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EFFECTIVE ELASTIC PROPERTIES OF
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A general scheme for the solution of problem of averaging elastic properties of textured
polycrystals is suggested which is based on the algebraic methods of description of elastic
properties.

Keywords: Textured polycrystals; Elastic constants; Methods of averaging

INTRODUCTION

On the assumption that grain orientations in polycrystals are equiprob-

able and a polycrystal as any isotropic body is characterized by two

elastic constants, the problem of determination of effective elastic

properties was for the first time solved by Voigt (1928) with the use of

procedure of averaging the matrix of elastic modules of crystals, and

then by Reuss (1929) applying the averaging of reverse matrix–matrix

of the compliance coefficients. More detailed analysis performed by

Hill (1952) showed that these averages agree with the assumptions on

the strain uniformity in a polycrystal in the first case and the stress

uniformity, in the second case, and the obtained values of the bulk

module and shear module of a polycrystal represent upper and lower

variational boundaries for its effective properties. The above author

suggested determining of the effective elastic characteristics as a mean

value obtained under the assumptions of Voigt and Reuss. For a
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quasiisotropic polycrystal, these boundaries are not reached and the

resulting range of their possible values can be quite wide in the case

of a large anisotropy of elastic properties of a polycrystal. Further

investigation consisted in searching for the effective elastic characteris-

tics of quasiisotropic polycrystals within one or another simplified

hypotheses and in trials to find a narrower range of existing values.

In 1946, Lifshits and Rosenzveig obtained the effective values in the

form of the sum of modules and correlation corrections averaged by the

Voigt scheme using statistic equations of the theory of polycrystalline

elasticity that are solved under the assumption of low anisotropy of

grains, in the problem of movements taking into account only pair cor-

relation between random elastic modules in the neighbouring points.

The method of self-consistency suggested by Hershey (1954) and

Kröner (1958) represents the highest degree of obviousness. The main

point of the method consists in supposition of equality of

the deformation field averaged over the ensemble of anisotropic par-

ticles of random orientations embedded into a matrix with effective

properties to macroscopic strain. In the framework of variational

approach, Hashin and Shtrikman (1962) established a narrower

range of the effective elastic properties of quasiisotropic polycrystals

than that fixed by the Voigt and Reuss’s boundaries. The method of

renormalization of statistic equations of the elasticity theory after

Fokin and Shermergor (1968) and Shermergor (1977) was applied

first in the framework of singular approximation and then of

generalized singular approximation to gain the effective values of elas-

tic properties of quasiisotropic polycrystals and some composite

materials, as well as narrower boundaries for their range than the

Hashin–Shtrikman boundaries. Neglecting of the formal part of

second derivative of the Green tensor of the equilibrium equation

and preservation solely of singular part used in the method of singular

approximation is equivalent to the supposition of a limiting locality

of correlation functions of stochastic field of the elasticity modules of

an inhomogeneous medium. The results obtained by the method of

singular approximation as well as by the method of a generalized

singular approximation, and Hashin–Shtrikman boundaries can be

found by the method of self-consistent field as well. If the elastic

characteristics of a certain reference solid is taken as the matrix elastic

properties and different values are assigned to these characteristics,
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then all the solutions that meet the above methods can be obtained in

analytical form. This allows to some extent ascertainment of

the physical sense of the formal admissions made upon mathematical

modeling.

Unexpected with respect to the common trend of the works devoted

to the determination of effective properties of polycrystals was a simple

method of Aleksandrov (1965) who suggested averaging of the matrix

of elastic modules based on their highest invariants. From the equality

of the matrix determinants for the elastic modules of a cubic crystal and

isotropic body with effective properties, the value of effective shear

module for quasiisotropic polycrystal was obtained. In what followed,

using properties of the second rank tensor, Aleksandrov and Aisenberg

(1966) revealed similarity of this way of averaging to averaging of log-

arithms of eigenvalues of corresponding matrix. This circumstance

became then of decisive importance for the theory development.

Independently of Alekseandrov, Peresada (1971) performed averaging

based on the highest invariants for polycrystals of cubic and hexagonal

structure symmetries.

Much more complicated than calculation of elastic properties of

quasiisotropic polycrystals was the problem of their determination

when there is a preferential spatial orientation of grains – texture,

and on account of it, such polycrystal starts behaving as an anisotropic

body. The methods of calculation of elastic characteristics of textured

polycrystals developed with advancing experimental techniques of

examining texture and its quantitative description.

In 1960, Wiglin suggested the method of quantitative description of

textures with the use of a texture function which was then named the

orientation distribution function. This function is a quantitative

characteristic of distribution of random Euler angles fixing positions

of individual crystallites in laboratory system of axes. The above

author suggested representation of this function as a series of

generalized spherical functions. Later, independently of each other,

Bunge (1965) and Roe (1965) developed a method of calculating

three-dimensional functions of the grain orientation distribution

from the experimentally observed two-dimensional distribution

functions that can formally be obtained by integrating three-

dimensional function. Information on even coefficients is taken quite

reliably and it is these coefficients that control many physical properties
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of textured polycrystals, in particular their elastic properties. The

number of significant coefficients is defined by the symmetry of

grains and symmetry of the polycrystal texture.

Modern methods of quantitative texture analysis for the calculation

of elastic properties of polycrystals in the approximations of Voigt,

Reuss and Hill were applied by different authors (Talashkevich and

Aleksandrov, 1962; Kneer, 1965; Reynolds, 1968; Bunge et al., 1969;

Bunge and Roberts, 1969; Kallend and Danies, 1970; Morris, 1970).

An attempt to generalize the method of calculation of the effective elas-

tic properties after Aleksandrov–Peresada to the case of textured mat-

erials was undertaken by Morawiec (1989); Matthies and Humbert

(1995). Morawiec suggested the algorithm of solution basing on the

properties of the logarithmic tensor function, which was realized only

in the case of a quasiisotropic material. Matthies and Humbert gave

numerical realization of this algorithm for the case of some textured

polycrystals that did not admit an analytical form of representation

of the final solution, and the method as such was named calculation

of geometric-mean values of elastic characteristics.

In the work presented an analytical generalization of the

Aleksandrov–Peresada method is given for the case of textured cubic

polycrystals, basing on the algebraic methods of describing their elastic

properties.

GENERALIZED HOOKE’S LAW AS A LINEAR

APPROXIMATION

As it was shown by Rychlewski (1984), the generalized Hooke’s law

can be treated as a linear self-transformation of the space of symme-

trical second-rank tensors

� ¼ C" or " ¼ S�: ð1Þ

Here, � is the stress tensor, " is the strain tensor, C is the linear elas-

ticity operator, S¼C�1 is the reverse operator.

In the six-dimensional space of symmetrical tensors, a peculiar part is

taken by the tensors that meet the equations

C! ¼ �! or S! ¼ ��1!: ð2Þ
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As in the vector spaces, in the space of symmetrical second-rank

tensors there exists such an orthonormalized basis !I ,!II , . . . ,!VI :

!K � !L ¼ !K
ij !

L
ij ¼ �KL ¼

0 K 6¼ L
1 K ¼ L

,

�
ð3Þ

that the tensors of stresses and strains in this basis can be represented as

� ¼ �1!
I þ �2!

II þ � � � þ �6!
VI ,

" ¼ "1!
I þ "2!

II þ � � � þ "6!
VI :

ð4Þ

The elements of tensor basis !K ðK ¼ 1, 2, . . . , 6Þ correspond to differ-

ent stress-deformed states (proper elastic states).

The fourth-rank tensor of elasticity modules c matching the linear

operator C has the following spectral form

c ¼ �1!
I � !I þ �2!

II � !II þ � � � þ �6!
VI � !VI , ð5Þ

similar to the tensors of the compliance coefficients s¼ c�1

s ¼ ð�1Þ
�1!I � !I þ ð�2Þ

�1!II � !II þ � � � þ ð�6Þ
�1!VI � !VI : ð6Þ

Here

ð!K � !K Þijmn ¼ !K
ij !

K
mn: ð7Þ

The parameters �K ðK ¼ 1, 2, . . . , 6Þ are the eigenvalues of linear

operator C. These parameters are controlled by the elasticity

modules of an anisotropic body and were called by Rychlewski

true stiffness modules, and while taking into account the comments

given in the work (Rychlewski, 1984) they are pertinent to call

the Kelvin–Rychlewski modules. These modules are roots of the six-

order equation

detðĉcKL � ��KLÞ ¼ 0 ðK ,L ¼ 1, . . . , 6Þ: ð8Þ

where

ĉcKL ¼ !K � c � !L: ð9Þ
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The values ĉcKL (Mehrabadi and Cowin, 1990) shouldn’t be confused

with the matrix elements of the elasticity modules ckl in the Voight’s

designations.

Scalar multipliers �K and "K in expansion (4) with allowance for the

orthogonality condition (3) for the elements of tensor’s basis are

determined from the expressions

�K ¼ !K � ��ðK ¼ 1, 2, . . . , 6Þ,

"K ¼ !K � "�ðK ¼ 1, 2, . . . , 6Þ:
ð10Þ

FORMAL SCHEME OF CALCULATION OF THE EFFECTIVE

ELASTIC PROPERTIES OF TEXTURED POLYCRYSTALS

In the framework of the Voight’s model assuming uniformity of defor-

mations and of the Reuss’s model that suggests the stress uniformity,

the effective elastic characteristics are found by averaging the tensors

of elasticity modules and compliance coefficients over the set of

grain orientations in a polycrystal:

cV ¼ hci, sR ¼ hsi ð11Þ

or with allowance for expansions (5) and (6):

cV ¼ �1hQi � ð!I �!I Þ þ �2hQi � ð!II �!II Þ þ � � � þ �6hQi � ð!VI �!VI Þ

sR ¼ ð�1Þ
�1
hQi � ð!I �!I Þ þ ð�2Þ

�1
hQi � ð!II �!II Þ

þ � � � þ ð�6Þ
�1
hQi � ð!VI �!VI Þ:

ð12Þ

Here,

hQi � ð!K � !K Þ
� �

ijmn
¼ QipQjqQmrQns

� �
!K
pq!

K
rs ð13Þ

whereQip are the elements of the transition matrix upon rotation of the

crystallographic system of coordinate for a randomly oriented grain till

its coincidence with the axes of the laboratory coordinate system; h� � �i is

the operation of averaging over the multitude of grain orientations in a

polycrystal; �K are the Kelvin–Rychlewski grain modules.
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On the other hand, tensors cV and sR can be presented by spectral

expansions over the elements of corresponding tensor basis ~!!K :

cV ¼ �V1 ~!!I � ~!!I þ �V2 ~!!II � ~!!II þ � � � þ �V6 ~!!VI � ~!!VI ,

sR ¼ ð�R1 Þ
�1 ~!!I � ~!!I þ ð�R2 Þ

�1 ~!!II � ~!!II þ � � � þ ð�R6 Þ
�1 ~!!VI � ~!!VI :

ð14Þ

Comparing expansions (12) and (14) and applying the orthogonality

condition (5) we find the Kelvin–Rychlewski modules in the Voight’s

approximation:

�VK ¼ �1ð ~!!
K � ~!!K Þ � hQi � ð!I � !I Þ þ �2ð ~!!

K � ~!!K Þ � hQi � ð!II � !II Þ

þ � � � þ �6ð ~!!
K � ~!!K Þ � hQi � ð!VI � !VI Þ:

ð15Þ

Similarly, in the Reuss’s approximation:

ð�RK Þ
�1

¼ ð�1Þ
�1
ð ~!!K � ~!!K Þ � hQi � ð!I � !I Þ

þ ð�2Þ
�1
ð ~!!K � ~!!K Þ � hQi � ð!II � !II Þ

þ � � � þ ð�6Þ
�1
ð ~!!K � ~!!K Þ � hQi � ð!VI � !VI Þ:

ð16Þ

or

�VK ¼ pK1�1 þ pK2�2 þ � � � þ pK6�6,

ð�RK Þ
�1

¼ pK1ð�1Þ
�1

þ pK2ð�2Þ
�1

þ � � � þ pK6ð�6Þ
�1,

ð17Þ

where

pKL ¼ ð ~!!K � ~!!K Þ � hQi � ð!L � !LÞ, ð18Þ

and, at the same time, satisfies to

pK1 þ pK2 þ � � � þ pK6 ¼ 1: ð19Þ

Thus the Kelvin–Rychlewski modules in these approximations are

found as weighted average power values of corresponding modules of

crystallites

�ð�ÞK ¼ ðpK1�
�
1 þ pK2�

�
2 þ � � � þ pK6�

�
6Þ
1=�: ð20Þ
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At �¼ 1, we have averaged values calculated using the Voight

scheme, and at �¼�1, using the Reuss scheme. At � ! 0, the average

power value tends to the geometric mean

�ð0ÞK ¼ �pK11 �pK22 �pK33 �pK44 �pK55 �pK66 , ð21Þ

which is a generalization of the Aleksandrov–Peresada method to the

textured materials.

From the formal point of view, Eq. (18) unambiguously gives the

solution for the problem of averaging elastic characteristics of textured

materials. Transition to the tensor designations is performed using

formula (5)

cð�Þ ¼ �ð�Þ1 ~!!I � ~!!I þ �ð�Þ2 ~!!II � ~!!II þ � � � þ �ð�Þ6 ~!!VI � ~!!VI : ð22Þ

ELASTICITY MODULES OF THE TEXTURED

POLYCRYSTALS OF CUBIC SYMMETRY

Let us consider a textured polycrystal with the cubic grain symmetry

and rhombohedral texture symmetry. For an isotropic body and

an anisotropic solid of cubic symmetry the elements of the tensor

basis !K (K¼ 1, 2, . . . , 6) are given in the form

!I ¼
1

31=2

1 0 0

0 1 0

0 0 1

0
B@

1
CA, !II ¼

1

61=2

1 0 0

0 1 0

0 0 �2

0
B@

1
CA,

!III ¼
1

21=2

1 0 0

0 �1 0

0 0 0

0
B@

1
CA, !IV ¼

1

21=2

0 0 0

0 0 1

0 1 0

0
B@

1
CA,

!V ¼
1

21=2

0 0 1

0 0 0

1 0 0

0
B@

1
CA, !VI ¼

1

21=2

0 1 0

1 0 0

0 0 0

0
B@

1
CA:

ð23Þ

Direct checking with the use of Eq. (22) easily shows that the above

elements form an ortho-normalized basis in the space of symmetrical

second-rank tensors. The elements of this basis correspond to one
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stressed state of uniform compression (tension) and five stressed states

of pure shears. That means that any stressed-deformed state of an ani-

sotropic body of cubic symmetry and an isotropic body can be obtained

as cumulative effect of uniform compression or tension and five shears

(proper elastic states).

For the elastic characteristics cV and s R of a solid of rhombohedral

symmetry, in the case when one of proper states correspond to the

stressed state of uniform compression, the tensor basis elements

~!!K ðK ¼ 1, . . . , 6Þ have the form

~!!I ¼
1

31=2

1 0 0

0 1 0

0 0 1

0
B@

1
CA,

~!!II , III ¼
1

ð2þ 2p2, 3 þ 2p
2
2, 3Þ

1=2

1 0 0

0 p2, 3 0

0 0 �1� p2, 3

0
B@

1
CA,

~!!IV ¼
1

21=2

0 0 0

0 0 1

0 1 0

0
B@

1
CA, ~!!V ¼

1

21=2

0 0 1

0 0 0

1 0 0

0
B@

1
CA,

~!!VI ¼
1

21=2

0 1 0

1 0 0

0 0 0

0
B@

1
CA:

ð24Þ

where

p2, 3 ¼ k ðk2 þ kþ 1Þ1=2, ð25Þ

k¼ ðcV13� cV23Þ=ðc
V
12� cV13Þ ¼ ðsR13� sR23Þ=ðs

R
12� sR13Þ ¼ ð�1��2Þ=ð�2��3Þ:

ð26Þ

The parameter k is the stiffness distributor which does not depend on

the way of averaging and is controlled solely by the parameters of the

polycrystal texture (Mityushova et al., 1985, Mityushov et al., 1992):

�i ¼ Q2i1Q
2
i2 þQ2i2Q

2
i3 þQ2i3Q

2
i1

� �
ði ¼ 1, 2, 3Þ: ð27Þ
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For a nontextured material

�1 ¼ �2 ¼ �3 ¼ 1=5: ð28Þ

For a material with an axial texture

�1 ¼ �2 ¼ ð1þ 3�3Þ=8: ð29Þ

With allowance for an explicit form of tensors !K and ~!!K , we find

from formulas (18) and (20)

�ð�Þ1 ¼ �1,

�ð�Þ2,3¼ ��2ð1�3�1þ�2��3þ2p2,3ð�2��3ÞÞ
�
þ��4ð3�1��2þ�3�2p2,3ð�2��3ÞÞ

�1=�
,

�ð�Þ4 ¼ ��2ð2�2þ2�3�2�1Þþ��4ð1�ð2�2þ2�3�2�1ÞÞ
� �1=�

,

�ð�Þ5 ¼ ��2ð2�3þ2�1�2�2Þþ��4ð1�ð2�3þ2�1�2�2ÞÞ
� �1=�

, ð30Þ

�ð�Þ6 ¼ ��2ð2�1þ2�2�2�3Þþ��4ð1�ð2�1þ2�2�2�3ÞÞ
� �1=�

:

The Kelvin–Rychlewski modules of a cubic crystal are expressed

through the elasticity modules in the Voight designations by equalities

�1 ¼ c11 þ 2c12 ¼ 3K , �2 ¼ �3 ¼ c11 � c12, �4 ¼ �5 ¼ �6 ¼ 2c44

ð31Þ

where K is the bulk elasticity module.

The tensor of the polycrystal elasticity modules c(�) is determined

basing on expression (22).

Hence, at �¼ 1 and �¼�1 we find the elastic module values that

were obtained in the work (Mityushov et al., 1992) by averaging over

the Voight’s and Reuss’s schemes

cð1Þ ¼ cV , ð32Þ

cV11 ¼ c11 � 2b�1, cV22 ¼ c11 � 2b�2, cV33 ¼ c11 � 2b�3,

cV23 ¼ c12 þ bð�2 þ�3 ��1Þ, cV44 ¼ c44 þ bð�2 þ�3 ��1Þ,

cV31 ¼ c12 þ bð�3 þ�1 ��2Þ, cV55 ¼ c44 þ bð�3 þ�1 ��2Þ,

cV12 ¼ c12 þ bð�1 þ�2 ��3Þ, cV66 ¼ c44 þ bð�1 þ�2 ��3Þ,

b ¼ c11 � c12 � 2c44,

ð33Þ
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cð�1Þ ¼ sR, ð34Þ

sR11 ¼ s11 � 2d�1, sR22 ¼ s11 � 2d�2, sR33 ¼ s11 � 2d�3,

sR23 ¼ s12 þ dð�2 þ�3 ��1Þ, sR44 ¼ s44 þ 4dð�2 þ�3 ��1Þ,

sR31 ¼ s12 þ dð�3 þ�1 ��2Þ, sR55 ¼ s44 þ 4dð�3 þ�1 ��2Þ,

sR12 ¼ s12 þ dð�1 þ�2 ��3Þ, sR66 ¼ s44 þ 4dð�1 þ�2 ��3Þ,

d ¼ s11 � s12 � s44=2:

ð35Þ

At � ! 0 geometric-mean values of the elasticity modules are found

from Eq. (22)

c
ð0Þ
11 ¼

1

3
�ð0Þ1 þ

1

2þ 2p2 þ 2p
2
2

�ð0Þ2 þ
1

2þ 2p3 þ 2p
2
3

�ð0Þ3 ,

c
ð0Þ
22 ¼

1

3
�ð0Þ1 þ

p2

2þ 2p2 þ 2p
2
2

�ð0Þ2 þ
p3

2þ 2p3 þ 2p
2
3

�ð0Þ3 ,

c
ð0Þ
33 ¼

1

3
�ð0Þ1 þ

ð1þ p2Þ
2

2þ 2p2 þ 2p
2
2

�ð0Þ2 þ
ð1þ p3Þ

2

2þ 2p3 þ 2p
2
3

�ð0Þ3 ,

c
ð0Þ
23 ¼

1

3
�ð0Þ1 �

p2ð1þ p2Þ

2þ 2p2 þ 2p
2
2

�ð0Þ2 �
p3ð1þ p3Þ

2þ 2p3 þ 2p
2
3

�ð0Þ3 ,

c
ð0Þ
31 ¼

1

3
�ð0Þ1 þ

1þ p2

2þ 2p2 þ 2p
2
2

�ð0Þ2 þ
1þ p3

2þ 2p3 þ 2p
2
3

�ð0Þ3 ,

c
ð0Þ
12 ¼

1

3
�ð0Þ1 þ

p2

2þ 2p2 þ 2p
2
2

�ð0Þ2 þ
p3

2þ 2p3 þ 2p
2
3

�ð0Þ3 ,

c
ð0Þ
44 ¼

1

2
�ð0Þ4 , c

ð0Þ
55 ¼

1

2
�ð0Þ5 , c

ð0Þ
66 ¼

1

2
�ð0Þ6 ,

ð36Þ

where

�ð0Þ1 ¼ �1,

�ð0Þ2, 3 ¼ �
ð1�3�1þ�2��3þ2p2, 3ð�2��3ÞÞ
2 �4

ð3�1��2þ�3�2p2, 3ð�2��3ÞÞ,

�ð0Þ4 ¼ �ð2�2þ2�3�2�1Þ2 �4
ð1�ð2�2þ2�3�2�1ÞÞ, ð37Þ

�ð0Þ5 ¼ �ð2�3þ2�1�2�2Þ2 �4
ð1�ð2�3þ2�1�2�2ÞÞ,

�ð0Þ6 ¼ �ð2�1þ2�2�2�3Þ2 �4
ð1�ð2�1þ2�2�2�3ÞÞ:
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Some particular results of these relationships were obtained earlier

by other methods. Thus, the Aleksandrov’s solution (1965) is resulted

at �1¼�2¼�3¼ 1/5. For shear modules, the generalization of this

solution was given in the work (Mityushova, 1983). In the case of

axial textures, the solution was presented in the work (Mityushov

and Berestova, 1996); and for a polycrystal with a two-component

texture (001)[100]þ (001)[110] when �1¼�2¼ 1/4, �3¼ 0, this

solution is precise (Berestova and Mityushov, 1999).
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