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Let R be a commutative ring with identity admitting at least two nonzero zero-divisors. Let (I'(R))*
denote the complement of the zero-divisor graph I'(R) of R. It is shown that if (['(R))‘ is connected,
then its radius is equal to 2 and we also determine the center of (I'(R)). It is proved that if (T(R))°
is connected, then its girth is equal to 3, and we also discuss about its girth in the case when (I'(R))“
is not connected. We discuss about the cliques in (T'(R))*.

1. Introduction

All rings considered in this note are nonzero commutative rings with identity. Unless
otherwise specified, we consider rings R such that R admits at least two nonzero zero-
divisors.

Let Rbe a commutative ring with identity which is not an integral domain. Recall from
[1] that the zero-divisor graph of R, denoted by I'(R), is the graph whose vertex set is the set
of all nonzero zero-divisors of R and distinct vertices x, y are joined by an edge in this graph
if and only if xy = 0. Several researchers studied the zero-divisor graphs of commutative
rings and proved several interesting and inspiring theorems in this area [1-14]. The research
paper of Beck [9], the research paper of Anderson and Naseer [2], and the research paper of
Anderson and Livingston [1] are first among several research papers that inspired a lot of
work in the area of zero-divisor graphs. We denote by Z(R) the set of all zero-divisors of R,
and by Z(R)" the set of all nonzero zero-divisors of R.

Before we describe the results that are proved in this note, it is useful to recall the
following definitions from [15]. Let G = (V, E) be a connected graph. For any vertices x, v
of G with x#y, d(x, y) is the length of a shortest path in G from x to y and d(x,x) = 0 and
the diameter of G is defined as sup {d(x,y) | x and y are vertices of G} and it is denoted by
diam(G).
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For any v € V, the eccentricity of v denoted by e(v) is defined as
e(v) =sup{d(v,u) |lueV}. (1.1)

The set of vertices of G with minimal eccentricity is called the center of the graph, and
the minimum eccentric value is called the radius of G and is denoted by r(G).

It is known that for any commutative ring R with identity which is not an integral
domain, T'(R) is connected and diam(I'(R)) < 3 [1, Theorem 2.3]. In [13, Theorem 2.3],
Redmond proved that for any Noetherian ring R with identity which is not an integral
domain, r(I'(R)) < 2. Moreover, in Section 3 of [13] Redmond determined the center of
I'(R) for any Artinian ring R. It is known that there are rings R for which r(I'(R)) = 3 [§,
Corollary 1.6]. In [14, Theorem 2.4], Karim Samei characterized vertices x of I'(R) such that
e(x) = 1 where Ris a reduced ring. Furthermore, in the same theorem under some additional
hypotheses on R, he described vertices x of I'(R) such that e(x) =2 or 3.

Let G = (V,E) be a simple graph. Recall from [15, Definition, 1.1.13] that the
complement of G denoted by G¢ is defined by setting V(G®) = V and two distinct u,v € V
are joined by an edge in G¢ if and only if there exists no edge in G joining u, v.

It is useful to recall the following definitions from commutative ring theory before we
proceed further. Let I be anideal of aring R, I # R. A prime ideal P of R is said to be a maximal
N-prime of I in R if P is maximal with respect to the property of being contained in Zz(R/I)
where Zr(R/I) = {x € R|xy € I forsome x € R\ I} [16]. It is well known that if { Py} ,cx
is the set of all maximal N-primes of (0) in R, then

Z(R) = Pa. (1.2)

acN

Let I be an ideal of a ring R. A prime ideal P of R is said to be an associated prime of
I in the sense of Bourbaki if P = (I :g x) for some x € R [17]. In this case, we say that P is a
B-prime of I.

Let R be a commutative ring with identity admitting at least two nonzero zero-
divisors. In [18, Theorem 1.1], it was shown that (I'(R)) is connected if and only if one of
the following conditions holds.

(a) R has exactly one maximal N-prime P of (0) such that P is not a B-prime of (0) in
R.

(b) R has exactly two maximal N-primes P;, P, of (0) with P N P, # (0).

(¢) R has more than two maximal N-primes of (0).

Moreover, it was shown in [18] that if (I'(R))¢ is connected, then diam((I'(R))°) <
3. In fact, it was shown in [18] that if either the condition (a) or the condition (c) of [18,
Theorem 1.1] holds, then diam((T'(R))“) = 2. When the condition (b) of [18, Theorem 1.1]
holds, then it was shown in [18, Proposition 1.7] that diam((I'(R))“) = 2 if either P; is not a
B-prime of (0) in R or P, is not a B-prime of (0) in R and diam((I'(R))) = 3 if both P; and P,
are B-primes of (0) in R.

For any set A, we denote by |A|, the cardinality of A. Whenever a set A is a subset of a
set B and A # B, we denote it symbolically by A C B. If X, Y are sets and if X is not a subset
of Y, we denote it symbolically X¢Y.
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Let R be a commutative ring with identity and let |[Z(R)*| > 2. If (I'(R)) is
connected, then we prove in Section 2 of this note that the radius of (I'(R)) is equal to
2. Moreover, we observe that except in the case when condition (b) of [18, Theorem 1.1]
holds, diam((I'(R))) = r((I'(R))) = 2 and so every vertex of (I'(R)) is in the center of
(T(R))“. Furthermore, if condition (b) of [18, Theorem 1.1] holds and if (i) R satisfies the
further condition that either P; is not a B-prime of (0) in R or P, is not a B-prime of (0) in
R, then it is noted that each vertex of (I'(R))¢ is in the center of (I'(R))° and if (ii) both P;
and P, are B-primes of (0) in R, then it is verified that the center of (I'(R)) = {x € Z(R)" |
Py #((0) x x) and P> #((0) x )}

Let G = (V,E) be a graph. Recall from [15, Page 159] that the girth of G denoted by
gr(G) is defined as the length of a shortest cycle in G. If G does not contain any cycle, then
we set gr(G) = oo [5].

Let R be a commutative ring with identity which is not an integral domain. Several
results are known about the girth of I'(R) [5, 7]. Indeed, it is known that for any commutative
ring with identity which is not an integral domain, gr(I'(R)) < 4 if I'(R) contains a cycle [7,
Proposition 2.2] and [12, 1.4]. In [5], Anderson and Mulay characterized commutative rings
R such that gr(I'(R)) = 4 [5, Theorem 2.2 and Theorem 2.3], and moreover, they characterized
commutative rings R such that gr(I'(R)) = oo [5, Theorem 2.4 and Theorem 2.5].

In Section 3 of this paper we study about the girth of (I'(R))¢ where R is a commutative
ring with identity satisfying the further condition that |Z(R)*| > 2. If (I'(R)) is connected,
then it is shown that gr((I'(R))“) = 3.

Suppose that R has only one maximal N-prime of (0) and let it be P. If P?# (0) and if
(T(R))¢ is not connected, then it is proved that (I'(R))“ contains a cycle if and only if |P| > 5 if
and only if gr((I'(R))‘) = 3.

Suppose that R has exactly two maximal N-primes of (0) and let them be P; and P,. If
(T(R)) is not connected, then it is shown that (I'(R))“ contains a cycle if and only if {P; \ P, [>
3or |2, \ Py| >3 if and only if gr((I'(R))°) = 3.

Let G = (V,E) be a graph. Recall from [15, Definition 1.2.2] that a clique of G is a
complete subgraph of G. Moreover, it is useful to recall the definition of the clique number of
G. Let G = (V,E) be a simple graph. The clique number of G denoted by w(G) is defined as
the largest integer n > 1 such that G contains a clique on n vertices [15, Definition, Page 185].
We set w(G) = oo if G contains a clique on n vertices for all n > 1.

Let R be a commutative ring with identity which is not an integral domain. It is known
that (i) w(I'(R)) = oo if and only if I'(R) contains an infinite clique, (ii) w(I'(R)) < oo if and
only if [nil(R)| < oo and nil(R) is a finite intersection of prime ideals of R (i.e., the set of all
minimal prime ideals of R is finite) [9, Theorem 3.9] where nil(R) is the nilradical of R. More
interesting theorems were proved on w(I'(R)) in [3, Section 3].

Let R be a commutative ring with identity and let |Z(R)*| > 2. In Section 4 of this paper
we observe that if R has at least two maximal N-primes of (0), then (I'(R))“ does not contain
any infinite clique if and only if R is finite if and only if w((T'(R))) is finite. Let n > 2 and
let Ky, ..., K, be finite fields. Let R = Ky x --- x K,,. We describe a method of determining
w((T(R))°).

Let R be a ring admitting exactly one maximal N-prime of (0). Let P be the unique
maximal N-prime of (0) in R. Suppose that (I'(R))“ does not contain any infinite clique. Then
it is verified in Section 4 that P = nil(R). Moreover, if P? # (0), then it is shown in Section 4
that P is a B-prime of (0) in R and furthermore, R/ P is a finite field and R satisfies d. c. c. on
principal ideals. As a corollary, we deduce that if R is either a Noetherian ring or a chained
ring, then (T'(R)) does not contain any infinite clique if and only if R is finite. Let R be a
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finite chained ring with P as its unique maximal N-prime of (0). If P? # (0), then we provide
a formula for computing w((I'(R))°).

Let R be a ring with |Z(R)*| > 2. Suppose that R has only one maximal N-prime of (0)
and let it be P. If w((I'(R))°) is finite, then it is shown in Section 4 that P is nilpotent.

We end this note with an example of an infinite ring R such that R has exactly one
maximal N-prime of (0) with the property that w((I'(R))‘) = 3.

2. The Radius of (I'(R))°

Let R be a ring with |Z(R)*| > 2. We assume that (I'(R))‘ is connected. The aim of this section
is to show that the radius of (I'(R))‘ is equal to 2. We make use of the following lemmas for
proving the result that 7((I'(R))“) = 2.

Lemma 2.1. Let G = (V,E) be a simple and connected graph with |V| > 2 satisfying the further
condition that G is also connected. If x is any element of V, then e(x) > 2 in G°.

Proof. Let x € V. Since |V| > 2 and G is connected, it follows that there exists y € V such that
x is adjacent to y in G. Thus x is not adjacent to y in G¢. Hence d(x,y) > 2 in G°. This proves
thate(x) > 2 in G°. O

The following lemma establishes some necessary conditions on R in order that there
exist x, y € Z(R)" such that d(x,y) =3 in (T(R))".

Lemma 2.2. Let R be a ring with |Z(R)*| > 2. Suppose that (I'(R))" is connected. If there exist
x, y € Z(R)* with d(x,y) = 3 in (I'(R))S, then R has exactly two maximal N-primes of (0) and
moreover, both of them are B-primes of (0) in R. Indeed, if P and Q are the maximal N-primes of (0)
in R, then {P, Q} = {(0) :r x), ((0) :r ¥)}.

Proof. Since d(x,y) = 3 in (T(R))¢, it follows that xy = 0 and for any z € Z(R)" with z ¢
{x,y}, either zx = 0 or zy = 0. Hence we obtain that z € ((0) :r x)U((0) :r y). Since xy =0, it
is clear that {0,x,y} C ((0) :r x) U ((0) :r y). Thus we have Z(R) = ((0) :gr x) U((0) :g v). Let
{Px} 2cp be the set of all maximal N-primes of (0) in R. It is well known that Z(R) = aep Pa,
and hence we obtain that (J,ep Px = ((0) : g x) U((0) : g ). Now ((0) : rx) N (R\ Z(R)) = 0.
Hence by [19, Theorem 2.2, Page 378], we obtain that there exists a maximal N-prime P of
(0) in R such that ((0) :g x) € P. Since ((0) :z y) N (R \ Z(R)) = @, it follows that there exists
a maximal N-prime Q of (0) in R such that ((0) :r y) € Q. Now we obtain that Z(R) =
((0) :r x) U ((0) :ry) =P U Q.If P = Q, then it follows that ((0) :x x) U ((0) :r y) = Pis
an ideal of R. Hence it follows that either ((0) :g x) C ((0) :g y)or ((0) :r v) C ((0) :r x), and
so we obtain that P is the only maximal N-prime of (0) in R and either P = ((0) :g x) or P =
((0) :r v). Now by hypothesis (I'(R))“ is connected. Hence it follows from [18, Theorem 1.1
(a)] that P is not a B-prime of (0) in R and so P # Q. Now we obtain from Z(R) = ((0) :g x) U
((0) :r y) = PUQ that P and Q are the only maximal N-primes of (0) in R, and moreover,
P =((0) :r x) and Q = ((0) :r ¥)- O

The next lemma is [9, Lemma 3.6]. We make use of it in the proof of Lemma 2.4.

Lemma 2.3. Let R be a ring. Let P, Q be distinct B-prime ideals of (0) in R with P = ((0) :g x) and
Q = ((0) :r y) for some x,y € R. Then xy = 0.
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Proof. For the sake of completeness, we give below an argument for the fact that xy = 0. Since
P #Q. either P ¢ Q or Q ¢ P. Without loss of generality, we may assume that P ¢ Q. Let w
e P\Q.Nowwx=0€ Qandasw & Q, it follows thatx € Q = ((0) :g y). Hencexy =0. O

We provide in the next lemma some sufficient conditions on R in order that (I'(R))“
admits vertices x such that e(x) = 3 in (I'(R))°.

Lemma 2.4. Let R be a ring and let |Z(R)*| > 2. Suppose that R has exactly two maximal N-primes
of (0) and let them be Py and P. If (T(R))€ is connected and if Py = ((0) :g u) and P, = ((0) :g v)
for some u,v € R, then d(u,v) = 3 in ([(R))¢ and so e(u) = e(v) = 3in (T(R))".

Proof. The proof of this lemma is contained in the proof of [18, Proposition 1.7], though it was
not stated there in the above form. For the sake of completeness, we include a proof of it here.

We know from Lemma 2.3 that uv = 0. Thus u, v € Z(R)" and u and v are not adjacent
in (T(R))*. Since P, and P, are the only maximal N-primes of (0) in R, it follows that Z(R) =
Py U P, =((0) :r u)U((0) :g v). Thus forany w € Z(R)", either wu = 0 or wv = 0. This shows
that d(u,v) > 3 in (I'(R))“. It is shown in the proof of [18, Proposition 1.7] that d(x,y) <
3in (I'(R)) for any x,y € Z(R)*. Hence we obtain that d(u,v) = 3in (I'(R))° and so it
follows that e(u) = e(v) =3 in (I'(R))". O

We next state and prove the main theorem of this section.

Theorem 2.5. Let R be a ring and let |Z(R)*| > 2. If (T(R))“ is connected, then the radius of (['(R))“
is equal to 2.

Proof. It is well known that I'(R) is connected [1, Theorem 2.3]. Hence it follows from
Lemma 2.1 that for any x € Z(R)", e(x) >2in (I'(R))".

If R has either exactly one maximal N-prime of (0) or more than two maximal N-
primes of (0), then it follows from Lemma 2.2. that for any x € Z(R)", e(x) < 2 in (T(R))".
Thus we obtain that if R has either exactly one maximal N-prime of (0) or more than two
maximal N-primes of (0), then for any x € Z(R)*, e(x) =2 in (I['(R)). Hence we obtain in
the cases mentioned above that diam((T'(R))¢) = r((T'(R))°) = 2.

Assume that R has exactly two maximal N-primes of (0) and let them be
Py and P;. In such a case, it was shown in the proof of [18, Proposition 1.7(i)]
that there exista € P \ P, and b € P \ P such that ab#0. It follows
that P; #((0) :r a), P1#((0) :x b), and P, # ((0) :g a), P,# ((0) :gx b). Now it follows from
Lemma 2.2 thatd(a,y) <2and d(b,y) < 2forany y € Z(R)" in (I'(R)). Hence we obtain that
e(a) <2and e(b) <2in (I'(R))". Since e(c) > 2 in ([(R))" for any ¢ € Z(R)", it follows that
e(a) = e(b) =2 in (T(R))°. Thus in this case also, we arrive at the conclusion that the radius
of (T(R))¢ is equal to 2. O

The following remark determines the center of (I'(R))*.

Remark 2.6. Let R be a ring and let |Z(R)"| > 2. Assume that (I'(R)) is connected. In this
remark, we determine the center of (I'(R))°.

If R has either exactly one maximal N-prime of (0) or more than two maximal
N-primes of (0), then it was shown in the proof of Theorem 2.5 that diam((T'(R))) =
r((T(R))°) = 2. Hence the center of (I'(R)) is the set of all vertices of (I'(R))°. Moreover,
if R has exactly two maximal N-primes of (0) and if at least one of them is not a B-prime of
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(0) in R, then it follows from Lemma 2.2 that for any x € Z(R)*, e(x) <2 in (I'(R))°. Thus
we obtain, in view of Lemma 2.1 that e(x) = 2 for any x € Z(R)". Hence in this case also we
obtain that diam((I'(R))) = r((I'(R))) = 2 and so each vertex of (I'(R))¢ is in the center of
(T(R))".

Suppose that R has exactly two maximal N-primes of (0) and both are B-primes of (0)
in R. Let { P;, P} be the set of all maximal N-primes of (0) in R. Then it follows from Lemmas
2.1,2.2, and 2.4 that the center of (I'(R))° = {x € Z(R)* | P # ((0) :gr x) and P, # ((0) :g x)}.

We next present some examples to illustrate the results proved in this section.

Example 2.7. Let V be a rank 1 valuation domain which is not discrete. Let M denote the
unique maximal ideal of V. Let x € M, x#0. Let R = V/xV. Observe that M/xV is the
only prime ideal of R and Z(R) = M/xV. Let us denote M/xV by P. We assert that P is
not a B-prime of (0) in R. Suppose that P is a B-prime of (0) in R. Then it can be easily
verified that M = (xV :y y) for some y € V. Since M #V, it follows that y € xV. As V is
a valuation domain, we obtain that x € yV. Thus x = yv for some v € V. Hence we obtain
that M = (xV v y) = (yvV :v y) = vV. This is impossible since M is not finitely generated.
Thus P is not a B-prime of (0) in R. Now it follows from [18, Theorem 1.1 (a)] that (T'(R))“ is
connected. We obtain from Theorem 2.5 that diam((I'(R))‘) = r((I'(R))‘) = 2 and each vertex
of (T(R)) is in the center of (T'(R))°.

Example 2.8. (i) Let R be as in Example 2.7 and let T = R x Z (resp. T1 = R x R) be the
direct product of R and the ring of integers (resp. R and R). We know from Example 2.7 that
P is the unique maximal N-prime of (0) in R and P is not a B-prime of (0) in R. Note that
Py =PxZ and P, = Rx(0) (resp. Q1 = PxR and Q, = RxP) are the only maximal N-primes
of the zero-ideal of T (resp. of the zero-ideal of T1) and P, N P, = Px(0) is not the zero-ideal of
T (resp. Q1NQ, = Px P is not the zero-ideal of T;). Hence it follows from [18, Theorem 1.1(b)]
that (T'(T))“ (resp. (I'(T1))) is connected. Since P; is not a B-prime of (0) in T (resp. Q; and Q,
are not B-primes of (0) in T), it follows from Remark 2.6 that diam((I'(T))“) = r((I'(T))“) =2
(resp. diam((I'(T1))) = r((I'(T1))¢) = 2) and each vertex of (I'(T))¢ is in the center of (T'(T))*
(resp. each vertex of (I'(T1))¢ is in the center of (I'(T7))°).

(ii) Let R = Z/12Z. Note that P, = 2Z/12Z and P, = 3Z/12Z are the only prime
ideals of the finite ring R = Z/12Z. Thus Z(R) = P; U P;. Observe that R has exactly two
maximal N-primes of (0) and P, N P, =6Z/12Z is not the zero-ideal of R. Hence it follows
from [18, Theorem 1.1(b)] that (I'(R))¢ is connected. Moreover, observe that 2Z = (127 :z +
6t) and {+ 6t | t € Z is odd and positive] is the set of all integers with the property that2Z =
(12Z :z + 6t). Furthermore, note that {+4k | k € Z is positiveand k = 1 or 2 (mod 3)}
is the set of all integers with the property that 3Z = (12Z :z + 4k). Hence it follows that
Pi=(0+122):x 6 + 12Z), P, = ((0+12Z) ;g 4+ 12Z), and P, = ((0 + 12Z) ¢ 8 + 12Z).
Thus P; and P, are B-primes of (0) in R. Now it follows from [18, Proposition 1.7(b)] that
diam((T'(R))) = 3, and we know from Theorem 2.5 that ((I'(R))¢) = 2. Moreover, we obtain
from Remark 2.6 and from the above discussion that the set of centers of (I'(R)) = {2 +
127, 10+12Z, 3+12Z, 9+12Z}.

Example 2.9. Let n > 1 be such that n admits at least three distinct prime divisors. Let
{p1, P2, p3,...,pt}(t > 3) be the set of all distinct prime divisors of n. Let R = Z/nZ. Note
that {p1Z/nZ, prZ/nZ,...,prZ/nZ} is the set of all maximal N-primes of the zero-ideal of
R. We know from [18, Theorem 1.1(c)] that (I'(R)) is connected and moreover, it is known
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from Remark 2.6 that diam((I'(R))“) = r((T(R))°) = 2 and each vertex of (I'(R))¢ is in the
center of (I'(R))°.

3. The Girth of (I'(R))"

Let R be a commutative ring with identity and let |Z(R)*| > 2. The aim of this section is
to study about the girth of (I'(R))“. If (I'(R))* is connected, then we prove in this section that
gr((I'(R))°) = 3. Moreover, we also discuss about the girth of (I'(R))‘ in the case when (I'(R))*
is not connected.

For the sake of convenience we split the results proved in this section into several
lemmas. We begin with the following lemma. We make use of this lemma in the proof of
Lemma 3.2.

Lemma 3.1. Let R be a ring and let |Z(R)*| > 2. Let P be a maximal N-prime of (0) in R. If P is not
a B-prime of (0) in R, then for any x,y € Z(R)*, P¢((0) :g x) U Ry.

Proof. Suppose that for some x,y € Z(R)", P C ((0) :x x) U Ry. Then either P C
((0) :g x) or P C Ry.Sincex#0, ((0) :r x)N(R\Z(R)) = 0. Asy € Z(R), there exists z € R\ {0}
such that yz = 0. Hence we obtain that Ry C ((0) :r z). Note that ((0):g z) N (R\ Z(R)) = 0.
Now it follows from [19, Theorem 2.2, Page 378] that there exists a maximal N-prime Q of
(0) in R such that ((0) :r x) € Q and there exists a maximal N-prime W of (0) in R such that
((0) :r z) CW.If P C ((0) :g x), then we obtain that P C ((0) :g x) € Q and hence it follows
that P = Q = ((0) :g x). This contradicts the assumption that P is not a B-prime of (0) in R.
If PC Ry, then P C ((0) ;g 2) € Wandso P =W = ((0) :z z). This is also impossible since
P is not a B-prime of (0) in R. This proves that if a maximal N-prime P of (0) in R is not a
B-prime of (0) in R, then for any x, y € Z(R)*, P ¢ ((0) :g x) URy. O

In the following lemma, we determine the girth of (I'(R)) under the assumptions that
R has exactly one maximal N-prime of (0) and (I'(R))® is connected.

Lemma 3.2. Let R be a ring and let |Z(R)*| > 2. Suppose that R has only one maximal N-prime of
(0). If (T(R))€ is connected, then gr((I'(R))) = 3.

Proof. Let P be the unique maximal N-prime of (0) in R. Since (I'(R))‘ is connected, we obtain
from [18, Theorem 1.1(a)] that P is not a B-prime of (0) in R. Note that Z(R) = P. Let x €
P\ {0}. By hypothesis, P is not a B-prime of (0) in R and so Lemma 3.1 implies that there exists
y € Psuchthaty ¢ Rxandyx # 0. We assert that xy € {x,y}. If xy = x, then x(1 -y) = 0.
Asy € P,1-y ¢ P = Z(R). Hence x(1 - y) = 0 implies that x = 0. This contradicts the fact
that x #0. Similarly, it follows that xy #y. If both x*y and y?x are nonzero, then we obtain
that x—xy—y—x is a cycle of length 3 in (I'(R))“. Suppose that either x*y = 0 or y*x = 0.
Without loss of generality, we may assume that x?y = 0. As P is not a B-prime of (0) in R,
Lemma 3.1 implies that there exists z € P such that zxy # 0 and z ¢ Ry. From zxy # 0, it
follows that zx #0, and zy # 0 and moreover, as x2y = (, it follows that z # x. Furthermore,
by the choice of z, it follows that z # y. Now x—z—y—x is a cycle of length 3 in (I'(R))“. This
shows that if R has only one maximal N-prime of (0) and if (I'(R))‘ is connected, then there
exists a cycle of length 3 in (T'(R))‘ and hence gr((I'(R))‘) = 3. O

Though the following lemma is elementary, we include it for the sake of future
reference.
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Lemma 3.3. Let R be a commutative ring with identity. If there exist distinct elements a,b,c €
Z(R)* \ P for some prime ideal P of R, then gr((T'(R))‘) = 3.

Proof. As P is a prime ideal of R and a, b, c are elements of R which are not in P, we obtain
that ab, bc, ca € R\ P and so ab, bc, ca € R\ {0}. Hence it follows that a—b—c—a is a
cycle of length 3 in (I'(R))“. This proves that gr((I'(R))“) = 3. O

The next lemma discusses the girth of (I'(R))“ where R is a ring with (0) of R admitting
exactly two maximal N-primes.

Lemma 3.4. Let R be a commutative ring with identity. Suppose that R has exactly two maximal
N-primes of (0) and let them be Py and P,. Then the following hold:

() If Py n Py = (0), then (I'(R)) contains a cycle if and only if either [Py \ Py | > 3 or
|P \ Py| >3 if and only if gr((T(R))°) = 3.

(ii) If LN P, #(0), then gr((I'(R))¢) = 3. Thus, if (I'(R))“ is connected, then gr((I'(R))) = 3.

Proof. By hypothesis, P; and P, are the only maximal N-primes of (0) in R. So, it follows that
Z(R) =P, UD;.

(i) Assume that (I'(R)) contains a cycle. Let ay;—ar—az —---—a,—a; be a cycle
of length n in (I'(R))°. Note that n > 3 and {a; | i = 1,2,3,...,n} C Z(R)"
with ayap, azas, ..., a,1a,,a,a1 € R\ {0}. Since P, N P, = (0), it follows that either

{ay,ap,a3,...,a,} CP\P, or {ay,as,a3,...,a,} C P>\P;. Now itis clear that either |P;\P,| > 3
or |P2 \ P1| > 3.

Conversely, suppose that either |P; \ P»| > 3 or |P, \ P;| > 3. Since Z(R) = P U P, and
as Py and P are prime ideals of R, it follows from Lemma 3.3 that gr((I'(R))“) = 3.

If gr((T'(R))“) = 3, then we obtain that (I'(R))‘ contains a cycle of length 3.

(ii) Suppose that P; N P, # (0). We know from the proof of [18, Proposition 1.7(i)] that
there exist a € P, \ P, and b € P, \ P; such that ab#0. We consider two cases: Case(A):
PinP, ¢((0) :g a) U ((0) :g b). Then there exists ¢ € P; N P; such that ac#0 and bc #0. Hence
we obtain a cycle a—b—c—a in (I'(R))“ and it is of length 3. Case(B): ,NP, C ((0) : g a)U
((0) : g b). Then either LN P, C ((0) : ga) or LN P, C ((0) : g b).

Without loss of generality, we may assume that P, N P, C ((0) :ra). Let x € P, N P, be
such that x #0. Since a + b ¢ Z(R), we obtain that (a + b) x#0. As ax = 0, it follows that
bx = (a +b) x#0. Moreover, observe thatb+x € P, \ P;, b#b+x,and a(b+x) =ab # 0.
As b(b+x) € P, \ Py, it follows that b(b + x) # 0. Note that a—b—>b + x—a is a cycle of length
3in (T(R))".

Thus in both the cases, (I'(R)) admits a cycle of length 3. Hence we obtain that
gr((T(R))°) = 3.

We know from [18, Theorem 1.1(b)] that (I'(R)) is connected if and only if P; N
P, # (0). Thus if R has exactly two maximal N-primes of (0) and if (I'(R)) is connected,
then gr((I'(R))“) = 3. O

We show in the next lemma that if R has at least three maximal N-primes of (0), then
gr((F(R))%) =3.

Lemma 3.5. Let R be a ring. Suppose that R admits more than two maximal N-primes of (0). Then
gr((C(R))°) =3.
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Proof. Since by the assumption that R admits more than two maximal N-primes of (0), we
can find at least three maximal N-primes of (0) in R. Let {P, Q, W} be a subset of the set of
all maximal N-primes of (0) in R. It is clear that P¢ QUW, Q ¢ PUW, and W¢ PUQ. Hence
there exist elements x e P\ (Q U W),y € Q\ (P U W),and z € W\ (P U Q). Note that
x,V, z are distinct elements of Z(R)* with xy,yz,zx € R\ {0}. Hence x—y—z—x is a cycle
of length 3 in (I'(R))“. This proves that gr((I'(R))) = 3. O

With the help of the above lemmas, we obtain the main theorem of this section.
Theorem 3.6. Let R be a ring and let |Z(R)*| > 2. If (I'(R)) is connected, then gr((I'(R))) = 3.

Proof. The proof of this theorem follows immediately from [18, Theorem 1.1] and Lemmas
3.2,3.4(ii), and 3.5. O

We next proceed to consider rings R such that (I'(R)) is not connected and discuss
about the girth of (T'(R))*. In this direction, we first have the following proposition.

Proposition 3.7. Let R be a ring and let | Z(R)*| > 2. Suppose that R has only one maximal N-prime
of (0) and let it be P. If P> # (0) and if (T(R))¢ is not connected, then (I'(R)) contains a cycle if and
only if |P| > 5 if and only if gr((T'(R))“) = 3.

Proof. Note that Z(R) = P. Assume that P?# (0) and (I'(R))¢ is not connected. From the
assumption that P?# (0), it follows that there exist a, b € P such that a#b and ab#0.
Moreover, by [18, Theorem 1.1(a)], P = ((0) :rc) for some c € R. It is clear that c € P\ {0}.
Furthermore, as ab #0, it follows that a #c and b #c.

Suppose that (I'(R)) contains a cycle. Let a;—a, —a3z —---—a,—aq be a cycle of
length n in (I'(R)). Note that n > 3 and {a1, az,4a3,...,a,} € P\ {0}. As P = ((0) :rc)
and since ayap, azas, ..., ay1a,, and aya; € R\ {0}, it follows that ¢ € {a1, a0, as,...,a,}.
Thus {0,¢,a1,a,as,...,a,} C P and hence it follows that |P| > 5.

We next show that gr((I'(R))“) = 3 if |P| > 5. Suppose that |P| > 5. Observe that there
exists d € P\ {0,a,b,c} where a, b, c are as in the first paragraph of this proof. We claim that
there exists a cycle of length 3 in (I'(R))“. If ad #0 and bd #0, then a—d—b—a is a cycle of
length 3 in (I'(R))°. Suppose that either ad = 0 or bd = 0.

Observe that if a®> = 0 and b? = 0, then from (a + b)a = ab = (a + b)b = ab, and from
the fact that a+b € P\ {0, a, b}, it follows that a—a + b—b—a is a cycle of length 3 in (['(R))".
Now let us suppose without loss of generality that a®#0. As ¢* = 0 and a®#0, it follows
that a + ¢#0. If a + c#b, then a—a + c—b—a is a cycle of length 3 in (I'(R))“. Suppose that
a+c = b. Then, as cd = 0, it follows from the assumption that either ad = 0 or bd = 0 that
ad =bd =0. Asc#d and a + ¢ = b, it follows that a + d # b and it is clear that a(a + d) = a®> #
0 and (a +d)b = ab#0. Hence a—a + d—b—a is a cycle of length 3 in (I'(R))".

Thus if |P| > 5, then it is shown that there exists a cycle of length 3 in (I'(R))“. Hence
gr((T(R))") = 3.

If gr((T(R))“) = 3, then (I'(R))‘ contains a cycle of length 3. O

The following remark characterizes rings R satisfying the following conditions: (i) R
has exactly one maximal N-prime of (0), (ii) (I'(R))¢ contains at least one edge, (iii) (I'(R))*
is not connected, and (iv) (I'(R))“ does not contain any cycle.

Remark 3.8. Let R be a ring and let |Z(R)*| > 2. Suppose that P is the only maximal N-
prime of (0) in R. Assume that P? # (0). Suppose that (I'(R))® is not connected. Leta, b € P
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be such that a#b and ab#0. Let ¢ € P\ {0} be such that P = ((0) :g ¢). Assume that
gr((T(R))“) #3. Observe that by Proposition 3.7, gr((I'(R))°) # 3 if and only if (T'(R)) does
not contain any cycle. Now it follows from Proposition 3.7 that [P| < 4 and as {0,a,b,c} C P,
it follows that P = {0,a,b,c}. Now ab € P\ {0} = {a,b,c}. We assert that ab = c. If ab = g,
then a(1-b) = 0. This is impossible since a#0and 1 -b ¢ P = Z(R). Similarly, it follows that
ab # b. Hence ab = c. Now Z(R) = P = {0,a,b,c = ab} is finite and hence we obtain from
[20, Theorem 1] that R is a finite ring. We verify in this remark that |R| = 8. Moreover, we
observe with the help of [3, Theorem 3.2] that R is isomorphic to exactly one of the rings from
the set {Zs, Zs[x]/(2xZs[x] + (x* —2)Z4[x]), Zo[x]/x°Z>[x]} where Z4[x] (resp. Z>[x]) is
the polynomial ring in one variable over Z, (resp. over Z,).

Since R is a finite ring, any prime ideal of R is a maximal ideal of R, and moreover,
if Q is any prime ideal of R, then Q C Z(R). Since Z(R) = P, it follows that P is the only
prime ideal of R. Now R is a local ring with unique maximal ideal P. Hence we obtain that
R\ P is the set of all units in R. Let « be a unit in R. Then uab € P\ {0} = {a,b,c = ab}. We
claim that uab = ab. If uab = a, then a(1 — ub) = 0 and this is impossible. Similarly, we obtain
that uab # b. Hence uab = ab. This implies that (u —1)ab = 0. Since ab # 0, it follows that
u-1e€Z(R)=P={0,a,b,c=ab}. Hence we obtain thatu € {1,1+a,1+b,1+c =1+ ab}.
Thus it is shown that R\ P = {1,1+a,1+ b,1+c}. Hence R={0,a,b,c = ab,1,1+a,1+b,1+c}
is a ring containing exactly 8 elements. Note that cw(I'(R)) = 2. Now [3, Theorem 3.2] implies
that R is isomorphic to exactly one of the rings from the set {Zs, Zi[x]/(2xZ4s[x] + (x? -
2)Z4[x]), Za[x]/x>Zy[x]}. Observe thatif R is a ring such that R € {Zs, Zi[x]/(2xZs[x] +
(x2 =2)Z4[x]), Zz[x]/x>Z;[x]}, then R satisfies the following conditions: R has exactly one
maximal N-prime of (0), say P such that P2 # (0), (I'(R))€ is not connected, and (I'(R)) does
not contain any cycle.

Let R be a ring such that R has only one maximal N-prime of (0), say P, and R satisfies
the further conditions that P? # (0) and (I'(R))¢ is not connected. The above discussion implies
that (T'(R))“ does not contain any cycle if and only if R is isomorphic to exactly one of the rings
from the set {Zg, Zy[x]/(2xZ4[x] + (x*> —2)Z4[x]), Z2[x]/x>Z5[x]}.

We determine in the following remark rings R satisfying the following conditions: (i)
R admits exactly two maximal N-primes of (0), (ii) (I'(R))“ contains at least one edge, (iii)
(T(R))¢ is not connected, and (iv) (I'(R))“ does not contain any cycle.

Remark 3.9. Let R be a ring admitting exactly two maximal N-primes of (0). Let them be P;
and P,. Suppose that Py N P, = (0) (that is, equivalently (I'(R)) is not connected). In such a
case, it is shown in Lemma 3.4(i) that (I'(R))© contains a cycle if and only if either [P} \P»| > 3,
or [P, \ P | > 3ifand only if gr((I'(R))") = 3. Suppose that |P; \ P»| < 3, [P, \ P;| < 3 and
that (T'(R))“ contains at least one edge. We verify in this remark that either |R| = 9 or |R| = 6.
Moreover, we verify that R is isomorphic to K; x K; where K; and K; are fields with either
|K1| = |Kz| = 3 or one of them contains exactly 3 elements and the other contains exactly 2
elements.

We are assuming that (I'(R))“ contains at least one edge. Since Z(R) = P, U P, and
Py N P, = (0), it follows that at least one between P; and P, contains exactly 3 elements. This
implies that either |P;| = [P,| = 3 or exactly one between P; and P, contains exactly 3 elements
and the other contains exactly 2 elements. Thus either |Z(R)| = 5 or |Z(R)| = 4. As Z(R) is a
finite set, it follows from [20, Theorem 1] that R is a finite ring. Since any prime ideal of a finite
ring is a maximal ideal, it follows that P; and P, are maximal ideals of R. As P, N P, = (0), it
follows from the Chinese Remainder Theorem [21, Proposition 1.10] that R = (R/P;) x (R/ P,)
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as rings. Thus we obtain from the above discussion that R is isomorphic to the direct product
of two fields K; and K, with either |Ky| = |K;| = 3 or one between K; and K, contains
exactly 3 elements and the other contains exactly 2 elements. Hence we obtain that either
IR| = 9 or |R| = 6 and R is isomorphic to K; x K, where K; and K are fields with either
|Ki| = |K3| = 3 or one of them contains exactly 3 elements and the other contains exactly 2
elements. Conversely, if R is isomorphic to K; x K; where K; and K are fields with either
|K1| = |Kz| = 3 or one of them contains exactly 3 elements and the other contains exactly 2
elements, then it is clear that R has the following properties: R admits exactly two maximal
N-primes of (0), (I'(R))“ contains at least one edge, (I'(R))‘ is not connected and it does not
contain any cycle.

We next have the following corollary, the proof of which is immediate from the results
proved in this section.

Corollary 3.10. (i) Let R be an infinite ring. If there exist x,y € Z(R)" such that xy #0, then
gr((T(R))°) = 3.

(ii) Let R be any ring admitting elements a,b € Z(R)* such that ab# 0. Then gr((I'(R[x]))°)
= gr((T(R[[x]]))°) = 3 where R[x] (resp. R[[x]]) is the polynomial (resp.the power series) ring in
one variable over R.

4. Cliques in (T'(R))*

Let Rbe a commutative ring with identity which is not an integral domain. In this section, we
prove that if a ring R admits more than one maximal N-prime of (0), then the clique number
of (I'(R)) is finite if and only if (I'(R)) does not contain any infinite clique if and only if R
is finite. Moreover, if a ring R is such that R has only one maximal N-prime of (0), we obtain
some necessary conditions in order that the clique number of (I'(R))“ is finite. Furthermore, if
R is either a Noetherian ring or a chained ring and if (I'(R))“ admits at least one edge (that is,
there exist x, y € Z(R)" with x # y such that xy #0), then it is shown that the clique number
of (T(R))¢ is finite if and only if (T'(R)) does not contain any infinite clique if and only if R is
finite.

We first prove some elementary lemmas which are of interest in their own right and
which are useful in proving the main results of this section. We begin with the following
lemma.

Lemma 4.1. Let R be a commutative ring with identity which is not an integral domain. Let P be any
prime ideal of R. Then the following hold.

(i) If (T(R))* does not contain any infinite clique, then Z(R) \ P is finite.
(ii) If w((T(R))°) is finite, then Z(R) \ P is finite and indeed, |Z(R) \ P| < w((T'(R))°).

Proof. (i) Suppose that Z(R) \ P is infinite. Then we can choose an infinite sequence of distinct
elements x; € Z(R) \ P. Since P is a prime ideal of R and as x; ¢ P fori = 1,2,3,..., it
follows that x;x; #0 foralli,j € {1,2,3,...}. Observe that the subgraph of (T'(R))‘ induced on
{x;i|i=1,2,3,...} is an infinite clique. This contradicts the assumption that (I'(R)) does not
contain any infinite clique. Hence we obtain that Z(R) \ P is finite.

(ii) Let w((I'(R))°) = n. We assert that |Z(R) \ P| < n. Suppose that {Z(R) \ P | >
n+1.Let {x1,..., %511} € Z(R) \ P. Then it is clear that the subgraph of (I'(R))“ induced on
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{x1,...,%ns1} is a clique. This is impossible since w((T'(R))) = n. This shows that |[Z(R) \ P| <
n=w(IT(R))). O

Using Lemma 4.1 and prime avoidance [21, Proposition 1.11(i)], we obtain the
following result.

Lemma 4.2. Let R be a commutative ring with identity which is not an integral domain. Let P be any
prime ideal of R. Let A = {Q | Q is a prime ideal of R such that Q C Z(R) but Q ¢ P}. Then the
following hold.

(i) If (T(R))“ does not contain any infinite clique, then A can admit only a finite number of
elements which are pairwise incomparable under inclusion.

(ii) If w((T'(R))°) is finite, then A can admit at most w((T'(R))°) elements which are pairwise
incomparable under inclusion.

Proof. (i) Suppose that (I'(R))“ does not contain any infinite clique. We want to verify that A
can admit only a finite number of elements which are pairwise incomparable under inclusion.
Suppose that there exist infinitely many elements in A which are pairwise incomparable
under inclusion. Hence there exist Q; € A for each i = 1,2,3,... with Q; and Q; not being
comparable under inclusion for all i, j € {1,2,3,...} with i#j. Now Q;¢P fori =1,2,3,....
Hence it is possible to choose x; € Q1 \ P. Let i > 2. Now it follows from prime avoidance
[21, Proposition 1.11(i)] that there exists x; € Q; \ (P U Q1 U - - - U Qj_1). Observe that
{x;11=1,2,3, ...} € Z(R)\ P.Hence we obtain that Z(R) \ P is infinite. This contradicts
Lemma 4.1(i). This proves that if (I'(R))° does not contain any infinite clique, then A can
admit only a finite number of elements which are pairwise incomparable under inclusion.
(ii) Let w((T(R))) = n. Suppose that A admits more than n elements which are
pairwise incomparable under inclusion. Let {Q1,..., Qu1} € A be such that Q; and Q; are
not comparable foralli,j € {1,2,...,n+1} withi#j. Letx; € Q; \ P.Letie {2,...,n+1}. As
in (i), we can choose x; € Q; \ (PUQ U - - - U Qj1). Observe that {x; |i=1,2,...,n+1} C
Z(R) \ P. This implies that |Z(R) \ P| > n+1 > w((I'(R))°). This contradicts Lemma 4.1
(ii). Hence we obtain that A can admit at most n = w((I'(R))“) elements which are pairwise
incomparable under inclusion. O

We next study in the following corollary to Lemma 4.2, the effect of the nature of the
cliques of (I'(R))‘ on the set of maximal N-primes of (0), and the set of minimal prime ideals
of R.

Corollary 4.3. Let R be a commutative ring with identity which is not an integral domain. Then the
following hold.

(i) If (T(R))* does not contain any infinite clique then (a) the set of maximal N-primes of (0)
in R is finite (b) the set of minimal prime ideals of R is finite.

(ii) If w((T(R))°) is finite, then (a)R can admit at most w((I'(R))°) + 1 maximal N-
primes of (0) and if R admits exactly k maximal N-primes of (0) with k > 3, then
k < w({(T(R))°) (b) R can admit at most w((I'(R))°) + 1 minimal prime ideals, and if
k is the number of minimal prime ideals of R with k > 3, then k < w((I'(R))°).

Proof. (i)(a) Let P be a maximal N-prime of (0) in R. Let A = {Q | Q is a maximal N-
prime of (0) in R and Q # P}. Since any maximal N-prime of (0) in R is a subset of Z(R)
and as distinct maximal N-primes of (0) in R are not comparable under inclusion, it follows
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from Lemma 4.2(i) that A is finite. Observe that the set of all maximal N-primes of (0) in
R = AU {P}. It is now clear that R can admit only a finite number of maximal N-primes of
(0).

(i)(b) If P is any minimal prime ideal of R, then P C Z(R) [22, Theorem 84]. Since
distinct minimal prime ideals of R are not comparable under inclusion, it follows using the
same arguments as in the proof of (i)(a) that R can admit only a finite number of minimal
prime ideals.

(ii)(a) Let P, A be as in the proof of (i)(a). Let w((I'(R))°) = n. Now using the same
arguments as in the proof of (i)(a), it follows from Lemma 4.2(ii) that |A| < n. Since the set of
all maximal N-primes of (0) in R = AU {P}, we obtain that R can admit at most #+1 maximal
N-primes of (0).

Suppose that R admits exactly k maximal N-primes of (0) with k > 3. Let
{P1, P>, P5,...,Pc} be the set of all maximal N-primes of (0) in R. Note that Z(R) =
UK, P. Since distinct maximal N-primes of (0) in R are not comparable under the inclusion
relation, it follows from [21, Proposition1.11(i)] that for each i € {1,2,3,...,k}, Ix; €
distinct nonzero zero-divisors of R, and as k > 3, it follows that there exists at least one
t€{1,2,3,...,k} such that both x; and x; are not in P; and hence x;x; # 0. Thus we obtain that
the subgraph of (I'(R)) induced on {x1,x2, x3, ..., xk} is a clique and so k < w((I'(R))°).

(ii) (b) This can be proved using similar arguments as in the proof of (ii)(a) and using
Lemma 4.2(ii). O

The following proposition is one among the main results in this section. We show in
this proposition that if a ring R admits at least two maximal N-primes of (0), then w((I'(R))®)
is finite if and only if R is finite.

Proposition 4.4. Let R be a commutative ring with identity. Suppose that R has at least two maximal
N-primes of (0). Then the following conditions are equivalent:

(i) w((T(R))°) is finite.

(ii) R is finite.

(iii) (T'(R))€ does not contain any infinite clique.
Proof. (i) = (ii) Let w((I'(R))‘) = n. Now it follows from Corollary 4.3(ii) (a), that R can admit
at most n + 1 maximal N-primes of (0). Let m be the number of maximal N-primes of (0) in

Rand let {P,..., P,} be the set of all maximal N-primes of (0) in R. Note that m < n+1 and
by the hypothesis, m > 2. Observe that

Z(R)=PLUPU--- UP,
4.1)
=Nk NN Py) U(ZR)\ P) U (Z(R)\ P2) U---U(Z(R) \ P).

We know from Lemma 4.1(ii) that

[Z(R)\ P|<n fori=1,2,...,m. (4.2)
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We now verify that [P, NP, N - - - NP, <n Letx € P\ P. Notethat {x +y | y €
PnP,n --- NP,} CZ(R)\ P,. Hence it follows that

|P10P20"' n Pm|§n (43)

Now it follows from (4.1), (4.2), and (4.3) that Z(R) is finite. Hence it follows from [20,
Theorem 1] that R is finite.

(ii) = (iii) This is obvious.

(iii) = (i) We first show that R is finite. It follows from Corollary 4.3(i)(a) that R can
admit only a finite number of maximal N-primes of (0). Now one can proceed as in the proof
of (i) = (ii), and use Lemma 4.1(i) to obtain that R is finite. It is now clear that w((I'(R))¢) is
finite. U

Remark 4.5. Let R be an infinite ring and let R admit at least two maximal N-primes of (0).
It follows from Proposition 4.4 that w((I'(R))°) = co. Motivated by the interesting theorems
proved on cliques in I'(R) in [3], and in particular, [3, Theorems 3.7 and 3.8], we attempt to
determine w((I'(R))¢) for a finite commutative ring R with identity which admits at least two
maximal N-primes of (0). We are able to describe w((I'(R))) in the case when R is a finite
reduced ring which is not an integral domain.

Let R be a finite commutative reduced ring with identity which is not an integral
domain. Since R is a finite ring, any prime ideal of R is maximal. Let {P;,..., P,} be the
set of all prime ideals of R. Since R is reduced, (0) = nil(R) = P, Nn- - -N P,. As R is not
an integral domain, it follows that n > 2. Moreover, by the Chinese Remainder Theorem
[21, Proposition 1.10], it follows that R is isomorphic to R/P; x - - - x R/P,. Thus R is
isomorphic to a finite direct product of finite fields. Let n > 2 and let Kj ..., K, be finite
fields. Let R = K3 x- - - x K,,. We now proceed to describe w((T'(R))‘). We make use of some
of the techniques from [4].

We first recall the following facts from [4].

Fact 4.6. Let R be a commutative ring with identity which is not an integral domain. For any
a,b € Z(R)*, define a ~ b if and only if ((0) :g a) = ((0) :r b). Then ~ is an equivalence
relation on Z(R)".

Proof. This fact is easy to check. The relation ~ can be defined on the whole of R. As our
interest is on Z(R)*, we consider this relation defined on Z(R)". O

For an element a € Z(R)", we denote by [a], the equivalence class determined by ~
containing “a”.

Recall from [23] that a commutative ring R with identity is said to be von Neumann
regular if for each a € R there exists b € R such that a = a®b.

The following fact is important, and we make use of it in the proof of Lemma 4.8.

Fact 4.7. Let R be a von Neumann regular ring which is not an integral domain (equivalently,
which is not a field). Let ~ be the relation defined on Z(R)" as in Fact 4.6. Then for any
a € Z(R)", there exists a unique idempotent element e € Z(R)" such that [a] = [e].
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Proof. The Fact 4.7 can be proved easily with the help of the ideas contained in the proof of [4,
Lemma 3.1] and [10, Lemma 2.11]. In fact, [4, Lemma 3.1] and [10, Lemma 2.11] assert that
for any von Neumann regular ring R and for a,b € Z(R)", [a] = [b] if and only if Ra = Rb.
Yet for the sake of completeness, we present a proof of Fact 4.7.

It is well known that any element of a von Neumann regular ring can be expressed
as the product of a unit and an idempotent [24, Lemma 2.5]. Let a € Z(R)". Now there
exists a unit u in R and an idempotent element e in R such that a = ue. Then it is clear that
((0) :g a) = ((0) :g e). Since a € Z(R)", it follows that e € Z(R)". This proves that a ~ e and
so [a] = [e].

Note that if e is any idempotent element in a ring R (R not necessarily von Neumann
regular), then ((0) :g e) = R(1-e). Moreover, it is easy to check that for idempotent elements
e1,e;inaring R, Re; = Re; if and only if 1 = e, . If e, f are idempotent elements in a ring R
such that ((0) :r e) = ((0) :g f), then it follows that R(1-e) = R(1 - f). Hencel-e=1-f
andsoe = f.

Now it follows from the above two preceding paragraphs that given any a € Z(R)"
where R is a von Neumann regular ring, then there exists a unique idempotent e € Z(R)*
such that [a] = [e]. O

Let R be a von Neumann regular ring which is not an integral domain. In the following
lemma, we exhibit some cliques of (I'(R))".

Lemma 4.8. Let R be a von Neumann regular ring which is not an integral domain. Let
{e1,...,em} C R\ {0,1} be a set of idempotents in R such that e;ej #0 for all i,j € {1,...,m}.
Let A=[e1]U - - -U [en]. Then the subgraph of (I'(R))® induced on A is a clique.

Proof. Leti € {1,...,m}. Let a,b € [e;] with a#b. Note that [a] = [b] = [e;]. Now it follows
from the proof of Fact 4.7 that there exist units u, v in R such that a = ue; and b = ve;. Hence
ab = uve; #0. This proves that any two distinct elements of [e;] are adjacent in (I'(R))“ for
eachie {1,...,m}.

Leti,j € {1,...,m} withi#j. Let x € [e;], y € [e;]. Note that x = ue; and y = ve; for
some units u, v in R. Hence xy = uve;e; #0, since e;e; # 0 by the hypothesis.

Indeed, it is true that if [a] and [b] are equivalence classes determined by ~ defined on
Z(R)" where R is a commutative ring with identity which is not an integral domain (R need
not be von Neumann regular) and if ab #0, then we assert that for any x € [a] and y € [b],
xy #0. Note that if xy = 0, then y € ((0) :g x) = ((0) :g a). Hence ay = 0. This implies that
a € ((0) :ry) = ((0) :g b). Hence ab = 0 and this is a contradiction. Thus we obtain that

xy #0.
This proves that the subgraph of (I'(R))‘ induced on A = [e1]U---U[en] is a clique. O

We include the following simple lemma for the sake of completeness.

Lemma 4.9. Let n > 2. Let K; be a field fori =1,2,...,n. Let R = Ky x - - - x K, be their direct
product. Then the number of idempotents in Z(R)* (that is, the number of nontrivial idempotents in
R) equals 2" -2 and the number of equivalence classes determined by the equivalence relation ~ defined
on Z(R)" equals 2" - 2.

Proof. The only idempotent elements in a field are 1 and 0. Using this observation, it follows
that R = K x- - -xK,, has exactly 2" idempotents. Among them except (0,...,0) and (1,...,1),
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the rest of them are in Z(R)". Thus we obtain that the number of idempotents in Z(R)" (that
is, the number of nontrivial idempotents in R) equals 2" - 2.
Let {e; | i = 1,2,...,2" — 2} be the set of all idempotent elements in Z(R)*. Since

R = Ky x - - - x K, is von Neumann regular, it follows from Fact 4.7 that the set of all
equivalence classes determined by ~is {[e;] | i=1,2,...,2" - 2}. O
Letn >2. Let R= Ky x- - - x K, where K; is a field fori = 1,2,...,n. The following

lemma describes the cliques of (I'(R))“.

Lemma 4.10. Let n > 2. Let K; beafield fori=1,2,...,n. Let R= Ky x - - - xK,. Let AC Z(R)"
be such that the subgraph of (I'(R)) induced on A is a clique. Let E = {e; | i=1,2,...,2" -2} be the
set of all idempotents in Z(R)*. Then there exists a nonempty subset B of E such that bib, #0 for all
by, b, € B and A C UbeB[b]'

Proof. We know from the proof of Lemma 4.9 that {[e;] | i = 1,2,...,2" — 2} is the set of all
equivalence classes determined by ~. Thus we obtain that Z(R)* = J,cz[e] . Now A being a
subset of Z(R)", it follows that A = {J,cg(AN[e]). Let B C E be such that AN [b] is non-empty
for each b € B. Since A is non-empty, it follows that B is non-empty. We now verify that for
any by, b, € B,b1b, #0. This is clear if b; = by since any element of B is a nonzero idempotent

in R. Suppose that by #b,.
Let a; € AN [b1] and a; € AN [by]. Since [by1] N [by] = 0, it follows that a; # a,. As

the subgraph of (I'(R))“ induced on A is a clique, we obtain that aja, #0. Note that Ra; =
Rb; for i = 1,2. Hence we obtain that Rb;b, = Raja, # (0) and so biby #0. This proves that
there exists a non-empty subset B of E such that bib, # 0 for all b;, by € B and moreover,

A=Upes(A 0 [b]) € Upeslbl- O

Let R be as in Lemma 4.10 with the further assumption that K; is finite for i =
1, 2,...,n. We determine w((T'(R))¢) in the following proposition.

Proposition 4.11. Let n >2and let K; (i =1,2,...,n) befinite fields. Let R = K1 x Ky x - - - xK,.
Let E = f{e; | i =1,2,...,2" = 2} be the set of all idempotents in Z(R)*. Then w((I'(R))) =
max{ (e |[P]]) | B varies over all non-empty subsets of E satisfying the property that biby # 0 for
any by, b, € B}.

Proof. Let X = {B | B is a non-empty subset of E satisfying the property that for any by, b, €
B, bib, #0}. Let B € X. Let A = J,p[b]. Now it follows from Lemma 4.8 that the subgraph
of (I'(R))“ induced on A is a clique. Thus w((I'(R))“) > |A| = Xep |[P]|- Hence we obtain that

w((T(R))°) zmax{<2|[b]|> |BeX}. (4.4)

beB
Let A C Z(R)" be such that the subgraph of (T'(R))“ induced on A is a clique. We

know from Lemma 4.10 that there exists B € X such that A C | J,.5[b]. Hence we obtain that
|A| < > |[P]]- This implies that

beB

w((T(R))) gmax{<2|[b]|> | B ex}. (4.5)

From (4.4) and (4.5), it follows that w((I'(R))) = max{(3,c5 |[P]]) | B € X}. O
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We make use of the following useful remark in Example 4.13(i) and (ii).

Remark 4.12. Let R be a von Neumann regular ring which is not a field. Let ~ be the
equivalence relation which was considered in Fact 4.7. Observe that for any idempotent
element e € Z(R)", [e] = {ue | u is a unit in R}.

Let n > 2. Let Ky,K5,..., K, be finite fields and let R = K; x Ky x - - - x K,,. Let
e € Z(R)" be an idempotent. Let C = {i € {1,2,...,n} | the ith component of e is 1}. Observe
that |[e]| = [ Tiec (IKi| = 1).

We next have the following example.

Example 4.13. (i) Let K3, K be finite fields. Let R = K; x K;. Note that {e; = (1, 0), e =
(0, 1)} is the set of all idempotents in Z(R)*. Now it follows from Proposition 4.11 and
Remark 4.12 that w((I'(R))) = max{|K;| — 1, |K>| — 1}. Note that this fact can also be
verified directly.(ii) Let K;, K, K3 be finite fields. Let R = K; x K; x K3. Note that {e; =
(1,0,0), e2=1(0,1,0), es=(0,0,1), es=(1,1,0), es= (1,0, 1), e =(0, 1, 1)} is
the set of all idempotents in Z(R)". Now it follows from Proposition 4.11 and Remark 4.12
that w((I'(R))°) = max{(|K1| - 1) + (|K1| - 1)(IK2| = 1) + (|Ka| = 1) (IK5| - 1), (|K2| - 1) + (IK4| -
D(K2[=1) + (IK2| = 1)(IKs] = 1), (IK3|=1) + (IK1| = 1) (IK5| = 1) + (IK2| = 1) (IK3[ = 1), (IKi] -
D(K2[=1) + (K2 = D (IK5| = 1) + (IKq| = 1) (|Ks[ = 1) }.

Let R be a ring with |Z(R)*| > 2. Suppose that R has only one maximal N-prime of (0).
We, in the following result, determine some necessary conditions on R in order that (I'(R))“
does not contain any infinite clique.

Lemma 4.14. Let R be a commutative ring with identity and let |Z(R)*| > 2. Suppose that R has
exactly one maximal N-prime of (0) and let it be P. If (T'(R))“ does not contain any infinite clique,
then (i) P = the nilradical of R and if furthermore, P> # (0), then (ii)R/ P is finite, (iii) P is a B-prime
of (0) in R, and(iv)R satisfies descending chain condition (d. c. c.) on principal ideals.

Proof. (i) As any nilpotent element of R is a zero-divisor of R and since Z(R) = P, it follows
thatnil(R) C Z(R) = P. Let x € P. We assert that x is nilpotent. Suppose that x is not nilpotent.
Then for any i,j € {1,2,3,...}, x'x/ #0, and moreover, for all distincti,j € {1,2,3,...}, x' #x/.
Hence {x* | k = 1,2,3,...} C Z(R)" is such that the subgraph of (I'(R))° induced on {xj |
k =1,2,3,...} is an infinite clique. This is in contradiction to the assumption that (I'(R))‘
does not contain any infinite clique. Hence x is nilpotent. This shows that P C nil(R) and so
P =nil (R).

(ii) Suppose that R/ P is infinite. We first assert that x> = 0 for each x € P. Suppose that
there exists x € P such that x? #0. Since we are assuming that R/ P is infinite, it is possible
to find an infinite sequence of elements 7, € R\ P for k = 1,2,3,... such that r; - r; ¢ P
and r; + r; ¢ P for all distincti,j € {1,2,3,...}. Note that for all i,j € {1,2,3, ...}, rirj &€ P =
Z(R), and as x? # 0, it follows that x2rl~r]~ #0. Moreover, as for all distinct i,j € {1,2,3,...},
ri—rj & P, it follows that xr; # xrj. Hence we obtain that the subgraph of (I'(R))“ induced
on {xr | k =1,2,3,...} is an infinite clique. This contradicts the assumption that (I'(R))*
does not contain any infinite clique. Hence x*> = 0 for each x € P. As P?#(0), there exist
a,b € P such that a#b and ab #0. Note that we have a> = b*> = 0. For any positive integer
k, let xi = a + bry. It is clear that for any positive integer k, x; € P and axyx = abri #0, since
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ab#0and rx ¢ P = Z(R). Moreover, for all distinct i,j € {1,2,3,...}, xix; = ab(r; + rj) #0,
since ab#0 and r; + r; ¢ P = Z(R). Furthermore, as b#0 and r; — r; ¢ P, for all distinct
i,j €{1,2,3,...}, it follows that x; # x; for all distinct i,j € {1,2,3,...}. Hence we obtain that
the subgraph of (I'(R)) induced on {xi | k =1, 2, 3,...} is an infinite clique. This contradicts
the assumption that (I'(R)) does not contain any infinite clique. Hence it follows that R/ P is
finite.

(iii) We now verify that P is a B-prime of (0) in R. We consider two cases. Case (A): P
is finitely generated.

By (i), we have P = nil(R) and hence we obtain that P is a nilpotent ideal of R. Let
m > 2 be least with the property that P™ = (0). Now for any x € P!\ {0}, P C ((0) :r x ) C
Z(R) =P, andso P = ((0) :r x) is a B-prime of (0) in R. Case (B): P is not finitely generated.

We have P?#(0), by assumption. Hence there exist aj,a, € P such that a; #a;
and ajay #0. Suppose that P is not a B-prime of (0) in R. Then, as ((0) :g a1a2) € Z(R) = P,
it follows that P¢ ((0) :g ajaz). As Ra; + Ray € P and since P is not finitely generated, it
follows that P¢Ra; + Ray. Hence P ¢ (Ra; + Ray) U ((0) :g a1az). Hence there exists a; €
P\ ((Rai + Ray) U ((0) :g aiaz)). Thus ay, a», a3 € P are distinct and ajazas #0. Let k be any
positive integer with k > 3. Assume that there exists a subset {aj, a,, as, ..., ar} of P with
aiaxas - - - ax #0. Observe that P¢Ra; + Ra, + Raz + - - - + Ray and PZ((0):g ajazas--- ag).
Hence there exists a1 € P\ ((Rai + - - -+ Rag) U ((0) :g a1azas--- ax)). This shows that
if P is not finitely generated and if P is not a B-prime of (0) in R, then there exists an infinite
subset {a; |i=1,2,3,...} of P such that the product a; - --ax #0 for k = 1,2,3, .. .. This implies
that the subgraph of (I'(R))‘ induced on {a; | i =1,2,3,...} is an infinite clique.

This contradicts the hypothesis that (I'(R))“ does not contain any infinite clique. Hence
P is a B-prime of (0) in R.

(iv) We obtain from (ii) that R/ P is finite. Since any finite integral domain is a field,
it follows that P is a maximal ideal of R. By (i), P = nil(R). Hence we obtain that P is the
only prime ideal of R. We now verify that R satisfies d. c. c. on principal ideals. Suppose that
R does not satisfy d. c. c. on principal ideals. Then there exist nonzero elements x; € P for
i=1,2,3,... such that Rx; D Rx, D Rx3 D ---. Note that there exist a; € P fori =1,2,3,...
such that x;,1 = a;x;. Hence

Xke1 = (ax - - - a)x1, Vk>1. q))

Since xx #0 for k = 1,2,3,..., it follows that the elements ax € P (k = 1,2,3,...) satisfy
a;a; #0 for all distinct i,j € {1,2,3,...}. As each element of P is nilpotent, it follows from (I)
and the fact that xx #0 for k = 1,2,3, ... that there exist positive integers ki < kp < k3 < ---
such that for all distinct i,j € {ki,ka,...}, ai#a;.Let A= {k;|i=1,23,...}. Observe that
the subgraph of (I'(R)) induced on {a; | i € A} is an infinite clique. This contradicts the
assumption that (I'(R))“ does not contain any infinite clique. Hence it follows that R satisfies
d. c. c. on principal ideals. O

Let R and P be as in Lemma 4.14. Suppose that P? # (0). I do not know any necessary
and sulfficient condition in order that (I'(R))“ does not contain any infinite clique. However,
the following proposition shows that if the ring R is Noetherian, then (T'(R)) does not contain
any infinite clique if and only if R is finite.



ISRN Algebra 19

Proposition 4.15. Let R be a Noetherian ring which is not an integral domain. Suppose that R
has only one maximal N-prime of (0) and let it be P. If P>+ (0), then the following conditions are
equivalent.

(i) w((T(R)) ) is finite.
(ii) (T(R))‘ does not contain any infinite clique.
(iii) R is finite.

Proof. (i) = (ii) This is clear.

(ii) = (iii) We know from Lemma 4.14 that P = the nilradical of R and R/ P is finite.
Now by hypothesis, R is a Noetherian ring. Hence P is finitely generated. Therefore, P" = (0)
for some n > 1. Since P? # (0), it follows that n > 3. Observe that for each integer k, 0 < k <
n -1, P%/P**1 is a finite-dimensional vector space over the finite field R/P. Hence it follows
that P¥/ Pk is finite for k = 0,1,2,...,n — 1. Now P"!, P"2/P"! are finite, and hence it
follows that P* 2 is finite. Proceeding in this way, we obtain that P is finite. Thus P and R/P
are finite. Hence we obtain that R is finite.

(iii) = (i) This is clear. O

Recall that a commutative ring R with identity is said to be a chained ring if the
principal ideals of R are linearly ordered under inclusion (equivalently, the ideals of R are
linearly ordered under inclusion).

Let R be a chained ring which is not an integral domain. Then, it is clear that R must
have exactly one maximal N-prime of (0). If P is the only maximal N-prime of (0) and if
P? #(0), then the following proposition characterizes when (T(R))® can admit infinite cliques.

Proposition 4.16. Let R be a commutative ring with identity which is not an integral domain.
Suppose that R is a chained ring and moreover, there exist x, y € Z(R)* with x # y such that xy #0.
Then the following conditions are equivalent.

(i) (T(R)) does not admit any infinite cligue.
(ii) R is finite.
(iii) w((T(R))°) is finite.

Proof. (i) = (ii) Since the ideals of R are linearly ordered under inclusion, it follows that R
admits exactly one maximal N-prime of (0). Let P be the unique maximal N-prime of (0)
in R. We are assuming that (I'(R))“ does not admit any infinite clique. So, we obtain from
Lemma 4.14(i) that P = the nilradical of R. Note that Z(R) = P. Let N(R) = {x € P | x*> = 0}.
It is known that for any x,y € P\ N(R), xy#0 [6, Lemma 4.2(3)]. Since (T'(R)) does not
admit any infinite clique, it follows that P \ N(R) is finite. Now by the assumption that R
is a chained ring and there exist x, y € Z(R)" with x #y such that xy #0, it follows that
Z(R) \ N(R) is non-empty. Let P\ N(R) = {x1,...,x,,}. Since each element of P is nilpotent,
it follows that there exist t > 2 such that p' = 0 for each p € P. As R is a chained ring, we
obtain that P! = (0). Moreover, it follows from Lemma 4.14(ii) that R/ P is finite. Hence P is
a maximal ideal of R and since R is a chained ring, it follows that R is quasilocal with P as its
unique maximal ideal. As P is nilpotent and P # (0), it follows that P # P2. Now R is a chained
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ring with P as its unique maximal ideal satisfying the further condition that P # P2. In such a
case it is well known that P = Rp for any p € P\ P?. Using the same reasoning as in the proof
of (ii) = (iii) of Proposition 4.15, it now follows that R is finite.

(ii) = (iii) and (iii) = (i) are clear. O

The following remark determines w((I'(R))) for any finite chained ring which is not
an integral domain.

Remark 4.17. Let R be a finite chained ring which is not an integral domain. Let P denote the
unique maximal ideal of R. Suppose that P? # (0). Let n > 3 be least with the property that
P" = (0). Then the following hold.

(i) w((T(R))°) = |P\ P"?| +1 if nis even.
(i) w((T(R))) = |P \ P™D/2|if nis odd.

Proof. As is already observed in the proof of (i) = (ii) of Proposition 4.16, P = Rp for any p €
P\ P2

(i) Suppose that n is even and let n = 2m. By the choiceof n, p"#0 .If a € P\P™,b €
P\P™,then a = up' forsomet, 1 < t<mand aunituin Rand b = vp° forsomes,1 <s<m
and a unit v in R. Hence ab = uvp' #0, since t + s < 2m = n and p" ! #0. Moreover, observe
that p™x #0 for any x € P\ P™ . Hence the subgraph of (I'(R))“ induced on (P \ P™) U {p™}
is a clique. This implies that w((T'(R))“) > |P \ P"|+ 1. Let A C Z(R)* = P\ {0} be such that
the subgraph of (I'(R))“ induced on A is a clique. Let |A| = t. Since R is a chained ring, it is
possible to find a € A such that Ra C Rb for each b € A. Hence Rab C Rb?. Since ab #0 for
each b € A\ {a}, we obtain that b?> #0 for each b € A\ {a}. As P" = P>" = (0), it follows that
A\ {a}) CP\P". Thus A ={a}U(A\ {a}) C{a} U(P\P™)andso |A| <|P\ P™| + 1. This
proves that w((I'(R))“) < [P\ P™| + 1. Hence w((I'(R))°) = [P\P"| + 1.

(ii) Suppose that n is odd and let n = 2k + 1 for some k > 1. In this case, we verify that
w((T(R))°) = |[P\ P**!| where k = (n —1)/2. It is clear that for any x, v € P\P**!, xy#0.
This shows that the subgraph of (I'(R))¢ induced on P \ P**! is a clique. Hence we obtain
that w((T'(R))°) > |P\ P*!.Let A C Z(R)* = P\ {0} be such that the subgraph of (T'(R))*
induced on A is a clique. We assert that |A| < |P\ P**!|. Leta € Abesuchthat Ra C Rb
for each b € A. Now, it follows as in the proof of (i) that b*>#0 for each b € A\ {a}. Since
PZ+1 = (0), it follows that A \ {a} C P\ P**1. If there exists at least one b € A \ {a} such
that b € P¥, then, as ab #0, it follows that a ¢ P**! and so we obtain that A C P\ P**1.
Hence it follows that |A| < |P\P*"!|. Otherwise, we obtain that A \ {a} C P\ P*. Note that
A = {a} U (A\{a)}) C {a}u(P\P¥)andso|A| <1 + |P\P¥| <|P*\P*1|+|P\P| = |P\PF|.
This proves that w((T(R))°) < |P \ P**!|. Hence we obtain that

W((C(R))") = [P\ P!

- |P\P("+1)/2|. (4.6)
O

We next mention an example to illustrate that in Remark 4.17, one cannot drop the
assumption that R is a chained ring.

Example 4.18. Let F = Z/2Z be the field containing exactly two elements. It is convenient to
denote F simply by F = {0,1}. Let p(x) = x> + x + 1 € F[x] where F[x] is the polynomial
ring in one variable over F. Note that p(x) is irreducible over F. Let K be the splitting field
of p(x) over F. Let &« € K be a root of p(x). It is clear that K = F(a) and [K : F] = 2. Indeed,
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{1,a} is a basis of K as a vector space over F. Moreover, K = {0,1,a,a’> = —a—-1=a+1}.
Let T = K[[x]] be the power series ring in one variable over K. Note that T = K + M where
M = xK[[x]] = xT. Let S = F + M. Consider the ring R = S/x?S. Let us denote xS by L
Observe that R = {(a+ (b + ca)x + (d + ea)x?) + 1| a,b,c,d,e € F}. Note that R is a finite
local ring with unique maximal ideal N = M/ satisfying N° = the zero-ideal of R, but N2 is
nonzero. Wehave a? = 1+aand thus N = {0+, x+1, ax+I, oa’x+1, ax*+I, (x+ax?)+I,
(ax + ax?) + I, (a®x + ax?) + I}. Observe that Z(R) = N. Now N\ N2 = {x+ I, ax + I,
®x + 1, (x +ax?) + 1, (ax + ax?) + I, (a’x + ax?) + I}. Thus |[N \ N?| = 6. We assert that
w((T(R))°) = 3. Since N* = the zero-ideal of R, it follows that the vertex set of any clique in
(T(R))° must be a subset of

N\ N2 (4.7)

Asa ¢ Fax* ¢ I = x*S, and a’x?> = (1 + a)x* ¢ I.Hence the subgraph of (T'(R))‘
induced on {x + I, ax + I, (ax + ax?) + I} is a clique. This shows that w((I'(R))°) > 3. Observe
that

(x+I)<<x+ax2>+I>:x2+I:0+I. (4.8)
Wehavea® =aa®> =a(l + a) =a+a?>=a+ (1+a) = 1. Note that
(ax+1)<a2x+1> =x2+1=0+1 (4.9)
Moreover,

<<ax+ax2>+I><<a2x+cxx2>+1>=x2+I=O+I. (4.10)

It is clear from (4.7), (4.8), (4.9), and (4.10) that if A C Z(R)" is such that the subgraph of
(T'(R))¢ induced on A is a clique, then A can contain at most 3 elements. Hence we obtain
that w((T(R))°) < 3. Thus w((I'(R))) =3 < |[N \ N?| = 6.

Let T and S be as above. Let Ry = S/x3S. Note that R; is a finite local ring with N =
M/ x3S as its unique maximal ideal. Thus Z(R;) = N;. Moreover, note that (N 1)* is the zero-
ideal of R; but (IN7)? is nonzero. It is convenient to denote the ideal x3S of S by J. Note that
a® = a + 1. We assert that w((I'(R1))°) = |N1 \ (N1)?]. Since (N1)* = (0), it follows that if A
is any subset of Z(R;)" = Ny \ {0 + J} such that the subgraph of (I'(R;)) induced on A is a
clique, then A can admit at most one element of (N1)?. We claim that |A| < |N7 \ (N7)?|. This
is clear if A does not contain any element of (N7)?. Suppose that A has an element of (N;)*.
In such a case, we verify that A cannot contain all the elements of N7 \ (N 1)*. Leta € Abe
such that a € (N;)?. Note that a = (x2 +yx®) + J for some 8, y € K.We consider two cases.

Casei. p = 0.In such a case, the element a = yx® + | annihilates each element of N; and hence
it annihilates each element of N \ (N7)?.

Case ii. p#0. Observe that f = u + va for some u, v € F with at least one of u, v is different
from 0. Thus a € {(x?+yx®)+], (ax?+yx®)+], (a®>x?+yx>)+] }. Note that(x*+yx>)+J annihilates
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the element x + J € N \ (N;)?. The element (ax? + yx?) + J annihilates a?x + J € Ny \ (N;)?
and the element (a?x? + yx®) + J annihilates ax + J € Ny \ (N;)*.

This shows that if A contains an element of (N;)?, then that element annihilates at least
one element of Ny \ (N 1)°. Since the subgraph of (I'(R;))“ induced on A is a clique, it follows
that A cannot contain all the elements of N; \ (N7)?. This proves that [A] < N7\ (N1)*| and
hence we obtain that w((I'(R1))) < [N7 \ (N1)?.

We next claim that the subgraph of (I'(R;)) induced on Nj \ (N1)?isa clique. Let a,
b e N\ (N1)?. Note that a = (B1x + fox® + f3x®) + Jand b = (yix + yox? + y3x°) + J for
some f;,y; € K (fori =1,2,3) with 1,71 € K\ {0}. Note that ab = ﬁl}qxz + w + ] for some
w € x*K[[x]]. Since, ] = x°S C x*K[[x]] and as fiy1x?> ¢ x*K[[x]], it follows that ab is a
nonzero element of R;. This proves that the subgraph of (I'(R;)) induced on N; \ (N )?isa
clique. Hence we obtain that w((T'(R;))°) > |N1 \ (N1)?| and so w((T'(Ry))) = [N7 \ (N1)?].

Let R be a commutative ring with identity which is not an integral domain. Suppose
that R has exactly one maximal N-prime of (0) and let it be P. If (I'(R))“ does not admit
any infinite clique, then it was shown in Lemma 4.14 that each element of P is nilpotent. The
following lemma describes the elements of P under the hypothesis that w((I'(R))) is finite.

Lemma 4.19. Let R be a commutative ring with identity which is not an integral domain. Suppose
that P is the only maximal N-prime of (0) in R. If w((T(R))) is finite, then for any x € P,x™ =0
where m = w((T'(R))) + 1.

Proof. By hypothesis, w((I'(R))) is finite. Let x € P. We assert that x™ = 0 where m =
w((T(R))°) + 1. Suppose that x™ #0. For each k € {1,2,...,m},letyx = x+- - -+ x*. Note
that Z(R) = Pandr,=1¢ P=Z(R)andfor2<k<m,re=1 + - - -+ x¢1 ¢ P = Z(R)
and moreover, yx = xrx fork = 1, 2,..., m. Since x*#0 and rirj € Z(R), it follows that
yiy;#0 for all i,j € {1,2,...,m}. Let i,j € {1,2,...,m} with i#j. We claim that y; #y;.
Suppose that y; = y;. We may assume without loss of generality that i < j. Then y; = y;
implies that x*1(1+ - - -+ 2/ "@+D) = 0. As1+- - -+ x/"(+D ¢ Z(R), it follows that
x"*1 = 0, and this is not possible since by assumption, x™ #0. Hence y; #; for all distinct
i,j € {1,2,...,m} and moreover, y;y;#0. Hence we obtain that the subgraph of (I'(R))*
induced on {yx | k = 1,2,...,m} is a clique. This implies that w((I'(R))°) > m. This is
impossible since m = w((I'(R))) + 1. Hence we obtain that x” = 0 for any x € P. O

The next remark provides examples of rings R for which w((T'(R))‘) = oo.

Remark 4.20. We remark here that Lemma 4.19 is motivated by [3, Theorem 3.4]. Let R be
a commutative ring with identity which is not reduced. Let x € nil(R). Recall that by the
index of nilpotence of x, we mean the least positive integer n such that x* = 0. Suppose
that x € nil(R) with x#0. Let n be the index of nilpotence of x. Using the fact that the sum
of a nilpotent element and a unit in any ring is a unit, it can be shown as in the proof of
Lemma 4.19 that {yx = x+- - -+x* | k=1,...,n-1}isacliquein ([(R))°. Hence it follows that
w((T'(R))) > n— 1. Thus if a commutative ring R with identity is such that there is no bound
on the index of nilpotence of nilpotent elements of R, then it follows that w((I'(R))) = oco.

Let R and P be as in Lemma 4.19. If w((I'(R))) is finite, then with the help of
Lemma 4.19, we prove in the following proposition that P is nilpotent.
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Proposition 4.21. Let R be a commutative ring with identity which is not an integral domain.
Suppose that R has only one maximal N-prime of (0) and let it be P. If w((T'(R))) is finite, then
P is nilpotent.

Proof. Let m = w((T'(R))°) +1. We claim that P" = (0) withn = (m - 1)*+1 = (w((T(R))))*+1.
Suppose that P" # (0). Then there exist xx € P for k = 1,2,...,n such that xyx - - - x, #0.
Let s be the number of distinct elements among x1, x»,..., x,. Note that we may assume
without loss of generality that xy, ..., xs are the distinct elements among x1, x,...,x,. Let
j€{l,...,s},and let A; = {k € {1,2,...,n} | xx = x;}. Let |Aj| = nj for j = 1,...,s. Note
that {1,2,...,n} = Ujs=1 Aj, and moreover, A;N A; = @ for all distinct i,j € {1,...,s}. Hence we
obtain thatn = Z;Zl |Aj| = m+ - - -+ ng.Since x1x2- - - x, 20, it follows that x1- - -x,#0, and
moreover, for each j = 1,..., s, the product of n; factors of x; is different from 0. We know
from Lemma 4.19 that x™ = 0 for any x € P. Hence it follows that n; <m -1forj=1,..., s.
Furthermore, observe that the subgraph of (I'(R)) induced on {x1,..., x5} is a clique and
so s < w((T(R))°) = m — 1. Thus we obtain that (m-1)*+1=n = 2]5-:1 nj<s(m-1) <
(m —1)(m —1). This is impossible. Hence it follows that P" = (0) with n = (m - 1)% + 1. O

We conclude this note with the following example of an infinite ring R such that R
has exactly one maximal N-prime of (0) satisfying the property that w((I'(R))) = 3, thereby
illustrating that Proposition 4.15 need not hold for non-Noetherian rings.

Example 4.22. Let T = Z;[x1,x3, x3,...] be the polynomial ring in an infinite number of
variables over Z,. Let I be the ideal of T generated by {xi | Kk =1,2,3,...} U{xixx | k =
3,4,5,...} U{xixj | i, j € N, 2 <i < j}. Let R=T/I. Let M be the ideal of T generated by
{xi | k =1,2,3,...}. Observe that P = M/I is the only prime ideal of R. Thus Z(R) = P. It
is clear that R is infinite. Note that x1 + I—(x1 + x) + [—xy + I—x; + I is a cycle of length 3
in (T'(R))“ and hence we obtain that w((T'(R))“) > 3. We next verify that w((I'(R))) < 3. Let
A C Z(R)" be such that the subgraph of (I'(R)) induced on A is a clique. We assert that A
can contain at most 3 elements. Suppose that A contains more than 3 elements. Note that for
any z,w € Awithz#w, zw#0 + L.

Let z,w € Z(R)". Observe that z = f1(x1,x2,...,%Xm) + I, w = fo(x1,%2,...,%m) + 1, for
some m > 2 and for some f1(x1,..., Xp), fo(X1,..., Xpm) € Zox1+ZpXo++ -+ ZpXy+Zox1X7.
It is clear that zw = 0 + I if the coefficient of x; is 0 in

fi(x1,...,xp) fori=1, 2. (4.11)

We are assuming that A contains at least 4 elements. Let {z1, 25, 23,24} C A. Let zi =
gk(x1,%2,...,xp) + I, for some m > 2 and for some gi(x1,X2,..., Xm) € Zox1 + Zoxo + - -
+ ZoXy + Zox1x, for k = 1,2,3,4. Since z;z; #0 + I for all distinct i,j € {1,2,3,4}, it follows
from (4.11) that the coefficient of x, must be 1 for all gk (x1,x2,..., %) (k =1,2,3,4) except
possibly one value of k. We may assume without loss of generality that gx(x1, x2,..., xy) =
ArX1 + X0+ -+ + ApmXm + agpx1xo for k =1,2,3 where axi, ags, ..., Akm, axi2 € Zo. Since
z1z2 #0+ 1, it follows that exactly one among ai1, a»; must be 1. We may assume without loss
of generality that a;; = 1 and ap; = 0. Now either a3 = 0 or az; = 1. If az; = 0, then we arrive
at zpz3 = 0+ I, which is impossible. If az; = 1, then we obtain that z;z3 = 0+ I, and this is also
impossible.
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This proves thatif A C Z(R)" is such that the subgraph of (I'(R)) induced on A is a
clique, then |A| < 3. Hence we obtain that w((I'(R))) < 3. This proves that w((T'(R))‘) = 3.
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