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The oscillation of paramagnetic particles near the equilibrium point in the working
gap of a magnetic separator with cylindrical elements was considered. Using the results
of numeric calculation of a paramagnetic particle motion equation, the dependencies
of particle oscillation amplitude on main parameters (diameter and density of particle,
diameter of cylinder, carrying fluid velocity and viscosity, magnetic field strength and
magnetic susceptibility of particle) were investigated. For a various combination of
the parameters the relative time of particle motion was also calculated as a dependence
upon the trajectory displacement compared to limiting trajectory.
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1. INTRODUCTION

The efficiency of magnetic separation varies depending on several
technological parameters and also on a great number of physical prop-
erties of weakly magnetic particles. To define an optimal combination
of all these characteristics is an intractable problem. One of the ways
to solve it is to analyze some features of motion of the particles near
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a ferromagnetic collector: these features may have a substantial
influence upon the formation of the particle build-up. Some of such
features are an oscillation character of motion of paramagnetic
particles near equilibrium points in some regimes, the decrease of
the velocity of motion of the particles and a probable increase
of their concentration near the points of equilibrium, crossing of the
particle trajectories etc.

2. A THEORETICAL MODEL

Works [1,2] and some others show that in a work zone of a magnetic
separator with ferromagnetic collectors, trajectories of magnetic
particles may have a point of equilibrium; in this point the particle
velocity relative to the collector may be almost equal to zero and the
direction of motion changes abruptly. More detailed calculations
show that under some conditions the particle motion near the equilib-
rium point has an oscillating character. In this work we consider the
influence of the most important parameters (particle size, their density,
magnetic susceptibility, flow velocity and viscosity of the liquid,
magnetic field strength, diameter of cylindrical ferromagnetic elements
etc.) on the amplitude of oscillation of the particles, when the particle
trajectory is limiting. A term "limiting trajectory" has been used
before in [1] and means a trajectory, which divides a set of captured
particles trajectory and a set of non-captured one.

Let’s use differential equations of motion of magnetic particles near
a ferromagnetic collector as presented in [3]:

(1)

d20
----sln20-- Nd(vp,o Vf o) g 1---pdt dt Qp

(2)
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where is the time; r, 0 are the radial and azimuthal coordinates of
the polar system, the center of which coincides with the center of the
cross section of cylindrical elements of the matrix;

dp is the particle diameter;

r

rw

rw is the radius of the cylindrical element; Xp, xf are volumetric
magnetic susceptibilities of the particles and of carrying fluid, respect-
ively, is the dynamic viscosity of the carrying fluid; H0 and B0 are
the external magnetic field strength and induction respectively;
M--2AHo is the collector magnetization (under the condition of
saturation M= Ms, where Ms is the saturation magnetization);

lZw + lZf

/Zw, tzf are the magnetic permeabilities of collector and carrying fluid
respectively, (/zf ../x0); Vp, and Vf, are the radial components of
the vectors tip and flU of the particle and fluid velocities; Vp, o and

vf, o are the azimuthal components of vectors tip and flU; Pp, PU are
the particle and fluid densities;

Na Ca/Ca, o

Ca,o and Ca are hydrodynamic drag coefficients determined from the
Stokes formula and from a more general formula for arbitrary
Reynolds form number; g is the acceleration of gravity; fl is the
angle between x axis and vector ft.
The functions vf, r(r, O) and vf, o(r, O) which are used in Eqs. (1) and

(2) correspond to the potential flow around a cylinder.
Equations (1) and (2) may have points of equilibrium (bifurcation

points) under some conditions. Let us consider some assumptions,
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which allow us to simplify the equations of particle motion and in this
way to obtain an analytical solution of equilibrium point coordinates:

1. The hydrodynamic drag force of a particle is determined by the
Stokes formula;

2. The gravitational force is considered to be zero;
3. Components of the carrying medium velocity are determined by

the formula for the potential flow around a cylinder, when the velo-
city vector of the unperturbed flow fi0 is normal to the axis of
the cylinder.

Considering these assumptions for the so-called longitudinal
configuration [1], when the vector of velocity fi0 is parallel to the
vector of magnetic induction B0, we can determine coordinates of the
equilibrium point from the system of equations"

vof3
+cos20 + 1- cosO=O; (la)

Vmsin20( 1)vo f3 I+N sinO=O. (2a)

We can also obtain an analogous equation for the case of the
so-called transversal configuration, when 0 _t_ B0.
From the system of Eqs. (la) and (2a) we can deduce, by making

some transforming, the equation for the radial coordinate r:

or

X4 -’t" X XO)-’1- Aw O, (3a)

where

X 2; O) (4)
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When A =0, we can reduce the equation of fourth order (3a) to the
cubic equation (taking into account that x 0, since r 0)"

X -1- X2 l)m
0. (5)

Madai [2] found analytical solution for this case.
Let’s emphasize that such a solution (in the form of cubic equation

for the unknown x r"2) is possible in the case of three assumptions
mentioned above and with additional restriction A =0. The last
assumption is approximately correct under the condition of very high
values of the magnetic field strength H0. If the real case A > 0 is
considered (and, as before, the three aforesaid assumptions are
accepted), the radial coordinate of the equilibrium point may be
determined by solving Eq. (3a) for unknown x and the following
substitution, taking into account Eq. (4): 4% Then we insert the
received value in the Eq. (2a) and then find the azimuthal coordinate
0 of the equilibrium point from it.
The equation of the fourth order (3a) has four roots, which may be

found as solutions of two quadratic equations:

R1,2
0, (6)

where

R1 8y -+- 1; (Ta)

R2 -v/By + 1, (7b)

y is a real root of the cubic equation:

y3--o9 + A y --(A +co)=0. (8)
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Solution of the last equation for y can be written as:

y= -+,v/-+ ---,
q2 p3

Q -- + 2-
p=-w +A

q --(A + co);

kvo/

(9)

The case of Q > 0 is considered.
Using the found value y in Eqs. (7a), (7b) and (6), we can find

four roots for x(x r):

Xl,2 ---- "4- --q,;

p, (1 -+- R1,2);

q, =y+.
R1,2

Then we find four roots for the radial coordinate of the equilibrium
point

(.)3,4 v/x2(R1,2)

Finally, we choose the roots according to the physical sense of
the problem.

It is evident that the analytical solution for the coordinate of the
equilibrium point in the case of A > 0 (the case of .4 =0 has been
considered by Madai) becomes rather complicated and bulky, even if
we assume that the hydrodynamic drag on the particle is determined
by the Stokes formula and that we can disregard the gravitational
force. Taking into account that conditions of flow around the particle
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in a general case differ from Stokes regime, it’s impossible to obtain
analytical solution. In this case, and also taking into account gravita-
tional force we use more complicated equations, which can be solved
by numerical methods, instead of the system of Eqs. (1 a) and (2a), to
determine the coordinates of the equilibrium point.

3. DISCUSSION OF RESULTS

Let us consider some results of calculations of the amplitude of
particle oscillation near the equilibrium point, time of a particle
motion depending on the trajectory proximity to the limit trajectory,
and also the change of particle concentration near the equilibrium
point. The particle trajectories were calculated by solving numerically
system of differential Eqs. (1) and (2).

3.1 The Influence of Particle Properties and Characteristics of
Separation Process on the Amplitude of Particle Oscillations

Let us consider the following factors influencing the oscillation
amplitude: particle diameter de diameter of cylindrical ferromagnetic
element dw, unperturbed flow velocity 0, external magnetic induction
B0, specific magnetic susceptibility of particle Xp, density of particle
pp. The calculations have been carried out ignoring the gravitational
force Fg and taking into account different orientations of vector Fg
relatively to vectors 0 and B0.
The results of calculations of the limiting trajectories of a particle

with diameter dp 200 tm, when the cylinder diameter is dw mm
and the flow velocity is v0 0, lm/s for ilmenite particles (density
pp 4.7 x 103 kg/m3 and magnetic susceptibility Xp 1.5 x 10-6 m3/
kg, curves and 2) and wolframite particles (density 7.5 x 103 kg/m3

and magnetic susceptibility 0.6 x 10-6 m3/kg, curve 3,4,5) are shown
in the Fig. 1. Curve was calculated for B0=0.25 T, curves 2 to 5:

B0=0.5 T; curves 1-3, 5: g=0; curve 4: g=9.81m/s2; fl=180;
curves 1 to 4:0=0.001Ns/m2; curve 5: 0=0.0005Ns/m2.
Under certain conditions, a paramagnetic particle, after passing

near equilibrium point moves back and passes the equilibrium point
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FIGURE The limiting trajectories of ilmenite particles (curves and 2) and
wolframite particles (3, 4 and 5) in the vicinity of a cylindrical ferromagnetic element.

again. Sometimes it may do two or more cycles of oscillation motion
near the equilibrium point and after that it moves away from this
point (for example, a ferromagnetic element captures the particle or
the flow removes it). Such a kind of trajectories of particle motion is
shown in the Fig. (curves 4, 5).
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To find the amplitude of particle oscillation on a trajectory close
to the limiting one we need to calculate the coordinates of the equilib-
rium point A and a turning point B (Fig. 1), at which the direction of
the particle motion changes sharply. Let us consider the shortest
distance between points A and B as the amplitude of particle oscilla-
tion. The angle of the direction of particle motion changing at
point B may be close to 180. The trajectory then has the form of a
loop near the equilibrium point. This angle may be close to the right
angle, then the trajectory has a sharp kink, point A merges with
point B, and the oscillation amplitude is equal to zero.

Figure 2 shows the results of calculations of the normalized
amplitude 1/dp (l is the amplitude, dp is the particle diameter) depending
on the magnetic induction B0: lines 1-5 are for ilmenite particles, and
line 6 is for wolframite particles. Other parameters are the following:
dp= 100gm (lines 1-3) and 200gm (lines 4-6), cylinder diameter
dw=0.5mm (lines 1, 2) and mm (lines 3-6), flow velocity v0
0, lm/s (lines 1, 4, 6) and 0.2m/s (lines 2, 3, 5). The gravitational
force was neglected in these variants.

I_

dp
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0,2
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0 0. 0,4 O,l, 0,8 1.0 Bo, T

FIGURE 2 The relative amplitude of particle oscillation near the equilibrium point
depending on magnetic induction.
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It can be seen that in all the variants 1-6 the oscillation amplitude
decreases with the increase of magnetic induction B0. This can be
explained by increasing the distance between the cylinder and the
equilibrium point, which leads to the decrease of the magnetic and
the hydrodynamic forces near the equilibrium point and to the decrease
of the difference between these forces.
On the other hand, the decrease of the induction B0 in all examples

shown here and later was limited by a condition that the equilibrium
point does not have to be too close to the cylinder surface. In the
opposite case we would have to take into account the influence of the
particle on flow velocity field around the cylinder and also the changing
of the value HgradH within the particle volume. Comparing curves
and 2 (for particles with diameter dp= 1001am, cylinder element
diameter dw=0.5mm), and also curves 4 and 5 (dp=2001am and

dw mm) in Fig. 2, we can see that the oscillation amplitude increases
with the increase of velocity 0. Comparison of curves 3 and 5 shows the
increase of the oscillation amplitude depending on particle diameter dp.
The increase of the oscillation amplitude, when any one of

parameters dp and 0 is increasing, can be explained by increase of the
particle kinetic energy. The amplitude of particle oscillation increases
depending on the decrease of the diameter of cylindrical ferromagnetic
element, this can be seen by comparing curves 2 and 3 (dw =0.5 mm
and mm respectively). The increase of the magnetic and hydro-
dynamic forces gradients depending on the decrease of diameter dw,
when ratio r/rw is constant (r is distance from cylinder axis to a point
of the trajectory), can explain it.
The value of the oscillation amplitude of wolframite particles (curve

6) is greater than the value for ilmenite particles (curve 4), when values
dp 100 gm, dw mm, v0 0.1 m/s are fixed. It can be explained by
a higher density of wolframite and consequently (under the condition
dp =const) by a higher value of the kinetic energy of a wolframite
particle. Since the conditions for calculation of curves 4 and 6 differ
not only in particle density, but also in magnetic susceptibility, the
effects of each factor are analyzed separately.

In Fig. 3 one can see the dependence of the oscillation amplitude
on specific magnetic susceptibility Xp, when the particle diameter
dp 200 gm and density pp 4.7 x 103 kg/m3, diameter of a cylindrical
ferromagnetic element dw mm; v0 0.1 m/s, B0 0.3, 0.5 and
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FIGURE 3 The relative amplitude of particle oscillation depending on specific
magnetic susceptibility of a particle.

T for curves 1, 2 and 3 respectively; for curve 4 B0 T, v0 0.2 m/s.
The gravitational force was neglected for calculation of these variants.

In all these cases the oscillation amplitude decreases, when the
particle magnetic susceptibility increases. It is caused by the increase
in the distance between the cylinder and the equilibrium point, and
the corresponding decrease of the gradients of the magnetic and the
hydrodynamic forces near the equilibrium point.
The character of the effect of the value Xp on the oscillation

amplitude is similar to the effect of value Bo: when Xp or Bo increases,
parameter Vm also increases. It means that when v0-const, the nor-
malized distance r./rw increases too.
The difference is that the increase of Xp and B0=const does not

lead to the change of the boundary between the dia- and paramagnetic
capture zones. When B0 increases and Xp const, the zone ofparamag-
netic capture is reduced, line Fm,r=O, which serves as a boundary
between these two zones, moves to the line y x. Calculations show
that the polar angle of equilibrium point does not change much
(0. 60), when Bo changes, that is why the above mentioned change
of line Fm,r=O, depending on the increase of B0, means growth of



180 Y.S. MOSTYKA et al.

4

FIGURE 4 The relative amplitude of particle oscillation depending on particle
density when the volumetric magnetic susceptibility is constant.

the relative length of a part of paramagnetic particle trajectory located
in the diamagnetic capture zone.

Figure 4 shows the dependence of the normalized amplitude l/dp of
particle oscillation on its density pp, under the following constant
values: particle diameter de 200 gm, cylindrical ferromagnetic
element diameter dw= mm, and volumetric magnetic susceptibility
top--7.05 x 10-3 (SI). Curves 1-4 were calculated ignoring the gravita-
tional force Fg, while curve 5 includes the effect of Fg, when 1 zr
(vertically descending flow). For curves and 2- B0=0.15 and
0.25 T at v0 =0.05 m/s; curves 3-5- B0 =0.25 T at v0 =0.1 m/s; curve
4 B0 0.5 T at v0 0.2 m/s.

In all cases the increase of the particle density pp leads to the increase
of the amplitude l/dp of relative oscillation and the dependence l/dp(pp)
is close to linear, with the exception of curves whose initial parts
correspond to small values of l/dp.
Comparison of curves 3 and 5 in the Fig. 4 shows that by taking into

account the gravitational force, when 1- zr, the amplitude of particle
oscillation increases. It can be explained by increasing the velocity
of particle motion relative to the cylinder under the influence of the
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gravitational force in the descending flow. A similar increase of the
particle velocity occurs when the flow velocity v0 increases; it leads
also to the increase of the oscillation amplitude: curve 3 for
Vo 0.1 m/s is substantially higher than curve 2 for v0 0.05 m/s.

If the vector of the gravitational force is opposite to vector fi0
(vertical ascending flow), then the velocity of particle motion relative
to the cylinder decreases, and correspondingly the amplitude of the
particle oscillation decreases too. Trajectories of ilmenite particles for
dp 200 tim, dw mm, Bo 0.3 T, v0 0.1 m/s are shown in Figs. 5a
and 5b 5a shows the longitudinal effect of the gravitational
force Fg" /3--0 (vertical ascending flow), 2- fl= zr (descending
flow), 3 without takinggravitational force into account; 5b shows
the transversal effect of Fg: -fl=-r/2; 2- fl=zr/2; 3- without
taking gravitational force into account.
As you can see in Fig. 5a, the amplitude of particle oscillation

is much larger when Fg 0 and fl re than when Fg=O, and much
smaller when FgO and fl=0. Fig. 5b shows that when the
gravitational force Fg influence is transversal, the oscillation amplitude
does not change much, although the angle of the trajectory inclined
changes substantially.
The increase of velocity v0 leads to the decrease of the effect of the

gravitational force on the oscillation amplitude. Figs. 6a and 6b
shows the results of calculations of trajectory of an ilmenite particle
when the values of parameters are equal to those used for examples
shown in Figs. 5a and 5b, except for B0-0.5T, v0-0.2m/s used
instead of B0 0.3 T, v0 0.1 m/s. The normalized distance r,/rw to
the equilibration point when Fg--0, is almost equal to the distance
in preceding examples (r,/rw2.4 when B0 3.0T; v0-0.1 m/s and
r,/rw 2.3 when B0 0.5 T; v0 =0.2 m/s). Numbers of curves 1, 2 and
3 in Figs. 6a, 6b correspond to the conditions equal to the conditions
used in Figs. 5a, 5b.
As you can see in Fig. 6a, the change of the oscillation amplitude

under the condition of longitudinal influence of the gravitational
force (when fl 0 and fl zr compared to the amplitude when Fg-" O)
is less material than the same change shown in Fig. 5a. When the
influence of the gravitational force is transversal and v0=0.2m/s
(Fig. 6b), the oscillation amplitude almost does not change for three
analogous cases: Fg 0; Fg 0 and fl 0; Fg 0 and fl



182 Y.S. MOSTYKA et al.

y

0.5 .0 .S | 0 | oS X/r

FIGURE 5 The limiting trajectories of ilmenite particles in the vicinity of cylindrical
ferromagnetic elements under the condition of longitudinal (a) and the transversal (b)
action of the gravitational force, v0 0.1 m/s.
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FIGURE 6 The limiting trajectories of ilmenite particles in the vicinity of cylindrical
ferromagnetic elements under the condition of longitudinal (a) and the transversal (b)
action of the gravitational force, v0 0.2 m/s.
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3.2 The Time of a Particle Motion Along Trajectories Close
to the Limiting Trajectory

When a particle moves to the equilibrium point, its velocity decreases,
that is why the time of motion from the initial point of the trajectory
(Xo, yo) to the cylinder surface increases, compared to the time of the
uniform motion at velocity v0. To get comparable date of the time
of particle motion, we normalize the distance Xo from the cylinder
axis to the initial point: x0 3r,, where r, is the distance to the equi-
librium point. Further, we consider the ratio of the motion time r to r0
(the time of the uniform motion at velocity v0): 30 (x0- rw)/Vo,
instead of the absolute value of the time of the motion.

Figure 7 shows the results of calculations of relative time of particle
motion r/r0 depending on the trajectory displacement compared to
the limiting trajectory. The displacement can be defined as the ratio
(Ye- yo)/yc where Ye, Yo are the ordinates of the limiting and any
other trajectory when x x0.

Lines 1-4 show the results for de 100 tm; lines 5-8 for dp 200 tm.
For lines and 3 dw 0.5 mm; in other cases dw mm. In examples
1, 2, 5, 6- v0 0.1 m/s; in examples 3, 4, 7, 8- v0 0.2 m/s; for curve
5 B0 0.25 T, for curves 1, 2, 3, 4, 6, 7 B0 0.5 T, for curve 8

B0= 1T. In all examples pp 4.7 x 103kg/m3", )p 1.5 10-6m3/kg.
As can be seen in Fig. 7, the relative time r/r0 depends linearly on

logarithm of the value (yc- yo)/yc. The results of calculations show
that substantial deceleration of particles (increase of the motion time)
is observed only in trajectories close to the limiting trajectory when

O’c Yo)/Yc 0.001 0.01 or less.

3.3 The Increase of Concentration of Magnetic Particles
Near the Equilibrium Point

Let us suppose that the initial section x= x0 is far enough from a
cylindrical collector to ensure that the distribution of magnetic par-
ticles is uniform. It means that on any fixed trajectory the particles
pass through a section x const in equal time intervals At. While a
particle moves along the trajectory, the distance Ali between two near-
est (with numbers and i/ 1) particles on the trajectory changes
according to formula Ali- f+ZXVp(Z)dr, were Vp is the particle

,/17
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FIGURE 7 The relative tirne of particle motion depending on trajectory displacement
compared to the limiting trajectory.

velocity at the current point of the trajectory. Near the equilibrium
point the particle velocity Vp is small, and the distance A1 between
two nearest particles on the trajectory is small too. The results of
calculations of a position of ilmenite particles with diameter 100 tm
along four trajectories are shown in Fig. 8; when at the initial section
x x0 the ordinates of the trajectories are equal to 0 2.0, 2.4, 2.6,
3.0; v0 0.2 m/s; dw mm; B0 0.75 T.
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FIGURE 8 The change of the mutual location of particles along trajectories in a
region close to the equilibrium point.

Two middle trajectories pass near the equilibrium point and have in
that area much greater curvature than in other parts. The distance Ali
between particles on one trajectory near the equilibrium point is much
less than on the initial part of the trajectory. This change of mutual
location of particles can lead to an increase of their concentration
near the equilibrium point. However, these results do not allow us to
consider this conclusion as enough well-proven. A stricter analysis
which would take into account the longitudinal distance between
particles as well as perpendicular to the trajectory is required.

4. CONCLUSIONS

As a result of numerical calculations of equations of motion of a
paramagnetic particle in a working zone of a separator with cylindrical
ferromagnetic elements, the configurations of particle trajectories
near the equilibrium point were investigated. It was shown that
under conditions of certain combinations of technological parameters
and particle characteristics the particle motion near the equilibrium
point has a character of oscillation. The oscillation amplitude
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increases with the decrease of the distance from a cylindrical element
to the equilibrium point. When the distance is fixed, the oscillation
amplitude increases with the increase of particle size and density,
carrying fluid velocity and with the decrease of its viscosity. In our
analysis only those combinations of parameters when the equilibrium
point and the nearest to the cylinder point of return are at a distance of
several particles diameters or more from the cylinder were considered.
Further limitation is that we did not take into account the particle
influence on flow velocities near the cylinder. Furthermore, the
amplitude of particle oscillation increases with the decrease of the
cylindrical element diameter dw (value of diameter dw is limited by
relation dw/dp 4-5 and more).

It was shown that the time r of motion from the initial point to
the cylinder surface increases depending on proximity of particle
trajectory to the limiting trajectory. The dependence of r on parameter
lg((yc -Yo)/Yc) is almost linear.

NOMENCLATURE

magnetic induction (Tesla);
H magnetic field strength (A/m);
M magnetization (A/m);

volume magnetic susceptibility (dimensionless unit of SI system);
specific magnetic susceptibility (m3/kg);
magnetic permeability (H/m);

/z0 4 zr 10-7 H/m;
and r time (s);

g acceleration of gravity (m/s2);
velocity (m/s);
diameter (m or tm);
radius (m);
dimensionless radius;
angle;
density (kg/m3);
dynamic viscosity of the fluid (kg/m s);
hydrodynamic drag coefficient (dimensionless);

force (N).
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