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This paper considers the MAP/G/1 queue under -policy with a single vacationR
and set-up.  We derive the vector generating functions of the queue length at an
arbitrary time and at departures in decomposed forms.  We also derive the
Laplace-Stieltjes transform of the waiting time.  Computation algorithms for
mean performance measures are provided.
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1. Introduction

We consider the MAP/G/1 queue under -policy with a single vacation and set-up.  As soonR
as there are no customers to serve, the server takes a vacation (vacation period).  After the
vacation, if the server finds  or more customers, it starts a set-up of a random length (set-upR
period).  If not, the server stays in the system until  customers accumulate (dormant period).R
After the set-up, the server continuously serves the customers until the system empties (buy
period).  Thus, a cycle consists of a vacation period, a dormant period, a set-up period and a
busy period.  The service, vacation and set-up times are assumed to be mutually independent
with general distributions.  We also assume that they are independent of the phase of the
underlying Markov chain.  Customers arrive according to the Markovian Arrival Process
(MAP) with parameter matrices  and .  For the formal definition of MAP, readers areG H
advised to see Lucantoni, et al. [10].
 We derive the vector generating functions of the queue length at an arbitrary time and at
departures in decomposed forms.  We also derive the Laplace-Stieltjes transform of the
waiting time.  Computation algorithms for mean performance measures are provided.

1This work was supported in part by KOSEF through Statistical Research Center
for Complex Systems at Seoul National University.
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 Lee et al. [5] studied the MAP/G/1 system under multiple and single vacations with -R
policy and showed that the vector generating functions of the queue length at an arbitrary
time and at departures are decomposed into two parts:  one is the vector generating function
of the queue length at an arbitrary idle time, and the other is an unidentified matrix generating
function.  The authors [6] also confirmed that those decompositions hold for the MAP/G/1
system under -policy with multiple vacations and set-up.  We show that thoseR
decompositions also hold for this system with a single vacation and set-up.
 Kasahara et al. [2] studied the MAP/G/1 queue with -policy and multiple vacations.R
They used the matrix-analytic approach pioneered by Neuts [11, 12], and his colleagues [8-
10, 15, 16].  In this paper, we employ the method of supplementary variables.  This method
directly provides us with the queue length distributions at an arbitrary time.  Departure point
queue length and virtual waiting time distributions can be obtained as by-products.  For
works in this category, see [1, 3-6, 13, 14].
 The remainder of the paper is organized as follows.  In Section 2, we develop the vector
system equations and solve the equations by using the eigenvalues and eigenvectors of
 Ð  D ÑG H .  We derive the vector generating functions of the queue length at an arbitrary
time and at departures in decomposed forms.  Interpretations of the decompositions are
presented.  In Section 3, we derive the Laplace-Stieltjes transform of the waiting time of an
arbitrary customer.  In Section 4, we present the computation algorithms for mean
performance measures.  We consider some special cases in Section 5.

2.  The Queue Length

We first develop the system equations.  Let us define the following notations:
RÀ steady-state queue length (number of customers in the system, including the one
 in service)
N À   the phase of the underlying Markov chain (UMC)
W ß Z ßL ÀV V V  remaining service time, vacation time and set-up time
G Hß À Ð7 ‚7Ñ  parameter matrices of the Markovian arrival process
G H G H34 34ß À Ð3ß 4Ñ ß -element of 
13 œ T<ÒN œ 3Ó Ð" Ÿ 3 Ÿ 7Ñ,  
1 œ Ð ß ßá ß Ñ1 1 1" # 7

- œ À1H/  mean arrival rate
3 -œ IÐWÑÀ  traffic intensity

'Ð>Ñ œ

" Ñ
#ß
$ß

ÚÝÝÛÝÝÜ
,            (server is on a vacation
                      (server is in a dormant period) 
            (server is in a set-up)   
            (server is busy)            %ß

 Let us define the following probabilities:

: ÐBÑ.B œ T<Ò œ "ßR œ 8ß N œ 3ß Z − ÐBß B  .BÓÓß Ð8   !ß " Ÿ 3 Ÿ 7Ñ
ÐZ Ñ
8ß3 V'   

: œ T<Ò œ #ßR œ 8ß N œ 3Óß Ð! Ÿ 8 Ÿ R  "ß " Ÿ 3 Ÿ 7Ñ
ÐHÑ
8ß3 '   

: ÐBÑ.B œ T<Ò œ $ßR œ 8ß N œ 3ß Z − ÐBß B  .BÓÓß Ð8   R " Ÿ 3 Ÿ 7Ñ
ÐWÑ
8ß3 V'   , 

: ÐBÑ.B œ T<Ò œ %ßR œ 8ß N œ 3ß W − ÐBß B  .BÓÓ Ð8   "ß " Ÿ 3 Ÿ 7Ñ
ÐFÑ
8ß3 V' ,  .



Operational Behavior of the MAP/G/  Queue" 153

 Then, defining ,  and  as the pdf of the service time, vacation time and set-up=ÐBÑ @ÐBÑ 2ÐBÑ
time respectively, the above probabilities satisfy the following equations:

! œ :  : Ð!Ñ Ð" Ÿ 3 Ÿ 7Ñ
7

4œ"

ÐHÑ ÐZ Ñ
!ß4 !ß343G , 

! œ :  :  : Ð!Ñ Ð" Ÿ 8 Ÿ R  "ß " Ÿ 3 Ÿ 7Ñ
7 7

4œ" 4œ"

ÐHÑ ÐHÑ ÐZ Ñ
8ß4 8"ß4 8ß343 43G H ,  

 : ÐBÑ œ : ÐBÑ  : Ð!Ñ=ÐBÑ Ð" Ÿ 3 Ÿ 7Ñ.
.B

ÐFÑ ÐFÑ ÐFÑ
"ß3 "ß4 #ß3

7

4œ"
43G ,  

 : ÐBÑ œ : ÐBÑ  : Ð!Ñ=ÐBÑ  : ÐBÑ.
.B

ÐFÑ ÐFÑ ÐFÑ ÐFÑ
5ß3 5ß4 5"ß3 5"ß4

7 7

4œ" 4œ"
43 43G H , 

Ð# Ÿ 5 Ÿ R  "ß " Ÿ 3 Ÿ 7Ñ

 : ÐBÑ œ : ÐBÑ  : Ð!Ñ=ÐBÑ  : ÐBÑ  : Ð!Ñ=ÐBÑß.
.B

ÐFÑ ÐFÑ ÐFÑ ÐFÑ ÐWÑ
Rß3 Rß4 R"ß3 R"ß4 Rß3

7 7

4œ" 4œ"
43 43G H

Ð" Ÿ 3 Ÿ 7Ñ

 : ÐBÑ œ : ÐBÑ  : Ð!Ñ=ÐBÑ  : ÐBÑ  : Ð!Ñ=ÐBÑß.
.B

ÐFÑ ÐFÑ ÐFÑ ÐFÑ ÐWÑ
8ß3 8ß4 8"ß3 8"ß4 8ß3

7 7

4œ" 4œ"
43 43G H

Ð8   R  "ß " Ÿ 3 Ÿ 7Ñ

 : ÐBÑ œ : ÐBÑ  : Ð!Ñ@ÐBÑ Ð" Ÿ 3 Ÿ 7Ñ.
.B

ÐZ Ñ ÐZ Ñ ÐFÑ
!ß3 !ß4 "ß3

7

4œ"
43G ,  

 : ÐBÑ œ : ÐBÑ  : ÐBÑ Ð8   "ß " Ÿ 3 Ÿ 7Ñ.
.B

ÐZ Ñ ÐZ Ñ ÐZ Ñ
8ß3 8ß4 8"ß4

7 7

4œ" 4œ"
43 43G H , 

 : ÐBÑ œ : ÐBÑ  : 2ÐBÑ  : Ð!Ñ2ÐBÑß Ð" Ÿ 3 Ÿ 7Ñ.
.B

ÐWÑ ÐWÑ ÐHÑ ÐZ Ñ
Rß3 Rß4 R"ß4 R

7 7

4œ" 4œ"
43 43G H  

 : ÐBÑ œ : ÐBÑ  :  : Ð!Ñ2ÐBÑ Ð8   R  "ß " Ÿ 3 Ÿ 7Ñ.
.B

ÐWÑ ÐHÑ ÐWÑ ÐZ Ñ
8ß3 8ß4 8"ß4

7 7

4œ" 4œ"
43 43 8G H , .

 Let us define the  row vectors as follows:Ð" ‚7Ñ

: :
ÐHÑ ÐHÑ ÐHÑ ÐHÑ ÐFÑ ÐFÑ ÐFÑ ÐFÑ
8 8ß7 8 8ß78ß" 8ß# 8ß" 8ß#œ Ð: ß : ßá ß : Ñ ÐBÑ œ Ð: ÐBÑß : ÐBÑßá ß : ÐBÑÑ, 

: :
ÐZ Ñ ÐZ Ñ ÐZ Ñ ÐZ Ñ ÐWÑ ÐWÑ ÐWÑ ÐWÑ
8 8ß7 8 8ß78ß" 8ß# 8ß" 8ß#ÐBÑ œ Ð: ÐBÑß : ÐBÑßá ß : ÐBÑÑ ÐBÑ œ Ð: ÐBÑß : ÐBÑßá ß : ÐBÑÑÞ, 

 Then, the above system equations can be converted to the vector system equations as
follows:

! : G :œ  Ð!Ñ Ð#Þ"Ñ
ÐHÑ ÐZ Ñ
! !
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! : G : H :œ   Ð!Ñ Ð" Ÿ 8 Ÿ R  "Ñ Ð#Þ#Ñ
ÐHÑ ÐHÑ ÐZ Ñ
8 88" , 

 ÐBÑ œ ÐBÑ  Ð!Ñ=ÐBÑ Ð#Þ$Ñ.
.B

ÐFÑ ÐFÑ ÐFÑ
" " #: : G :

 ÐBÑ œ ÐBÑ  Ð!Ñ=ÐBÑ  ÐBÑ ß Ð# Ÿ 8 Ÿ R  "Ñ Ð#Þ%Ñ.
.B

ÐFÑ ÐFÑ ÐFÑ ÐFÑ
8 8 8" 8": : G : : H  

 ÐBÑ œ ÐBÑ  Ð!Ñ=ÐBÑ  ÐBÑ  Ð!Ñ=ÐBÑ Ð#Þ&Ñ.
.B

ÐFÑ ÐFÑ ÐFÑ ÐFÑ ÐWÑ
R R R" R" R: : G : : H :

 ÐBÑ œ ÐBÑ  Ð!Ñ=ÐBÑ  ÐBÑ  Ð!Ñ=ÐBÑ.
.B

ÐFÑ ÐFÑ ÐFÑ ÐFÑ ÐWÑ
8 8 88" 8": : G : : H : , 

Ð#Þ'Ñ
   Ð8   R  "Ñ

 ÐBÑ œ ÐBÑ  Ð!Ñ@ÐBÑ Ð#Þ(Ñ.
.B

ÐZ Ñ ÐZ Ñ ÐFÑ
! ! ": : G :

 ÐBÑ œ ÐBÑ  Ð8   "Ñ Ð#Þ)Ñ.
.B

ÐZ Ñ ÐZ Ñ ÐZ Ñ
8 8 8": : G : H, 

 ÐBÑ œ ÐBÑ  2ÐBÑ  Ð!Ñ2ÐBÑ Ð#Þ*Ñ.
.B

ÐWÑ ÐWÑ ÐHÑ ÐZ Ñ
R R R" R: : G : H :

 ÐBÑ œ ÐBÑ  ÐBÑ  Ð!Ñ2ÐBÑß Ð8   R  "ÑÞ Ð#Þ"!Ñ.
.B

ÐWÑ ÐWÑ ÐWÑ ÐZ Ñ
8 8 88": : G : H :  

Let us define the following vector generating functions

: : : : : :ÐHÑ 8 ÐFÑ 8 ÐZ Ñ 8
R" ∞ ∞

8œ! 8œ" 8œ!

ÐHÑ ÐFÑ ÐZ Ñ
8 8 8ÐDÑ œ D ÐDß BÑ œ ÐBÑD ÐDß BÑ œ ÐBÑD ß, , 

: :ÐWÑ 5
∞

8œR

ÐWÑ
5ÐDß BÑ œ ÐBÑD Þ

Multiplying (2.3)-(2.6) by  and summing over , yieldsD 88

   ÐDß BÑ œ ÐDß BÑÐ  D Ñ.
.B

ÐFÑ ÐFÑ: : G H

Ð#Þ""Ñ

 . ÐDß !Ñ  Ð!Ñ  ÐDß !Ñ =ÐBÑ’ “"
D

ÐFÑ ÐWÑÐFÑ
": : :

Similarly, from (2.7) and (2.8), we get

 ÐDß BÑ œ ÐDß BÑÐ  D Ñ  Ð!Ñ@ÐBÑÞ Ð#Þ"#Ñ.
.B

ÐZ Ñ ÐZ Ñ ÐFÑ
": : G H :

From (2.9) and (2.10), we get

   ÐDß BÑ œ ÐDß BÑÐ  D Ñ.
.B

ÐWÑ ÐWÑ: : G H

Ð#Þ"$Ñ

  D  Ð!ÑD 2ÐBÑÞ” •R 8ÐHÑ ÐZ Ñ
R"

∞

8œR
8: H :

Let us define the Laplace transform as follows:
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: : : :‡ÐFÑ  B ÐFÑ ‡ÐZ Ñ  B ÐZ Ñ
∞ ∞

! !

ÐDß Ñ œ / ÐDß BÑ.B ÐDß Ñ œ / ÐDß BÑ.Bß) )' '        
) ), 

: :‡ÐWÑ  B ÐWÑ
∞

!

ÐDß Ñ œ / ÐDß BÑ.B) '    ) .

Taking the Laplace transforms of both sides of (2.11)-(2.13), we obtain

  : M G H :‡ÐFÑ ÐFÑW Ð Ñ
DÐDß ÑÐ   D Ñ œ "  ÐDß !Ñ) ) ’ “‡ )

Ð#Þ"%Ñ

  Ò ÐDß !Ñ  Ð!ÑÓW Ð Ñ: :ÐWÑ ‡ÐFÑ
" )

  : M G H : :‡ÐZ Ñ ÐZ Ñ ‡ÐFÑ
"ÐDß ÑÐ   D Ñ œ ÐDß !Ñ  Ð!ÑZ Ð Ñ Ð#Þ"&Ñ) ) )

  : M G H :‡ÐWÑ ÐWÑÐDß ÑÐ   D Ñ œ ÐDß !Ñ) )
Ð#Þ"'Ñ

  . Ð!ÑD  D L Ð Ñ” •∞

8œR

ÐZ Ñ ÐHÑ
8

8 R ‡
R": : H )

From (2.1) and (2.2), we get

D œ Ð!ÑD  ÐDÑÐ  D ÑÞ Ð#Þ"(ÑR 8 ÐHÑÐHÑ ÐZ Ñ
R"

R"

8œ!
8: H : : G H

Using (2.17) in (2.16), we get

  : M G H :‡ÐWÑ ÐWÑÐDß ÑÐ   D Ñ œ ÐDß !Ñ) )
Ð#Þ")Ñ

  Ò ÐDÑÐ  D Ñ  ÐDß !ÑÓL Ð ÑÞ: G H :ÐHÑ ÐZ Ñ ‡ )

 Now, we obtain ,  and  contained in (2.14), (2.15) and (2.18).: : :ÐFÑ ÐZ Ñ ÐWÑÐDß !Ñ ÐDß !Ñ ÐDß !Ñ
They concern the queue length and the phase of the underlying Markov chain (UMC) at the
ending points of a busy period, a vacation, and a set-up.  This can be accomplished by
eliminating the left-hand side of (2.14), (2.15) and (2.18).  For this purpose, we use the
eigenvalues of the matrix  and their right eigenvectors.  Let , Ð  D Ñ ÐDÑG H α3

Ð3 œ "ß #ßá ß7Ñ ÐDÑ ÐDÑ be the eigenvalues.  Let  be the right eigenvector of .  It is well-0 α3 3

known that  and  are related by (see Strang [17], for example)α 03 3ÐDÑ ÐDÑ

 Ð  D Ñ ÐDÑ œ ÐDÑ ÐDÑG H 0 α 03 3 3

or
Ò ÐDÑ   D Ó ÐDÑ œ Ð" Ÿ 3 Ÿ 7Ñα 03 3M G H !,  .

 Using  in  of (2.15) and postmultiplying both sides by , we getα ) 03 3ÐDÑ ÐDÑ

: M G H‡ÐZ Ñ
3 3 3ÐDß ÐDÑÑÒ ÐDÑ   D Ó ÐDÑα α 0

Ð#Þ"*+Ñ

œ Ò ÐDß !Ñ  Ð!ÑZ Ð ÐDÑÑÓ ÐDÑÞ: :ÐZ Ñ ‡ÐFÑ
" 3 3α 0

Then, the left-hand side of (2.19  vanishes and we get+Ñ
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: :ÐZ Ñ ‡
3 3 3

ÐFÑ
"ÐDß !Ñ ÐDÑ œ Ð!ÑZ Ð+ ÐDÑÑ ÐDÑÞ Ð#Þ"*,Ñ0 0

Equation  should hold for all eigenvalues .  Thus, we getÐ#Þ"*,Ñ ÐDÑßá ß ÐDÑα α" 7

:ÐZ Ñ
" 7ÐDß !ÑÒ ÐDÑßá ß ÐDÑ0 0

Ð#Þ"*-Ñ

œ Ð!ÑÒZ Ð ÐDÑÑ ÐDÑßá ß Z Ð ÐDÑÑ ÐDÑÓ:
ÐFÑ
"

‡ ‡
" " " 7α 0 α 0 .

 Let us define an  matrix  of the eigenvectors as follows:Ð7 ‚7Ñ ÐDÑB

B 0 0 0ÐDÑ œ Ò ÐDÑß ÐDÑßá ß ÐDÑÓÞ" # 7

 It is proven in Lee et al. [4] that the eigenvalues  are distinct for aα α α" # 7ÐDÑß ÐDÑßá ß ÐDÑ
D ÖDÀ ± D ± Ÿ "× ÐDÑ -Ñ on , and the inverse matrix  exists.  Thus, (2.1  becomesB"

: : HÐZ Ñ ‡ 7 "ÐFÑ
" 1 3 3œ"ÐDß !Ñ œ Ð!Ñ ÐDÑ ÖZ Ð ÐDÑÑ× ÐDÑ Ð#Þ"*.ÑB α B

where

H1 3
7
3œ"

"

#

7

Ö+ × œ Þ

+ ! á !
! + á !
ã ã ä ã
! ! á +

Î ÑÐ ÓÐ Ó
Ï Ò

 Using  in (2.15) yieldsÐ#Þ"*.Ñ

   : M G H : H‡ÐZ Ñ ‡ ‡ 7 "ÐFÑ
" 1 3 3œ"ÐDß ÑÐ   D Ñ œ Ð!Ñ ÐDÑ ÖZ Ð ÐDÑÑ  Z Ð Ñ× ÐDÑ Ð#Þ#!Ñ) ) B α ) B

In the same way, we get, from (2.14) and (2.18),

: : : HÐFÑ ÐWÑ "ÐFÑ
" 1

DW Ð ÐDÑÑ
DW Ð ÐDÑÑ

7

3œ"
ÐDß !Ñ œ Ò ÐDß !Ñ  Ð!ÑÓ ÐDÑ ÐDÑ Ð#Þ#"ÑB Bš ›‡

3
‡

3

α
α

   .: : G H : HÐWÑ ÐHÑ ÐZ Ñ ‡ "
1 3

7
3œ"ÐDß !Ñ œ Ò ÐDÑÐ  D Ñ  ÐDß !ÑÓ ÐDÑ ÖL + ÐDÑÑ ÐDÑ Ð#Þ##ÑB Be f

Using (2.21) in (2.14) and (2.22) in (2.18), we get

: M G H : G H :‡ÐWÑ ÐHÑ ÐZ ÑÐDß ÑÐ   D Ñ œ Ò ÐDÑÐ  D Ñ  ÐDß !ÑÓ) )
Ð#Þ#$Ñ

‚ ÐDÑ ÖL Ð ÐDÑÑ  L Ð Ñ× ÐDÑB α ) BH1 3
‡ ‡ 7 "

3œ"

: M G H : :‡ÐFÑ ÐWÑ ÐFÑ
"ÐDß ÑÐ   D Ñ œ Ò ÐDß !Ñ  Ð!ÑÓ) )

Ð#Þ#%Ñ

‚ ÐDÑ ÐDÑÞB BH1
DÒW Ð ÐDÑÑW Ð ÑÓ

DW Ð ÐDÑÑ

7

3œ"

"š ›‡ ‡
3
‡

3

α )
α

 Equations (2.20), (2.23) and (2.24) will play central roles in obtaining the vector
generating functions of the queue length and the Laplace-Stieltjes transform (LST) of the
waiting time.
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 All the above quantities are expressed in eigenvalues, eigenvectors and diagonal matrices
of the functions of the eigenvalues.  These quantities can be converted into familiar matrix-
analytic notations.  See Appendix I for the conversions.

2.1  The Queue Length at an Arbitrary Time

The vector generating function  of the queue length at an arbitrary time can be obtained] ÐDÑ
from

    ] : : : :ÐDÑ œ ÐDÑ  ÐDß Ñ  ÐDß Ñ  ÐDß Ñ Þ Ð#Þ#&ÑÐHÑ ‡ÐFÑ ‡ÐZ Ñ ‡ÐWÑ
œ! œ! œ!

¸) ) )
) ) )

¸ ¸
Using (2.20), (2.23) and (2.24) in (2.25), we get, after using ( -2) of Appendix I,M

  ] : HÐDÑ œ ÐDÑ ÐDÑ ÖL Ð ÐDÑÑ× ÐDÑÐHÑ ‡ 7 "
1 3 3œ"B α B

  Ð!Ñ ÐDÑ ÐDÑ Ð#Þ#'Ñ“š ›: H
ÐFÑ
" 1

"Z Ð ÐDÑÑL Ð ÐDÑÑ
ÐDÑ

7

3œ"

"B B
‡ ‡

3 3

3

α α
α

‚ ÐDÑ ÐDÑÞB BH1
Ð"DÑW Ð ÐDÑÑ
W Ð ÐDÑÑDÑ

7

3œ"

"š ›‡
3

‡
3

α
α

 The number of customers at an arbitrary time during a dormant period can be obtained
from the information concerning the previous busy period termination point and the number
of customers that arrive during the vacation.  Thus, we can express  in (2.26) in terms:ÐHÑÐDÑ

of .  Let  be the probability that  customers arrive during a vacation and the: Z
ÐFÑ
" 8 34Ð!Ñ Ð Ñ 8

phase of the UMC is  at the end of the vacation, given that the UMC is  at the start of the4 3
vacation.  Let  be the matrix of  and  be the matrix generating function of Z Z Z Z8 8 34 8Ð Ñ ÐDÑ
such that .  Then, we have the following theorem.Z ZÐDÑ œ D∞

8œ! 8
8

 :Theorem 1   If we define the matrix  asF8

F F! ! 8 5

8

5œ!

" 85œ œ ÒÐ  Ñ Ó ß Ð8   "Ñß Ð#Þ#(ÑZ Z G H,   

  we getÐ+Ñ

: : GÐHÑ " 8ÐFÑ
"

R"

8œ!
8ÐDÑ œ Ð!Ñ Ð  Ñ D Ð#Þ#)ÑF

   is the probability that the system state queue length  visits  duringÐ,Ñ Ð Ñ Ð Ñ 8F8 34

the dormant period and the phase of the UMC at the visit is , given that the4
vacation starts with the phase in .3

 Proof:    For , we get, from (2.1),   The queue lengthÐ+Ñ 8 œ !  œ Ð!ÑÞ: G :
ÐHÑ ÐZ Ñ
! !

at the end of the vacation is the number of customers that arrive during the vacation.  Thus,
we get  which means .  With , we get: : Z : : ZÐZ Ñ ÐFÑ ÐZ Ñ ÐFÑ

" "8 8ÐDß !Ñ œ Ð!Ñ ÐDÑ Ð!Ñ œ Ð!Ñ 8 œ !

: : Z : G : Z :
ÐZ Ñ ÐFÑ ÐHÑ ÐFÑ ÐFÑ
! " ! " "! ! !Ð!Ñ œ Ð!Ñ  œ Ð!Ñ œ Ð!Ñ, which implies F

from the definition.  Thus we get .  For , we get, from (2.2),: : G
ÐHÑ ÐFÑ
! " !

"œ Ð!Ñ Ð  Ñ 8   "F

 œ Ð!Ñ ÒÐ  Ñ Ó œ Ð!Ñ Þ: G : Z G H :
ÐHÑ ÐFÑ ÐFÑ
8 " "

8

5œ!
5 8

" 85 F

Thus, we get , which implies (2.28).: : G
ÐHÑ ÐFÑ
8 " 8

"œ Ð!Ñ Ð  ÑF
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   We first notice that  is the phase change probability during an interarrivalÐ,Ñ Ð  ÑG H"

time.  Conditioning on the number of customers that arrive during the vacation completes the
proof.
 Using (2.28) in (2.26),  becomes] ÐDÑ

   ] : G HÐDÑ œ Ð!Ñ Ð  Ñ D ÐDÑ ÖL Ð ÐDÑÑ× ÐDÑ
ÐFÑ
"

R"

8œ!
8 1 3

" 8 ‡ 7 "
3œ"” F B α B

 “š › ÐDÑ ÐDÑ Ð#Þ#*ÑB BH1
"Z Ð ÐDÑÑL Ð ÐDÑÑ

ÐDÑ

7

3œ"

"
‡ ‡

3 3

3

α α
α

‚ ÐDÑ ÐDÑÞB BH1
Ð"DÑW Ð ÐDÑÑ
W Ð ÐDÑÑDÑ

7

3œ"

"š ›‡
3

‡
3

α
α

 Now, we consider the term  contained in (2.29).  We note that  is the rate at: :
ÐFÑ ÐFÑ
" "Ð!Ñ Ð!Ñ

which the system becomes empty.  If we let  be the vector probability that there are noB!

customers in the system at an arbitrary departure, this should be equal to  because ,- -B!

which is the arrival rate, should be equal to the departure rate in steady state.  Thus, we have

: B
ÐFÑ
" !Ð!Ñ œ Þ Ð#Þ$!Ñ-

 Using (2.30) in (2.29), we get

] B G HÐDÑ œ Ð  Ñ D ÐDÑ ÖL Ð ÐDÑÑ× ÐDÑ- B α B! 8 1 3

R"

8œ!

" 8 ‡ 7 "
3œ" ” F

“š › ÐDÑ ÐDÑ Ð#Þ$"+ÑB BH1
"Z Ð ÐDÑÑL Ð ÐDÑÑ

ÐDÑ

7

3œ"

"
‡ ‡

3 3

3

α α
α

‚ ÐDÑ ÐDÑÞB BH1
Ð"DÑW Ð ÐDÑÑ
W Ð ÐDÑÑDÑ

7

3œ"

"š ›‡
3

‡
3

α
α

 Now, using Appendix I, we can convert (2.31  into the matrix-analytic notations as+Ñ
follows:

] B G L Z L M G HÐDÑ œ ÐD  "Ñ Ð  Ñ D ÐDÑ  Ò ÐDÑ ÐDÑ  ÓÐ  D Ñ- ! 8

R"

8œ!

" 8 " œ F

Ð#Þ$",Ñ
‚ ÐDÑÒD  ÐDÑÓE M E "

where  and  are the matrix generating functions of the number of customers thatE LÐDÑ ÐDÑ
arrive during a service time and a set-up time, respectively.
 Now, we need to find .  Obtaining  requires the distribution of the number of cus-B B! !

tomers that are served between two neighboring busy-period termination points. (We will call
this interval a cycle.)  This, in turn, requires the queue length distribution at the busy period
initiation point.
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  be the matrix generating function of the queue length at theTheorem 2:  Let URßsetupÐDÑ
starting epoch of an arbitrary busy period, given the phase at the ending epoch of the previous
busy period.  Then, we have

U G G H L Z LRß 8

R"

8œ!

" 8
setupÐDÑ œ Ð  Ñ D Ð  D Ñ ÐDÑ  ÐDÑ ÐDÑÞ Ð#Þ$#ÑF

   Let  be the matrix generating function of the queue length at an arbitraryProof: URÐDÑ
busy period starting epoch of the MAP/G/1 queue with -policy and a single vacationR
(without set-up).  Conditioning on the number of customers that arrive during the vacation,
we get

U Z Z Z G HR 8 5

R" R"

8œ!

8 " R5 R

5œ!

ÐDÑ œ ÐDÑ  D  ÒÐ  Ñ Ó D Þ Ð#Þ$$Ñ

 From Theorem 1, we have

R" R" 8

8œ! 8œ!
8 5

" 8 " 85 " 8

5œ!

F Ð  Ñ D œ ÒÐ  Ñ Ó Ð  Ñ DG Z G H G  

œ Ð  Ñ D  ÒÐ  Ñ Ó Ð  Ñ D
R" R" 8"

8œ! 8œ"
8 5

" 8 " 85 " 8

5œ!

Z G Z G H G  .

Postmultiplying both sides of the above equation by , we getÐ  ÑG

R" R" R" 8"

8œ! 8œ! 8œ"
8 8 5

8 8 " 85 8

5œ!

Z Z G HD œ D  ÒÐ  Ñ Ó D Þ Ð#Þ$%ÑF   

Using (2.34) in (2.33), we have

U Z Z G HR 8 5

R" R" 8"

8œ! 8œ"

8 " 85 8

5œ!

ÐDÑ œ ÐDÑ  D  ÒÐ  Ñ Ó Dœ F   

 ÒÐ  Ñ Ó D
R"

5œ!
5

" R5 RZ G H

œ ÐDÑ  D  ÒÐ  Ñ Ó DZ Z G H
R" R 8"

8œ! 8œ"
8 5

8 " 85 8

5œ!

F   

œ ÐDÑ  Ð  Ñ D  ÒÐ  Ñ Ó Ð  Ñ D DÞZ G G Z G H G HœR" R" 7

8œ! 7œ!
8 5

" 8 " 75 " 7

5œ!

F   

 Using (2.27), we get

U G G H ZR 8

R"

8œ!

" 8ÐDÑ œ Ð  Ñ D Ð  DÑ  ÐDÑÞ Ð#Þ$&ÑF
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Then,  completes the proof. U U LRß RsetupÐDÑ œ ÐDÑ ÐDÑ
 Now, define  as the matrix generating function of the number of customers that areOÐDÑ
served during a cycle.  Then using (2.32), we have

O UÐDÑ œ ÐDÑ ±Rß Dœ ÐDÑsetup K

Ð#Þ'Ñ

œ Ð  Ñ Ò ÐDÑÓ Ò  ÐDÑÓ  Ð ÐDÑÑ Ð ÐDÑÑ” •R"

8œ!
8

" 8F G K G HK Z K L K

where  (Lucantoni, et al. [10]) and  is the matrixZ K KÐ ÐDÑÑ œ / .Z ÐBÑ ÐDÑ' ∞

!
ÐGHKÐDÑÑB

generating function of the number of customers that are served during a fundamental period
(Neuts [12]).
 Let  be the matrix of the phase change probability of the UMC during anO Oœ ÐDÑ ± Dœ"

arbitrary cycle.  Then, from (2.36) we get

O O G K G HK Z K L Kœ ÐDÑ ± œ Ð  Ñ Ð  Ñ  Ð Ñ Ð Ñ Ð#Þ$(ÑDœ" 8

R"

8œ!

" 8” •F .

 Let  be the stationary vector of  such that  and .  Let, , , ,O O /œ œ "
,‡ .

.D Dœ"œ ÐDÑ ±O / be the mean number of customers that are served during a cycle, given
the phase at the ending epoch of a busy period.  Then, it is well known that  can beB!

obtained from (Neuts [12])

B! œ Þ Ð#Þ$)Ñ,
,,‡

 Now, we can express  in terms of  defined and interpreted in Theorem 1.  We firstB! 8F
obtain .,‡

 Theorem 3:  We have

, F‡ "
"

R"

8œ!
8œ Ð  Ñ  IÐZ Ñ  IÐLÑ-

3  ” •G M M /

Ð#Þ$*Ñ

 Ð  ÑÐ   Ñ ÞO M /1 G HK H" .

   See Appendix III.Proof:
 Using (2.39) in (2.38) with  yields,Ð  Ñ œO M !

B!
Ð" Ñ

Ð Ñ IÐZ ÑIÐLÑ

œ Þ Ð#Þ%!Ñ3

-

,

, F” •R"

8œ!
8

"G /

 Using (2.40) in (2.31 , we get+ß ,Ñ

] < HÐDÑ œ ÐDÑ † ÐDÑ ÐDÑ" 1
Ð" ÑÐ"DÑW Ð ÐDÑÑ

W Ð ÐDÑÑD

7

3œ"

"B Bš ›3 α
α

‡
3

‡
3

Ð#Þ%"Ñ

œ ÐDÑÐ"  ÑÐD  "Ñ ÐDÑÒD  ÐDÑÓ< E M E#
"3
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where

<"
"

Ð Ñ IÐZ ÑIÐLÑ

ÐDÑ œ
, F  

R"

8œ!
8

"G /

‚ Ð  Ñ D  IÐZ Ñ ÐDÑ ÐDÑ Ð#Þ%#Ñ” š ›, F ,
R"

8œ!
8 1

" 8 ""Z Ð ÐDÑÑ
IÐZ Ñ ÐDÑ

7

3œ"
G HB B

‡
3

3

α
α

•œ š ›IÐLÑ D Ð  DÑ  ÐDÑ ÐDÑ ÐDÑ, F 
R"

8œ!
8 1

8 ""L Ð ÐDÑÑ
IÐLÑ ÐDÑ

7

3œ"
G H Z HB B

‡
3

3

α
α

and

<#
"

Ð Ñ IÐZ ÑIÐLÑ

ÐDÑ œ
, F   

R"

8œ!
8

"G /

‚ Ð  Ñ D  IÐZ Ñ Ð#Þ% Ñ”, F ,
R"

8œ!
8

" 8 Ò ÐDÑ ÓÐ D Ñ
IÐZ ÑG Z M G H "

3

•œIÐLÑ D Ð  DÑ  ÐDÑ, F 
R"

8œ!
8

8 Ò ÐDÑ ÓÐ D Ñ
IÐLÑG H Z L M G H "

.

 We note that  is just the matrix-analytic expression of  and they are equivalent.< <# "ÐDÑ ÐDÑ

2.2  The Queue Length at Departures

All the information concerning the queue length at departures can be recover from ,:ÐFÑÐDß !Ñ
because the departure epochs are the epochs at which the remaining service times become
zero.  Thus, after a normalization and discounting the departing customer, we get the vector
generating function  of the queue length at departures  as\ÐDÑ

\ÐDÑ œ D œ D Ð#Þ%%Ñ: :
: /

ÐFÑ ÐFÑ

ÐFÑ

ÐDß!Ñ ÐDß!Ñ
Ð"ß!Ñ

" " -

where we used , because   is- œ Ð"ß !Ñ œ ÐDß !Ñ ± Ð"ß !Ñ œ Ð!Ñ: / : / : / : /ÐFÑ ÐFÑ ÐFÑ
Dœ"

∞
8œ"

ÐFÑ
8

the departure rate of the customers which is equal to the arrival rate in steady state.
 After using (2.19 , (2.22), (2.28) and (2.30) in (2.21), we can rewrite in a.Ñ ÐDß !Ñ:ÐFÑ

different form as

: B G HÐFÑ " 8 ‡ 7 "
! 8 1 3

R"

8œ!
3œ"ÐDß !Ñ œ Ð  Ñ D ÐDÑ ÖL Ð ÐDÑÑ× ÐDÑ- B α B ” F

 ÐDÑ ÐDÑ Ð#Þ%&Ñ“š ›B BH1
"Z Ð ÐDÑÑL Ð ÐDÑÑ

ÐDÑ

7

3œ"

"
‡ ‡

3 3

3

α α
α

‚ ÐDÑ ÐDÑÞB BH1
D ÐDÑW Ð ÐDÑÑ
W Ð ÐDÑÑD

7

3œ"

"š ›α α
α

3 3
‡

‡
3

 Using (2.45) in (2.44) together with (2.40), we get
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\ < HÐDÑ œ ÐDÑ † ÐDÑ ÐDÑ" 1
Ð" Ñ ÐDÑW Ð ÐDÑÑ

ÒW Ð ÐDÑÑDÓ

7

3œ"

"B Bš ›3 α α
- α

3 3
‡

‡
3

Ð#Þ%'Ñ

œ ÐDÑ Ð  D Ñ ÐDÑÒD  ÐDÑÓ< G H E M E#
Ð" Ñ "3
-

where  and  were given in (2.42) and (2.43).< <" #ÐDÑ ÐDÑ
 From (2.41) and (2.46), we confirm the well known relationship (Takine and Takahashi
[18]),

] G H \ÐDÑÐ  D Ñ œ ÐD  "Ñ ÐDÑÞ Ð#Þ%(Ñ-

2.3  Decompositions and Probabilistic Interpretations

To interpret  (or equivalently, , we need the mean length of the idle period < <" # RßÐDÑ ÐDÑÑ M setup

which consists of a vacation, a dormant period and a set-up time.  Let  be the matrixX ‡
8 Ð Ñ)

LST of the time until  customers arrive given the phase of the UMC at time 0.  Then, we8
easily get

X M G HX X M‡ " ‡ ‡
8 8" !Ð Ñ œ Ð  Ñ Ð Ñ Ð8   "Ñ Ð Ð Ñ œ Ñ Ð#Þ%)Ñ) ) ) ), , 

where  is the LST of the time length until the first arrival.  Let  be theÐ  Ñ Ð Ñ) )M G H M" ‡
R

matrix Laplace transform of the idle period of the MAP/G/1 queue under -policy with aR
single vacation (without set-up), given the phase at the end of a busy period.  Then,
conditioning on the number of arrivals during the vacation, we get

M Z X Z‡ ‡ ‡ ‡
R 5 R5 5

R" ∞

5œ! 5œR

Ð Ñ œ Ð Ñ Ð Ñ  Ð Ñ Ð#Þ%*Ñ) ) ) )

where  is the matrix Laplace transform of the vacation length which includes theZ ‡
5 Ð Ñ)

probability that  customers arrive during the vacation.5
 Let  be the mean time until  customers arrive, given that the UMC is in phase  at time78ß3 8 3
0.  Define a column vector .  Then using (2.48), we can easily78 8ß" 8ß# 8ß7

Xœ Ð ß ßá ß Ñ7 7 7
derive

78 œ!
‡Ð"Ñ
8

8"

5œ!

" 5 "œ  Ð Ñ ± œ ÒÐ  Ñ Ó Ð  Ñ Þ Ð#Þ&!ÑX / G H G /) )

 Let  be the mean length of the idle period in the MAP/G/1 queue under -policy and a(Rß3 R
single vacation (without set-up), given that the UMC is in phase  at the end of a busy period.3
Let us define the column vector .  Then, we can get(R Rß" Rß# Rß7

Xœ Ð ß > ßá ß Ñ( (

( FR œ! 8
.
.

‡ "
R

R"

8œ!
œ  Ð Ñ ± œ Ð  Ñ  IÐZ Ñ Þ Ð#Þ&"Ñ) )M / G / /)

 Then, from (2.49), we get

¸ ” •IÐM Ñ œ  Ð Ñ œ Ð  Ñ  IÐZ Ñ Þ Ð#Þ&#ÑR 5
.
.

‡ "
R œ!

R"

5œ!
) )
M / G /) , F

 Then, we get the mean length of an idle period as
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IÐM Ñ œ IÐM Ñ  IÐLÑ œ Ð  Ñ  IÐZ Ñ  IÐLÑÞ Ð#Þ&$ÑRß R 8

R"

8œ!

"
setup , F G /

 If we let  be the mean length of an arbitrary busy period, we easily get, fromIÐF ÑRßsetup

(2.38) and (2.40),

IÐF Ñ œ IÐWÑ œ Ð  Ñ  IÐZ Ñ  IÐLÑ Þ Ð#Þ&%ÑRß 5
‡ "

"

R"

5œ!
setup ,, , F3

3” •G /

 Now, we are ready to interpret the queue length generating functions given in (2.41) and
(2.46).  If the system state during the dormant period visits , it stays there for  on8 Ð  ÑG /"

the average.  Thus  is the mean length of the dormant period during an, FR"
8œ! 8

"Ð  ÑG /
arbitrary idle period.  Thus, without proofs, we have Theorem 4 and Theorem 5.
 Theorem 4:  Let  and  be the probabilities that the server is in a dormant period9 9ÐHÑ ÐZ Ñ

and in a set-up period given that the system is idle.  Then we get

9ÐHÑ
Ð Ñ

Ð Ñ IÐZ ÑIÐLÑ

œ Ð#Þ&&+Ñ
, F

, F

   

   

R"

8œ!
8

"

R"

8œ!
8

"

G /

G /

9ÐZ Ñ IÐZ Ñ

Ð Ñ IÐZ ÑIÐLÑ

œ Ð#Þ&&,Ñ
, F   

R"

8œ!
8

"G /

9ÐWÑ IÐLÑ

Ð Ñ IÐZ ÑIÐLÑ

œ Þ Ð#Þ&&-Ñ
, F   

R"

8œ!
8

"G /

 Theorem 5:  Let  be the probability that at an arbitrary time during a dormant period,<8ß3

there are  customers in the system and the phase of the UMC is in .  Define the vector8 3
<8 8ß" 8ß# 8ß7œ Ð ß ßá ß Ñ< < < .  Then we get

<8
Ð Ñ

Ð Ñ

œ ß Ð! Ÿ 8 Ÿ R  "ÑÞ Ð#Þ&'Ñ,F

, F

8
"

R"

5œ!
5

"

G

G /   
 

 Now, using (2.55  and (2.56), the vector generating function  of the queue+ß ,ß -Ñ ÐDÑ]
length at an arbitrary time (2.41)  and  at departures (2.46)  becomeÐ Ñ ÐDÑ Ð Ñ\

] Z G H Z LÐDÑ œ D  ÐDÑ  D Ð  D Ñ  ÐDÑ ÐDÑœ ” •9 9 9ÐHÑ 8 ÐZ Ñ  ÐWÑ 8 
R" R"

8œ! 8œ!
8 8< , , F 

‚ ÐDÑ ÐDÑ Ð#Þ&(ÑB BH1
Ð" ÑÐ"DÑW Ð ÐDÑÑ

W Ð ÐDÑÑD

7

3œ"

"š ›3 α
α

‡
3

‡
3

œ D  ÐDÑ  D Ð  D Ñ  ÐDÑ ÐDÑœ ” •9 9 9ÐHÑ 8 ÐZ Ñ  ÐWÑ 8 
R" R"

8œ! 8œ!
8 8< , , FZ G H Z L  

‚ Ð"  ÑÐD  "Ñ ÐDÑÒD  ÐDÑÓ3 E M E "
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\ Z G H Z LÐDÑ œ D  ÐDÑ  D Ð  D Ñ  ÐDÑ ÐDÑœ ” •9 9 9ÐHÑ 8 ÐZ Ñ  ÐWÑ 8 
R" R"

8œ! 8œ!
8 8< , , F 

‚ ÐDÑ ÐDÑ Ð#Þ& ÑB BH1
Ð" Ñ ÐDÑW Ð ÐDÑÑ

ÒW Ð ÐDÑÑDÓ

7

3œ"

"š ›3 α α
- α

3 3
‡

‡
3

8

œ D  ÐDÑ  D Ð  D Ñ  ÐDÑ ÐDÑœ ” •9 9 9ÐHÑ 8 ÐZ Ñ  ÐWÑ 8 
R" R"

8œ! 8œ!
8 8< , , FZ G H Z L  

‚ Ð  D Ñ ÐDÑÒD  ÐDÑÓÐ" Ñ "3
- G H E M E

where  and  are the matrix generating functions of the number of customers thatZ L ÐDÑ ÐDÑ
arrive during a vacation time and a set-up time, respectively (see Appendix I).
 Now, we are ready to interpret the term

œ ” •9 9 9ÐHÑ 8 ÐZ Ñ  ÐWÑ 8 
R" R"

8œ! 8œ!
8 8< , , FD  ÐDÑ  D Ð  D Ñ  ÐDÑ ÐDÑ Ð#Þ&*ÑZ G H Z L  

which is common to (2.57) and (2.58).  In the following theorem, we show that (2.59) is the
vector generating function of the queue length at an arbitrary idle time.
 Theorem 6:  Let be the vector generating function of the queue length at an:idleÐDÑ 
arbitrary idle time.  Then we have

:idleÐDÑ œ
Ð#Þ'!Ñ

œ ” •9 9 9ÐHÑ 8 ÐZ Ñ  ÐWÑ 8 
R" R"

8œ! 8œ!
8 8< , , FD  ÐDÑ  D Ð  D Ñ  ÐDÑ ÐDÑZ G H Z L  .

 Proof:  From Theorem 4, the system is in a dormant period with probability , in a9ÐHÑ

vacation with probability , or in a set-up period with probability .  If the system is in9 9ÐZ Ñ ÐWÑ

a dormant period, there are  customers in the system with probability  which accounts for8 <8

the first term.  If the system is in a vacation at an arbitrary time, the queue length is the
number of customers that arrive during the elapsed vacation time, which accounts for the
second term.  If the system is in a set-up period, the queue length is the number of customers
at the set-up period starting point (see Equation (2.35) for this), plus the number of customers
that arrive during the elapsed set-up time, which accounts for the third term.
 Applying (2.60) into (2.57) and (2.58), we get the final decomposed forms of the vector
generating function of the queue length distributions as

] :ÐDÑ œ ÐDÑ † ÐDÑ Ð#Þ'"Ñidle ;]

\ :ÐDÑ œ ÐDÑ † ÐDÑ Ð#Þ'#Ñidle ;\

where
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;] 1
Ð" ÑÐ"DÑW Ð ÐDÑÑ

W Ð ÐDÑÑD

7

3œ"

"ÐDÑ œ ÐDÑ ÐDÑB BH š ›3 α
α

‡
3

‡
3

Ð#Þ'$Ñ

œ Ð"  ÑÐD  "Ñ ÐDÑÒD  ÐDÑÓ3 E M E "

and
;\ 1

Ð" Ñ ÐDÑW Ð ÐDÑÑ
ÒW Ð ÐDÑÑDÓ

7

3œ"

"ÐDÑ œ ÐDÑ ÐDÑB BH š ›3 α α
- α

3 3
‡

‡
3

Ð#Þ'%Ñ

 œ Ð  D Ñ ÐDÑÒD  ÐDÑÓ ÞÐ" Ñ "3
- G H E M E

 Decomposition results of (2.61) and (2.62) confirm the results of Lee and Ahn [5, 6].

3.  The Waiting Time

In this section, we derive the LST of the waiting time of an arbitrary arriving customer (actual
waiting time).  Let us define the following notations.
    the LST of the actual waiting time of an arbitrary arriving customer[ Ð ÑÀ‡

E )

   the LST of the actual waiting time of the customer who arrives during[ Ð ÑÀ
‡ÐFÑ
E )

the busy period (including the probability that the server is busy when
the customer arrives)

   the LST of the actual waiting time of the customer who arrives during[ Ð ÑÀ
‡ÐHÑ
E )

the dormant period (including the probability that the server is in a dormant
period when the customer arrives)

[ Ð ÑÀ
‡ÐZ Ñ
E )  the LST of the actual waiting time of the customer who arrives during the

vacation (including the probability that the server is busy when the customer
arrives).

First, we obtain .  The virtual waiting time in this case is the sum of[ Ð Ñ
‡ÐFÑ
E )

  the remaining service andÐ3Ñ
  the service times of the waiting customers.Ð33Ñ
 Information concerning  and  is contained in  in (2.24).  UsingÐ3Ñ Ð33Ñ ÐDß Ñ:‡ÐFÑ )

(2.22), (2.30), (2.40) and , we can rewriteÐ   D Ñ œ ÐDÑ ÐDÑ) B BM G H H" "
1

"
 ÐDÑ

7

3œ"
š ›) α3

(2.24) as

:‡ÐFÑÐDß Ñ œ Ð"  Ñ) 3

‚ D ÐDÑ ÐDÑ” š ›9 B BÐGÑ 8 "
R"

8œ!
8 1

ÐDÑL Ð ÐDÑÑ
 ÐDÑ

7

3œ"
< H α α

) α
3 3

‡

3

“š › ÐDÑ ÐDÑ Ð$Þ"Ñ9 B BÐZ Ñ "
1

"Z Ð ÐDÑÑL Ð ÐDÑÑ
IÐZ ÑÒ  ÐDÑÓ

7

3œ"
, H

‡ ‡
3 3

3

α α
) α

‚ ÐDÑ ÐDÑB BH1
DÒW Ð ÐDÑÑW Ð ÑÓ

W Ð ÐDÑÑD

7

3œ"

"š ›‡ ‡
3

‡
3

α )
α .

 Thus, the LST  becomes[ Ð Ñ
‡ÐFÑ
E )
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¹[ Ð Ñ œ œ Ð"  Ñ
‡ÐFÑ
E

ÐDß Ñ
D DœW Ð Ñ

) 3: H
‡ÐFÑ

‡

)

) - /

  ‚ ÒW Ð ÑÓ ÐW Ð ÑÑ ÐW Ð ÑÑ Ð$Þ#Ñ” š ›9 ) B ) B )ÐHÑ ‡ 8 ‡ " ‡
R"

8œ!
8 1

ÐW Ð ÑÑL Ð ÐW Ð ÑÑÑ
 ÐW Ð ÑÑ

7

3œ"
< H α ) α )

) α )
3 3

‡ ‡ ‡

3
‡

“š › ÐW Ð ÑÑ ÐW Ð ÑÑ9 B ) B )ÐZ Ñ ‡ " ‡
1

"Z Ð ÐW Ð ÑÑÑL Ð ÐW Ð ÑÑÑ
IÐZ ÑÒ  ÐW Ð ÑÑÓ

7

3œ"
, H /

‡ ‡ ‡ ‡
3 3

3
‡

α ) α )
) α ) -

H

where  is the factor that converts the virtual phase probabilities to actual phaseHÎ-
probabilities.
 Now, we obtain .  If the virtual customer arrives during the dormant period and[ Ð Ñ

‡ÐHÑ
E )

sees  customers, his waiting time is the sum of5
  the service times of those  customers,Ð3Ñ 5
  the time until  more customers arrive andÐ33Ñ ÐR  5  "Ñ
  the set-up time.Ð333Ñ

 The system is idle with probability .  Thus    is theÐ"  Ñ Ð"  Ñ D3 3 9ÐHÑ 5
R"

5œ!
5<

joint vector generating function of the number of customers that are found by the virtual
customer who arrives during the dormant period.  Using (2.48), we get

[ Ð Ñ œ Ð"  Ñ ÒW Ð ÑÓ Ð Ñ Ð Ñ Ð$Þ$Ñ
‡ÐHÑ
E

ÐHÑ ‡ 5 ‡ ‡
R"

5œ!
5 R5") 3 9 ) ) )  .< H

- X /L

 Now, we obtain .  Consider the virtual customer who arrives during a vacation.[ Ð Ñ
‡ÐZ Ñ
E )

Suppose  customers arrive during the elapsed vacation and  customers arrive during the5 6
remaining vacation.  Then we have two cases:
   If , the virtual waiting time is the sum ofCase 1: 5  6  "   R
  the remaining vacation time,Ð3Ñ
  the  service times andÐ33Ñ 5
  the set-up time.Ð333Ñ
   If , the virtual waiting time is the sum ofCase 2: 5  6  " Ÿ R  "
  the remaining vacation time,Ð3Ñ
  the time until  more customers arrive,Ð33Ñ R  Ð5  6  "Ñ
  the  service times andÐ333Ñ 5
  the set-up time.Ð3@Ñ
 Obtaining the LST of the actual waiting time due to  and  of Case 1 and  and Ð3Ñ Ð33Ñ Ð3Ñ Ð333Ñ
of Case 2 requires the joint transform of the number of customers that arrive during the
elapsed vacation time, the number of customers that arrive during the remaining vacation, and
the length of the remaining vacation time.  For this purpose, we employ the approach used in
Kasahara, et al. [2], which is presented in Appendix II.
 To compute the waiting time due to  of Case 2, we can use (2.48).  Then, the LST ofÐ33Ñ
the actual waiting time during the vacation can be expressed as

[ Ð Ñ œ Ð"  Ñ Ð ÑÒW Ð ÑÓ
‡ÐZ Ñ
E

ÐZ Ñ ‡ ‡ 5
∞ ∞

5œ! 6œ ÐR5"ß!Ñ
5ß6) 3 9 ) ), H                 

max

 Ð ÑÒW Ð ÑÓ Ð Ñ Ð Ñ Ð$Þ%Ñ
R# R5#

5œ! 6œ!

‡ ‡ 5 ‡ ‡
5ß6 R56"     H ) ) ) )X /L
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œ Ð"  Ñ Ð ÑÒW Ð ÑÓ3 9 ) )ÐZ Ñ ‡ ‡ 5
∞ ∞

5œ! 6œ!
5ß6, H œ    

 Ð ÑÒW Ð ÑÓ Ò Ð Ñ  Ó Ð Ñ
R# R5#

5œ! 6œ!

‡ ‡ 5 ‡ ‡
5ß6 R56"    .H ) ) ) )X M /L

 To simplify the term     contained in (3.4), let  be
∞ ∞

5œ! 6œ!

‡ 5 ‡ ‡
5ß6 3ÒW Ð ÑÓ Ð Ñ ÐDß Ñ) ) = )H /

the joint transform of the number of customers that arrive during the elapsed vacation (based
on the actual arrival point) and the length of the remaining vacation time with the phase at the
start of the vacation being in .  Let its column vector be .  Then, from (II-1) of3 ÐDß Ñ=‡ )
Appendix II, we have

= H‡ ‡
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From ,  and (I-3) of Appendix I, (3.5  is reduced toÐ  Ñ œ Ð8   "Ñ +ÑG H / !8
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Then, we have
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 Using (3.6) in (3.4), we get
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5ß6 R56"   H ) ) ) )X M /

 Now, we obtain .  The virtual waiting time in this case is the sum of[ Ð Ñ
‡ÐWÑ
E )

  the remaining set-up time andÐ3Ñ
  the service times of the waiting customers.Ð33Ñ
 We can use (2.23) for this purpose.  Using (2.19 , , (2.30), (2.38), and.Ñ Ð#Þ#)Ñ

Ð   D Ñ œ ÐDÑ ÐDÑ) B BM G H H" "
1

"
 ÐDÑ

7

3œ"
š ›) α3

, Equation (2.23) becomes
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IÐZ ÑÒ  ÐDÑÓ

7

3œ"
, H

‡
3

3

α
) α

‚ ÐDÑ ÖL Ð Ñ  L Ð ÐDÑÑ× ÐDÑÞB ) α BH1 3
‡ ‡ 7 "

3œ"

Thus, we get

[ Ð Ñ œ ÐDß Ñ ± œ Ð"  Ñ
‡ÐWÑ
E

‡ÐWÑ
DœW Ð Ñ) ) 3: /‡ ) -

H

‚ ÒW Ð ÑÓ ÐW Ð ÑÑ ÐW Ð ÑÑ Ð$Þ*Ñ” š ›9 ) B ) B )ÐHÑ ‡ 8 ‡ " ‡
R"

8œ!
8 1

ÐW Ð ÑÑ
 ÐW Ð ÑÑ

7

3œ"
< H α )

) α )
3

‡

3
‡

“š › ÐW Ð ÑÑ ÐW Ð ÑÑ9 B ) B )ÐZ Ñ ‡ " ‡
1

Z Ð ÐW Ð ÑÑÑ
IÐZ ÑÒ  ÐW Ð ÑÑÓ

7

3œ"
, H

‡ ‡
3

3
‡

α )
) α )

‚ ÐW Ð ÑÑ ÖL Ð Ñ  L Ð ÐW Ð ÑÑÑ× ÐW Ð ÑÑ ÞB ) ) α ) B )‡ ‡ ‡ ‡ 7 " ‡
1 3 3œ"H /H

-

 Then, using (3.2), (3.3), (3.7) and (3.9), we get the LST of the actual waiting time as

[ Ð Ñ œ [ Ð Ñ [ Ð Ñ [ Ð Ñ [ Ð Ñ‡
E

‡ÐZ Ñ ‡ÐHÑ ‡ÐWÑ ‡ÐFÑ
E E E E) ) ) ) )

œ ÒW Ð ÑÓ L Ð Ñ  L Ð Ñ œ ’ “ ’ “9 ) ) 9 ) 9ÐHÑ ‡ 5 ‡ ÐZ Ñ ‡ ÐWÑ
R"

5œ!
5

"Z Ð Ñ "L Ð Ñ
IÐZ Ñ IÐLÑ< , ,

‡ ‡) )
) )

‚ ÐW Ð ÑÑ ÐW Ð ÑÑ Ð$ +ÑB ) B )‡ " ‡
1

Ð" Ñ
 ÐW Ð ÑÑ

7

3œ"
H /š ›3 )

) α ) -3
‡

H .10

 Ð"  Ñ ÒW Ð ÑÓ Ò Ð Ñ  Ó L Ð Ñ3 9 ) ) )ÐHÑ ‡ 5 ‡ ‡
R"

5œ!
5 R5"< H

- X M /

 Ð"  Ñ ÒW Ð ÑÓ Ð ÑÒ Ð Ñ  Ó L Ð Ñ3 9 ) ) ) )ÐZ Ñ ‡ 5 ‡ ‡ ‡
R# R5#

5œ! 6œ!
5ß6 R56", H      X M /

or, in matrix-analytic notations,

[ Ð Ñ œ ÒW Ð ÑÓ L Ð Ñ  L Ð Ñ ‡ ÐHÑ ‡ 5 ‡ ÐZ Ñ ‡ ÐWÑ
E

R"

5œ!
5

"Z Ð Ñ "L Ð Ñ
IÐZ Ñ IÐLÑ) 9 ) ) 9 ) 9œ ’ “ ’ “< , ,

‡ ‡) )
) )
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‚ Ð"  Ñ Ò   W Ð Ñ Ó Ð$ ,Ñ3 ) ) )M G H /‡ "H
- .10

 Ð"  Ñ ÒW Ð ÑÓ Ò Ð Ñ  Ó L Ð Ñ3 9 ) ) )ÐHÑ ‡ 5 ‡ ‡
R"

5œ!
5 R5"< H

- X M /

 Ð"  Ñ ÒW Ð ÑÓ Ð ÑÒ Ð Ñ  Ó L Ð Ñ3 9 ) ) ) )ÐZ Ñ ‡ 5 ‡ ‡ ‡
R# R5#

5œ! 6œ!
5ß6 R56", H      .X M /

4.  Mean Performance Measures

In this section, we derive the algorithm to compute the mean queue length and the mean
waiting time.

4.1  The Mean Queue Length

We can get the mean queue length  at departures by following the standardP œ Ð"ÑH
Ð"Ñ\ /

procedure presented in Lucantoni, et al. [10].  We first rewrite (2.46) as

\ M E G H Z MÐDÑÒD  ÐDÑÓ œ D Ð  D Ñ  Ò ÐDÑ  Ó" ÐHÑ 8 ÐZ Ñ
R"

8œ!
8

"
IÐZ Ñ

3
- œ9 9< ,

Ð%Þ"Ñ

” • Ð  Ñ D Ð  D Ñ  ÐDÑ Ò ÐDÑ  Ó ÐDÑÞ"
IÐLÑ

ÐWÑ " 8
R"

8œ!
89 , F  G G H Z L M E

 Using  in (4.1) and adding  to both sides, we getD œ " Ð"Ñ\ /1

\ G H Z MÐ"Ñ œ  Ð  Ñ  Ð  Ñ1 < ," ÐHÑ ÐZ Ñ
R"

8œ!
8

"
IÐZ Ñ

3
- œ9 9

 Ð  Ñ Ð  Ñ  Ð  Ñ Ð%Þ#Ñ” •"
IÐLÑ

ÐWÑ "
R"

8œ!
89 , F  G G H Z L M

‚ Ð   Ñ ÞE M E /1 "

 Let  be the right-hand side of (4.1).  Then, we getY ÐDÑ

Y G H HÐ"Ñ ÐHÑ ÐHÑ"
R" R"

8œ! 8œ!
8 8Ð"Ñ œ 8 Ð  Ñ 3

- œ9 9< <

Ð%Þ Ñ3

 Ð"Ñ"
IÐZ Ñ

ÐZ Ñ Ð"Ñ9 ,Z
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 8 Ð  Ñ Ð  Ñ  Ð  Ñ  Ð"Ñ Ð  Ñ"
IÐLÑ

ÐWÑ " " Ð"Ñ
R" R"

8œ! 8œ!
8 89 , F F  ” •G G H G H Z L M

” • Ð  Ñ Ð  Ñ  Ð+Ñ"
IÐLÑ

ÐWÑ " Ð"Ñ
R"

8œ!
89 , F   G G H Z L E

 Ð  Ñ  Ð  Ñ" ÐHÑ ÐZ Ñ
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"
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3
- œ9 9< ,G H Z M

” • Ð  Ñ Ð  Ñ  Ð  Ñ Ð"Ñ"
IÐLÑ

ÐWÑ " Ð"Ñ
R"

8œ!
89 , F  G G H Z L M E

and

Y / H/ Z /Ð#Ñ ÐHÑ ÐZ Ñ Ð#Ñ"
R"

8œ!
8

"
IÐZ ÑÐ"Ñ œ # 8  Ð"Ñ3

- œ 9 9< ,

Ð%Þ Ñ4
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IÐLÑ
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R" R"

8œ! 8œ!
8 89 , F F  ” •G G H G H Z L /
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ÐWÑ " Ð"Ñ
R"

8œ!
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R" R"
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8 8

3
- œ9 9 < <G H H

 Ð"Ñ"
IÐZ Ñ

ÐZ Ñ Ð"Ñ9 ,Z
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IÐLÑ

ÐWÑ " " Ð"Ñ
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 Ð  Ñ  Ð  Ñ" ÐHÑ ÐZ Ñ
R

8œ!
8

"
IÐZ Ñ

3
-  œ9 9< ,G H Z M

 Ð  Ñ Ð  Ñ  Ð  Ñ Ð"Ñ Þ” •"
IÐLÑ

ÐWÑ " Ð#Ñ
R"

8œ!
89 , F  G G H Z L M E /

 Then, we get the mean queue length at departures as

P œ Ð"ÑH
Ð"Ñ\ /

œ Ð"Ñ Ð"Ñ  Ð"Ñ Ð%Þ&Ñ"
#Ð" Ñ

Ð#Ñ Ð#Ñ
3

˜\ E / Y /

™ #Ò Ð"Ñ  Ð"ÑÐ  Ð"ÑÑÓÐ   ÑY \ M E M E /Ð"Ñ Ð"Ñ "1 " .

Then, the mean queue length at an arbitrary time can be obtained, from (2.47), as

P œ Ð"Ñ] /Ð"Ñ

œ P   Ð"Ñ Ð   Ñ Þ Ð%Þ'ÑH
" "‘
-1 1H \ / G H H/

4.2 The Mean Waiting Time

We rewrite (3.10  as,Ñ

[ Ð Ñ œ Ð"  Ñ ÒW Ð ÑÓ L Ð Ñ Ò Ð Ñ  Ó‡ ÐHÑ ‡ 5 ‡ ‡
E

R"

5œ!
5 R5") 3 9 ) ) )< H

- X M /

Ð%Þ(Ñ

 Ð"  Ñ ÒW Ð ÑÓ Ð ÑL Ð ÑÒ Ð Ñ  Ó3 9 ) ) ) )ÐZ Ñ ‡ 5 ‡ ‡ ‡
R# R5#

5œ! 6œ!
5ß6 R56", H      X M /

 Ð Ñ
µ
[ /

‡

Rßsetup )
H
-

where

[
µ

Ð Ñ œ ÒW Ð ÑÓ L Ð Ñ  L Ð Ñ
‡

Rß
ÐHÑ ‡ 5 ‡ ÐZ Ñ ‡

R"

5œ!
5

"Z Ð Ñ
IÐZ Ñsetup ) 9 ) ) 9 )œ ’ “< ,

‡ )
)

Ð%Þ)Ñ

 Ð"  Ñ Ò   W Ð Ñ Ó Þ9 3 ) ) )ÐWÑ ‡ ""L Ð Ñ
IÐLÑ ›’ “,

‡ )
) M G H

Then the mean waiting tie can be obtained from
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[ œ [ Ð!Ñ œ Ð"  Ñ E
‡Ð"Ñ
E

ÐHÑ ÐZ Ñ
R" R# R5#

5œ! 5œ! 6œ!
5 R5" 5ß6 R56"3 9 9” •< 7 , H 7H
-     

Ð%Þ*Ñ

 Ð!Ñ
µ
[ /

‡Ð"Ñ

Rßsetup
H
-

where  can be obtained from (II-6) of Appendix II and  can be obtained from (2.50).H 75ß6 8

 We rewrite (4.8) as

[ Ð ÑÒ   W Ð Ñ Ó œ Ð"  Ñ ÒW Ð ÑÓ L Ð Ñ Ð%Þ"!Ñ
µ ‡

Rß
‡ ÐHÑ ‡ 8 ‡
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8œ!
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Then, we easily get

[
µ

Ð!Ñ œ Þ Ð%Þ""Ñ
‡

R 1

Differentiating (4.10) with respect to , we get)

[ M G H [ M H
µ µ
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where .  Using  in (4.12) and adding  to both sides yields0 ÐBÑ œ 0ÐBÑ œ ! Ð!Ñ
µÐ"Ñ .

.B

‡Ð"Ñ

R) [ /1

[ [ /
µ µ

Ð!Ñ œ Ò Ð!Ñ Ó
‡Ð"Ñ ‡Ð"Ñ

Rß Rßsetup setup 1
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8

"
"< , 1 13 M H / G H

Postmultiplying (4.13) by  yieldsH/
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[ H/ [ /
µ µ

Ð!Ñ œ Ð!Ñ
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"
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Differentiating (4.12) once more, using  and postmultiplying  yields) œ ! /

[ / [ H/
µ µ
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From (4.14) and (4.15), we get
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 We finally using (4.16) in (4.9) to obtain the mean waiting time as
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5.  Special Cases

Let us show some special cases.

5.1  M/G/1 Queue with Single Vacation

In this case, we have , , , , , ,G H Zœ  œ R œ " œ ! L Ð Ñ œ " œ Z Ð Ñ- - 9 ) -ÐWÑ ‡ ‡
!

9 9ÐZ Ñ ÐHÑ IÐZ Ñ Z Ð Ñ "Z Ð  DÑ
Z Ð Ñ IÐZ Ñ Z Ð Ñ IÐZ Ñ Ð"DÑIÐZ Ñ!œ œ œ " ÐDÑ œ- - - -

- - - - -‡ ‡

‡ ‡

, , , .9 Z

 Using these in (2.62), (2.63) and (3.10 , we get the well-known results,,Ñ
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‡ ‡

5.2  MAP/G/1 Queue with a Single Vacation

In this case, we have , , , ,R œ " œ ! L Ð Ñ œ " œ9 ) 9ÐWÑ ‡ ÐHÑ Ð Ñ
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,
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!
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,   and , .  Using these in< < !

(2.62), (2.63), (3.10  and (4.17), we get,Ñ
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 Ò  IÐWÑ Ó   Ð   Ñ Þš ›"
"

ÐHÑ ÐZ Ñ "
!3 -1 < , 1M H / G H /9 9 H

5.3  MAP/G/1 Queue with a Single Vacation and N-Policy

The results of this case can be obtained by simply using  and  in (2.62),9 )ÐWÑ ‡œ ! L Ð Ñ œ "
(2.63), (3.10  and (4.17).,Ñ
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Appendix I:  Representations in Matrix-Analytic Notations

Since  are eigenvectors of the matrix , we have (Strang [17])+ ÐDÑßá ß + ÐDÑ  Ð  D Ñ" 7 G H

 Ð  D Ñ œ ÐDÑ Ö ÐDÑ× ÐDÑßG H HB α B1 3
7 "
3œ" (I-1)

 Ð  D Ñ œ ÐDÑ ÐDÑßG H H" "
1

"
ÐDÑ

7

3œ"
B Bš ›α3

(I-2)

and

/ œ œ ÐDÑ Ö/ × ÐDÑÞÐ  DÑB  ÐDÑB 7 "
∞

8œ!

ÒÐ D ÑBÓ
8x 1 3œ"

G H G H 8
3B BH α (I-3)

 Let  be the matrix generating function of the number of customers that arrive during aEÐDÑ
service time.  Then, we have (Lucantoni, et al. [10])

EÐDÑ œ / .WÐBÑÞ Ð'    ∞
!

Ð D ÑBG H I-4)

 Using (I-3), we get the identity

E HÐDÑ œ ÐDÑ ÖW Ð ÐDÑÑ× ÐDÑÞB α B1 3
‡ 7 "

3œ" (I-5)

 Then we get

ÒD  ÐDÑÓ œ ÐDÑ ÐDÑÞ ÐM E H" "
1

"
DW Ð ÐDÑÑ

7

3œ"
B Bš ›‡

3α
I-6)

 Similarly, let  be the matrix generating function of the number of customers thatZ ÐDÑ
arrive during a vacation time.  Then, analogously with (I-5), we get

Z HÐDÑ œ ÐDÑ ÖZ Ð ÐDÑÑ× ÐDÑÞB α B1 3
‡ 7 "

3œ" (I-7)

 For later use, let  be the matrix generating function of the number of customers thatZ ÐDÑ
arrive during an elapsed (or remaining) vacation time.  Then, after using (I-3), we obtain

   Z  Ð D ÑB
∞

!

"Z ÐBÑ
IÐZ ÑÐDÑ œ / .B' ’ “    

G H

 I-8)œ ÐDÑ Ö/ × ÐDÑ .B Ð'    ∞
!

1
 ÐDÑB 7 "

3œ"
"Z ÐBÑ
IÐZ ÑB BH α3
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œ ÐDÑ / .B ÐDÑB BH1

∞

!

 ÐDÑB ""Z ÐBÑ
IÐZ Ñ

7

3œ"

  Ÿ'     α3

œ ÐDÑ ÐDÑÞB BH1
"Z Ð ÐDÑÑ
IÐZ Ñ ÐDÑ

7

3œ"

"   š ›‡
3

3

α
α

 We note that , ,  and  commute with each other.  From (I-5)E Z G H ZÐDÑ ÐDÑ Ð  D Ñ ÐDÑ

and (I-7), (I-8) becomes, in matrix-analytic notations,

  Z M H " ‡ 7 ""
IÐZ Ñ 1 3 3œ"ÐDÑ œ Ò ÐDÑ ÐDÑ  ÐDÑ ÖZ Ð ÐDÑÑ× ÐDÑÓB B B α B

   (I-9)‚ ÐDÑ ÐDÑB BH1
"
ÐDÑ

7

3œ"

"š ›α3

 œ Ò ÐDÑ ÓÐ D Ñ
IÐZ Ñ

Z M G H "

 œ ÞÐ D Ñ Ò ÐDÑ Ó
IÐZ Ñ

G H Z M"

 Likewise, for the setup time , we haveL

L HÐDÑ œ ÐDÑ ÖL Ð ÐDÑÑ× ÐDÑB α B1 3
‡ 7 "

3œ" (I-10)

and

L H "
1

"L Ð ÐDÑÑ
IÐLÑ ÐDÑ
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3œ"
ÐDÑ œ ÐDÑ ÐDÑB B  š ›‡

3

3

α
α

œ ÞÒ ÐDÑ ÓÐ D Ñ
IÐLÑ

L M G H "

(I-11)

Appendix II  The Approach of Kasahara, et al. [2]

Let us define  as the probability that, given the phase being in  at the beginning ofÐ ÐCÑÑ 3H5ß6 34

the vacation and an actual customer arrival during the vacation,  customers arrive during the5
elapsed vacation time,  customers arrive during the remaining vacation time, the remaining6
vacation time is less than or equal to  and the phase is  at the end of the vacation.  Let usC 4
define the joint matrix transform  asH‡

" #ÐD ß D ß Ñ)

H H‡ 5 6  C
" # 56

∞

!

∞ ∞

5œ! 6œ!
" #ÐD ß D ß Ñ œ D D / . ÐCÑ)    '    )

(II-1)
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 Kasahara et al. [2] showed that
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 They also showed that the following recursions hold
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where the matrix  satisfiesJ5ß6Ð8ß7Ñ
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8 7 5 6

8 7
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 Using (II-3  in (II-2), we get-Ñ
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Then, we obtain the coefficient matrix  of  asH H H‡  C ‡
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∞
5œ! 56 " #Ð Ñ œ / . ÐCÑ ÐD ß D ß Ñ) ))



Operational Behavior of the MAP/G/  Queue" 179

 H‡ > Ð  ÑB
5ß6

∞ B

Bœ! >œ!

@ÐBÑ > ÐB>Ñ
IÐZ Ñ 8x7x

∞ ∞

8œ5 7œ6
8ß7Ð Ñ œ / / Ð5ß 6Ñ.>.B) ' '        

        
      . (II.5)) @ )

8 7

J
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Appendix III  Proof of Theorem 3

From (2.36) and after using ,  and , weÐ  Ñ œ Ð Ñ œ ÐDÑ ± œG HK / ! L K / / K /.
.D Dœ" .

have

,‡ .
.D Dœ"œ ÐDÑ ±O /

œ Ð  Ñ  Ð ÐDÑÑ ±” •R"

8œ!
8 Dœ"

" 8 .
.DF .G K H Z K / (III-1)

 Ð  Ñ Ð  Ñ  Ð Ñ Ð ÐDÑÑ ±” •R"
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.DF G K G HK Z K L K /.

(  is given by , where  is the. . " "œ ÐDÑ ± œ Ð   ÑÒ   Ð  Ñ Ó.
.D Dœ"

"K / M K /1 M E / 1 /

mean number of customers that arrive during a service time and is given by (see Neuts [12])
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"E / / / G H E M H/3
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we get
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 Thus, we get

¸ '. B
.D 8xDœ"

∞
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∞

8œ"
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 Multiplying (III-2) by  and usingM /1 G HK /1 G HKœ Ð   Ñ Ð   Ñ"

1 G HK !Ð  Ñ œ Ð8   #Ñ8" , , we get

¸.
.D Dœ"
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(III-3)

œ Ð   Ñ ÒB  Ð/  Ñ Ó.Z ÐBÑÞ/1 G HK /1H M H" Ð  ÑB
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!
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 Using  (Lucantoni et al. [10]) and , we1H Z K. œ ÎÐ"  Ñ / .Z ÐBÑ œ Ð Ñ- 3 ' ∞

!
Ð  ÑBG HK

get

¸.
.D "Dœ"

IÐZ Ñ "Z K / / Z K M /1 G HK HÐ ÐDÑÑ œ  Ò Ð Ñ  ÓÐ   Ñ-
3 . (III-4)

where we used  and .Ð   Ñ œ Ð   Ñ œ/1 G HK / / /1 G HK / /"

 Similarly, we get

¸.
.D "Dœ"

IÐLÑ "L K / / L K M /1 G HK H ÞÐ ÐDÑÑ œ  Ò Ð Ñ  ÓÐ   Ñ-
3 . (III-5)

 Using (III-4) and (III-5) in (III-1) with  and  completes1 /1 G HK 1 K / /Ð   Ñ œ œ" 8

the proof.
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