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A theoretical investigation of quantum-transport phenomena in mesoscopic systems is
presented. In particular, a generalization to "open systems" of the well-known
Semiconductor Bloch equations is proposed. Compared to the conventional Bloch
theory, the presence of spatial boundary conditions manifest itself through self-energy
corrections and additional source terms in the kinetic equations, which are solved by
means of a generalized Monte Carlo simulation.The proposed numerical approach is
applied to the study of the scattering-induced suppression of Bloch oscillations in
semiconductor superlattices as well as to the analysis of quantum-transport phenomena
in double-barrier structures.
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1. INTRODUCTION

The Monte Carlo (MC) method, which has been
applied for more than 25 years for calculation of
semiclassical charge transport in semiconductors,
is the most powerful numerical tool for micro-
electronics device simulation [1]. However, it is
well known that present-day technology pushes
device dimensions toward limits where the tradi-
tional semiclassical transport theory can no longer
be applied and a more rigorous quantum transport
theory is required [2].

In this paper, a generalized MC approach for
the analysis of hot-carrier transport and relaxation
phenomena in quantum devices is proposed. The
method is based on a generalized MC solution of
the set of kinetic equations governing the time
evolution of the single-particle density matrix. Our
approach can be regarded as an extension to open
systems of the generalized MC method recently
proposed for the analysis of the coupled coherent
and incoherent carrier dynamics in photoexcited
semiconductors [3]. Compared to more academic
quantum-kinetic approaches [4] whose applica-
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tion is often limited to highly simplified physical
models and conditions-, the proposed simulation
scheme can be applied to realistic cases, allowing
on the one hand a proper description of quantum-
interference phenomena induced by the potential
profile and on the other hand maintaining all the
well known advantages of the conventional MC
method.
As a first application, we will discuss the

scattering-induced suppression of Bloch oscilla-
tions in semiconductor superlattices. As a second
example, we will study the strong interplay
between coherence and relaxation within a dou-
ble-barrier structure.

2. THEORETICAL APPROACH

In order to properly describe carrier-transport
phenomena in mesoscopic structures, let us con-
sider a generic electron-phonon system, whose
Hamiltonian can be schematically written as:

H- (Hc + Hp) + (Hcc + Hcp) Ho + H’. (1)

The single-particle term H0 is the sum of the
noninteracting carrier and phonon Hamiltonians

Hc and Hp while the many-body contribution H’
includes carrier-carrier as well as carrier-phonon
interactions. More specifically, the single-particle
Hamiltonian Hc describes the noninteracting
carrier system within the potential profile of our
mesoscopic structure (including possible external
fields). By denoting with b (r)= (rla) the wave-
function of the single-particle state a and with e
the corresponding energy, the noninteracting-
carrier Hamiltonian reads:

Hc Zeaa. (2)

Here, the usual second-quantization picture in
terms of creation (a) and destruction
operators has been employed.

The basic quantity in our theoretical approach is
the single-particle density matrix

p- (ata). (3)

Its diagonal elements correspond to the usual
distribution functions of the semiclassical Boltz-
mann theory (f=p) while the off-diagonal
terms (c /3) describe the degree of quantum-
mechanical phase coherence between states c and
/3. Starting from the Heisenberg equations of
motion for the operators as it is possible to derive
a set of equations of motion for the density-matrix
elements p, called semiconductor Bloch equa-
tions (SBE) [5], whose general structure is given
by:

d d d
+ 7t U

(4)

The time evolution induced by the single-particle
Hamiltonian H0 can be evaluated exactly yielding:

with coco (e eo)/h. On the contrary, the time
evolution due to the many-body Hamiltonian H’
involves phonon-assisted as well as higher-order
density-matrices; Thus, approximations are
needed in order to "close" our set of equations
of motion (with respect to our kinetic variables).
In particular, the "mean-field" approximation
together with the Markov limit approximation
allow us to derive a set of closed equations of
motion which is still local in time:

The matrix P’,,, is, in general, a complex
quantity: its real part describes a sort of generali-
zed scattering rate while its imaginary part is
related to energy-renormalization phenomena.
Recently, a full quantum-mechanical approach
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has been proposed [6], which overcomes the usual
Markov limit in describing the carrier-phonon
interaction. However, due to the huge amount of
CPU time required, its applicability is still limited
to short time-scales and extremely simplified
situations.
The analysis presented so far is typical of a so-

called "closed" system, i.e., a physical system
defined over the whole coordinate space. However,
this is not the case of interest for the analysis of
quantum-transport phenomena in mesoscopic
devices, where the properties of the carrier
subsystem are strongly influenced by spatial
boundary conditions. In order to better under-
stand this crucial point, let us reconsider our
theoretical scheme in terms of real-space coordi-
nates.The proper quantum-mechanical description
is then based on the so-called Wigner function [7],
given by the following Weyl-Wigner transforma-
tion of the single-particle density matrix:

fW(r, k) Zp/u(r, k) (7)

with

uo(r, k) (2rr)- dr c/) r + - r x

(8)

By applying the above Weyl-Wigner transforma-
tion to the non-interacting SBE (5), we obtain:

d fw(r,k,t)l f dr’dk’Lo(r,k;r’,k’)
dt tlo

x fw(v,,k ’, t)
(9)

where

Lo(, k; ’, k ’) -iZu(, k)cou*(v ’, k ’)

(10)

is the single-particle Liouville operator in the r, k
representation.

For the case of a closed system, the Wigner
function fw is defined for any value of the real-
space coordinate r and its time evolution is fully
determined by its initial condition.
On the contrary, for the case of an open system,

fw is defined only within a given region f of
interest and its time evolution is determined by
the initial condition f0w inside such region as
well as by its values on the boundary rb of the
domain f at any time t’ > to. More specifically, by
applying the Green’s function theory [8] to Eq. (9)
we have:

where

(12)

is the single-particle evolution operator, while v(k)
is the component of the carrier group velocity
normal to the boundary surface. We clearly
see that the value of fw is obtained from the
single-particle propagation of the initial condi-
tion fv inside the domain 9t plus the propaga-
tion of the boundary valuesfv from the points of
the surface at any time t’ to the point v, k of
interest.

Let us now come back to the density-matrix
formulation by introducing the inverse Weyl-
Wigner transform:

fa dr/dku*o(r,k)fW(r,k). (13)

The above density matrix provides a description
of our open system equivalent to the Wigner-
function one. By applying the above transforma-
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tion to Eq. (11) and then performing its time
derivative, we finally obtain:

(14)

where

is the single-particle self-energy tensor in Eq. (5)
"dressed" by the transformation

Ufl,,fl, f drf dku*fi(r,k)ua,fl,(r,k), (16)

while

f f
wfb (rb, k)

(17)

is a source term induced by our spatial boundary
conditions.

Eq. (14) is the desired generalization to the case
of open systems of the standard single-particle
SBE in Eq. (5). In addition to the source term (17)
(whose explicit form depends on the particular
values of fv on the surface of our domain), the
presence of spatial boundary conditions induces
modifications on the self energy of the system via
the transformation U in Eq. (16).

3. SOME SIMULATED EXPERIMENTS

The theoretical approach presented so far is the
starting point of our MC simulation. The general-
ized SBE (4) are solved by means of the same
MC simulation scheme described in [3]. The
method is based on a time-step separation between
coherent and incoherent dynamics (see Eq. (4)).
The former accounts in a rigorous way for all
quantum phenomena induced by the potential

profile of the device as well as for the proper
boundary conditions (see Eq. (14)). The latter,
described within the basis given by the eigen-
states a of the potential profile (see Eq. (6)), ac-
counts for all the relevant scattering mechanisms
by means of a conventional "ensemble" MC
simulation [1].
The above numerical approach has been applied

to the study of the scattering-induced suppression
of Bloch oscillations in semiconductor superlat-
tices and to the analysis of quantum-transport
phenomena in a double-barrier structure.

In the first case, a biased GaAs/A1GaAs multi-
quantum-well (MQW) has been considered (15
periods of a 20 barrier and a 100 well with a
barrier height of 0.5 eV). The electric field in the
MQW region is about 12 kV/cm. The ultrafast dy-
namics of an injected wavepacket (injection energy
E= 50 meV) has been simulated. Figure shows
the position mean value of the wavepacket as a
function of time. For the scattering-free case, the
expected Bloch oscillations in real space are well
reproduced. They originate from the coherent
motion of our wavepacket through the superlattice
structure. In the presence of scattering mechan-
isms, such oscillations are strongly damped. This is
mainly due to carrier-LO phonon scattering,
whose typical time-scale is comparable with the
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FIGURE Position mean value of an electronic wavepacket
within a biased semiconductor super lattice as a function of
time with and without scattering (see text).
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sub-picosecond time-scale of our Bloch oscilla-
tions.
We have than carried out the simulation of an

electronic wavepacket entering (from left) a
double-barrier structure. The injected carriers are
energetically in resonance with the second level of
the well. In Figure 2 the charge distribution across
the double-barrier structure is shown at different
times with and without scattering. As expected, for
the scattering-free case (Fig. 2b) we obtain the
well-established resonance scenario: the wavepack-
et enters in resonance with the second energy level
of the structure and after some time-delay a part of
it is transmitted and a part is reflected. On the
contrary, in the presence of scattering events (Fig.
2a), the resonance process is strongly influenced by
a charge transfer from the second to the first
energy level. This effect is clearly evidenced by the
charge distribution inside the well region, which
for the free-scattering case exhibits the typical

second-level symmetry while in the presence of
scattering it approaches the symmetry of the
ground level.

4. CONCLUSIONS

In this paper, we have presented a generalization to
open systems of the well-known semiconductor
Bloch equations. The proposed approach, based on
the density-matrix formalism, allows a proper
description of the strong coupling between coher-
ent and incoherent dynamics in mesoscopic sys-
tems. These generalized SBE are numerically solved
by means of the same MC simulation scheme used
already for the study of ultrafast carrier dynamics
in photoexcited semiconductors [3]. Our simulated
experiments clearly show the failure of any pure
coherent or incoherent approach in describing such
quantum-transport regime.
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FIGURE 2 Charge distribution across a double-barrier
structure at different times corresponding to an electron
wavepacket injected in resonance with the second level (see
text). The scattering rates have been artificially increased by a
factor 10 with respect to the GaAs values in order to emphasize
the relaxation to the first level.
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