262w3 exp(aw + cw2/2) aI

II Yz(w) II _< a[ Ii x II + p(a + /2)II o II
+ b ezp(aw + c /2)

+ p(. +



Controllability of Nonlinear Volterra integrodifferential System 145

Thus, we have

II q(z)II = II z=(t)II < II o II ezp(aw + cw2/2) "4" cb ezp(a -I"

+ I- lbw ezp(aw+cw2/2) + ala2

+ w ezp(aw + cw2/2)7 a3.

Let us now estimate,

II =(ta)- =(t)II < Ii E(ta,O)- E(t2,0 II II o II
+ I! P(tl;ta)- P(t2; t2)II I

+ i -Zl fT II (P(s;tx)- P(s;t2))ds II
t2

t1

/(E(tl,s)- E(t2,s))g(s,z(s))ds I1"+ I1
t2

From the previous inequalities, we have

II E(tl, O) E(t2, 0)II < tl t2 I(a + cw)ezp(aw +
c2

II P(tx;ti)- e(t2;t2)II -< It1 -t21b exp(aw+--)

t1

/ (P(s; tl)- P(s; t2))ds II < Ira tlb ezp(aw + e---2)II

II S(tx;)- S(t=;)!1 _< tx t2 122(a /c)b22 ep2(a /c)

II /(E(t,s)-- E(t,s))g(s,(s))ds II

< Itx t212v(a + cw)ezp(aw + c---2).
Therefore,

(7)
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ccz2t2)22b2w2(a + cw)ezp2(aw +---).
Thus z---,q(z) is an equibounded and equicontinuous mapping. Since the solutions of the

equation z = q(z) are bounded for 0 < A < 1, then by Schaefer’s theorem, q has a fixed point.
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