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A new analytical model for carrier mobility in silicon is presented, which is strongly
oriented to CAD and suitable for implementation in device simulators. The effects of
the electric field, temperature, and doping concentration are accounted for. In parti-
cular, the model unifies the descriptions of majority- and minority-carrier mobility and
includes the full temperature dependence. The effects of a high longitudinal field are
included in the conventional velocity-saturation form; the doping dependence is also
incorporated in the latter. The model has been worked out starting from a preliminary
investigation using a Boltzmann solver, and has been validated by a number of com-
parisons with published experiments on silicon.
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temperature dependence

1. INTRODUCTION

The need of accurate analytical models for the
transport coefficients in semiconductors, in parti-
cular mobility, is becoming more and more ex-
acting, following the miniaturization trend in
the integrated-circuit technology and the parallel
broadening of the application fields. Also, the
increase in the doping concentration makes the

difference between the majority- and minority-
carrier scattering more relevant, making it neces-
sary to distinguish these two quantities in the
mobility models. On the other hand, in applica-
tions of integrated circuits where large current
densities are present or electrostatic-discharge
phenomena may occur, it is necessary to account
for a substantial increase in the devices’ operating
temperature. This in turn reflects into a need of
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an accurate modeling of the dependence of mo-
bility on temperature. In this paper a physically-
based, analytical mobility model for silicon is
presented, incorporating the distinction between
majority and minority carriers, the partial-
ionization and high-field effects, and the depen-
dencies on the lattice temperature up to 800 K.

Previous investigations on bulk mobilities have
been carried out using the Boltzmann solver based
on the expansion of the distribution function in
spherical harmonics (srxE) [1]. By incorporating a
full-band structure within the Boltzmann solver
and implementing the most important scattering
mechanisms which affect carrier mobility (i.e.,
acoustic- and optical-phonon, and impurity scat-
tering), accurate values of the average carrier drift
velocity v for any given values of the electric field
E, doping concentration N, and temperature T are
determined in a bulk system. The carrier mobility
can thus be easily extracted, consistently with the
model, as #(T, N, E) viE. By properly tuning
the coupling constants and the phonon energy
which appear in the scattering terms, an excellent
agreement is obtained with existing experimental
data over a wide range of operating conditions [2].
The new physically-based model has been de-

veloped starting from the SHE calculations vali-
dated by comparisons with experiments. More
specifically, the temperature dependence of bulk
mobilities for both majority and minority carriers
has been carefully developed. As a result, a wider
range of operating conditions has been investi-
gated, as illustrated below.
The available experimental data, at least in the

authors’ knowledge, are limited to a temperature
range below 500 K for majority carriers, while no
experiments are available for minority carriers
outside room temperature. In a first phase, the
parameters of the si-I code have been tuned to
reproduce the experimental mobilities. Special
care has been devoted to the analysis of the tem-
perature dependence of such parameters. This
made it possible to extend the sI-I predictions over
a wider range (up to 800 K) than that in which ex-
periments are available. In the second phase, the

analytical mobility model has been worked out
up to 800 K. Within this temperature range, the
mobility data have been extrapolated by the nu-
merical model and fitted with the analytical one.
As far as the dependence on the doping con-

centration is concerned, the Sl-m calculations have
been compared with sets of experiments from
the literature, related to mobility as well as re-
sistivity against temperature for different doping
values. The agreement shown by the numerical
results with experiments confirms that the tem-
perature and doping dependencies for bulk mo-
bility are correctly predicted by sI-m. The same
procedure described above with respect to the
temperature dependence has been carried out here
to analyze the dependence on the doping concen-
tration. The analytical model for carrier mobility
has been compared with SHE data in order to fit
the characteristics for majority and minority car-
riers on a wide range of doping concentrations.
In particular, as the impurity concentration in-
creases, the mobility profile has a continuously
decreasing behavior that is very well described by
the empirical model [3], based on a set of meas-
urements at room temperature. Starting from that
model, a first investigation on the mobility profile
at very high doping concentrations has been
made, whereas the analytical model has been de-
veloped from [3] adding a number of temperature
dependencies, based on physical considerations.
High electric-field effects have been included

into the model in the assumption that the carrier
saturation velocity is independent of doping con-
centration and of the transverse electric field. A
fitting procedure has been carried out for both
majority and minority carriers starting from the
numerical data. Previous investigations on impact-
ionization scattering carried out with SHE showed
a good agreement with experiments for both the
drift-velocity vs. electric field characteristic and the
impact-ionization coefficients: data up to 5.105

V/cm have been fitted with the analytical model.
Section 2 illustrates the derivation of the bulk-

mobility model. Section 3 illustrates the dependence
of the majority- and minority-carrier mobility
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on the impurity concentration and temperature.
Finally, the high electric-field effects are discussed
in Section 4.

2. BULK MOBILITY MODEL AT LOW
ELECTRIC FIELD

The model for the bulk mobility #b has been
developed starting from the empirical model of
[3] in order to take advantage of the fitting per-
formed with experiments at room temperature on
a wide range of doping concentrations. The tem-
perature dependence has then been extended by
fitting experimental data. The model reads

 0(T)
#b(U, T) #0(T) + 4-(N/Cr(T))

#I(T)
+

(1)

where N is the doping concentration (NA or ND),
#L(T) is the lattice mobility limited by acoustic-
and optical-phonon scattering, while #0(T) and
#I(T) give the minimum values for the carrier
mobility at high doping concentrations. As shown
in Figures 7 and 8 below, the mobility character-
istics have a first "step" at about 102cm-3,
followed by a decreasing tail. The third term in
(1) accounts for the decreasing of #b at the high-
est values of N. A more detailed description of
the contributions to the model is given in the
following.

2.1. Analysis of Intrinsic Electron
and Hole Mobility

At very low impurity concentrations the carrier-
phonon scattering mechanisms are dominant in
the intrinsic mobility. Several sets of experiments
up to 500 K show that the mobility of both spe-
cies of carriers is well described by a relation of
the form #L--#Lo(T/300)-’, with 2.2 < 7 < 2.3,
due to the contribution of both acoustic- and

optical-phonon scattering. The temperature-de-
pendence investigation has been extended up to
800 K using the extrapolated data from numerical
simulations by SHE, leading to the following law
for both electrons and holes:

T )-’y+cT/300#L(T) #LO -f (2)

where #L0 is the value of the lattice mobility at
room temperature, and c provides a slight cor-
rection to the mobility at higher temperatures
for electrons only. The behavior of (2) can be
observed in Figures and 2, where the intrinsic
mobility for electrons and holes as a function of
temperature is reported. The values of the pa-
rameters #0, c and 7 are presented in Table I.
The relative departure of the mobility laws for
electrons and holes in terms of the lattice tempera-
ture can be ascribed to the different structure of
the conduction and valence bands.

2.2. The Mobility Dependence on the Doping
Concentration

In the low-field regime, carrier mobility is strongly
influenced by the ionized-impurity scattering. The
theoretical investigation on low-field mobility, car-
ried out using the deterministic Boltzmann solver
SHE, has given meaningful explanations about the
carrier behavior at very high doping concentrations
and temperatures. Experimental data available in
the literature against temperature and impurity
concentrations were used to carry out comparisons
with the numerical model, which turned out to
provide a generally-good agreement within the
temperature range between 100 and 500 K. It is
worth clarifying that the temperature-dependence
discussed here is related to the doping-dependent
part of the model, and adds up to that embedded
in the lattice mobility discussed above.

In the analysis of the temperature dependence
of the ionized-impurity scattering mechanism, the
partial ionization has been taken into account
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FIGURE Intrinsic mobility computed with SHE, compared with the ones proposed by Logan [10], Canali [7], Arora [11], Klaassen
[12], Li [4] and Morin [13]. The squares show the lattice mobility model (2) for electrons.

because of its influence at low temperatures and
at high doping concentrations. Both the theoret-
ical calculations and measurements indicate that
at room temperature in silicon the dopant atoms
are not completely ionized for concentrations
higher than 1017 cm-3 [4]. A physically-based rela-
tionship between the concentration of ionized
dopant atoms and total doping concentration has
been incorporated into the Boltzmann solver SHE,

starting from a single-impurity-level theory and
the description of the equilibrium carrier concen-
tration in terms of Fermi statistics. This leads
to the resistivity calculations shown in Figures 3
and 4, where the inverse of the product between
ionized-impurity concentration and carrier mo-
bility has been calculated as a function of
temperature at different total doping concen-
trations. The generalization introduced in the

impurity-dependent contribution in (1) allows the
model to correctly describe the temperature depen-
dence of the carrier mobility at different doping
concentrations, thus taking into account the
partial-ionization effects. The model has finally
been calibrated by comparison with experimental
data for silicon for both electron and hole mobi-
lities: the results are shown in Figures 5 and 6,
demonstrating a good agreement for T_> 300K
in the whole range of doping concentrations. The
agreement is still good below room temperature
for a dopant concentration up to 1017 cm-3, where-
as some discrepancy is found at higher concen-
trations. To this purpose, it is worth reminding
that the numerical model had already been cali-
brated before, and the comparisons shown here
have been carried out without further modifying
the parameters; the accuracy of the model is
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FIGURE 2 Intrinsic mobility computed with SHE, compared with the ones proposed by Logan [10], Canali [7], Arora [11], Klaassen
[12], Li [14] and Morin [13]. The squares show the lattice mobility model (2) for holes.

Parameters

TABLE Parameters of model (2)

Electrons Holes

#Lo (cm2/Vsec) 1441.00 470.50
c 0.07 0.00- 2.45 2.16

demonstrated by the curves of Figures 3 and 4,
showing a comparison of the numerical model
against experimentally-determined resistivities. In
turn, the analytical model is able to reproduce
the numerical one in the whole range of tem-
peratures and doping concentrations shown in
this paper. The experimental mobility curves of
Figures 5 and 6 have been taken from [12] and
originate from the resistivity data of [4]; however,
no mention is made in [12] about the method
by which mobility has been extracted from the

resistivity data, in particular as far as the calcula-
tion of the effects of dopant freeze-out and band-
gap narrowing are concerned. For this reason, it
was not sensible to recalibrate the model, also in
view of the fact that the present analysis aims
at modeling high-temperature mobilities.
At high doping densities (N> 1018cm-3) new

physical effects become evident and must be
taken into account. In particular, the impurity-
band formation alters the mobility shape around
the impurity concentration of 1020 cm-3, for both
electrons and holes, as already mentioned above.
The nature of the mobility shape in the region of
large impurity concentrations can qualitatively be
explained as follows. First, as the impurity con-
centration increases, the screening effect due to the
carrier concentration becomes relevant. Second, the
periodic potential is altered by the distribution of
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FIGURE 3 Electron resistivity as a function of temperature at different N9, computed with the si-IE code at the electric field of
2kV cm-, compared with Li [4].

impurity atoms in the lattice. Both effects increase
with increasing concentrations. The latter effect
is strongly related to the spreading of the states
associated with the impurity atoms, that forms
a quasi-continuous band of energies (the impurity-
band). Theoretical calculations showed that at
a phosphorus concentration of 3. 1018cm-3 the
impurity band and the conduction band overlap to
a significant extent: the conventional assumption
of a delta-like distribution of impurity states fails
[5]. Finally, the "step" shown by the mobility
curve at about 4.102cm-3 corresponds to the
silicon degeneracy: the Fermi level enters
the conduction band, and the two bands become
indistinguishable.
The effects of a very high doping concentration

were included here using the impurity-clustering
approach in the Boltzmann solver [6]: in order

to reproduce the mobility shape, an empirical
clustering function has been worked out to fit
the experiments, and then introduced into the
Boltzmann solver. This approach accounts for
the impurity-band formation without altering the
numerical full-band structure adopted in sI-xE. It
represents a sensible approach to the problem, as
no experiments are available to date provid-
ing the density of states in heavily-doped semi-
conductors. The introduction of the clustering
function in the impurity-scattering model has
given very good results in the calculation of the
majority-carrier low-field mobility by Si-lE, as
can be seen in Figures 7 and 8. These calculations
have been accounted for in the fitting procedure
for the analytical model in order to study a
wider range of doping concentrations and the
related dependence on temperature.
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FIGURE4 Hole resistivity as a function of temperature at different NA, computed with the SHE code at the electric field of
2 kV cm-1, compared with Li [14].

3. THE MAJORITY- AND MINORITY-BULK
MOBILITY MODEL

The modifications introduced in the ionized-
impurity scattering mechanism allow one to de-
scribe the low-field mobility of electrons and holes
in a significant range of temperatures and doping
concentrations, including the difference between
majority and minority carriers. It is well known
that the attractive- and repulsive-scattering po-
tentials are different, this giving rise to a higher
minority-carrier mobility in comparison with the
majority-carrier one. This effect is not negligible,
especially for holes as shown below, hence it
must be accounted for as it influences the current
level within the semiconductor devices. This is
particularly important in the case of the BJT,

where the current density is made of both the
majority- and minority-carrier contributions.

Thanks to the generally-good agreement between
the SHE model and the available experimental data,
the SHE code has been used to generate a set of
data for bulk mobility as a function of donor and
acceptor concentrations and temperature. From
the above data it was then possible to develop
the new analytical mobility model for majority
and minority carriers in bulk silicon.
As far as minority carriers are concerned, very

few sets of measurements are available in the
literature and, at least in the authors’ knowledge,
they are all at room temperature. The distinction
between majority and minority carriers has been
implemented by introducing suitable functions of
both the acceptor and donor ion concentrations:
as a matter of fact, the total concentration causes
scattering and consequent mobility decrease, but
the two species behave differently. These func-
tions have been determined by the procedure
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FIGURE 5 Electron mobility as a function of temperature at different No, computed with the model at the electric field of
2 kVcm-1, compared with Li [4].

depicted below. First, a set of minority-carrier
mobility data has been generated by SHE and
new sets of parameters have been defined to fit
them. The results are shown in Figures 9 and
10. Then, a CAD-oriented approach has been fol-
lowed to define a model for both majority and
minority carriers. The model is made of a single
continuous function, where both the donor and
acceptor concentrations behave as independent
variables, and the two different sets of previously-
determined parameters are used. It reads

b(Uo, UA Z)
o(Uo,UA, )

#L T) #0 (ND, NA T)+ + (Uo/Cr (T))a’ + (NA/Cr2(T))a2

lZl (No,NA, r)
+ (ND/Cs (T)+ NA/Cs2(T))-2"

(3)

It is easily seen that the model is an extension of
(1) where the contributions of NA and ND are
combined to correctly predict the compensation
effect, that is, when one of the doping species is
dominant and defines the doping type, its con-
tribution to the mobility becomes dominant with
respect to the other. The expression for #z is
still given by (2), while #0 and #1 have been re-
worked as

#o (ND, NA T) #odND + OaNA
ND + NA (4)

1 (ND,NA, T) #ldND -+- #laNA (5)ND +N

The final fitting results and temperature depen-
dencies for the model parameters are shown in
Table II, with Tn T/300.
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TABLE II Parameters of model (3)

Parameters Electrons Holes

#oa(cm2/Vsec) 62.2. T-1"3

/ZOa (cm2/Vsec) 132.0. T-1"3

T.L).7#la(cm2/Vsec 48.6
.n71.25#la(Cm2/Vsec) 73.5.
n16 365Crl (cm-3) 8.30 10 T=’"
17 ;6sCr2 (cm-3) 1.22 10 T,{’

Csl (cm-3) 4.00.1020
Cs2 (cm-3) 7.00.1020
Og 0.68
O 0.72

T-1.390.0
,-0.844.0 -2.o28.228.2 -o.2
iTM T2"21.30
17 ,

2.4510 T
18 6.1.1.10 .T"

6.10.1020
0.77
0.719

compared with an empirical model [7]. Monte
Carlo data were available for holes at room tem-
perature [8], and good agreement has been found
also in this case. No measurements of the satu-
ration velocity are available at significant impurity
concentrations. In the new analytical model, the
carrier saturation velocity vs is assumed indepen-
dent of the impurity concentration and transverse
electric field. In the electron case, the temperature
dependence of vs is given by [7]:

4. THE SATURATION-VELOCITY
EFFECT

The high electric-field effect was preliminarily
analyzed using the Boltzmann solver: in Figures
11 and 12 the drift velocity has been calculated
at different temperatures up to 5-105V/cm and

1;’s
el
0 (6)vesl(T)--1 + Oexp(T/600)’

where v0el 2.4.107 cm/s and 0 0.8. This em-
pirical function was worked out starting from
measurements, whereas no similar experiments
are available for the hole-saturation velocity. For
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TABLE III Parameters of model (8)

Parameters Electrons Holes

b 2.1. T’2 2. T’2

b2 2 0.6
b3 3 0.6
bhl 0.15" T
bh2 0.8
bh3 0.8
Ctl (cm-3) 1019 8" 1017
Ct2 (cm-3) 1019 1019

the latter, the following expression has been used"

ho hov (r)- v0(r/300)-, (7)

ho 9 106 cm/s and r/=0.4.with Vso
Under the assumption that the saturation

velocity in devices is the same as in bulk silicon,
the analytical model (3) has been extended in a
conventional way in order to incorporate the

high electric-field effects’

#n(E, NA,ND, T) #b

[1 + (ll,bE/Vs)/3+h] 1/’
(8)

where v is given by (6) for electrons and (7) for
holes, and b is given by (3). The model has
been compared with the SHE calculations relative
to a bulk structure. It is worth mentioning that
the asymptotic expressions for electrons and holes
at very high electric fields are different: while
the electron mobility is well described by a law
proportional to l/E, the hole mobility shows a
stronger dependence on the electric field, behaving
as lIEl+/h/. The difference between the electron-
and hole-mobility behaviors can be ascribed to
the strongly different shape of the conduction
and valence bands at high energies.

Using a similar procedure as the one depicted
for (3), the temperature and doping dependencies
of /3 and fin have been incorporated into the
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following analytical functions reproducing the SHE

data:

b2fl(Na,No, T) bl +
+ (Ctl/NA)2

b3+
+ (Ctz/No)2’

bh2flh(NA,ND, T) bhl +
+ (Ctl/NA)2

bh3+
1 + (C,2/ND)2"

(9)

(10)

The physical arguments that explain these
dependencies are again related to the non-para-
bolic energy band shape and to the band defor-
mation due to the overlapping of the impurity
band at very high doping concentrations. The
parameters appearing in the expressions of fl and
fin are reported in Table III, with Tn T/300.
The mobility curves for majority carriers,

resulting from the application of the complete

analytical model (8) at different doping concen-
trations, temperatures, and electric fields, have
been gathered in Figures 13, 14 for electrons and
Figures 15, 16 for holes, and compared with the
SHE calculations.

5. CONCLUSIONS

A physically-based, analytical mobility model for
silicon has been worked out, incorporating the
distinction between majority and minority carriers,
the partial-ionization and high-field effects, and
the dependencies on the lattice temperature up
to 800 K. At room temperature the experimental
results of [3] are well reproduced in the whole
range of doping concentrations. At different tem-
peratures a number of extensions have been taken
into account in the analytical model, such that
the model agrees well with a large amount of
experimental data that are available in the
literature for majority carriers, up to 500 K. The
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model has then been extended up to 800 K by
validation against numerical data obtained from a
Boltzmann solver based on first-principle physical
models. The high-field mobility model has been
worked out and compared as well with numerical
data obtained from the Boltzmann solver.
The model is especially suited for device simu-

lation purposes, because the carrier mobilities are
provided as analytical functions of local vari-
ables: donor and acceptor concentrations, electric
field and temperature. The model has now been
implemented in the 2-D numerical device simula-
tor DESSIS(C) [9], and work is currently in progress
for further testing and validation.
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