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A model for the effect of pollution on an animal population partially dependent on a plant
resource is examined. Using a system of ordinary differential equations, the model tracks and
relates changes in an animal population and its internal pollution levels, a plant population and
its internal pollution levels, and the overall environmental pollution level. The model system is
analysed using standard mathematical techniques, including the direct Lyapunov method and
numerical simulations. Criteria for the stability of the system are found and numerically tested.
Three inequalities are sufficient to establish global stability, and a parameter range exists in which
these criteria are satisfied. The stability criteria dictate that the system will be globally stable
provided that the removal rate of the pollution from the environment, the intrinsic growth rate
of the plant population, and the rate the animal population relieves itself of its pollution are all
sufficiently large.

1. Introduction

Industrial production does not currently occur without emitting waste and byproducts. The
industrial emissions enter the environment surrounding the industrial site and affect the local
ecosystem. It has been shown that industrial wastes can decrease the birth rates, increase the
death rates, and reduce the carrying capacity of flora and fauna proximal to the source of the
industrialization [1]. Moreover, the local species can also affect the concentration of pollution
in the environment; the species may absorb, digest, and eventually metabolize the pollution.

Modeling how pollution emitted into an ecosystem travels through that environment
as well as modeling the subsequent effects of the pollution on the surrounding populations
is an important step toward the conservation and preservation of populations living near in-
dustrial sites. Accurate simulation of the pollution-population system is crucial to mitigating
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the potential loss of biodiversity. The majority of previous research endeavours that have
mathematically modelled the effects of industrial pollution on species surrounding the indus-
trial site have used the rate of uptake of pollution by the species as one of the variables in the
model [2-9]. In these instances, the rate of uptake has been modeled as a linear process. While
this approach simplifies some of the mathematical analysis, it does not track the movement
of pollution through the ecosystem.

Recently, research modelling the movement of pollution through an ecosystem using
a mass-balance approach for the pollution level was published [10]. This paper only deals
with a single species living in a polluted environment; however, a similar approach can be
used for a multi species model.

This paper draws on the multi species models previously developed by Dubey, Shukla,
and their collaborators, while implementing a mass-balance approach for the pollution levels
in the system presented by He and Wang to produce a new population-pollution model which
is analysed using classical stability techniques.

We begin by proposing a new model to study the effects of a pollutant on local animal
and plant biomass. We conduct local and global stability analysis on the nontrivial equi-
librium solution of the model using the direct Lyapunov method. And finally, we conduct
numerical simulations in order to compare the analytical results with numerical computa-
tions, in order to confirm that there is a parameter range for which the results are relevant.

2. Mathematical Model

Consider an ecosystem in which there are two principal biological species—a plant species
and an animal species. The animal species consumes and is partially dependent on the plant
species. Pollution is also being inputted into the ecosystem. We assume that the ecosystem
is a spatially homogeneous environment and also that there is no migration to or emigration
from the ecosystem. Additionally, we assume that all of the individuals within either species
population are identical.

To model this system we will use five state variables—N (t), B(t), Cn(t), Cg(t), and
Cg(t). N(t) represents the animal species density at time ¢, B(t) represents the plant species
density at time ¢, Cn (t) represents the concentration of the toxicant in an individual animal at
time t, Cg(t) represents the concentration of the toxicant in an individual plant at time ¢, and
CEg(t) represents the concentration of the toxicant in the environment at time ¢.

We assume that the growth dynamics of the animal species and the plant species can
be described using a modified version of the logistic growth equations.

When discussing the dynamics of population growth it can be useful to discuss the
dynamics in terms of the birth rate, b(t), and death rate, d(t), of the populations. In general,
we can think of population growth as

dN
—p = () —dn)N, (2.1)

If we let rg = by — dy where by is the intrinsic birth rate and d is the intrinsic death rate of the
population, then we can think of the general birth rate of a population growing according to
a logistic growth model as

b(t) = by — % (2.2)
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Similarly, the general death rate can be thought of as
d(t) = do. (2.3)

In the development of our model, we will first consider the population dynamics.

2.1. Population Dynamics

When developing an equation for the carrying capacity of the plant population, we assume
that the carrying capacity of the plant species decreases due to the presence of pollution in the
environment. Additionally, we assume that this change is proportional to the concentration
of pollution in the environment. Let bgy denote the intrinsic birth rate of the plant species,
rpo the intrinsic growth rate of the plant species, Kpy the intrinsic carrying capacity of the
plant species, and Kpc, the rate the carrying capacity decreases relative to the concentration
of pollution in the environment. The birth rate of the plant species can be written as

Bo B

_— 2.4
Kpo — Kpc,Ck @4)

bp(B,CE) = bpo -

For the death rate of the plant population, we assume that the death rate increases
proportional to the animal species population and proportional to the concentration of
toxicant present within the plant. These dynamics are akin to the animal population eating
and the pollution poisoning the plant population. If dpy is the intrinsic death rate of the plant
species, let dgn and dpc, denote the rates the death rate of the plant species increases relative
to biomass of the animal species and the concentration of pollution in the plant species,
respectively. Then, we describe the death rate of the plant population as

dB(N, CB) = dBO + dBNN + dBCBCB- (25)

Using rpy = bpp — dyo, the equation governing the plant population is

daB

T (bp(B,Cg) —dp(N,Cg))B, (2.6)
dB _ T'BoB
E = (TB() KB() — KBCECE dBNN dBCBCB>B- (2.7)

Now, consider the animal population dynamics.

Similar to the plant population, we assume that the animal species carrying capacity
decreases in proportion to the quantity of pollution in the environment. Additionally, for
the animal population, we assume that the carrying capacity increases in proportion to the
population of the plant species. This increase is due to our assumption that the animals are
partially dependent on the plants. Let byo, rno, and Kpp represent the intrinsic birth rate,
growth rate, and carrying capacity of the animal species, respectively. Additionally, let Knp
denote the rate the carrying capacity increases relative to the plant biomass and Ky, the rate
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the carrying capacity decreases relative to the concentration of pollution in the environment.
Then, we can write the birth rate of the animal species as

TN()N
Kno + KngB — Kne, Ce’

bn(N, B,Cg) = bno — (2.8)

To formulate the death rate of the animal species, we assume that the death rate
decreases in proportion to the quantity of plant biomass and increases in proportion to the
concentration of pollution present within the animal itself. We let dxg represent the intrinsic
death rate of the animal species, dnp the rate the animals death rate decreases relative to
the biomass of the plant, and dnc, the rate the animals death rate increases relative to the
concentration of pollution present within the animal. We can write the animal death rate as

dn(B,CN) =dno —dneB + dncyCnN- (2.9)

Clearly, using rno = bno — dno, we can describe the dynamics of the animal population as

dN

T (b~n(N,B,Cg) —dn(B,Cn))N, (2.10)
dN T'N()N
— = - B- : :
dt (rNO KNO +KNBB—KNCECE +dNB dNCNCN>N (2 11)

Continuing the derivation of our model, we next develop the equations for the concentration
of pollution dynamics via balance arguments.

2.2, Pollution Dynamics

The use of balance equations to model movements within a system is based upon the first
law of thermodynamics [11-13].

We use m, and m, to represent the average per capita mass of the animal and plant
populations, respectively, and we use m, to represent the mass of the environment. Then
mpBCp represents the total mass of toxicant in the plant population, m,NCy represents the
total mass of toxicant in the animal population, and m.Cg represents the total quantity of
toxicant free in the environment. m, is assumed to be sufficiently large and near constant,
and hence variations in m, do not need to be modeled. The flow of pollution in the system
can be visualized in Figure 1 and is described next.

We assume that pollution first enters the environment at a rate U(t). This pollution
naturally dissipates at a rate relative to the amount of pollution present in the environment
hm,Cg. The environmental pollution level decreases due to absorption into both the plant
and animal populations. The loss of environmental pollution due to absorption to the plant
population is given as g1m,CgB. The loss of environmental pollution due to absorption
into the animal population is given as kom,CgN. Pollution reenters the environment, as
part of the pollution cycle as it is egested by the animal population. The egestion occurs
at the rate k3m,CnN. Pollution also reenters the general environment as it is released
from dead animals and plants. The pollution is released from dead animals at the rate
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Input: U(T) Natural degradation: hm,Cg

Pollution in environment

Egested by

animals:
k3 my C N N

Released from Released from

dead plant: dead animals:
mydpCpB Absorbed by Absorbed by mndnCNN
plants: g1m,CgB animals: kom,,Cg N
Consumed by
Pollution in plant population animals: Pollution in animal population
k1 mypmy, CB NB
Natural metabolism: g,m;,CgB Natural metabolism: kym,CnN

Figure 1: Flowchart of the pollution movement through the ecosystem.

mudn(B,CN)CnN and from dead plants at the rate m,dg(IN,Cg)CgB. Using these rates
pertaining to the amount of pollution in the environment, we get

% =U(t) - hm.Cg — g1mpCeB - kom,,CEN + kzm,CnN
dt (2.12)
+mudN(B,CN)CNN + mypdp(N, Cp)CgB;
then, dividing by m, and using the notation u(t) = U(t) /m,, we have
e _ oty —hep - 8 cyp - MM N
M, M,
+ k3mn CNN + %(d}vo - dNBB + dNCNCN)CNN (2.13)
e e
my TNQN
—( bno - B.
’ Me < N Ko + KnsB - KNCECE>CB

Next, we consider the quantity of toxicant in the plant biomass.

We have already established that the plant biomass absorbs pollutant from the
environment, increasing the plant toxicant at a rate g;m;,CgB. Pollution inside the plant
biomass is naturally metabolized, leaving the system at a rate g»m;,CgB. Pollution returns
to the environment due to dead biomass at a rate dg(IN, Cg)m;CpB. Finally, pollution from



6 ISRN Applied Mathematics

the plant population is transferred to the animal population due to ingestion of plant matter
by the animal population at a rate kym,m,CgBN. So we get

dCmeB

¥ =g1mpCeB — omyCgB — dg(N, Cg)myCpB — kymym,CgBN; (214)

dividing by m;, we have

dCgB
dI: = g1CeB - 2CpB — kym,CyBN - dp(N,Cp)CgB, (2.15)

but clearly

dCgpB dB _dCp
e e 2.16
a B (216)

Substituting in (2.6) and (2.15), using

T’BoB
bp(B,Cg) =bpy + —————F+—, 217
(B, Cg) = bgo Koo = Knc.Cr (217)
and factoring, we have
dCB ( TB()B )
—— = 1Cg - kym,CgN - +bpy -~ ————— ) Cs. 2.18
ar g1CE 1 B $4 BO Kpo — KBCE Cr B ( )

We now consider the quantity of toxicant in the animal biomass.

Pollution enters the animal population via two routes—by the absorption of pollution
from the environment at a rate k,m,CgN and by the ingestion of plant biomass containing
pollution at a rate kjm,mCgBN. Pollution is released from the animal population as a
result of being egested, which occurs at a loss rate of k3m,Cn N, metabolized, which occurs
at a loss rate of kym,CnN, and released from dead animals, which occurs at a rate of
dn(B,Cn)m,CnN. Hence, we obtain

M = kim,mpCgBN + kym,CeN — kam,CnyN
T, (2.19)

- k4m,,CNN - dN (B, CN)m,,CNN.

First, we divide by m, to get

dCNN = klmbCBBN + szEN - k3CNN
dt (2.20)

- ksCyN - dN(B, CN)CNN.
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Then, we use the fact that

ACN\N . dN _dCx

Substituting in (210) and (220), using bN (N, B, CE) = bNO + T‘NQN/ (KNO + KNBB - KNCECE)/
and factoring we determine that

dCn

TN()N
— = B - - . 2.22
at klmbCB + k2CE <k3 + k4 + bN() KNO n KNBB _ KNCECE )CN ( )

After the previous assumptions and derivations we can combine (2.7), (2.11), (2.13), (2.18),
and (2.22) and arrive at our completed model:

dN TN()N
—_— = _ B -
I <TN0 Ko+ KnpB - Knc.Cr +dnB dNCNCN>Nr
dB TB()B >
g -2 _dgenN-d B
T <TBO Koo — Knc.Cr BN Bc;CB ) B,
dC
=N k1myCgB + k,CEg
dt
TN()N
—<k3+k4+bNo— >CN/
K KngB - K
~No + KB ~nc:CE (2.23)
dCB < TBQB >
— = Cg - kym,,CgN - +bgy— —— )Cp,
ar $1CE 1 B 0 BO Kpo — KBCECE B
dC m
d_tE = u(t) + —b(dBO +dpNN + dBCBCB)CBB
Mme
my
+ m—(k3 + dN() - dNBB + dNCNCN)CNN
~ " o CpB - MMk, CEN - hCE.
M, M,
3. Equilibrium Analysis
Our model has four nonnegative equilibria:
Eo =(0,0,Cny,CB,,CE,),
E1 =(0,B1,Cn,,Cs,,CE,),
(3.1)

E; = (N,0,Cn;,,Cs,,CE,),
E* = (N*,B",Cy, Cj, C3).

Since we derived the equations for dCg/dt and dCy /dt under the assumption that both N
and B are nonzero, then the solution we are chiefly concerned with is E*.
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3.1. Existence of E* = (N*,B*,C};,C},C})

For E* = (N*, B*,Cy,, C,C}), N*, B*,C};, C}, and Cj, are the positive solutions of,

I’NoN*
0= - dneB* —dneyCry,
N0 Ko + KngpB* - Kne:Cr e NevEN
TB()B*
0= - —dgnyN*-dgc,Ch,
B0 Koo - Ksc,Co BN Bc;Cp
T‘NQN*
=k *B* + koCr — | kz + kg +bno — A
0 = kympCLB* + k,Cr. < 3+ kg +bno Kot KnpB* _KNCEC*E>CN,
0= g1Ct — kymaCiN* = ( go+bgy - —2B N or _ Moo o pe
=81t 1Min’-p &2 B0 KBO_KBCECE B megl EZ 7

m * * * % m * ¥
0= u(t) + #(dlgo + dBNN + dBCBCB)CBB - EbglcEB

+ ﬂ(k:; + dNQ — dNBB* + dNCNCE)CNN* - ﬂszEN* - hCE
M M

Recall that rgy = bpg — dpo, and so, by (3.3),

T‘BoB*

—————— =dp +dpNN" +dpc,Cy.
Ko — Kpe, s vo + dpNIN" +dpcsLp

bpo —

Substituting this into (3.5), we have

0 = dpc, (C5)? + (kimuN* + g5 + do + dgnN*)Cly — 1CE.

Hence,
o AN VB (N +4g1ddpc, C;
b 2dpc, ’
where,
P1(N*) = kim,N* + dgnN™ + @ + dpo.
Let

—Br(N7) + \/ﬂl(N*)2 +4¢1dpc, Cy,

f1(N",CE) = 2dpc
B

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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Consider (3.3). Since Cp = f1(N*,C}),

B*

Let

f2(N*,Cp) =

_ (Kgo — K, Cp) (rao — dpnN* — dpc, 1 (N*, Cp))
¥Bo

(Ko — Kpe,Cy) (rso — dpnN* — dpc, f1(N*,C}))
TBo

Next, recall that rno = bao — dno, and so, by (3.2),

bno

_ rNON*
Kno + KngB* — KNCECE

= dNO — dNBB* + dNCNC*N'

Substituting this into (3.4), we have

0 = dney (C5)7 + (ks + kg + dno — dnpB*)Cly — (kimypClyB* + kyCl).

Using C}, = f1(N*,C}) and B* = f1(N*,C}), we find

where

B(N',C) + B (N, C1) + fy(N*, C3)
- 2dncy ’

Ci

Po(N*,Cy) = ks + ks + dno — dnpfo(N*,CE"),
ﬂ?,(N*, Cz) = 4dNCN (klmbfl (N*, CE*)fz(N*, CE*) + szE)

Let

2N, Cp) + PN Co)* + s (N, ).

N*,C}) =
f3 ( E) 2dNCN
Next, if we consider (3.2), we have
N*
0= rNO — o + dNBB* - dNCNC}k\,.

KNO + KNBB* — KNCECE

Using B* = f,(N*,Cy) and Cy, = f3(N*,C}), we find

N*

_ Pa(N", C}) (rvo + dns fo(N*, Cp) —dney f3(N*, Cp))
7NO !

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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where

ﬁ4(N*,CE) ZKN0+KNBf2(N*,CE) _KNCECE' (321)
Finally, we consider (3.6) and

m m
0= u(t) + —b<d30 + dBNN* + dBCBCE)CEB* - —bg1CEB*
me me

" " (3.22)
+ m—n(kg, + dNO - dNBB* + dNCNC}k\r)CNN* - m—nkzcgN* — I’lCE
Substituting in Cj, = f1(N*,C}), B* = f2(N*,Cy), and C}, = f3(N*,Cy), we find
o o et +my(dpo + dgnIN* + dpe, f1) fif2
E™ mpg1 f2 + MykoN* + mh
(3.23)
. my (ks + dno — dnsfr + dney f3) f3N*
mpg1 fo + mukoN* + meh ’
Thus, the nontrivial solution to the system is given by
N+ = PN, Cp) (rvo — divey f5(N*, Cp) +dnsfa(N*, Cp))
rNO ’
B* = f,(N*,CE"),
Cy = f3(N*,CE"),
Cy = f1(N*,C;), (3.24)
o _ mett mufs(N*,Co) Fi(N*,C3) f2(N*,Cp)
£ Ps(N*,Cp)
My f7 (N*,Cz)f3 (N*,CE)N*
ps(N*,Cy) '
where
* *\2 *
o PN+ BN + 4g1dsc,C
fl (N 4 CE) = 2d ’
BCj
(N, CEry = (Koo = KoerCp) (oo = donN" + dncy i(N", Cp)). (3.25)
TBo
s ~B(NYC) BN, C) s (N, C)
f3(N*,CE") = ,

2dncy
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where

P1(N*) = kym,N* + dpnN™ + g + dpo,
ﬂz(N*, CE) = k3 + k4 + dNO - dNBfg(N*, CE*),
ﬂg(N* CZ-) 4dNCN (klmbfl(N* CE*)fz(N* CE*) +k2C )
ﬂ4(N*, CE) = KNO + KNsz(N*, CE) = KNCECE/ (326)
B5(N*,Cy) = mpg1 fo(N*,Cy) + mukoN* + m.h,
ﬂ(,(N* E) dBO +dBNN +dBCBf1(N Ct )

ﬂ7(N* C*) k3+dN0—dNBf2(N* C*)+dNCNf3(N Cy )
Provided that N* and C}, exist, we can find the corresponding C7, B*, and C};.

4. Stability Analysis

Theorem 4.1 (conditions for local stability). Given

§ 17No (82 + kym,N* + bg(B*,C}))
4 Kn(B,CL) (kimaCy)?

r50Cp (4.1)

C1 =
T O e, Ks(C)

o < 04—3(k3 + ks + by (N*, BY, CL))Q(N*, B, C%, Cl, CL),

where
Q(N*,B*,C%,C5, CL)
- S5 50 ’ amuN' + g2 + by (B, C)
= min — > ,
dsc, \ Kz(CL)6(N*, B, C,,Ch, Cs) (kymy, B*)

(4.2)

where
KnprnoN*Ch
8(N*,B*,Cl,Ch, CL) = kymyCly - — 20~ =N (4.3)

Kn(B*,CL)°



12 ISRN Applied Mathematics

if the following inequalities hold:

1)
CzTN()C}k\] z Ccy TNO (k3 + k4 + b]\] (N*, B*, CE))
ANen = o ey — — , (4.4)
KN(B ’CE) KN(B ’CE)
()
361 B0
4 Kp(Cp)
2
<dNB + KnprnoN*/Kn (B, CE)2 - CldBN>
> " (4.5)
rno/Kn (B, Ch)

(ClmeKBCETBOB /KB(C*> —mde(N Cx )C* +mndNBC N* +mbg1C*>
N me (mpg1B* + mukyN* + hm,) ’

®)

kzN* + meh)

2
<meKNcErN0N*/KN (B*, C*E)z—mdeNC* B*-m, (k3 + dN (B*, C;\]))C}k\[ +mnk2CE>

g T’No/KN(B Cx )

2
(came (Kot KnearnoN*Cry /K (B, Cp)? )+ 1, N* (ks +y (B, C ) +dnen Cry) )

" C2(k3+k4+bN(N*,B*,CE))

2
(esme(g1+ Koc,rsoB*Cy/Kp(Cy)?) + muB* (ds(N*, Cy) + dic, Cp) )
* c3(kym,N* + g, + bg(B*,C})) '

(4.6)
then E* is a locally stable equilibrium of system (2.23).
Theorem 4.2 (conditions for global stability). Using the notation
Kn(B,Cg) = Kno + KngB = Kne, CE,
Kp(Ck) = Kpo — Kpc,: Ck,
(4.7)

Dn(B,Cn) = dno — dnsB + dneyCn,

Dg(N,Cp) = dpo + dsnN + dpc,Cs,
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let Kn(B,Cg), Kg(Cg), Dn(B,Cyn), and Dg(N, Cp) be such that

Kn = Kno = Kne, < Kn(B, Cr) < Kno+ KnpKpo = K,

Kp = Kpo - Kpc, < Kp(C) < Kpo = K,

L (4.8)
|IDn (B, CN)| < dno +dncy = DN,
|D(N, Cp)| < dpo + dgn N + dpc, = Dp.
Then, given
r + kym,N*
O<cr < No(gz 12_ )
4(k1mn) KN
(4.9)
+ kym,N*
0<c < ks + kg max<_ B0 2C2(g2 1m " )>
4 KB(k1mb + TN()N*C}"\,%) (kymyB*)
where
7= Ky
(Kno + B*Knp - Knc;)
= Kve, (4.10)
(KNO+B*KNB_KNCECE)2 '
— Kpc,
H= 2
(Ko — Kpc,Cp)
if the following inequalities hold:
(1)
(k3 + k4) ?
C1 'NO C1YNO
P > (chN + Kn > , (4.11)
(2)
S 2
3 1bo. . (dng + N*rnom +dpn)” Kn . <dBCB + CerO/ﬁ)
4K 7NO c2(g + kim,N*)
(4.12)

- 2
(B*TBo‘l_tmg +mpg + meB + mnN*C;\;dNB>
+

7

me (meh + mpg B* + m,koyN*)



14 ISRN Applied Mathematics

Table 1
Population parameters
by =3 dpo =2 kuo =5
byy = 80 dy =3 kyo=.5
k=1 kyce = 0.1667 dy =0
dyen = 0.01 kpee = 0.0125 dpn =1
dpey =1
Mass parameters
m, =1 mp =1 me =1
Pollution parameters
ki =3.01 k=1 ks=1
ks =52.01 g1 =55 g =100
u=1 h =100
®)
3m
1 ° (meh + mpg1 B* + mykoN*)
— - — 2
Kn <meN*rN0112 + myuks + myuky + m,Dpn + mbB*CEdBN>
>
NO
e — . —_— . 2 (4.13)
<C1me(k2 + rnolN CNTZZ) + N*m,, <k3 + DN + CNdNCN>>
+
c1(ks + ka)
— 2
<sze (81 +rpoB*Cyp) + myB*(Dp + C’,;dBcB)>
+

7

C2<g2 + klmnN*)

then E* is a globally stable equilibrium of system (2.23).

5. Numerical Simulation

To study the applicability of the model we need to test a range of parameter values for which
E* exists and is stable.

Example 5.1. Consider the set of parameter values for our numerical calculations in Table 1.
With these parameter values, the nontrivial equilibrium, E*, of the model exists and is

N*=.9919, B* = 0.4934, Cx = 0.0007, Cy = 0.0003, Cy=0.0095. (5.1)

Using ¢; = 0.0751, c; = 1, and ¢35 = 1, it can be verified that the conditions given by
(4.4)—(4.6) for Theorem 4.1 are satisfied. Hence, E* is locally asymptotically stable.

Moreover, using ¢; = 1 and ¢; = 1, it can also be verified that the conditions given by
(4.11)—(4.13) for Theorem 4.2 are satisfied. Hence, E* is globally asymptotically stable.
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Time
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0.008 } 1

0.006 } 1
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0.002 + 1

(b) Numerical approximation of Cn;, Cp and Cg

Figure 2: Numerical approximation to the time series solutions for the system of differential equations
(2.23). The parameter values used were b,y = dyy = 3, dno = 2, ko = ko = .5, bpo = 80, dpen = 0.01,
ki = g =h =100, kyce = 0.1667, ke = 0.0125, kr = 3.01, dpp = 0, kg = 52.01, g1 = 5.5, and kpp = dpn = dper =
m, =my = m, = ks = U = 1. The initial condition used was (Ny, By, Cno, Cpo, Cro) = (0.5,0.25,0,0,0).

Figure 2(a) depicts the numerical approximation to the time series for the populations,
and Figure 2(b) depicts the numerical approximation to the time series for the pollution
levels. An initial condition of (Ny, By, Cno, Cpo, Cro) = (0.5,0.25,0,0,0) was used for the
simulation. Both time series were achieved using the MATLAB solver odel5s.
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Table 2

Population parameters
by =3 dno =2 kno = .5
bbg =9 dbO =3 kbg =.5
k=1 kyce = 0.1667 dw =0
dpen = 0.01 kpce = 0.0125 dpn =1
dbe = 1

Mass parameters

my =1 mp =1 me =1

Pollution parameters
ki =3.01 ky=1 ks=1
ks =52.01 g1=55 £ =100
u =100 h =100

Example 5.2. If we increase the amount of pollution being input to the system, reduce the
birthrate of the plant population, and rerun the simulations using the set of parameter values
in Table 2.

The nontrivial equilibrium, E*, of the model exists and is

N*=.7634, B* = 0.4236, Cy = 0.0749, Cj = 0.02925, Cr=09795. (5.2)

Using ¢; = 0.6104,c; = 1, and ¢3 = 1, the conditions given by (4.4)—(4.6) for Theorem
4.1 are satisfied, and therefore E* is proven to be locally asymptotically stable.

Similarly, using ¢; = 1 and ¢, = 1, the conditions given by (4.11)—(4.13) for Theorem 4.2
are satisfied and E* is globally asymptotically stable.

Figure 3(a) depicts the numerical approximation to the time series for the populations,
and Figure 3(b) depicts the numerical approximation to the time series for the pollution
levels. An initial condition of (Ny, By, Cno, Cpo, Cro) = (0.5,0.25,0,0,0) was used for the
simulation. Both time series were achieved using the MATLAB solver odel5s. Notice that
the plant population approaches the equilibrium much slower in Example 5.2 than in
Example 5.1. Also, it appears as though with the parameter settings used in Example 5.2 that
the pollution has a greater impact on the animal population than the plant population; the
magnitude of the decrease in size of the animal population at the equilibrium between the
two examples is greater than the decrease seen in the plant population. It is also interesting to
note that the pollution values are two degrees of magnitude larger in the second example than
in the first example. The increase in the concentration of the pollution levels is of the same
level of magnitude as the increase in the rate of pollution input into the system. It was found
that if the simulation is rerun with by = 8, then the second global stability criterion given
in (4.12) fails; however, numerical solution remains similar to that computed in Example 5.2.
This implies that the stability criteria are sufficient but not necessary.

6. Conclusions

In this paper a new system of differential equations designed to study the effects of pollution
on two species—one plant and one animal—in a closed environment was developed.
The model was analysed using standard methods for nonlinear systems of differential
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Figure 3: Numerical approximation to the time series solutions for the system of differential equations
(2.23). The parameter values used were by = dpo = 3, dpo = 2, kno = ko = .5, byo = 9, dyen = 0.01,
ki =g =h=U =100, kyce = 0.1667, kpce = 0.0125, ky = 3.01, dpp = 0, kg = 52.01, g1 = 5.5, and kyp = dpy, =
dpep = my, = my = m, = k3 = 1. The initial condition used was (Ny, By, Cno, Cgo, Cro) = (0.5,0.25,0,0,0).

equations. The problem was chosen as much work in the field has been done in the past;
however, simplifications have always been introduced in order to help make the problem
mathematically tractable. Our work strives to incorporate another level of biological realism
to the model by fully accounting for the movement of pollution in the system using a mass-
balance approach. In addition, the work was designed to include practical parameters that
would be measurable in a real-world context.
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Itis clear from Examples 5.1 and 5.2 that the nontrivial solution for our system is stable
for at least some range of parameter values and there is also a parameter range in which
the stability criteria are satisfied. By analysing the model using the Lyapunov direct method
we were able to derive criteria for the stability of the system. For both the local and global
stability, three sufficient conditions for stability were determined. For local stability, these are
given in (4.4), (4.5), and (4.6). The three criteria sufficient for establishing global stability are
given in (4.11), (4.12), and (4.13). We can interpret the biological meaning of these criteria to
gain further insight into our model.

Upon analysing the parameters included in stability criteria it was found that the
system is locally stable provided that

(1) pollution degrades or is removed from the environment at a fast enough rate,
(2) the plant population experiences net growth at a fast enough rate,
(3) (a) the animal population relieves itself of pollution at a fast enough rate
(b) the animal carrying capacity is large enough,
(c) the animal population births at a fast enough rate.

The system is globally stable provided that

(1) pollution degrades or is removed from the environment at a fast enough rate,
(2) the plant population experiences net growth at a fast enough rate,

(3) the animal population is able to relieve itself of its pollution burden at a great
enough.

Further work that could be done with the model includes parameterizing the model
using parameters for a known situation and comparing the predictions of the model to the
real-world phenomena.

Further extension that could be made based upon the model includes incorporating
features such as age structure, delay, or diffusion.

Appendices
A. Proof of Theorem 4.1

We will work with the linearized form of the model, which can be written as

AN _ . = s A oo

dé P—— . B . * s~
E = —]21N — ]22B - ]24B CB - ]ZSCEr
dCn
dt
dCp
dt
ics
dt

= ]'31ﬁ+ ]'321§ - ]'3361\1 + j34CB + ]'35615, (A1)
= —]'41ﬁ+ j42§ - j44éB + j456E/

= ]'51ﬁ+ js2B + jssCn + jsaC — jssCE,
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where ji; represents the absolute value from the ith row and jth column of the Jacobian matrix

evaluated at E* = (N*, B*,C};, C}, CL).
Consider the positive deﬁmte function

V(N,B,Cn,Co,Ce) = 5 | e (N =N+ (B-B7) +ea(Cu-Cr)

(A2)
~ 2 2
+e;(Co-Cp) + (Ce-Cp) ]
Differentiating V with respect to t, we get
v 1 y— NdAN ¢ /5 _~\dB ~ .\ dCn
ar = (NN G g (BB) G (O -C) T a3

rar(Co-C )djf +(Ce- c*)djf

Using the notation

2a11 = jn = IO
KN(B* 1)’
. YBo
2ap =cijn = K (C %

2as3 = Czj33 = Cz(kg + kg + bN (N*, B, Cz))r

2a44 = c3ju = c3(kim,N* + g + bp(B*,C})),

2(155 = j55 = @ng* + ﬂkzN* + h,
Mme me

12 21 KnprnoN*
a2 = ]]\[ ;3* = dnp + — N — cydpy,
Kn (B, CL)
P | P ~ NoCy
13 = 3w~ C2fa1 = dney —KN (B,
aiy = cajia = c3k1Cy,
] ) Knc,rnoN® m . o
ais = % —J51 = NG N0 T 5~ —deNCBB
Kn(B',CoR e

- %:“‘3 +dn (B, CY))Cly + Z—:sz*,

. . KnprnoN*CR
ax = Cojz = C2 <k1mbC3 - N

Kn (B, Cp)°
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24 )
axy = Cl 0, —C3Ja2 = CldBCB —-C

J
azs = Clﬁ — ]2 =0

aszs = C2j3s + j53 = C2 <k2 +

45 = C3ja5 + J54 = C3 <81 +

ISRN Applied Mathematics

I’Bocg
B "Ks(Cp)’

Kpc,rpoB*
Kp(C)?

myp * * * Ny * * my, *
- m_edB(N ’CB)CB + m_edNBCNN + m—eglcgr

azy = Cojza = CokymyBY,

KNCErNON*C}k\[>
Kn(B,CL)? /)’

+ %N*(ke, +dn (B, CY) +dncyCR),
e

Kpc,rp0B*Cy >
K5(Cp)*

+ %B*(dB(N*,Cg) + dpc, Ch).

(A4)
and some algebraic manipulation, we can rewrite the system as

NN van(N-N) (8-5) - 2 (5

NN -an(N-N) (En-G) - B(En-Gi)

N-N) - au(N-N) (G- Cp) - 2 (Cy-G5)

N-N) -an(N-N) (€e-i) - (e -ci)’

B-B) +an(B-B)(Cn - Ci) - 2 (Cn-C1)’ -

B-B )2—a24(1§—3 )(Cs-C3) —%(Cg—cg)z

B-B) - an(B-B)(Ce-Cp) - 2 (Ce- )’

C
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Then, factoring the equations, we obtain

Sufficient conditions for dV/dt to be negative definite are

2

a
f

an
2

a
s

an

2

ay, < aids,
2

ays < axass,
2

Az, < azzdyy,

2
aj; < danass,

2 2
a a
2 + 2 < 3[122,
a44  4sp

2 2

a a
35 + 5 < 3(155.
asz  a44

21

(A.6)

(A7)
(A.8)
(A9)

(A.10)

(A.11)

(A.12)
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Examining (A.7), we find

2
ajy < a11044,

_ 1mvo(g+ kiN" + by (B, Cp)) (A.13)
4 Kn(B,CL) (kim,Cy)

Considering (A.8), we find:

11%3 < axdass,
oG rgo(ks + ks + by (N*, B*,C})) (A.14)
2 e 5"
K3(Cp) (kumyCy = KnprnoN*Cio/ Kn (B*, C)*)

4

Considering (A.9), we find an additional condition for choosing our coefficient c,:

2
as, < azzayy,

cs (ks + ks + by (N*, B, Cp)) (kimuN* + g + bg(B*, C})) (A.15)
< — .
P4 (kymyB*)*

Note that, if both of the conditions relating to c; are satisfied, then

s (ks + ks + by (N*, B*,Cy) ) (kim, N* + g, + bp(B*,C}.))

Cy < min
’ 4 (kympB*)?

(A.16)
Cc1 T’Bo(k3+k4+bN(N*,B*,CE))

b Ku(Cp) (kmiCy - (KnarnoN“Cio /K (B+,C1)))’

Looking at (A.10), we find the first general condition for local stability:

2
aj; < anass,

moCy \° e ro(ks + ky + by (N*, B*,CL)) (A17)
dney —C—r oy ) <7 — .
Kn(B ,CE) 4 Kn (B ’CE>
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Equation (A.11) gives the second condition for stability:

2 2 2
a a a

3ay > —= 12, 724, —25,
aily da4  A4ss

301 B0
4 Kp(Cp)

£\2 2
(dNB + (KNBTNON*/KN (B*,C}) > - CldBN>
rno/Kn (B, Cy)

(c1dBc; — c3(rpoCy/ Kp(Ch )))
cs(kimuN* + g2 + bp(B*,Cp))

>

2
(crme(KcorsoB*/Ki(Cp)?) = mydp (N*, Cp) Cp+ maudnpCi N + mygi Cy )
i me (mpg1 B* + mukoN* + hm,) '

(A.18)

If we let ¢1 = c3(rpoC};/dpc; Ks(C})), this reduces to

3C1 B0
4 Kp(Cp)

<dNB + (KNBTNON*/KN(B* Ci )2> - CldBN>2

g T’No/KN(B Cx )

<Clme<KBCETBOB /KB(C ) > mde(N Cx )C* +mndNBC* N~ +mbg1C )
+ .

me (mpg1B* + muk, N* + him,)
(A.19)

Finally, (A.12) gives the third and final condition for local stability:

3me

(mpg1B* + mukoN* + m.h)

2
(meKnernoN*/Kn (B, Cy)* = mydsn CyB* = my (ks + dn (B*, Cxy) )Cxy + mukaCh )

- rno/ (Kn (B, CL))
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2
<szg<k2+ Kne,rnoN*Ciy/Kn (B, c;)z) +m,N* (ks + dn (B, Cly) +dncy cyv))

! ca(ks + ks + by (N, B, C1))

2
(csme(g1 + Kic,raoB*Cy/Kp(Cy)?) + myB* (ds(N", Cp) + dpc, Cp) )

+
c3(kim,N* + g + b (B*,C}))
(A.20)
These conditions are equivalent to those given in (4.1)—(4.6).
B. Proof of Theorem 4.2
Consider the positive definite function
* * N * * B
Vl(N,B,CN,CB,CE) =N-N"-N III(ﬁ) +B-B*-B ln<§>
(B.1)
c c 1
+5(Cn=Cx)" + 5 (Cs = C5)" + 5 (Ce ~ C1)”
Then, differentiating V; with respect to t, we get
dVi (N-N*)dN (B-B*)dB . ACN
TN a B aralO T o)
.. dCs . dCr ’
+ Cz(CB - CB)W + (CE - CE)W
Using (2.23), we find
dVl _ " rNnoIN
T (N-N )(bNO Kn(B,Cr) Dn(B, CN))
TB()B >
+(B-B")( bgy - ——=— - Dg(N,C
( )( ) 5(N, Cp)
+C1 (CN — C*N) <k1mbCBB + kZCE - (k3 + k4 + bNO)CN + M)
KN(B/ CE)
BC (B.3)
Y r
+C2(C3—CB)<g1CE—k1mNCBN— (g2+b30)CB+ 50 B>
Kp(Ck)

+(Ce-C}) (u + %DB(N, Cp)CsB

+ﬂ(k3 + DN(B, CN))CNN — @81(:53 — ﬂkzclgl\] - hCE>
e e M
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Using the notation

1 1
- B-B*), B+#B",
<KN(B,CE) KN(B*,CE>>/ (B-BY), B#

-1 OKn(B*, CE)
K%, (B*,Ck) 0B '

( 1 1
_ Cg-C%), Cp#C%,
<KN(B*,CE) KN(B*;CE)>/( E E) E# E

1 0Kn(B',CY)
| Ky (B, Cp)  oCe 7

1 1 ) *
(KB(CE) - KB(CE)>/(CE_CE)' Ce#Cp,

m(B,Cg) = 4
B = B*,

12(B*, CE) =

Ce=C3,

(CE) = 1
: -1 aKB(CE) CE =C*
| K3(C;)  0Ce Y
Dn(B,Cn) - Dn(B*,Cn) B#B*
B _ B* 7 7
(Ifl(B/CN) =
0DnN(B,Cy) B_B
L aB 7 7
( Dn(B*,CN) - Dn(B*, Cy) Cn#C*
X Cn —C* s N s
¢2(B*,CnN) = < X N==N
ODN(B", CN) Cn = C*
L aCN s N N’
rIDB(]\I,CB)—IDB(]\T*,CB) N#N*
N-N- ’ /
G1(N,Cg) =
0Dg(N, Cp) N = N*
L aN 7 7
Dg(N*,Cp) - Dp(N*,Cy) Cs£C:
X Crn—C* s B B’
G(N*,Cp) = 4 X BB
ODg(N*, Cp) Chn=C*
L aCB 7 B B

and some algebraic manipulation, we can rewite the systems as

av, 1

1
—r =5 (N =N’ +an(N - N*)(B - B") - san(B - B")’

1 1
~5an(N = N*)*+ (N = N*)(Cn = C}) — 5a3(C - cy)’

1 1
- 5an(N = N+ au(N - N*)(Cp - Cy) - 51 (Cp - Cy)’

25

(B.4)
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where
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1 1
- Ean(N - N*)2 + I.Z15(N - N*)(CE - CE) - §a55(CE - CE)Z

1 1
~ 5a2(B~B")’ +ax (B~ B')(Cy ~ Cx) = 5a5(Cn - cy)’

1 1
~ 5a2(B~B")* + au(B - B")(Cp ~ C) ~ 541 (Cs - Cy)’

1 1
— E[lzz(B - B*)2 + a25(B - B*)<CE — C*E) — 5[155 (CE - CE)Z

2
1

1
~ 5a33(Cn ~ Cx)* +a35(Cny = Cx) (Cr — Ci) ~ 5a55(Ce ~ Cp)

2

1 1
- §a44 (CB - CE)Z + Cl45(CB - CE) (CE - CE) - 5[155 (CE - CE)Z,

- ™o
2I<Z\T(B/ CE),

G0y = B0
27 2Kp(Cp)’

ain

_a __rnoNT
as = 5 <k3 + k4 + bno En(B,Co) >,
16)) rgoB*
= 2 gty N* + by — -2,
) <g2 T B0 KB(CE)>

1
ass = —<h + @ng* + ﬂkzl\]*>,
2 M, M,

a2 = -1 (B,CN) = N*rnomi (B, Ce) = 61 (N, Cp),

c1rnoCn

a3 = —¢o(B*,CN) + ————,
13 = — ¢ ( N) Kn(B,Cr)

ayy = —cokym, Cp,
" " mn
a5 = —=Nrnom2 (B, Cg) + <%(k3 +Dn(B,Cn))CN
mn mb .,
_%kZCE + %B CB§1 (N/ CB))/

ax; = ¢1(kimpCp + rnoN*Crymi (B, Ck)),

c2rpoCp

=-{(N*,Cp) + ,
az = 8o B) Kp(Cr)

1 1
— —as3 (CN - C}k\])z + dzg (CN - C}k\]) (CB - Cg) - 5044((:3 — C*B)Z

(B.5)
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* my
axs = —B*rpop(Cg) + (m_DB(N/ Cp)Cp
m My
_m_iglcE N Cqul(B,CN)>,

az = crkiymyB*,

ass = c1(ky + rnoN*Cy12(B*, C))
m
+ m—nN*(k3 +Dn(B,Cn) + Cy¢2(B*,CN)),

ass = c2(g1 + 0B Cyu(Ck))

m
+—B*(D5(N,Cn) + Cpea(N", Cp)).
e

(B.6)
Note that
OKn(B,Cg)| _ OKn(B,Cp)|
3B = Kns, aCr = Kncy,
OKp(Ce) | _ 0DN(B,CN) | _
aCE BCgs 9B NB/ (B 7)
DN (B,CN)| _ Ds(N,Ca) | _ ’
aCN - NCN/ aN - BN,
‘aDB(N/CB) =d
aCB = UBCp-
Additionally, note that, by mean value theorem and the previous definitions,
|Tll| < =M1,
(Kno + B*Kng - Kne,)®
|m2| < K, =T
(KNO + B*KNB — KNCECE)
< — -,
(Ko = Kpc:Cr) (B.8)
|| < dns,
AR INN
161 < dan,

|§2| < dBCB‘
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Factoring dV;/dt as

dt

ai4
an

a4

1 a

~5ax( (Cv-CR) - =2 o (Ce-cp)
1 * ass * 2 1

- yau( (Cs-Cp) - a_44(CE -Cp)) -3

we see that sufficient conditions for dV;/dt to be negative definite are:

2

a
it 3N

an
2

a
s

an

d 2
=z ((N-N) - 225 p)) —%<
(N - N*)-_(cB-cg)>

ann (B B*)—%(CN Cx ))

(
(
(
(
(G ]
(
(
(
(

ar (N N*)—E(CN Cx )) %<

2 2
an ((N-NY-22(Cc-cp) ) %< i _> (Ce-

2
a 1 a
ass( (Ce-Cp) - 25(3 B*)> —§<azz—a—55
1
2

2
as((Cx -Ct )—@«:B—cg)) <

2

ay, < aids,
2

ays < axass,
2

Az, < azzdyy,

2
aj; < anass,

2 2
a a

24 25
— + — < 3[122,
ags  dss

2 2
435
asz  a44

a
+ -} < 3(155.
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(B.9)

(B.10)
(B.11)
(B.12)

(B.13)

(B.14)

(B.15)
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To simplify the conditions, we can find an upper bound for the left-hand sides of the inequal-

ities and lower bounds for the right-hand sides of the inequalities.
First consider (B.10). This can be used to place a restriction on c;:

2
ajy < a1ass,

< T'No(gz + klmnN*)
4R (kimy)®

Equation (B.11) can be used to place a restriction on c;:

2
ays < axass,

o (ks + k4)

Cl < —— — -
4Kp (klmb + rNON*C*erl)

Considering (B.12), an additional restriction can be placed on cy:

2
a3y < a33a44,

o < C2(k3 + k4) (g2 + klmnN*)
1 4emBr?

Since we have established

7Bo (ks + ki)
4K_B(k1mb + TN()N*C}"\,%)Z

o2 (ks + ks) (g2 + kym,N*)
1 <

4(kymy B*)*
both conditions will be satisfied if
. < rpo(ks + ky) ca(ks + ky) (g2 + kym, N*) >
c1 <min( — —. > .
4K3(k1mb +TN0N*C*N711) 4(kymyB*)

Next consider (B.13) to establish the first condition for global stability:

2
aj; < d1ass,

2
dney + carno ) _ C17’N0(k_3+ k4).
Kn 4KnN

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)
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Considering (B.14), we develop the second sufficient condition for global stability:

2 2 2
a a

34y > 12 T 25
agy  Aass

2
§@ - K_N(dNB + N*TN()%+ dBN)Z N <dBCB + Cﬂ’BO/&)
4K, 7NO (g2 + kym,N*)

(B.22)

_ S 2
<meB*rBO/4 + mpDp + mpg1 + mnN*C}‘VdNB>
+

me (meh + mpg B* + mukoN*)

Finally, considering (B.15),

2 2 2
a a
3ass > 15, 735 45,
ajn  asz  agy
3m,
4

(meh + mpg1B* + muko,N™)

- —_ 2
KN (mEN*rN0@+mnk3+mnDN +mnk2+mdeNB*C§>

> —— (B.23)

(clme(kZ + TN()N*C;\,%) +m, N* <k3 + D_N + dNCNC}k\I>>2

+
c(ks + ka)

(sze (gl + T'boB*C’gﬁ) + mpB* (D_B + dBCBCE>>2

+
Cz(gz + k1mnN*)

These conditions are equivalent to the conditions for global stability given in Theorem 4.2.
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