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In Built-In Self-Test (BIST) techniques, test data reduction can be achieved using Linear
Feedback Shift Registers (LFSRs). A faulty circuit may escape detection due to loss of
information inherent to data compaction schemes. This is referred to as aliasing. The prob-
ability of aliasing in Multiple-Input Shift-Registers (MISRs) has been studied under various
bit error models. By modeling the signature analyzer as a Markov process we show that the
closed form expression derived for aliasing probability previously, for MISRs with primitive
polynomials under q-ary symmetric error model holds for all MISRs irrespective of their
feedback polynomials and for group cellular automata signature analyzers as well. If the
erroneous behaviour of a circuit can be modelled with q-ary symmetric errors, then the test
circuit complexity and propagation delay associated with the signature analyzer can be
minimized by using a set of m single bit LFSRs without increasing the probability of
aliasing.
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1. INTRODUCTION

A digital circuit can be tested by applying an appro-
priate set of test vectors to its inputs and comparing
the actual response of the circuit with the correct or
desired response. Testing can be performed using two

main approaches: Extemal Test and Built-In Self-Test
(BIST). Extemal testing is usually performed by re-

moving the circuit under test from its operational en-
vironment and using external testing devices. BIST
schemes provide on-chip circuitry necessary to gen-
erate test vectors and to analyze output responses so

that testing can be performed on site without using
external testing devices. Multiple-Input-Shift-Regis-
ters (MISRs) are often used as parallel signature an-

alyzers (compactors) in various BIST schemes, to re-

duce the volume of output data ]. The final content

of the compactor (MISR) is called the signature of
the test response, and depends on the bit pattern ap-
plied at the input. Errors are detected by comparing
the signature with the fault-free signature of the logic
circuit. It is possible for a fault to escape detection

even though the output bit sequence differs from the

fault-free response. This will occur whenever a faulty
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output bit sequence generates the fault-free signature
of the logic circuit. This effect is known as aliasing or

masking. Aliasing may occur with any compaction
technique since there are usually many fewer bits in
the compacted attribute. The probability of aliasing
Pal, depends on the error pattern probabilities.

Aliasing in single input linear feedback shift regis-
ters (LFSRs) and MISRs have been studied by several
researchers [2-16] under various bit error models to

compute Pal" In this work we use the q-ary error model
which considers correlated errors among Circuit Un-
der Test (CUT) outputs 10,15,16]. The q-ary error
model assumes that all (2m-l) error patterns possible
at the m-output CUT are equally likely. Pradhan et al.
[16] argued that q-ary error model is more realistic
than the independent bit error model since most real
world VLSI circuits have considerable sharing of logic
between the outputs. In 16] a closed form expression
for computing exact aliasing probability is derived for
m-bit MISRs with primitive feedback polynomials
and for any test length. Iwasaki and Arakawa [15]
showed that the aliasing probabilities over a q-ary
symmetric channel do not depend on the polynomials
that characterize the MISRs. More general results
were obtained in [10]. By modeling the signature ana-
lyzer as a Markov process we develop a closed form
expression for exact,aliasing probability for all MISRs
irrespective of their feedback polynomials and for a

class of linear cellular automata (group cellular au-
tomata) signature analyzers under q-ary error model.
Finally we show that if the output error patterns of a

faulty CUT can be approximated by the q-ary error
model, then the propagation delay due to feedback
path can be minimized by using a set of m single
bit LFSRs without increasing the probability of alias-

ing.
The paper is organized as follows. In section (2)

we derive a closed form expression for aliasing prob-
ability for MISRs and group cellular automata signa-
ture registers using the q-ary symmetric error model.
Section (3) presents the register structure with mini-
mum complexity that falls into the class of signature
registers considered in this work. Finally in section

(4) we conclude with a brief summary.

2. EXACT ALIASING PROBABILITY

Figure (1) shows the block diagram of an m-bit
MISR connected to a logic circuit. The MISR of Fig-
ure (1) is a linear system, thus an error pattern leads
to aliasing if and only if the error pattern compacts to

the all-0 signature [2,3]. In general a MISR with m
cells can be expressed as a polynomial of the follow-
ing form:

F(X) f0 + flx nt- f2X2 -1- q- fmxm (1)

where fi if there is a feedback connection to cell
R and fi 0 otherwise. Now any state Rj of a MISR
can be represented by its binary code (Ro,j,
R l,j Rm-1,j) or by an integer i, where 0, 1, 2
2m- 1. Thus, the behaviour of the register can be rep-
resented by a stochastic process {Rj, 0, 1, 2 2
-1 }. If Rj i, then the process is said to be in state

at time j.
The next state of the register depends only upon

the present state and does not depend upon previous
states. Hence, {Rj, 0, 1, 2 2 is a Markov
chain. Let Pi represent the probability that the pro-
cess will, when in state R go to state R in one step.
For the signature register the probability Pi is time
invariant. Since probabilities are nonnegative and the
process must make a transition into some state,

q-I

Pij-- (2)
j=O

where q 2 and 0, 1, 2 2 -1.

f0

lOre-1
LOGIC CIRCUIT

fi if there is a connection and 0 otherwise.

FIGURE MISR Compaction.
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Let P denote the matrix of one-step transition prob-
abilities Pij, so that

Poo Pol Po(q- 1)

Plo Pll Pl(q-1)
P (3)

\P(qi
1)0 P(q- 1)l P(q- 1)(q- l)

From Chapman-Kolmogorov equations, p(k) pk.

That is, the k-step transition matrix can be obtained
by multiplying the matrix P by itself k times.

Let Pj(N) be the probability of the register being in
state after N clock periods starting from the all zero
state. Assume that initially no errors are present in the
MISR. Then the initial state of the MISR can be rep-
resented by the all zero state. Then,

Po(O) and

Pj(0) 0 where 1,2 2m 1. (4)

Now the following expression can be used to obtain

P(N), assuming all zero initial state.

Puj 1- pforj v

otherwise

wherej {0, 1, 2 2m-l}

Proof." According to the MISR compaction scheme
shown in Figure (1), the value of each register is
sensitive to the corresponding CUT output. Suppose
the register is in state R and it goes to state Rv in one
clock period. Let (Oo, O Om-) be the error pat-
tern generated by the CUT. Now state is given by,

(Rm_l, () O0, R0,u fl*Rm_l,u () O1,"

.., Rm_2,u f fm_l*Rm_l,u f) Om_l) (7)

Since each element of Rv depends upon a CUT
input, the MISR goes to a unique state depending on
the error pattern and the current state. Since there are

2m- non-zero error patterns with equal probability,
and the probability of no-error is p,

Puj= 1-pforj=v

[Po(N) PI(N) Pq_I(N)] [1 0 0 0] pN
(5)

P
2m-

otherwise where 0, 1, 2 2m-

Hence, Po(N) the probability of getting all zero state

after N clock periods is given by,

Po(N) 0 0 01 pN-1 Q (6)

This proves theorem (1).
If the MISR is initially fault-free, it will remain in

the fault-free state in the absence of an erroneous
CUT output. Therefore,

where Q [Po o Pl o Pq-1 0]T

According to the q-ary symmetric error model
10,15,16] all (2m- 1) error patterns possible at the
m-output circuit are equally likely.

THEOREM (1): Suppose the MISR is in state R, and it

goes to state R in one clock period in the absence of
an error at the output (in the autonomous mode). If
the probability of getting an error at the output for
any given test input is p, then,

P00= 1-pand

P otherwise (8)Poj
2m 1

wherej {1,2 2m- 1}
For example consider the MISR characterized by

F(X) + X2 (Figure (2)), and the state transition

diagram of the Markov process (Figure (3)). For the
q-ary symmetric error model the one-step transition
matrix corresponding to + X2 is given by,
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FIGURE 2 MISR corresponding to + X2.

p p/3 p/3 p3

p= p/3 p/3 1-p p/3
(9)

p/3 1-p p/3 p/3
p/3 p/3 p/3 1-p

According to the q-ary symmetric error model the
term p is present exactly once in each and every
row of the state transition matrix (theorem (1)). It is

interesting to note that for the MISR shown in Figure
(2) the term 1 p is present exactly once in each and

every column as well (equation (9)). Consequently,
the one-step transition matrix of the MISR character-
ized by the polynomial + X2 is doubly stochastic.
In general, this is true for any MISR defined by equa-
tion (1) (see Theorem (2)).

THEOREM (2): The one-step state transition matrices

of all MISRs defined by equation (1) are doubly sto-

chastic.

Proof" According to the q-ary symmetric error
model, for any i,j {0, 1, 2 2 1},

I P 1PJ= 1-P’(2m- 1)
In order to prove that the one-step transition matrix

is doubly stochastic, we show that each and every
column of the state transition matrix contains exactly
one p term (rest of the elements are

P as p + (2m- 1)* P 1).
(2m- 1) (2m- 1)

Consider the MISR shown in Figure (1). We can
represent state R of the MISR by its binary code as

shown below.

Ri -= (R0,i, Rl,i Rm-1,i) (10)

To prove that there is only one p term in each
column of the state transition matrix, we have to

show that if the outputs of the CUT are fault free then
the register goes to a unique state depending on the
current state. In other words if the current state of the
register is Ri, and it goes to state Rj in one step, then
the register cannot go to state Rj from a state other
than R when the outputs of the CUT are fault free.

Suppose the register is in state R and it goes to

state Rj in one step in the absence of faults at the

outputs of the CUT. Then we can obtain the state R
from the following expression.

FIGURE 3 State transition diagram of the Markov process for-- X2.

Rj (Rm_ 1,i’ R0,i ( fl*Rm 1,i

Rm 2,i ( fm *Rm 1,i) (11)

Now assume that the state R can also be reached
from state Rk in one clock period in the absence of
faults at the outputs of the CUT. Then we can obtain
the state Rj from the following expression.

Rj (Rm_l,k, R0,k ( fl*Rm_l,k

Rm-2,k ( fm- *Rm- 1,k) (12)

From equations (11) and (12),
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Rm- 1,i Rm- 1,k and

Rr, fr+l * Rm-1,i Rr,k fr+l * Rm-1,k

where r 0,1 m 2.
Therefore

(13)

to P ), T has exactly one
(1 p)(2 1)

term in

eac2hmadevery row and column. Alsop, the remaining
elements of T are equal to 1. Also since Po o p,

(1 -p)(2m- 1)
to o
From equaons (6) and (15),

Rn, Rn,k

where n 0,1 m 1.
and hence

R Rk

This proves that in the absence of errors at the
outputs of the CUT, the register goes to a unique state

depending on the current state.
The probability of aliasing, Pal is defined as the

probability of the MISR initially in the all zero state

leaving the all zero state and returning to it [3].
Therefore the probability of aliasing Pal is given by,

Pal- Po(N) (1 _p)N (14)

THEOREM (3)" Under the q-ary symmetric error

model, for any m-input MISR, Po(N) is given by,

Po(N)
p )N-1 TN_IQ[100 0]

2rn-
(16)

Next we compute [1 0 0 0] TN-1.
(1 p)(2m- 1)

Since T has exactly one term in

each and every row and column, ad the rest of the
elements are equal to 1,

[1 0 0. .. 0] Tk-1

[gk-1 q- hk-I hk-1 hk-1

Therefore,

[gk -I- hk hk hk

[gk-1 -I- hk_ hk_ hk_

hk]

hk-1]* T

Po(N) l1
2 L (2 1)N-

Hence,

Proof." According to theorem (2) the state transition
matrix of any MISR defined by equation (1) is doubly
stochastic. Thus, term p is present exactly once
in each and every row and column of the state tran-

sition matrix.
From equation (6), and

gk -I- hk (gk-1 "" hk-1)
(l-p)(2m- 1)

-b hk_ (2m- 1) (17)

Po(N) 1 0 0 0] pN-1 Q (15)

hk (gk- q- hk- 1) q- hk-
(1 p)(2m- 1)

-I- hk_ (2m- 2) (18)

Since P has exactly one p term in each and
every row and column (rest of the elements are equal From (17) and (18),
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gk
2m(1-p)- 1)gk-1

p
(19)

Using the initial condition go
equation (19),

and the recursive

2m(1 p) 1)kgk=
p

(20)

From equations (18) and (20),

hk (2m(1--P)-- 1)k-1 + hk_
P

2m-

(21)

Using the initial condition ho
equation (21),

0 and the recursive

_l)k
(22)

P_____E__Since Q p
2m

P0(N) (2mp )-1

N-1

[gN_l(1 p) + hN_ 1]

1 [1 + [2m(1 p) 1]N
2m [ (2m- 1)N-1

This proves theorem (3).
From equation (14) and theorem (3) for any

m-input MISR aliasing probability Pal is given by,

+[2m(1-p)--]N](2m 1)r-
(1 p)N

2m(1 p)N + (2m 1) (1
(23)

According to definition given in 14], every state for
a group cellular automata register has one and only
one predecessor. Therefore the one-step state transi-
tion matrix of a group cellular automata signature ana-

lyzer is doubly stochastic. Also the next state of such
a signature register depends upon the current state and
the error pattern. Hence, group cellular automata sig-
nature registers satisfy theorems (1) and (2). Thus
equation (23) which gives the aliasing probability of
any MISR, holds for group cellular automata as well.

3. MINIMUM COMPLEXITY MISR

Consider the set of m single bit LFSRs shown in

Figure (4).
The state transition matrix of the set of m single bit

LFSRs is given by,

[ P P1-pq-l" q-1
P 1-p... P

q-1 q-1

P P ..1-p\q-lq-l"

All the diagonal elements of the above transition
matrix are equal to 1 p, and the rest of the elements
are equal to p/(q 1). Since the p term is

present exactly once in each and every row and col-
umn of the state transition matrix, and satisfies equa-
tion (8), the equation (23) can again be used to obtain

aliasing probability of the above structure.

We next show that the network of Figure (4) has
the minimum number of exclusive OR operations.
Examining the proof of equation (23) we find two

necessary conditions:

1) The MISR has m binary state variables

2) The m data sequences being compacted can al-
ways change the current state to any of the 2m

possible states in one time step.

FIGURE 4 Set of rn single bit LFSRs.
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According to condition (1) at least m binary mem-
ory elements are required. Also if condition (2) holds,
then the next state value for any state variable must

depend on at least one test data sequence being com-

pacted. If some state variable were independent of all
the test data inputs then at most 2m-1 next states

would be possible. The minimum dependence would
be one test input per state variable and since feedback
is required the network of Figure (4) has the mini-
mum number of exclusive-OR gates.
From integrated circuit point of view Figure (4) has

minimum propagation delay and a regular structure.

4. DISCUSSION AND CONCLUSIONS

In this paper we examined aliasing in MISRs and a
class of linear cellular automata (group linear cellular
automata) signature analyzers, under an error model
based on q-ary symmetric channel. We showed that
the expression obtained by Pradhan et al. [16] for

aliasing probability is not only applicable to MISRs
with primitive feedback polynomials but also appli-
cable to any MISR irrespective of the feedback poly-
nomial and for the class of group automata signature
analyzers as well. Finally we showed that if the erro-

neous behaviour of a circuit can be modelled with

q-ary symmetric errors, then the test circuit complex-
ity and ropagation delay associated with the signa-
ture analyzer can be minimized by using a set of m

single bit LFSRs without increasing the probability of
aliasing. This also leads to a regular register structure.
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