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Moment Closure Hierarchies
for the Boltzmann-Poisson Equation
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We outline a systematic nonperturbative derivation of a hierarchy of closed systems of
moment equations that can be applied to any kinetic description of electrons in a semiconduc-
tor. This entropy based closure procedure extends one that was introduced in the context of
gas dynamics. In the context of semiconductors, this procedure yields generalizations of so-
called hydrodynamic models. It is illustrated on the semiclassical Boltzmann-Poisson equa-
tion for a single conduction band in the parabolic band approximation.
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1. INTRODUCTION

An entropy based procedure has been proposed in [4]
to construct systems of moment equations from any
kinetic description of an isolated physical system.
Here we extend this procedure to physical systems in
contact with a thermal bath, such as electrons in a

semiconductor. The resulting equations properly cap-
ture macroscopic regimes in the limit of small mean
free paths, while yielding physically reasonable val-
ues for physical fluxes (and other quantities) in transi-
tion regimes. Such models may provide a bridge over
the transition regime that may be useful in the con-
struction of hybrid macroscopic/kinetic simulations.

The closure procedure can be applied to a general
class of kinetic theories but is herein illustrated on the
semiclassical Boltzmann-Poisson equation for a sin-

gle conduction band using the parabolic band approx-
imation. The velocity of a carrier electron is therefore

related to its wave number k by v hk/me, where me is

the effective electron mass. Specifically, we consider

F F(t,x,v), a carrier electron distribution function of
time t, position x and velocity v that is governed by

tF + v. VxF qe
E" VvF C(F). (1.1)

me

Here qe is the magnitude of the electron charge and
E -Ux is the electric field, which is expressed in
terms of the electric potential (x,t) that satisfies

-Vx. [EdVxI)] qe(Zd (F)), (1.2)

where ed eax) is the permittivity of the device, Zd
Za(x) is the charge density of the donor and acceptor
ions, and (F) is the density of carrier electrons. Here
we have introduced the shorthand (.) to denote inte-

gration over v: hence, for any functionf f(v) one has

(f) dRf3f(v)d3v" (1.3)
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The collision operator C models the interaction of
the electrons with background lattice impurities, pho-
nons, and other electrons. It is assumed to act only on

the v variable of F. The electrons are assumed to be in
contact with a thermal bath of lattice impurities and

phonons at a constant temperature 0e (= kBTe). More-
over, the electrons will be described by either Max-
well-Boltzmann or Fermi-Dirac statistics, and the
entropy integrand rl for the collision operator C
will given respectively by

me
nM(f)-- flogf f+ f,

me 2rlFD(f)-- flogf+(1--f)log(1--f)+-g Ivi f. (1.4)

In either case it is assumed that

(0frl(f) C(f)} <_ 0 for every f, (1.5)

and that for every fthe following are equivalent:

(i){)frl(f)C(f)) O, (ii)C(f) 0,
(iii)0/q(f) 13 for some [3 E N. (1.6)

For example, collision operators that model the lattice
impurity and phonon interactions which are consist-
ent with either Maxwell-Boltzmann or Fermi-Dirac
statistics [6] are respectively

CMB(F)--fiSg(v, vt)[MgF’-MF]d3v’,

CFD(F) Sg(v, V’) [MeF’ (1 F) (1.7)
JR

-M}F(1 F’)] dv’,

where Me Me(v is the Maxwellian at the lattice
temperature Oethat is given by

(me),Me(v) (2g0g)3/2
exp -e Ivl= (a.8)

and Se(v,v’) Se (v’,v) > 0 is the transition kernel for
the lattice-electron interactions. A prime on a Me or F
in (1.7) indicates the velocity argument is to be evalu-
ated at v’ rather than v.

These properties lead to a local dissipation law that
is satisfied by every solution F F(t,x,v) of the Boltz-
mann-Poisson system (1.1-1.2) and which takes the form, ((rl(F)) + 0 IVx*] 2)

(OFrI(F)C(F)) <_ O, (1.9)

Here <(TI(F)) and (v q(F)) are called respectively the
electron entropy density and flux, while (FrI(F)C(F))
is called the entropy dissipation rate.

Equation (iii) of (1.6) can be solved for the local
equilibria in terms of the Legendre transform of
which is the convex function rl* rl*(y) that is

defined implicitly through the relations

rl*(y)+rl(z)=yz, Y=z’l(z). (1.10)

Specifically, for the entropy integrands given by (1.4)
one finds that

q(y) Meey, rl)D(Y) log(1 + MeeY). (1. 1)

It is easy to verify the dual nature of this transforma-
tion from (1.10) by using implicit differentiation to

check that z Oyrl*(y) it is then clear from (1.10)
that the Legendre transform of rl* is again rl. Hence,
relation (iii) is equivalent to

(iv) f )yrl*() for some 13 e/1L (1.12)
This yields the usual Maxwell-Boltzmann or Fremi-

Dirac equilibria for the corresponding rl* given by
(1.11).

2. CLOSURE PROCEDURE

In general, the development of moment equations
begins with the choice of a finite dimensional linear

subspace M of functions of v (here chosen to be poly-
nomials). Let M be the dimension of this space and

{mi---- mi(v)}ff-- be a basis. Denote the column M-
vector of these basis elements by m re(v), so that
every rn e M has a unique representation in the form
m(v) arm(v) for some ct e [RM, where r is the
matrix transpose of the column vector . Now taking
the moments of the Boltzmann-Poisson equation (1.1)
over the vector m(v) leads to the system

O, (mF) + Vx" (vmF) +
qe

E. ((Vvm)F) (mC(F)).
me

(2.1)

It must be noted that it is not known whether the

quantities appearing in this equation are well defined
functions for every solution F of the Boltzmann-Poi-
son equation. Here we shall suppose that these quanti-
ties are well defined and consider system (2.1)
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formally. The so-called "moment closure problem" is
then to express the above densities (mF), fluxes
(vmF), lower order terms ((Vvm)F), and collisional

terms (m C(F)) as a function of M variables (tradi-
tionally the densities themselves [3]), thus formally
closing the system.

The closure proceeds in two steps. The first ensures
that every member of the hierarchy is hyperbolic and
has an entropy. This implies that, unlike for many tra-

ditional approaches, the resulting equations are for-
mally well-posed. The second step involves

modifying the collisional terms so that each member
of the hierarchy recovers the proper drift-diffusion
approximation. This is done through the introduction
of generalized BGK type collision operators. Here we
will outline only the first step; all the details of both
steps as well as discussions of boundary conditions
and numerical methods are presented in [5].

Some of the aforementioned objectives can be
achieved in part by requiring that ] satisfy:

(I) D span{ 1, v} C 1;

(II)/I is invariant under rotation and translation. (2.2)

The span notation introduced here in the definition of
D is generally applied to a collection of scalars, vec-
tors, and tensors and means all scalar-valued linear

combinations of their components. In particular,
consists of all linear combinations of the scalar and
the components of the vector v. Condition (I) above is
the minimal requirement needed to recover the proper
equilibrium and to evaluate the fluxes, while condi-
tion (II) is needed to evaluate the lower order terms

because translation invariance implies is closed
under the action of V"

The moment closure prescribed here places an
additional requirement on the linear subspace
Given any M, this requirement is formulated in terms

the associated subset
The convexity of rl* ensures that c is a convex cone
in . We will construct a self-consistent closure of
the Boltzmann-Poisson equation (1.1) for each that
satisfies conditions (I), (II), and also:

(III) the cone c has a nonempty interior in 1VII. (2.3)

We shall call such subspaces admissible and all other
subspaces inadmissible. Because c only contains

polynomials m(v) such that q*(m(v)) --) 0 as Ivl -- ,with the exception of , condition (III) of (2.3) can
only be met by linear spaces of polynomials over v

with even maximal degree. In general, a linear space
of even maximal degree that is invariant under rota-

tions and translations and contains can be admissi-
ble, but might not be. A general discussion of
admissible spaces can be found in [4].

The closure procedure may now be stated simply.
Let F in the moment system (2.1) have the form

F 91aC(l.) )yq* (l.rm(v)), (2.4)

where oT is the transpose of some a o(t,x) with val-

ues in [M such that otTm(v) lies in the cone M!c. This

results in the system of M equations (2.1) for the M
unknowns et given by

)t (mM(et)) + Vx. (vmM(et))

+ qeE" ((Vvm)Yd(ot)) (mC(M(a))),
me

(2.5)

where the moment densities, moment fluxes, lower
order terms, and collisional terms are expressed in
terms of c as the integrals (mgVf(o0), (vmYvf(a)),
((Vvm)9(oz)) and (mC(evf(ot))). Each admissible space

generates such a closure, and the hierarchy of such
closures is partially ordered by the relation a acting on
the admissible spaces. For the admissible space
span{1,v,lvl9 } with Maxwell-Boltzmann statistics, the
form of F given by (2.4) will be that of a shifted

(drifted) Maxwellian [6] while the moment system
(2.5) will becomes a "hydrodynamic" model [5].

The moment system (2.5) has remarkable structural
features that make it highly attractive theoretically
and that facilitate its practical implementation. This

structure can be brought out by recasting the moment

system (2.5) in terms of the density potential h* and

the flux potential j* defined by

h* (et) _= (rl* (etTm)), j* (et) (vrl* (aT"m)), (2.6)

and the vectors of lower order terms l* and collisional
relaxation terms r* defined by
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l*(t)- ((Vvm)M0x), r*(ot)- ((m C(M(et))).
(2.7)

Differentiating (2.6) with respect to o using (2.4)
yields the relations

hh(t)- (mYv/(t)), j(t)= (vmevf(t)), (2.8)

where the right sides are just the moment densities
and fluxes that appear in (2.5). The closed moment

system (2.5) can therefore be put into the so-called
potential form of Godunov [2]

th(t,) + ’x jx(1,) + qe
E 1" (t) r* (t). (2.9)

me
Moreover, because each component of v and Vvm is
in each component of either the flux potential j*
and the lower order terms l* is itself a moment den-
sity and hence expressible as a derivative of the den-

sity potential h*. Therefore, evaluating the left side of
(2.9) requires only a twice differentiable evaluation of
the scalar function h* in terms of o. Of course, such
an evaluation of h* is generally going to be quite
complicated, but this is the price to be paid for the
structural simplicity that emerges [4,5].
The moment system (2.5) has many desirable prop-

erties that can be read off from its potential form
(2.9), many of which are lacking in traditional clo-
sures. The most important of these is its hyperbolicity,
which ensures that the system is at least linearly well-
posed. This property follows from the fact that the
density potential h* h*(o0 is a strictly convex func-
tion with a positive definite Hessian matrix

h(ct)- (mmrgv[(ct)). (2.10)

The hyperbolicity of (2.9) then becomes evident upon
rewriting it in the form

hha(a)i}tet. + j(1.) Vxet, + qe
E I* (a) r* (x).

me
(2.11)

By the positive definiteness of h*a and the symme-
try ofj*a, this has the Godunov form of a symmetric
hyperbolic system for e, [2].

Another important property of the moment system
(2.5) that is exposed by the its potential form (2.9) is
the existence of an entropy that is locally dissipated.

Indeed, by multiplying (2.11) on the left by OtT and
using the Poisson equation (1.2) one obtains

qe
* (vM() )

Here we have used the identity

ar(E.l*(a))=ar((E.Vm)M(a))= E.
this follows from definition (2.7) of l* and e fact
that {E. Vu*} 0, where by (1.11) and (2.4)one has

e right side of (2.12) has the fo

which by e local dissipation relation (1.5) for e
collision operator C then implies at

ar (a) 5 0. (2.16)

is establishes the dissipative chacter of (2.12).
Moreover, e chacterization (1.6) of the equilibria
of C shows that equilibria of r* e analogously ch-
acterized by the equivalence of the following state-

ments:

(i) arr (a) 0, (ii) r* (a) 0,

(iii) () is an equilibrium of the form (1.12). (2.17)

Finally, by using (1.10), e electron entropy density
and flux that appe in (2.12) may be put into the fo

arh(a) h*(a) (aTm(a))

It is seen from (2.15) and (2.18) at the local dissipa-
tion law (2.12) for the moment system is exactly the
local dissipation law (1.9) for the Boltzmann-Poisson
system evaluated at F M(a). is entropy structure

implies [5] that, when expressed in terms of the
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entropy densities, each moment system (2.5) fits into
the framework of "extended thermodynamics" [7]
and, more generally, relaxation systems ].
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