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Let k be a positive integer, and let G be a graph with minimum degree at least k. In their study
(2010), Henning and Kazemi defined the k-tuple total domination number y.x:(G) of G as the
minimum cardinality of a k-tuple total dominating set of G, which is a vertex set such that every

vertex of G is adjacent to at least k vertices in it. If G is the complement of G, the complementary
prism GG of G is the graph formed from the disjoint union of G and G by adding the edges of a

perfect matching between the corresponding vertices of G and G. In this paper, we extend some of
the results of Haynes et al. (2009) for the k-tuple total domination number and also obtain some
other new results. Also we find the k-tuple total domination number of the complementary prism
of a cycle, a path, or a complete multipartite graph.

1. Introduction

In this paper, G = (V, E) is a simple graph with the vertex set V and the edge set E. The order
|V| of G is denoted by n = n(G). The open neighborhood and the closed neighborhood of a vertex
v € Vare Ng(v) = {ue V(G) |uv € E(G)} and Ng[v] = Ng(v) U {v}, respectively. Also the
degree of v is deg (v) = [Ng(v)|. Similarly, the open neighborhood and the closed neighborhood of
aset S CVare Ng(S) = Upes N(v) and Ng[S] = N¢(S) U S, respectively. The complement of
G is the graph G with the vertex set V(G) = V(G) and the edge set E(G) = {uv | uv ¢ E(G)).
The minimum and maximum degree of G are denoted by 6 = 6(G) and A = A(G), respectively.
We also write K,,, C,,, and P, for the complete graph, cycle, and path of order n, respectively,
while G[S] and Koy ny,...,n, denote the subgraph induced on G by a vertex set S, and the complete
p-partite graph, respectively.

Haynes et al. in [1] have defined complementary product of two graphs that
generalizes the Cartesian product of two graphs. Let G and H be two graphs. For each
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R € V(G) and S € V(H), the complementary product G(R)OOH (S) is a graph with the vertex
set {(u;, vj) | u; € V(G),v;i € V(H)} and (u;, v;) (up, vk) is an edge in E(G(R)UH(S))

(1) ifi=h,u; € R,and vjux € E(H) orifi=h,u; ¢ R, and vjux ¢ E(H), or

(2)ifj=k,vj €S, and ujuy € E(G) orif j =k, v; ¢ S, and ujuy, ¢ E(G).

In other words, for each u; € V(G), we replace u; by a copy of H if u; is in R and by a copy of
its complement H if u; is not in R, and for each v; € V(H), we replace each v; by a copy of G if
v; € S and by a copy of Gif v; & S. If R=V(G) (resp., S = V(H)), we write simply GLJH (S)
(resp., G(R)OH). Thus, GOH(S) is the graph obtained by replacing each vertex v of H by a
copy of G if v € S and by a copy of G if v ¢ S and replacing each vertex u of G by a copy
of H. We recall that the Cartesian product GOOH of two graphs G and H is the complementary
product G(V(G))OH (V (H)). The special complementary product GOK>(S), where [S| = 1,
is called the complementary prism of G and denoted by GG. For example, the graph CsCs is
the Petersen graph. Also, if G = K, the graph K, K,, is the corona K, o K;, where the corona
G o K of a graph G is the graph obtained from G by attaching a pendant edge to each vertex
of G. We notice that 6(GG) = min{6(G),5(G)} + 1.

In [2], Henning and Kazemi introduced the k-tuple total domination number of
graphs. Let k be a positive integer. A subset S of V is a k-tuple total dominating set of G,
abbreviated kTDS, if for every vertex v € V, [N(v) N S| > k, that is, S is a KTDS of G if every
vertex of V has at least k neighbors in S. The k-tuple total domination number yyi;(G) of G
is the minimum cardinality of a kTDS of G. We remark that a 1-tuple total domination is the
well-studied total domination number. Thus, y:(G) = yx1,+(G). For a graph to have a k-tuple total
dominating set, its minimum degree is at least k. Since every (k + 1)-tuple total dominating
set is also a k-tuple total dominating set, we note that yx(G) < yx+1):(G) for all graphs
with minimum degree at least k + 1. A kTDS of cardinality yux:(G) is called a yxi(G)-set.
When k = 2, a 2-tuple total dominating set is called a double total dominating set, abbreviated
DTDS, and the 2-tuple total domination number is called the double total domination number.
The redundancy involved in k-tuple total domination makes it useful in many applications.
The paper in [3] gives more information about the k-tuple total domination number of a
graph.

In [4], Haynes et al. discussed the domination and total domination number of
complementary prisms. In this paper, we extend some of their results for the k-tuple total
domination number and obtain some other results. More exactly, we find some useful lower
and upper bounds for the k-tuple total domination number of the complementary prism GG
in terms on the order of G, Y« +(G), Ykt (E), Yx(k-1),t(G), and yu (k-1),¢ (E), in which some of the
bounds are sharp. Also we find this number for GG, when G is a cycle, a path, or a complete
multipartite graph.

Through of this paper, k is a positive integer, and for simplicity, we assume that V (GG)
is the disjoint union V(G) U V(G) with V(G) = {7 | v € V(G)} and E(GG) = E(G) UE(G) U
{07 | v € V(G)} such that E(G) = {# o | uv ¢ E(G)}. The vertices v and ¥ are called the
corresponding vertices. Also for a subset X C V(G), we show its corresponding subset in G
with X. The next known results are useful for our investigations.

Proposition A (Haynes et al. [2]). If G is a path or a cycle of order n > 5 such that n = 2 (mod 4)
or is the corona graph K, o K1, where n > 3, then y;(GG) = y:(G).
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Proposition B (Henning and Kazemi [4]). Let p > 2 be an integer, and let G = Koy na,.m, be a
complete p-partite graph, where ny <np < --- <,

(i) If k < p, then v (G) =k +1,
(i) if k = p and 35 'n; > k, then y.44(G) = k +2,
(iii) if2<p <kand [k/(p—1)] <ny <ny <--- <my, then v 1 (G) = [kp/(p - 1)].
Proposition C (Henning and Kazemi [5]). Let G be a graph of order n with 6(G) > k. Then

Ykt (G) 2 max{k +1, [% } (1.1)

Proposition D (Henning and Kazemi [5]). Let G be a graph of order n with 6(G) > k, and let S
be a kTDS of G. Then for every vertex v of degree k in G, Ng(v) C S.

2. Some Bounds

The next two theorems state some lower and upper bounds for yxx +(GG).

Theorem 2.1. If G is a graph of order n with 2 < k < min{6(G), 5(G)}, then
Yx(k-1),4(G) + Yx(k-1)t (E) < Yxk,t(GE> < min{Yx(k—l),t(G)/Yx(k—l),t <E>} +1. (2.1)

Proof. Since for every yx(k_1)(G)-set D the set D U V(G) is a KTDS of GG, we get yxx:(GG) <
Yx(k-1),£(G) + n. Similarly, we have yxk,t(GE) < Y=t (E) + n. Therefore

Ykt <GE> < min{Yx(k—l),t(G)/Yx(k—l),t <E> } +n. (2.2)

For proving Ys(k-1),(G) + ¥x(k-1)4(G) < ¥xk+(GG), let D be a KTDS of GG. Then DNV (G)
isa (k-1)TDS of G and DN V(G) is a (k — 1)TDS of G. Since every vertex of V(G) (resp.,
V(G)) is adjacent to only one vertex of V(G) (resp., V(G)). Therefore

Yx(k—l),t(G) + Yx(k-1),t <@> <|IDNV(G)|+ |D N V<E>| =|D| = Ykt <GE> (23[)]

The given bounds in Theorem 2.1 are sharp. Let G be a (k — 1)-regular graph of odd
order n = 2k — 1. Then G and GG are (k — 1)- and k-regular, respectively, and Proposition D
implies yxk(GG) = 2n and yx(k-1),(G) = Yx(k-1)t(G) = n. Therefore

V(-1 (G) + Yx(k-1),t (5) = Yxk,t<G5> = min{}’x(k—l),t(c)rYx(k—l),t (E>} +1. (2.4)



4 ISRN Discrete Mathematics

The Harary graphs Ho, 4m+1 [6] are a family of this kind of graphs. We recall that the Harary
graph H,,, , is a 2m-regular graph with the vertex set {i | 1 < i < n} and every vertex i is
adjacent to the 2m vertices in the set

{0; | 0';: =i+j (mod n) or 0';: =i—j (modn), for1<j< m} (2.5)

Theorem 2.2. If G is a graph of order n with 1 < k < min{6(G), 5(G)}, then
maX{Yxk,t(G)r Vackt (5> } < Yokt <GE> < Yk t(G) + Ykt (§>, (2.6)

and the lower bound is sharp for k = 1.

Proof. Trivially max{yux(G), Yxkt (E)} < yxk,t(GE). Let S be a KTDS of G, and let S’ be a kTDS
of G. Then SU S’ is a kKTDS of GG, and so

Ykt <Gé> < Yk t(G) + Ykt <é> (2.7)

Proposition A implies that, if k = 1, then the lower bound is sharp for all paths and cycles of
order n > 5, where n =2 (mod 4), and for the corona graph K, o Ky, where n > 3. ]

In special case k = 1, we get the following result in [1].

Corollary 2.3 (see [1]). If G and G have no isolated vertices, then
maX{Yt(G),Yt <E> } <1 <GE> <1 (G) +1¢ (E) (2.8)

3. The Complementary Prism of Some Graphs

In this section, we calculate the k-tuple total domination number of the complementary prism
GG, when G is a complete multipartite graph, a cycle, or a path. First let G = Ko ny,...n, b€ @
complete p-partite graph with the vertex partition V(G) = X; UX,U---UX,, such that for each
1<i<p, |Xi|=njand n; <ny <--- < mp. Then V(GG) = UlSiSp(Xi U X;), where X; denotes
the corresponding set of X;. Trivially for GG to have k-tuple total domination number we
should have k <mn; <mp <--- < np. In the next five propositions, we calculate this number for
the complementary prism of the complete p-partite graph G. First we state the following key
lemma which has an easy proof that is left to the reader.

Lemma 3.1. Let G = Ky, ny,..,n, be a complete p-partite graph with V(GG) = Un<icp (Xi U X;). If S

is a kTDS of GG, then for each 1 <i < p, |S N Xj| > k. Furthermore, if |S 0 X;| = k for some i, then
ISNXi| > k.
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Proposition 3.2. Let G = Ky, n,,..,n, be a complete p-partite graph with 1 < ny < np < --- < my,.
Then

y(GG) =2p-a, (3.1)

wherea = |{i |1 <i<p,and n; =1}|.

Proof. Let S be an arbitrary kTDS of GG,andletn =mp =+ =ty =1 < fgey < -+ < Mp.
Proposition D implies that forevery 1 <i <p, |S NX;| >2o0r|SNX;| =1and |SNX;| > 1. Also
if | X;] =1and |SNX;| = 0, it implies |S N X;| = 1. Therefore |S| > a +2(p —a) = 2p — a, and
hence y;(GG) > 2p — a. Now we set A as a p-set such that |ANX;| = 1, for each 1 < i < p. Since
AU{X; | x; € A and a+1 <i < p}isa TDS of G of cardinality 2p—a, we get 1;(GG) = 2p—-a. [

Corollary 3.3 (see [1]). Ifn > 2, then Yt(KnK_n) =n.
Proposition 3.4. If G = Ky, n,,..,n, is a complete p-partite graph with2 < k = ny = --- = ny <

Nay1 < -+ <1y, then

plk+1)+2k-2 ifa=1,

Ykt (GG) = { (32)

p(k+1)+a(k—-1) otherwise.

Proof. We discuss a.
Case 1 (a > 2). It follows by a > 2 and Lemma 3.1 that, for every k-tuple total dominating set
Sof GG, |SNXj| >2[SNXj|=kforl<i<aand |SNXi|>k+1fora+1<i<p. Then

Yt (GG) 2 plk+1) + a(kc — 1), (3.3)

Now we set D = (Ui (Xi U X;)) U (Uas<izp D;) such that D; is a (k + 1)-subset of X;, for
a+1<i<p.Since D is a kKTDS of GG of cardinality p(k + 1) + a(k — 1), we have }ka,t(Gé) =
plk+1) +a(k-1).

Case 2 (a = 1). It follows by &« = 1 and Lemma 3.1 that, for every kTDS S of GG, X, UXj is
a subset of S and also every vertex of X; U X, U--- U X,, is adjacent to at least k vertices of
SN (X; UX;). Thus either SN X;| = k + 1 for each 2 <i < p and Zzgigp|5 NX;|>k-1or

snX| = =[snX| =k |snXpa

==lsnX | =k+1, (34)

for some 2 < 3 < p. Therefore

IS| > min{2k + (k-1) + (p-1)(k+1),2k +2(B-1)k + (p - ) (k + 1)}
3.5
=plk+1)+2(k-1). (39
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Now we set D = (X; UX;) U (Uzgigp D;) UDy such that D; is a (k + 1)-subset of X; for 2 <i < p

and Dy is a (k — 1)-subset of V(G) such that [Dy N X| = --- = |Dy N Xk| = 1. Since D is a kTDS
of GG of cardinality p(k + 1) + 2k — 2, we get yux:(GG) = p(k + 1) + 2k - 2. O
Now let G = Ky ma,.m, be a complete p-partite graph with3 < k+1=mn; =--- =n, <

Mgi1 < -+ < 1mp, and let S be a minimal kTDS of GG. Then SN Z| > k, by Lemma 3.1. We
notice that if [S N Z-l > k + 2, for some i, then we may improve S and obtain another kTDS
S’ of cardinality |S| such that |S' N X;| = k + 1 (since every vertex in X; (respectively X;) is
adjacent to only one vertex in X; (respectively X;)). Therefore, we may assume that for every
minimal kTDS S of GG, we have k < |SNXj| < k + 1.

Now let S be a minimal kTDS of GG, and let B = {i|]l <i < p. 1S N X;| = k} be a set of
cardinality . We consider the following two cases.

Case 1 (f#0). In this case, if i € B, we have |[SN X;| = |SN Xj| = k such that x € SN X; if and
only if x € SNX;, and |SN X;| = k + 1 otherwise. If § > 2, then

IS| =p(k+1) +p(k-1), (3.6)
and if f =1 and B = {i}, then we have also |[SN (V(G) - X;)| = k. Hence

IS|=p(k+1)+2k-1. (3.7)
Comparing (3.6), (3.7) shows that for #0 if S is a set of vertices such that SN X; = {x;. 1<
j <k} and SNX; = {x_;.lxj. e SNnX;}fori=1,2and |SﬂZ-| =k+1for3<i<p,thenSisa

minimum kTDS of GG and

S| = p(k +1) + 2k - 2. (3.8)

Case 2 (f = 0). In this case, for each 1 < i < p we have |[SN X;| = k + 1. We continue our
discussion in the next subcases.

Subcase 1 (« > k+1 or a = k < p). Then obviously [SNV(G)| > k. If for 1 < i < k we consider
|SN X;| = 1, then S is a minimum kTDS of GG and

S| =p(k+1) +k. (3.9)

Subcase 2 (a < k < p). Then obviously |[SNV(G)| > k + 1. If we set S such that |[SN X;| = 2,
and |SN X;| = 1 when 2 <i < k, then S is a minimum kTDS of GG and

S| = p(k+1) + k. (3.10)
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Subcase 3 (a = p < k—1). Then obviously [SNV(G)| > yux-1)(G). If SNV(G) is a yx(k-1),+(G)-
set, then S is a minimum kTDS of GG, and Proposition B implies

(p+1)(k+1) ifa=p=k-1,
S| = ko1 (3.11)
p(k+1)+[(p_1)p] ifa=p<k-1.

Subcase 4 (a < p < k). Then obviously |SNV(G)| 2 yux(G). If SN V(G) is a yuk+(G)-set, then
S is a minimum kTDS of GG, and Proposition B implies

k
IS| =p(k+1)+ [p _pl]. (3.12)

Now let G = Ky, n,,...,n, be a complete p-partite graph with4 <k+2<n; <np <--- <,
and let S is a minimal kTDS of GG. In this case, we may similarly assume that k < |SN Z| <
k + 1. Also it can be easily seen that if |S N X;| = k for some i, then equality (3.8) holds. Thus
let{i|1<i<p,IS NX;| = k} = 0. Then obviously [S N V(G)| > yxk+(G). If we choose a set
S such that SN V(G) is a yuk+(G)-set and |S OZ| =k+1forl<i<p,thenSisaminimum
kTDS of GG, and Proposition B implies

(p+1)(k+1) ifp>k+1,
k
p(k+1) + [P—pll if p<k.

Comparing (3.9), (3.10), (3.11), (3.12), and (3.13) with (3.8) shows that we have proved the
following propositions.

Proposition 3.5. Let G = Ky ny,..m, be a complete p-partite graph with 3 < ny < np < --- < mp,.
Then Yx2,4(GG) = 3p +2.

Proposition 3.6. Let G = Ky, ny,..n, be a complete p-partite graph with4 <k+1=mn1=--- =n, <
Ngy1 <+ < np. Then

(p(k+1)+k fa=k<pora>k+1

(p+1)(k+1) fa<k<pora=p=k-1,
k-1

(p—l)p } ifa=p<k-1,
k

p(k+1)+min{2k—2, [;Tpl]} ifa<p<k.

Yxk,t (Gé) = 4

pk+1) +min{2k -2, [

(3.14)
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Proposition 3.7. Let G = Ky, n,,..,n, be a complete p-partite graph with5 < k+2 <mny <--- < mp.
Then

((p+1)(k+1) fp>k+1
(p+1)(k+1)+1 ifp=k>4,
yi(GG) =4 |, Fpok=3, (3.15)
k
p(k+1)+min{2k—2, [prl } if p<k.

We now determine the k-tuple total domination number of the complementary prism
C,C,, where1 <k<3= 6(CnC_n). Here we assume that V(CnC_n) =V(C,) U V(C_n), V(C,) =
{i|1<i<n},and E(Cy,) = {(i,i+1) | 1 <i < n}. Proposition D implies that yxglt(CnC_n) =2n.
In many references, for example, in [1], it can be seen that, for n > 3,

2 E] if n#1 (mod 4),
HC) =1 | (3.16)
Z[Z] 1 ifn=1 (mod4),
and trivially we can prove
4 ifn=4,
p(C) =43 ifn=5 (3.17)
2 ifn>6.
Hence Theorem 2.1 implies that
Yi(Cr) +2 < s (CuCa) Sm+2, (3.18)
where n > 6, and also Theorem 2.2 implies that
1 <Ys(CaCr) <14 1204(Ca), (3.19)

where n > 5. In chain (3.19) we need to calculate y.2(C,), which is done by the next
proposition.

Proposition 3.8. If C,, is a cycle of order n > 5, then
5 ifn=5,

yoi(Cu) = 34 if6<n<s, (3.20)
3 ifn>09.
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Proof. Proposition C implies that yx»:(C,) > 3. If n > 9, then, for each 1 < i < n, the set
{ i, m,m} is a DTDS of C, and so Y2t (C_n = 3.If 6 < n < §, then it can be easily verified
that sz,t(C_n) > 4. Now since { 1,3, ZL,E} and {T, 2, Z,g} are double total dominating sets of C,,
where 1 = 6 and 1 = 7, 8, respectively, we get yx2+(C,,) = 4. Finally if n = 5, then Cs is 2-regular

and Proposition D implies y,;(Cs) = 5. O
Proposition 3.9. If n > 5, then sz,t(CnC_n) =n+2.

Proof. Let n > 5. equalities (3.18), (3.19) and Propositions C and 3.8 imply
max{n [4—11 } < <C C_> <n+2 (3.21)
"2 SYxot\baln) S . .

If n = 5, then max{n, [4n/(n - 2)]} = [4n/(n-2)] =7 = n+2, and 50 y.(C,C,) = n + 2.
Thus we assume n > 6. Then max{n, [4n/(n — 2)]} = n and hence n < yxz,t(CnC_n) <n+2.
Now let S be a Y2, (C,C,)-set. If V(C,) C S, then S = V(C,,) U {x,y}, for some two adjacent
vertices X,y € V(C_n), and so yxz,t(C_nC_n) = n + 2. Thus we assume V (C,)ZS. Without loss of
generality, let 3 ¢ S. Since |[SN {2,4,3}| > 2, we continue our proof in the following two cases.

Case 1 ({2,4} € S). Then 1,5,2,4 € S. We note that, for every5<i<n-1,5n {f,i + 1} #0.
This implies |S| > (n—1-4) +6 = n+1, and since 3 must be dominated by SNV(C,), we have
ISANV(C,)|>4.1fn¢ S, then1 € Sandso|S|>n+1+|{1}|=n+2.Letn € S.Ifr € S, again
IS|>n+1+|{n})|=n+2.Butn ¢ Simpliesn—-1€S.LetR={ieS|5<i<n-1landi€S).
The condition |S NV (C,)| > 4 implies |8 > 2. Therefore for at least one vertex 5 < x <n -1,
{x,x+1} CSand hence |[S|>n+ |{x,x+1}| =n+2.

Case 2 ({4,3) C S (similarly {2,3} € S)). Case 1 implies 2 ¢ S. Then 1,2,4,1,4,5 € S. Again
weseethat,foreverySSign—Z,Sﬂ{f,i+1}760andso IS|>(n-2-4)+8=n+2.

Therefore, in the previous all cases, we proved that yxz,t(CnC_n) > n+2 and chain (3.21)
implies yx24(C,Cp) =n +2. O

Corollary 3.10. Ifn > 5, then

Yx2,t(Cn) + Yot <C_n> -1 ifn>9,
Yoot <Cnc_n> = 9 ¥x2,:(Cn) + Y2t <C_n> -2 if6<n<s, (3.22)
Y24(Ca) +1:24(Ca) =3 if n=5.

Now we determine the exact amount of Yt(CnC_n) for n > 3. Obviously Yt(C3C_3) =
|V (C3)| = 3. In the next proposition we calculate it when n > 4.
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Proposition 3.11. Let n > 4. Then

]+2 if n=0 (mod 4),

N
—_—

n
4
Y (CnC_n> =42 E] +1 ifn=3 (mod4), (3.23)
2 E] otherwise.

Proof. Theorem 2.2 with equalities (3.16) and (3.17) implies
4<p(CiCi) <6, 4<y(CsCs) <8, (3.24)
andif n > 6 and n#1 (mod 4), then

2 [E] <1 (CaCr) <2 [E] +2, (3.25)

2[] -1 n(ciCa) <2[5] + 1 (3.26)

If n = 4 and n = 5, then the sets {1,2, T,E} and {1,T, 4,1} are total dominating sets of C,Cy,
respectively. Hence chain (3.24) implies y;(C,C,) = 4 for n = 4,5. Now we assume 1 > 6. For
n =2 (mod 4), since the setﬂl,T,AL,Z} and {1,1,4,4}U{7+4i,8+4i |0 <i< [n/4] -3} are two
total dominating sets of C,C, of cardinality 2{n/4]|, where n = 6 and n > 6, respectively, we
have Yt(CnC_n) = 2[n/4], by chain (3.25). Now let n#2 (mod 4). We assume that S is a TDS of
C,C,. Obviously SNV (C,) #0.If|SNV(C,)| = 1and SN V(C,) = {1}, then 1,2,n € S, and
hence |SN X| > 2[|X]|/4] = 2[(n—5)/4], where X = V(C,) — {1,2,3,n —1,n}. This implies

2|2

S| =|SNX|+4> 2[

] +2 if n=0 (mod4),
+1 if n=3 (mod4), (3.27)

if n=1 (mod 4).

> I S|
—

N
—_—
R

Now let |SNV(C,)|=a>2.1fn=0,1 (mod 4), then

2 ";“J if n=a (mod 4),

ISNV(Cy)| 2 (3.28)

2|

a .
J +1 otherwise,
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and if n =3 (mod 4), then

2[";“] 1 ifn=a+1 (mod4),
1SN V(Cy)| 2 (3.29)
n—-a .
2[ 1 ] otherwise.

It can be calculated that

ZE]*Z if n=0 (mod 4),
15| = 1SN V(C)| + > 2[g]+1 if n=3 (mod 4), (330)
2[%] if n=1 (mod 4).

Then by chains (3.25) and (3.26) we have

yi(CiC) =2 E] +2 ifn=0 (mod 4), (3.31)
2 E] < Yt<cnc_n) <2 E] +1 ifn=1 (mod4), (3.32)
z[g] +1<7(CCy) gz[g] 12 ifn=3 (mod4). (3.33)

If n = 1 (mod4), then the sets {1,1,4,4,7,7} and {1,1,4,4,7,7} U {10 + 4i,11 + 4i | 0 <
i < [n/4] - 4} are total dominating sets of C,C, of cardinality 2[n/4] when n = 9 and
n > 9, respectively. Hence }ft(CnC_n) = 2[n/4], by chain (3.32). If also n = 3 (mod4), the
sets {1,1,4,4,n—-1} and {1,1,4,4,n—-1} U {7 +4i,8 +4i | 0 < i < [n/4] - 3} are total
dominating sets of C,C,, of cardinality 2[n/4] + 1 when n = 7 and n > 7, respectively. Hence
1:(C,Cyy) = 2[n/4] + 1, by chain (3.33). O

Finally we determine the k-tuple total domination number of the complementary
prism P,P,, where 1 < k < 2 = &(P,P,). We recall that V(P,P,) = V(P,) U V(P,),
VP,) ={i|l1<i<n},and E(P,) ={ij|1<i<n-1,j=i+1}. In many references,
for example, in [1], it can be seen that, for n > 2,

z[g] if n£1 (mod 4),
P, = 3.34
TF) 2[%]—1 if n=1 (mod 4), (339

and trivially y; (Fn) = |{T,ﬁ}| = 2, where n > 4. Therefore, by Theorems 2.1 and 2.2, for n > 4,
we have the following chain:

Yi(P) < 1i(PuPy) S7i(P) +2 < yioy (PaPa) Sm+2. (3.35)
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It can be easily proved that Yt(PnFn) = n, where n = 2,3. Next proposition calculates Yt(PnP_n)
when n > 4.

Proposition 3.12. Let n > 4. Then

2[”;2] +1 ifn=3 (mod4),

yi(P.Py) = , (3.36)
2[” 1 ] +2  otherwise.

Proof. Let D be a y;-set of the induced path P,[V (P,) - {1,1}] of P,. Since D U {1,7} is a TDS
of P,P,, we have

2[";21 +1 if n=3 (mod 4),
yi(PP) < |Du{T7}| = (3.37)
2 V ; 2] +2 otherwise.

Let n = 2 (mod 4). Then chains (3.34), (3.35), (3.37) imply Yt(PnP_n) = 2[(n -2)/4] + 2. Since
2[n/4] = 2[(n - 2)/4] + 2. Now let n#2 (mod4), and let S be a TDS of P,P,. Obviously
SN V(P,) #0. In all cases, (i) |[SNV(P,)| = 1 and SN {1,7}#0, (i) [SN V(P,)| = 1 and
SN {1,711} =0, and (iii) |S N V(P,)| > 2, then similar to the proof of Proposition 3.11, it can be
verified that

2 ”‘2] +1 if n=3 (mod4),
52 (3.38)
2|2 +2 otherwise.
Hence chain (3.37) completes the proof of our proposition. O

Propositions 3.11 and 3.12 imply the next result in [1].

Corollary 3.13 (see [1]). If G € {P,,C,} with order n > 5, then

1:(G) if n=2 (mod4),
1(GG) =4 1(G) +2 if n=0 (mod4), (3.39)
1(G) +1 otherwise.

4. Problems

If we look carefully at the propositions of Section 3, we obtain the following result.



ISRN Discrete Mathematics 13

Proposition 4.1. (i) Let G be a cycle or a path of order n > 4. Then max{y:(G), y: G)) = yt(Ga) if
and only if n =2 (mod 4).

(i) Let G be a cycle of order n > 5 or a path of order n > 4. Then y;(GG) = y:(G) + :(G) if
and only if n =0 (mod 4).

(iii) Let C,, be a cycle of order n > 5. Then

maX{sz,t(Cn),sz,t (C_n> } < Yot <Cnc_n> <12t (Ch) + Yrot <C_n> (4.1)
(iv) Let Cy, be a cycle of order n > 5. Then
1(C) +71(Ca) < 124(CaCr) = o+ min{32(Ca), 12(Cr) |- (4.2)

Therefore it is natural that we state the following problem.

Problem 1. Characterize graphs G with

(1) Ykt (GG) = Yt (G) + yrt (G),
(2) Yxk,t(a) = maX{Yxk,t(G)lek,t(é)}-
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