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We introduce an iterative process for finding an element in the common fixed point sets of two
continuous pseudocontractive mappings. As a consequence, we provide an approximation method
for a common fixed point of a finite family of pseudocontractive mappings. Furthermore, our

convergence theorem is applied to a convex minimization problem. Our theorems extend and
unify most of the results that have been proved for this class of nonlinear mappings.

1. Introduction

Let H be a real Hilbert space. A mapping T with domain D(T) ¢ H and range R(T) in H is
called pseudocontractive if for each x, y € D(T) we have

(Tx =Ty, x~y) < [lx - y|" (1.1)
T is called strongly pseudocontractive if there exists k € (0, 1) such that
(x -y, Tx-Ty) <k|x-y|*, Vx,yeDT), (1.2)
and T is said to be k-strict pseudocontractive if there exists a constant 0 < k < 1 such that

(x-y, Tx-Ty) < ||x-y|* k|| -T)x - I -T)y||>, Vx,y e D). (1.3)

The operator T is called Lipschitzian if there exists L > 0 such that |[Tx — Ty|| < L|lx — y||
forall x,y € D(T).If L = 1, then T is called nonexpansive, and if L € [0,1), then T is called
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a contraction. As a result of Kato [1], it follows from inequality (1.1) that T is pseudocontract-
ive if and only if the inequality

e =yl < [+ (x~y) - t(Tx - Ty)| (1.4)

holds for each x, y € D(T) and for all t > 0.

Apart from being an important generalization of nonexpansive, strongly pseudocon-
tractive and k-strict pseudocontractive mappings, interest in pseudocontractive mappings
stems mainly from their firm connection with the important class of nonlinear accretive
operators, where a mapping A with domain D(A) and range R(A) in H is called accretive
if the inequality

lx =yl < [lx -y +s(Ax - Ay)| (1.5)

holds for every x,y € D(A) and for all s > 0. We observe that A is accretive if and only if
T := I — A is pseudocontractive, and thus a zero of A, N(A) := {x € D(A) : Ax =0},is a
fixed point of T, F(T) := {x € D(T) : Tx = x}. It is now well known that if A is accretive then
the solutions of the equation Ax = 0 correspond to the equilibrium points of some evolution
systems. Consequently, considerable research efforts have been devoted to iterative methods
for approximating fixed points of T when T is pseudocontractive (see, e.g., [2-4] and the
references contained therein).

Construction of fixed points of nonexpansive mappings via Mann'’s algorithm [5] has
extensively been investigated recently in the literature (see, e.g., [6, 7] and references therein).
Related works can also be found in [7-18]. Mann’s algorithm is defined by xp € K and

Xpi1 = AnXy + (1 —a,)Tx,, n>0, (1.6)

where {a,} is a real control sequence in the interval (0,1). If T is a nonexpansive mapping
with a fixed point and if the control sequence {a,} is chosen so that X',y a,, (1 —a,) = oo, then
the sequence {x,} generated by Mann's algorithm (1.6) converges weakly to a fixed point of
T (this is indeed true in a uniformly convex Banach space with a Fréchet differentiable norm
[7]). However, this convergence is in general not strong (see the counterexample in [19]; see
also [20]).

For a sequence {a,} of real numbers in (0,1) and an arbitrary u € C, let the sequence
{x,} in K be iteratively defined by x € K and

Xpi1 = Aptt + (1 — 1) T(x,), n>0, (1.7)

where T is a nonexpansive mapping of C into itself. Halpern [11] was the first to study the
convergence of Algorithm (1.7) in the framework of Hilbert spaces. Lions [14] and Wittmann
[21] improved the result of Halpern by proving strong convergence of {x,} to a fixed point
of T if the real sequence {a,} satisfies certain conditions. Reich [22], Shioji and Takahashi
[16], and Zegeye and Shahzad [23] extend the result of Wittmann [21] to the case of Banach
space.
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In 2000, Moudafi [24] introduced viscosity approximation method and proved that if
H is a real Hilbert space, for given xj € C, the sequence {x,} generated by the algorithm

Xn1 = A f(xp) + 1 —a,)T(x,), n>0, (1.8)

where f : C — C is a contraction mapping and {a,} C (0,1) satisfies certain conditions,
converges strongly to a common fixed point of T. Moudafi [24] generalizes Halpern's
theorems in the direction of viscosity approximations. In [25], Zegeye et al. extended
Moudafi’s result to the class of Lipschitz pseudocontractive mappings in Banach spaces
more general than Hilbert spaces. Viscosity approximations are very important because they
are applied to convex optimization, linear programming, monotone inclusions, and elliptic
differential equations.

Our concern now is the following. Is it possible to construct a viscosity approximation
sequence that converges strongly to a fixed point of pseudocontractive mappings more
general than nonexpansive mappings?

In this paper, motivated and inspired by the work of Halpern [11], Moudafi [24], and
the methods of Takahashi and Zembayashi [26], we introduce a viscosity approximation
method for finding a common fixed point of two continuous pseudocontractive mappings.
As a consequence, we provide an approximation method for a common fixed point of
finite family of pseudocontractive mappings. This provides affirmative answer to the above
concern. Furthermore, we apply our convergence theorem to the convex minimization
problem. Our theorems extend and unify most of the results that have been proved for this
important class of nonlinear operators.

2. Preliminaries

Let C be closed and convex subset of a real Hilbert space H. For every point x € H, there
exists a unique nearest point in C, denoted by Pcx, such that

llx = Pex|| < ||lx —y

, VyecC. (2.1)

Pc is called the metric projection of H onto C. We know that Pc is a nonexpansive mapping
of H onto C. In connection with metric projection, we have the following lemma.

Lemma 2.1. Let C be a nonempty convex subset of a Hilbert space H. Let x € H and xy € C. Then,
xo = Pcx if and only if

(z—-x0,x0—x)>0, VzeC. (2.2)

Lemma 2.2 (see [27]). Let {a,} be a sequence of nonnegative real numbers satisfying the following
relation:

ans1 < (1=yy)an+0n, n>0, (2.3)

where (i) {y,} C [0,1], 3 yu = o0 and (ii) limsup, , _0n/yn < 0o0r 3, |04| < 0. Then, a, — 0as

n — oo.

By a similar argument in [28], we have the following lemma.
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Lemma 2.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A : C — H be
a continuous accretive mapping. Then, for r > 0 and x € H, there exists z € C such that

<y—z,Az>+%<y—z,z—x>20, Yy e C. (24)
Moreover, by a similar argument of the proof of Lemmas 2.8 and 2.9 of [26], we get the
following lemma.
Lemma 2.4. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A: C — H be
a continuous accretive mapping. For r > 0 and x € H, define a mapping T, : H — C as follows:

T,x := {zeC:(y—z,Az>+%<y—z,z—x>20, VyeC} (2.5)

forall x € H. Then, the following hold:

(1) T, is single valued;
(2) T, is firmly nonexpansive type mapping, that is, for all x,y € H,

||T,x—Try||2 <(Tyx-Tyy,x-y); (2.6)

(3) F(Ty) = VI(C, A);
(4) VI(C, A) is closed and convex.

3. Main Results

In the sequel, we will make use of the following lemmas.

Lemma 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C — H be
a continuous pseudocontractive mapping. Then, for r > 0 and x € H, there exists z € C such that

<y—z,Tz)—%<y—z,(l+r)z—x)SO, vy eC. (3.1)

Proof. Let x € H and r > 0. Let A := I — T, where I is the identity mapping on C. Then,
clearly A is continuous accretive mapping. Thus, by Lemma 2.3, there exists z € C such that
(y -z, Az) + 1/r){y —z,z-x) > 0, for all y € C. But this is equivalent to (y — z,Tz) -
(1/r){y -z (1+r)z—-x) <0, for all y € C. Hence, the lemma holds. O

Lemma 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C — C
be continuous pseudocontractive mapping. For r > 0 and x € H, define a mapping F, : H — C as
follows:

Fyx = {zeC: (y—z,Tz) - %(y—z,(1+r)z—x) <0, Yy EC} (3.2)
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forall x € H. Then, the following hold:

(1) F, is single valued;
(2) Fr is firmly nonexpansive type mapping, that is, for all x,y € H,

|| Frax — 1-"ry||2 <(Fx-Fy,x-y); (3.3)

(3) F(F,) = F(T);
(4) F(T) is closed and convex.

Proof. We note that (y — z,Tz) - (1/r){y —z,(1 +r)z —x) < 0, for all y € C, is equivalent
to (y —z,Az) + (1/r){(y —z,z-x) > 0, for all y € C, where A := I — T is continuous
accretive mapping and I the identity mapping on C. Moreover, as T is self-map, we have that
VI(C, A) = F(T). Thus, by Lemma 2.4, the conclusions of (1)-(4) hold. O

Let C be a nonempty closed convex subset of a real Hilbert space H. LetT; : C — C, for
i = 1,2, be continuous pseudocontractive mappings. Then, in what follows, T;,, F,, : H — C
are defined as follows. For x € H and {r,} C (0, o), define

T, x = {zeC: <y—z,le>—%(y—z,(1+rn)z—x> <0, VyeCyg,

" (3.4)
F, x:= {zeC:<y—z,Tzz>—%(y—z,(1+rn)z—x> <0, VyeC}.

n

Now, we prove our main convergence theorem.

Theorem 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T; : C — C,
for i = 1,2, be continuous pseudocontractive mappings such that F := (., F(T;) #0. Let f be a
contraction of C into itself, and let {x,} be a sequence generated by x1 € C and

Xn+1 = An f (xn) + (1 — an) T, Fr, xy, (3.5)

where {a,} C [0,1] and {r,} C (0, 00) such thatlim, _, 0ty = 0, Sipy &y = 00, Sooy |Anse1—an| < o0,
lim inf, o7y > 0,and 372 [Fue1—7u| < 00. Then, the sequence {x, },, converges strongly to z € F,
where z = Prf(z).

Proof. Let Q = Pr. Then, Qf is a contraction of C into C. In fact, we have that

1QfF () = Qf Wl < lf ) = FW)II < Bllx - wll, (3.6)

for all x,y € C, where f is contraction constant of f. So Qf is a contraction of C into itself.
Since C is closed subset of H, there exists a unique element z of C such that z = Qf(z).
Let v € F, and let u, := T,, w,, where w,, := F, x,. Then, we have from Lemma 3.2 that

lun = ol = ITy,wn = Ty, 0| < [lwn = || = ||Fr,xn = Fr,0l| < [0 =2 (3.7)
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Moreover, from (3.5) and (3.7), we get that

ot =l = | (k) = 0) + (1 = ) (Ty, B 0 = )|
< an || f(xn) — 2| + (1 — an)||un —
< an||f(xn) = 0| + (1 = an)l|xn - |

< an”f(xn) —f(U)” + an”f(v) _U” + (1= ay)|xn -

(3.8)
< “nﬁ”xn -9 + “n”f(v) - U” + (1= ay)|xn — |
1
= (1= (=Pl =ol+ (1= P 75 f @) o)
< max{ I =0l 75 @) = o] }
By induction, we get that
lx, — || < max{ lx1 - 9|, ﬁ”f(v) -v|| }, n>1. (3.9)

Therefore, {x,} is bounded. Consequently, we get that {w,}, {T,,w.}, {Fr,xn}, and {f(x,)}
are bounded. Next, we show that ||x,.1 — x,|| — 0. But from (3.5) we have that

12¢ns1 = x5 = ”“nf(xn) +(1-an)u, - “n—lf(xn—l) - (1-ap1)upa ”
< ”“"f(xn) - “nf(xn—l) + “nf(xn—l) - “n—lf(xn—l)
+ (I —ap)uy — (1 - an)up1 + (1 - an)up-1 — (1 - ap-1)un1|| (3.10)

< “"ﬂ”xn = Xp-1|| +an — a1 |[K + (1 — ay) - [[un — tna|

< “"ﬂ”xn = Xp-1|| +an — a1 |[K + (1 - ay) - [[wy — wp-]|,

where K = 2sup{||f(x,)|| + [|un|| : n € N}. Moreover, since w,, = F,, x, and wy.1 = Fr,, Xn41,
we get that

(y — wn, hwy,) - %(y — Wy, (1 + 10)wy —x,) <0, VyeC, (3.11)
n

(¥ = Wnn, Towni) = ——(y = Wnrt, (L4 701) Wit = Xn1) <O, Yy €C. (3.12)

n+1



ISRN Mathematical Analysis 7

Putting v := w41 in (3.11) and y := w,, in (3.12), we get that

1
<wn+1 — Wny, T2wn> - r_<wn+1 — Wny, (1 + rn)wn - xn> <0, (313)
n

1
(wy — Wy, Tzwn+1> - ; (wn = Wps1, (1 + 1) Wyi1 — xn+1> <0. (3.14)

n+1

Adding (3.13) and (3.14), we have

I+ rp)wy — xy _ (1 + 7941) Wha1 — Xna1 > <0

<wn+1 - wy, Hhw, - T2wn+1> - <wn+1 — Wy,
n Tn+l

which implies that

Wy — X Wn+1 — Xn+l
<wn+1 — Wy, (wn+1 - T2wn+1) - (wn - T2wn)> - <wn+1 — Wn, u Lo s > <0.

T'n Tn+1
(3.16)
Now, using the fact that T; is pseudocontractive, we get that
Wy —Xp  Wpel — X
<wn+1 —w,, n n Wnil n+1> > 0’ (3.17)
T'n Tn+1
and hence
.
<wn+1 — Wy, Wy — Wpt1 + Wpel — X — " - (Wit — xn+1)> > 0. (3.18)
n+l

Without loss of generality, let us assume that there exists a real number b such thatr, > b >0
for all n € N. Then, we have

2 T,
|t —wyl|” < <wn+1 — Wn, Xn+1 — Xn t (1 - " & )(wn+1 - xn+1)>
n+1

(3.19)
r
< ”wn+1 - wn”{”erl - xn” + (1 - T >‘ : ”wn+1 - xn+1||}/
i1
and hence from (3.19) we obtain that
1
||wn+1 - wn“ < ||xn+1 - xn” + ﬁ|rn+l - rn| : ||wn+1 - xn+1||
" (3.20)

1
< ||xn+1 - xn” + E|rn+l - rn|L/
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where L = sup{||w, — x| : n € N}. Furthermore, from (3.10) and (3.20), we have that

1xn1 = Xnll < anpllxn — xn-1|| + |an — an-1|K

1
+(1-ay) <||xn — Xp-1|| + =|rn — rn,llL)

b
(3.21)
= (1 - “n(l _ﬂ)>||xn = Xp-1|| + Klay — an-1|
L
+ (1 - “n)zlrn - Tn—ll'
Now, using conditions of {a,}, {r,} and Lemma 2.2, we have that
Lim [[xp41 = x4]] = 0. (3.22)
n— oo
Consequently, from (3.20) and (3.22), we obtain that
Jim flewps1 = wn|| = 0. (3.23)

Similarly, taking u,, = Ty, w, and #,+1 = Ty, wn+1 and following the method used for w,, we
get that lim,, _, oo ||t4y+1 — un|| = 0. Furthermore, since x,, = a1 f (xp-1) + (1 — ap—1)un—1, we have

that

1t = wnll < [l2cn = Un-a || + |[ttn-1 — unl|

(3.24)
<ay ”f(xnfl) - unflll + ”unfl - un”-
Thus, since a,, — 0, we obtain that
ll2xn — un|| — 0. (3.25)
Moreover, for v € F, using Lemma 3.2, we get that
llewn — UHZ = ||Fy,xn — FrnU”z
< <Fr,,xn -F,vu,x, - v)
(3.26)

=(wy—v,X, —0)
1 2 2 2
= 5 (o =0l + llxa = oI = llxs = wnl*),
and hence

[ =0l < llotw = 01* = [l = 0l (3.27)



ISRN Mathematical Analysis 9

Therefore, from (3.5), the convexity of || - ||, (3.7) and (3.27) we get that

%1 = oI = [|etn f () + (1 = @)1y — 0|
< | f(n) = 0] + (1= @) un = 0|
< | f(n) = || + (1 - @) eon — o (3.28)
< | £ e) = 017 + (1 = @) (Ien = 01 = [l = wa]1?)

2
< an || f (o) = 0| + [0 = 0l = (1 = &) 200 — i,
and hence

2
(1= an)l|xn - wn||2 < “n”f(xn) - U” + |2n — 0”2 = l%n+1 = 0”2
i (3.29)
< an | f(xn) = || + llaew = Xna [ (1200 = 0l + lltne = V).

So we have ||x, —wy|| — 0asn — oo. This implies with (3.25) that [|u, — w,|| < ||ty — x|l +
l|xp —wy|| — 0asn — oo.
Next, we show that

limsup(f(z) - z,x, —z) <0, (3.30)

n— oo

where z = Pr f(z). To show this inequality, we choose a subsequence {x;, } of {x,} such that

limsup(f(z) - z,x, - z) = lim (f(z) = z,xn, — 2). (3.31)

n—oo

Since {x,,} is bounded, there exists a subsequence {xnij } of {x,,,} and w € H such that Xn;, —
w. Without loss of generality, we may assume that x,, — w. Since {x,,} C C and C is convex
and closed, we get that w € C. Moreover, since x,—w,, — 0asn — oo, we have that w,, — w.
Now, we show that w € F. Note that, from the definition of w,,, we have

(y — wp, Town, ) - %(y — Wy, (T, + D)wy, —x,,) <0, VyeC. (3.32)

1y
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Putz; =tv+(1-t)wforallt € (0,1] and v € C. Consequently, we get that z; € C. From (3.32)
and pseudocontractivity of T, it follows that

1
(W, = zt, Tazi) 2 (W, — 21, Tazi) + (2t = Wy, Towy, ) — - (zt = wn,, (1 + T)Wn, — X;)
n;

1
= (2t — Wy, Tzt = Hhwy,) - r_<zt — Wy, Wn, — X, ) — (Zt — W, Wy, )
ni

(3.33)

1

2

2 _”Zt - wni” - T_<Zt = Wn;, Wn; — xni> - (Zt - wni/wn>
ni

Wy, — Xy,
= (wn,- — Zt, Zt) -\ Zt— wn,-/ r .
n;

Then, since w, — x, — 0,as n — oo, we obtain that (w,, — x,,,)/ts, — 0asi — oo. Thus, as
i — oo, it follows that

(w =z, Tazi) 2 (W — 21, 21), (3.34)
and hence

—(v-w,Trz;) > —(v-—w,z) YveC. (3.35)

Letting t — 0 and using the fact that T> is continuous, we obtain that
—(v-w,Thw)>—(v-w,w) YveC (3.36)

Now, let v = Tw. Then, we obtain that w = To,w, and hence w € F(T,). Furthermore, the fact
that u, - w, — 0 and w,, — w imply that u,, — w, following the method used for w,, we
obtain that w € F(T;), and hence w € ﬂle F(T;). Therefore, since z = Prf(z), by Lemma 2.1,
we have

limsup(f(z) - z,x, — z) = lim (f(z) — z, x, — 2)
noe e (3.37)
=(f(z)-zw-2z)<0

Now, we show that x, — zasn — oo. From x,41 — 2z = a,(f (xy) — 2) + (1 — a,) (u, — 2), we
have that

llxn+1 — 2”2 <(1- an)zllun - 2”2 + 2an<f(xn) —Z, Xn+l — Z>
= (1-an)?||u, - z|? + 20, (f (xn) = f(2), Xps1 — 2) + 20, f (2) — 2, Xps1 — Z)
< (1= an)?llxn = 2|1 + 2Bl %0 — 2| - |Xns1 = 2l| + 20 {f (2) = 2, Xns1 — 2)

< (1= an)?|2cn — 2% + anﬁ{ 20 = 2% + [| a1 — z||2} +2,(f(2) - 2, Xni1 — ).

(3.38)
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This implies that,

(1- ocn)2 + a,p

2a
v = 2l € =l = 2l + =5 (2) = 2w~ 2)
1-2a,+a a? 2a
= #ﬂﬁ"ﬁuxn —z|*+ 1 chﬁ“xn z|]* + : _;nﬂ<f(z) — Z,Xpi1 — Z)

< (1 - Yn)”xn - Z”z + On,
(3.39)

where y, :=2(1-f)an/(1-anp), on = 2(1-Pan/(1-anf)){anM/2(1-p)+(1/(1-p)){f(2) -
2, Xns1 — 2)}, for M = sup{||x, — z||* : n € N}. But note that 3%, y, = oo, lim, o, = 0, and
limsup, , 0ux/yn < 0. Therefore, by Lemma 2.2, we conclude that {x,} converges to z € F,
where z = Prf(z). This completes the proof. O

If, in Theorem 3.3, f = u € C is a constant mapping, then we get z = Pr(u). In fact, we
have the following corollary.

Corollary 3.4. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T; : C — C,
for i = 1,2, be continuous pseudocontractive mappings such that F := (Y, F(T;) #0. Let {x,} be a
sequence generated by x1,u € C and

Xp+1 = apu+ (1 — )T, Fr Xy, (3.40)

where {a,} C [0,1] and {r,} C (0, 00) such thatlim, _, sty = 0, Yooy &y = 00, Doy |Ans1—atn| < 00,
liminf, 1, > 0,and 3,2, [rns1—14| < oo. Then, the sequence {x,},-, converges strongly to z € F,
where z = Pr(u).

If, in Theorem 3.3, we have that T, = I, identity mapping on C, then we obtain the
following corollary.

Corollary 3.5. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T1 : C — C
be continuous pseudocontractive mapping such that F(T1) # 0. Let f be a contraction of C into itself,
and let {x,} be a sequence generated by x, € C and

Xne1 = Anf (xn) + (1 — an) Ty, xy, (3.41)

where {a,} C [0,1] and {r,} C (0, 00) such thatlim, _, sty = 0, Xioeq &y = 00, Doy |Ans1—ctn| < 00,
liminf, 1, > 0,and 3,72, [rns1—14| < oo. Then, the sequence {x,},-, converges strongly to z € F,
where z = Pr(r)) f(2).

Let H be a real Hilbert space. Let A; : H — H, for i = 1,2, be accretive mappings.
LetT, x :={z € H:(y-zU-A)z) - 1/ra){y -z (1 +r,)z-x) <0, forally € H},
Fox={zeH:(y-z(I-A)z)-1/r){y-2z (1+r,)z—x) <0, forally € H}. Then we
have the following convergence theorem for a zero of two accretive mappings.
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Theorem 3.6. Let H be a real Hilbert space. Let A; : H — H, for i = 1,2, be continuous accretive
mappings such that N := "\, N(A;) #0. Let f be a contraction of H into itself, and let {x,} be a
sequence generated by x1 € H and

X1 = A f(%n) + (1 = )T, F, xp, (3.42)

where {a,} C [0,1] and {r,} C (0, 00) such thatlim, _, sty = 0, Y70y &y = 00, Doy |Ans1—atn| < o0,
liminf, 1, > 0,and 377 |rpe1—7n| < 00. Then, the sequence {x,},-, converges strongly toz € N,
where z = Pn(f(2)).

Proof. Let T; := (I — A;), for i = 1,2. Then, we get that T;, for i = 1,2, are continuous
pseudocontractive mappings with (2, N (A;) = NZ, F(T;). Thus, the conclusion follows from
Theorem 3.3. O

The proof of the following theorem can be easily obtained from the method of proof of
Theorem 3.3.

Theorem 3.7. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T; : C — C,
fori=1,2,...,L, be continuous pseudocontractive mappings such that F := ﬂiL=1 F(T;) #0. Let f be
a contraction of C into itself, and let {x,} be a sequence generated by x; € C and

Xne1 = 0 f (X)) + (1 — ) K1, Korys - oo, KiNpy X, (3.43)

where Kijpx = {z € C: (y-zTiz) - U/tu){(y —z, (1 +1r)z—x) <0, forall y € C}, for
i=12,...,L and {a,} C [0,1] and {r,} C (0,00) such that lim,_, a, = 0, >0y = o0,
St lan — ay| < oo, liminf, 1, > 0, and 372 [rue1 — 1| < oo. Then, the sequence {xy},,
converges strongly to z € F, where z = Pr(f(z)).

4. Application

In this section, we study the problem of finding a minimizer of a continuously Fréchet
differentiable convex functional in Hilbert spaces. Let h and g be continuously Fréchet
differentiable convex functionals such that the gradient of h, (Vh) and the gradient of g,
(Vg) are continuous and accretive. For y > O and x € H,let T/ x := {z € H : (y -
z,(I - (Vh)z) = (1/ra){y -z, (1 +r,)z-x) <0, forally € H}and F/ x := {z € H :
(y-z,(I-(Vg)z) - U/ru){y -z, (L +r,)z—x) <0,forall y € H} for all x € H. Then, the
following theorem holds.

Theorem 4.1. Let H be a real Hilbert space. Let h and g be continuously Fréchet differentiable convex
functionals such that the gradient of h, (Vh) and the gradient of g, (V g) are continuous and accretive
such that N := N(Vh)NN(Vg) #0. Let f be a contraction of H into itself, and let {x, } be a sequence
generated by x1 € H and

X1 = A f(%n) + (1 = an)T, F} xp, (4.1)
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where {a,} C [0,1] and {r,} C (0, 00) such that im, —, oty = 0, i7oq An = 00, Dy |Ans1—an| < 00,
liminf, 1, > 0,and 37, [fne1—7n| < oo. Then, the sequence {x,} 5, converges strongly to z € F,
where z = Pn(f(2)).

Proof. The conclusion follows from Theorem 3.6. We note that from the convexity and Fréchet
differentiability of h and ¢ we have N (Vh) = argminyech(y) and N(Vg) = argmin,ccg(y).
O

Remark 4.2. Our theorems extend and unify most of the results that have been proved for
this important class of nonlinear operators. In particular, Theorem 3.3 extends Theorem 2.2 of
Moudafi [24] and Theorem 4.1 of liduka and Takahashi [12] in the sense that our convergence
is for the more general class of continuous pseudocontractive mappings. Moreover, this
provides affirmative answer to the concern raised.
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