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It has been conjectured by Erd6s, Faudree, Rousseau, and Schelp that r(C,,, K,,) = (m—-1)(n-1)+1
for all (m, n) # (3,3) satisfying that m > n > 3 (except r(C3, K3) = 6). In this paper, we prove this
for the case m =9 and n = 8.

1. Introduction

All graphs considered in this paper are undirected and simple. Cy,, Py, K;, and S, stand
for cycle, path, complete, and star graphs on m vertices, respectively. The graph K; + P,
is obtained by adding an additional vertex to the path P, and connecting this new vertex
to each vertex of P,. The number of edges in a graph G is denoted by &(G). Further, the
minimum degree of a graph G is denoted by 6(G). An independent set of vertices of a graph
G is a subset of the vertex set V(G) in which no two vertices are adjacent. The independence
number of a graph G, a(G), is the size of the largest independent set. The neighborhood of
the vertex u is the set of all vertices of G that are adjacent to 1, denoted by N (). N [u] denote
to N (1) U {u}. For vertex-disjoint subgraphs H; and H; of G we let E(H;, Hy) = {xy € E(G) :
x € V(Hi),y € V(H,)}. Let H be a subgraph of the graph G and U C V(G), Ny (U) is
defined as (U, N (1)) N V(H). Suppose that Vi € V(G) and V; is nonempty, the subgraph
of G whose vertex set is V; and whose edge set is the set of those edges of G that have both
ends in V; is called the subgraph of G induced by V;, denoted by (V;).

The cycle-complete graph Ramsey number r(C,,, K,,) is the smallest integer N such
that for every graph G of order N, G contains C,, or «(G) > n. The graph (n — 1)K,,—1 shows
that r(C,,, K;,) > (m—1)(n — 1) + 1. In one of the earliest contributions to graphical Ramsey
theory, Bondy and Erd6s [1] proved the following result: for all m > n? -2, r(Cpn, K,) =
(m—1)(n-1) + 1. The above restriction was improved by Nikiforov [2] when he proved the
equality for m > 4n + 2. Erd6s et al. [3] gave the following conjecture.
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Conjecture 1. r(C,,, Ky,) = (m—=1)(n—1) + 1, forall m > n > 3 except r(C3, K3) = 6.

The conjecture was confirmed by Faudree and Schepl [4] and Rosta [5] for n = 3 in
early work on Ramsey theory. Yang et al. [6] and Bollobads et al. [7] proved the conjecture
for n = 4 and n = 5, respectively. The conjecture was proved by Schiermeyer [8] for n = 6.
Jaradat and Baniabedalruhman [9, 10] proved the conjecture for n =7 and m = 7, 8. Later on,
Chena et. al. [11] proved the conjecture for n = 7. Recently, Jaradat and Al-Zaleq [12] and Y.
Zhang and K. Zhang [13], independently, proved the conjecture in the case n = m = 8.In a
related work, Radziszowski and Tse [14] showed that r(C4, K7) = 22 and 7(C4, Kg) = 26. In
[15] Jayawardene and Rousseau proved that r(Cs, K¢) = 21. Also, Schiermeyer [16] proved
that (Cs, K7) = 25. For more results regarding the Ramsey numbers, see the dynamic survey
[17] by Radziszowski.

Until now, the conjecture is still open. Researchers are interested in determining all the
values of the Ramsey number 7(C,,, K3). In this paper our main purpose is to determine the
values of r(Cy, Kg) which confirm the conjecture in the case m = 9 and n = 8. The follwoing
known theorem will be used in the sequel.

Theorem 1.1. Let G be a graph of order n without a path of length k (k > 1). Then

E(G) < n. (1.1)

Further, equality holds if and only if its components are complete graphs of order k.

2. Main Result

In this paper we confirm the Erd6s, Faudree, Rousseau, and Schelp conjecture in the case Cg
and Ks. In fact, we prove that 7(Cy, Kg) = 57. It is known, by taking G = (n — 1)K,,_1, that
7(Cm, Kyy) > (m —1)(n—1) + 1. In this section we prove that this bound is exact in the case
m =9 and n = 8. Our proof depends on a sequence of 8§ lemmas.

Lemma 2.1. Let G be a graph of order > 57 that contains neither Co nor an 8-elemant independent
set. Then 6(G) > 8.

Proof. Suppose that G contains a vertex of degree less than 8, say u. Then |V (G - N[u])| > 49.
Since r(Cy, K7) = 49, as a result G — N[u] has independent set consists of 7 vertices. This set
with the vertex u is an 8-elemant independent set of vertices of G. That is a contradiction. [

Throughout all Lemmas 2.2 to 2.8, we let G be a graph with minimum degree 6(G) > 8
that contains neither Cy nor an 8-elemant independent set.

Lemma 2.2. If G contains Kg, then |V (G)| > 72.

Proof. Let U = {uy, up, us, us, us, ug, uy, ug} be the vertex set of Kg, Let R = G- U and U; =
N(u;) N V(R) for each 1 < i < 8. Since 6(G) > 8, U;#0 forall 1 <i < 8. Since there is a path of
order 8 joining any two vertices of U, as a result U; NU; = @ for all 1 <i < j < 8 (otherwise,
if w € U;nU; for some 1 < i < j < 8, then the concatenation of the u;u;-path of order 8
with u;wu;, is a cycle of order 9, a contradiction). Similarly, since there is a path of order 7
joining any two vertices of U, as a result forall 1 <i < j <8 and forall x € U; and y € U;
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we have that xy ¢ E(G) (otherwise, if there are 1 < i < j < 8 such that x € U;, y € U;
and xy € E(G), then the concatenation of the u;u;-path of order 7 with u;xyu;, is a cycle of
order 9, a contradiction). Also, since there is a path of order 6 joining any two vertices of U,
as a result, Nr(U;) N Nr(U;j) = §,1 <i < j < 8 (otherwise, if there are 1 < i < j < 8 such
that w € Nr(U;) N Nr(U;), then the concatenation of the u;u;-path of order 6 with u;xwyu;,
is a cycle of order 9 where x € U;, y € U; and xw,wy € E(G), a contradiction). Therefore
|U; U Nr(U;) U {u;}| > 6(G) + 1. Thus, |[V(G)| > 8(6(G) +1) > (8) (9) =72. O

Lemma 2.3. If G contains Kg — S¢, then G contains Ks.

Proof. Let U = {uy,un, u3, us, us, u, uy, ug} be the vertex set of Kg — Sg where the induced
subgraph of {u1, up, us, us, us, ug, uy} is isomorphic to K. Without loss of generality we may
assume that ujug, upug € E(G). Let R=G-U and U; = N(u;) N V(R) for each 1 <i < 8. Then,
as in Lemma 2.2, we have the following:

() U;nU;=0forall1<i<j<8exceptpossibly fori=1and j = 2.
(2) EU;,U;) =0forall1<i<j<8.
(3) Nr(U;) " Ng(U;) =@ forall1<i<j<8.

(4) E(NR(U;), Nr(Uj)) =0 forall1<i<j<8.
Since a(G) < 7, as a result at least five of the induced subgraphs (U; U Ng(U;))¢,

3 < i < 8 are complete. Since 6(G) > 8, it implies that these complete graphs contain K.
Hence, G contains Kg. O

Lemma 2.4. If G contains Ky, then G contains Kg — Se or Kg.

Proof. Let U = {u1,up, us, ug, us, ug, uy} be the vertex set of K;. Let R = G- U and U; =
N(u;) N V(R) for each 1 <i < 7. Since 6(G) > 8, U;#0 for all 1 <i < 7. Now we consider the
following two cases.

Case 1. U; N U; #0. forsome 1 <i<j<7sayw e U;N U;. Then it is clear that G contains
Kg — S¢. In fact, the induced subgraph (U U {w} ) contains Kg — Sg.

Case 2. U;nU; = (. forall 1 <i < j <7. Note that between any two vertices of U there are
paths of order 5, 6 and 7. Thus, as in Lemma 2.2, for all 1 <i < j <7, we have the following.

(1) E(U;, Uj) = 0.
(2) Nr(U;) N Nr(U;) = 0.

(3) E(Nr(U;), Nr(Uj)) = 0.

Since a(G) < 7, we have that the induced subgraphs (U; U Ng(U;))g, 1 < i < 7 are
complete. Since 6(G) > 8, it implies that these complete graphs contain Kg. Hence, G contains
Ks. O
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Lemma 2.5. If G contains Ky + P7, then G contains K.

Proof. Let U = {uy,uy,us, us, us, us, uy, ug} be the vertex set of K; + P, where K; = u; and
P; = upusugusuguzug. Let R= G - U and U; = N (u;) N V(R) for each 1 <i < 8. Now we have
the following two cases.

Case 1. Uy NUg = 0. Since 6(G) > 8,U; #0 for all 1 < i < 8. Now we have the following.
(HU;nU; = @forall 2 < i< j< 8 except possibly for (i,j) € {(3,5),(3,6),(3,7),

(4,7),(5,7)} since otherwise a cycle of order 9 is produced, a contradiction.
(2) E(U;,U;) =P forall2<i<j<8.
(3) Nr(U;) " Ngr(Uj) =P forall2<i<j<8.
(4) E(Nr(U;), Nr(U;)) =@ forall2<i<j<8.

((2), (3), and (4) follows easily from being that K; + P, contains paths of order 7, 6, and
5 between any two vertices u; and u;j, 2 < i < j < 8). Since a(G) < 7, as a result at least three
of the induced subgraphs (U; U Nr(U;))¢, i = 2,4,5,6,8 are complete graphs. Now we have
the following two assertions.

(i) INr(U;)| > 7 and so |U; U Nr(U;)| > 8 for each i = 2, 8. The following is the proof
of assertion (i) for i = 8.

Since 6(G) > 8, |Usg| > 1. Let y € Us and y is adjacent to x € {uy, uy, u3, uy, us, ue, uz}.
Then we have the following.

(i) If x = uq, then ugyuiuouzususucuzug is a Co, this is a contradiction.
(ii) If x = up, then ugyurusususucuyuiug is a Co, this is a contradiction.

(iii) If x = ug, then ugyusuruususuguzug is a Cy, this is a contradiction.

(iv) If x = uy, then ugyususuouiusuguzug is a Co, this is a contradiction.
(v) If x = us, then ugyususuzusuiuguzug is a Co, this is a contradiction.
(vi) If x = uy, then ugyuesusugusuuiuzug is a Co, this is a contradiction.

(vii) If x = uy, then ugyuyususususuruqug is a Cy, this is a contradiction.

Since 6(G) > 8, [Nr(y)| > 7, and so |{y} U Nr(y)| > 8. Hence, |Ug U Ng(Usg)| > 8. By
a similar argument as above and using the symmetry of P; + Kj, one can easily show that
Uz U Nr(Uy)| > 8.

(ii) If there is i € {4,5,6} such that [Nr(U;)| < 6, then [Ng(U;)| > 6 and so |U; U
Ngr(U;)| > 7 for any j € {4,5,6} with i # j. The following is the proof of assertion (ii).

Assume that [Ng(U4)| < 6. By (1) UsNU; = @ for all 2 < i < 8 except possibly i =4,7.
Thus, for y € Uy, y is adjacent to 14 and to at most u; and u;. Now we show that |[Ng(Us)| > 6.
Assume |[Ng(Us)| < 6. By (1) Us NU; = @ for all 2 < i < 8 except possibly i = 3,5,7. Thus, for
any w € Us, w is adjacent to u5 and to at most 11, u3 and uy. Now, we have the following.

(A) If w adjacent to both u; and u3, then wyuzwusuguzyusuu; is a Co.
(B) If w adjacent to both u; and uy, then uyuzusyuswuyuguius is a Co.

(C) If w adjacent to both u3 and uy, then uyuswuyusususyuius is a Co.

Thus, w is adjacent to at most one of u, u3, and uy, and so |Ng(Us)| > 6. We now show
that |[Ng(Us)| > 6. As above assume |[Ng(Ug)| < 6. By (1), Us NU; = @ for all 2 < i < 8 except
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possibly i = 3,6. Thus, for w € U, w is adjacent to us, uz, and ue. Hence, uguyyususwugsusuiug
is a Cg, which implies that w is adjacent to at most one of u; and u3 and so [Nr(Ug)| > 6.

Now, by using the same argument as above and taking into account that P; + K; is
symmetry, we can easily see that if [Ngr(Us)| < 6, then both of |[Nr(Uy)| and |[Nr(Us)| are
greater than or equal 6. So we need to consider the case when |[Nr(Us)| < 6. As above, Us N
U; = P forall 2 < i < 8 except possibly i = 5,3 and 7. Thus, for any w € Us, w is adjacent to
us and to at most u1, uz and uy. Now, assume that |[Ng(Us)| < 6. By using (A), (B) and (C) as
above and using the same arguments to get the same contradiction. Similarly, by symmetry
we get that [Ng(Ug)| > 6.

Therefore, from (i) and (ii), at least four of the induced subgraphs (U; U Ng(U;))¢,
i=2,4,5,6,8 contain 7 vertices and so at least two of them contain K7. Thus, G contains K.

Case 2. Uy N Ue#0, say ug € Uy N Ue. For simplicity, in the rest of this case we
consider U: = N(u;) N V(R) where R = G - U U {ug} and let | = {2,3,5,7,8,9}.

Then uyug, usuy, usuo, uyug, ugy ¢ E(G) (otherwise, G contains Cy) and 6(G) > 8. Hence
U;#0, for all i € J. Now we have the following assertions (see the Appendix).

M U;nU; =Pforalli,jeJandiz].
() E(U;,U}) =Qforalli,je Jandi#j.
(3) Nr(U}) DNR(U;.) =Qforalli,je Jandi#j.

4) E(NR(UQ),NR(U})) =@ foralli,je Jandi#j.

Since a(G) < 7, as a result at least five of the induced subgraphs (U;U Nx(U})),
i=2,3,57,8,9 are complete graphs. Since 6(G) > 8 and G contains no Cy, |Ng(U})| > 6 and
so |U; U Ng(U;)| > 7 for each i = 2,5,8,9. Therefore at least three of the induced subgraphs
(U;u Ngr(U;) )ori=2,3,5,7,8,9 contain K7. Thus, G contains K. O
Lemma 2.6. If G contains Ky + Ps, then G contains Ky + P; or K.

Proof. Let U = {uy, up, us, us, us, ug, uy} be the vertex set of K; + P where K1 = u; and P =
upuzugusugiy. Let R= G-U and U; = N (1;) NV (R) foreach 1 <i < 7.Since 6(G) > 8, |U;| >2

forall 1 <i <7. Now we have the following cases.

Case 1. U;nU; =P forall 2 <i < j <7. Then we have the following.
(1) E(U;,U;) =@ forall 2 <i < j <7 except possibly for (i,j) € {(3,5), (3,6), (4,6)}.
(2) Nr(U;) N Ng(Uj) =@ forall2<i<j<7.

(3) E(Nr(U;), Nr(Uj)) =P forall2<i<j<7.

Since a(G) < 7, as a result at least one of the induced subgraphs (U; U Nr(U;))c,
i=2,4,5,7is complete. Since 6(G) > 8§, it implies that this complete graph contains K.
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Case 2. U;NU; #( for some 2 <i < j <7, say ug € U, NUs. In the rest of this case we have the
following subcases:

Subcase 2.1. (r,s) € {(6,7),(5,7),(4,7),(7,3),(2,7),(5,6), (4,6), (6,3), (4,5) }. For simplicity, in
the rest of this subcase we consider U; = N(u;) N V(R') where R' = G - U U {ug} and let
J={m:2<m< 8andm ¢ {r,s,[(r +s) /s| +1}}. Since 6(G) > 8, then U’ #0, for all

2 <i < 8. Now we have the following assertions.
(1) U;ﬂll;. =@ foralli,je Jwithi#j.

(2) EU;, U}) = D foralli, j € J withi#j.

(3) Nr(U}) " Ng(U}) =0 foralli,j € J withi#j.
(4) E(Nr (U}), Nr(UY)) = @ for alli,j € ] with i #j.

Since a(G) <7, as a result at least one of the induced subgraphs (U; U Nr (U})),i € ]
is complete. Since 6(G) > 8 and |U}| > 2 for each i € ] (because otherwise G contains K; + P;),
it implies that this complete graph contains K.

Subcase 2.2. (r,s) & {(6,7),(5,7),(4,7),(7,3),(2,7),(5,6),(4,6),(6,3),(4,5)}. Then, by the
symmetry, we have a subcase similar to Subcase 2.1. O

Lemma 2.7. If G contains K, then G contains Ky + Py or K.

Proof. Let U = {uy, up, us, us, us, ug} be the vertex set of K¢. Let R= G- U and U; = N(u;) N
V(R) for each 1 <i < 6. Since 6(G) > 8,|U;| > 3 forall 1 <i < 6. Now we split our work into
the following two cases.

Case 1. There are 1 <i < j < 6 such that U; NU; # @, then G contains Ky + Ps.
Case2. U;NU; =@ forall 1 <i< j<6.Then we consider the following subcases.

Subcase 2.1. E(U;,U;) = @ for all 1 <i < j < 6. Since between any two vertices of U there are
paths of order 5 and 6, as a result Ng(U;) N Ng(U;) = @ and E(Ng(U;), Nr(U;)) = @ for each
1 <i < j <6.Therefore, since a(G) < 7, at least five of the induced subgraphs (U; U Nr(U;) )¢,
1 < i < 6 are complete graphs. Since 6(G) > 8§, these complete graphs contain K;. Thus, G
contains K.

Subcase 2.2. E(U;,U;)#@ for some 1 <i < j < 6,sayi =1andj = 2 and ujusuguy is a
path. For simplicity, in the rest of this subcase we consider U; = N(u;) N V(R') where R' =
G - U U {uz,us}. Since 6(G) > 8, then U # 0, for all 3 < i < 8. Now we have the following.

(1) LI;OU} =(forall3<i<j<8.

(2) E(U;,U}) =Qforall3<i<j<8.

(3) Nr(Uj) N Nr(U)) =@ forall3<i<;j<8.

(4) E(NR(UQ),NR(U})) =Qforall3<i<j<8.

Therefore, since a(G) < 7, at least five of the induced subgraphs (U; U Nr(U;)), 3 <

i < 8 are complete graphs. Since 6(G) > 8, it implies that these complete graphs contain K.
Thus, G contains K. O
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Lemma 2.8. If G be a graph of order > 57, then G contains Ky + Ps or K.

Proof. Suppose that G contains neither K; + P; nor K¢. Then we have the following claims.
Claim 1. |N(u)| < 28 for any u € V(G).

Proof. Suppose that u is a vertex with [(Ng(u))g| > 29. Let (Ng(u) )¢ = Ui_; Gi where G; is
a component for each i. (Ng(u))s has minimum number of independent vertices if it has a
maximum number of edges. Thus, by Theorem 1.1 G; must be a complete graph for each i.
But (Ng(u))s contains no Ps. Thus, G; must be a complete graph of order at most 5. Also
(N¢(u))g contains no Ks, thus G; must be a complete graph of order at most 4. Hence, the
minimum number of independent vertices of ( N¢(u)) occurs only if (Ng(u)) contains either
a 7 tetrahedrons and an isolated vertex or 6 tetrahedron, a triangle and a K or 6 tetrahedrons
and 2 triangles. In any of these cases a(G) > 8. This is a contradiction. The proof of the claim
is complete. O

Claim 2. a(G) =7.

Proof. Since |V(G)| > 57 and G contains no Cy and since r(Cy, K7) = 49, a(G) > 7. But G
has no 8-element independent set, so a(G) < 7. Thus, a(G) = 7. The proof of the claim is
complete. O

Now, for any 7 independent vertices u,uy, Us, us, Us, ug, and uy, set Ni[uin1]
Nluia] = (Ujs Nlw]), 1 < i < 6. Analogously, we set Nj(uis1), 1 < i < 6. Let A =

Uy Niluinal, B =Up Ni(ui),and f = a((B)).
Claim 3. |N(u1) U B| > 50.

Proof. Suppose that |N (u1)UB| < 49. Then |N[u;]JUA| < 56. And so |G—(N[u1]JUA)| > 57-56 =
1. Butr(Cy, K1) = 1,50 G- (N [u1] U A) contains a vertex, say ug, which is not adjacent to any
of uy,up, u3, us, us, ug, and uy. Thus, {uy, us, us, us, us, ug, U7, ug} is an 8-element independent
set. Therefore, a(G) > 8. That is a contradiction. The proof of the claim is complete. O

O

Now, by Lemma 2.1, 6(G) > 8 and so by Claim 1, we have that 8 < |[N(u1)| < 28.

Thus, if [N (u1)| = r, then |B| > 50 — r. By a similar argument as in Claim 1, we have that

a((N(u1))g) > [r/4] and p > [(50 — r) /4]. Note that for any 8 <r <21, [(50 - r) /4] is greater
than or equal to 8. And so a(G) > 8. Now we have the following cases.

Case 1. 22 < |N(u1)] < 25, then by a similar argument as in Claim 1, we have that
a({(N(u1))g) > 6 and g > 7. Then, (B); has an independent set which consists of 7 vertices.
This set with the vertex u; is an 8-element independent set of vertices of G. That is a
contradiction.

Case 2. |[N(u1)| = 26, then |B| > 24. By a similar argument as in Claim 1, we have that
a({N(u1))g) > 7 and p > 6. Now we have the following two subcases.

Subcase 2.1. p > 7. Then we have a subcase similar to Case 1.

Subcase 2.2. = 6. The best case of such subgraph is the graph that shown in Figure 1. Now
we have the following two subcases.
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a

(N1[uz])e
up

(N2[us])c

us

(N3[ua])c
Uy

(Ns[us])c

(Ns[ue])c
Ue

(Ns[uz])c

u;z

Figure 1: Describes the situation in Subcase 2.2.

Subcase 2.2.1. There is a vertex of U?Zl Ni(uis1), say ai, that is not adjacent to at least one vertex
of each KW (1 < j £7),say xj. Then {x1, x2, X3, X4, X5, X6, X7, a1} is an 8-elemant independent
set of vertices of G. And so a(G) > 8. That is a contradiction.

Subcase 2.2.2. For each vertex of |JS_; N;(u;:1) thereis 1 < j < 7 such that this vertex is adjacent
to all vertices of K. Then G contains K; + P or Co. That is a contradiction.

Case 3. 27 < |[N(u1)| £ 28, Then by using the same argument as in Case 2, we have the same
contradiction.

Theorem 2.9. r(Cy, Kg) = 57.

Proof. Suppose that there exists a graph G of order 57 that contains neither Cg nor an 8-
elements independent set. Then by Lemma 2.1, 6(G) > 8 and by Lemma 2.8, G contains
Ky + P or Ks. Thus, by Lemmas 2.7, 2.6, 2.5, 2.4, 2.3, and 2.2, we have that |V(G)| > 72.
That is a contradiction. The proof is complete. O

Appendix

To show that the assertions (1)—(4) of Case 2 of Lemma 2.5 are true, it suffices to show that for
any two vertices of {uy, u3,us, uy, us, ug} there are paths of order 8,7,6 and 5. The following
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are paths of order 8 between vertices of {u3, us, u7, ug, ug}.

1- up-us path: upujuguyugususuz, by symmetry we find uy-ug path.
2- up-us path: upyuzusuuguzucus, by symmetry we find us-ug path.
3- up-uy path: upuzususuguiuguy, by symmetry we find us-ug path.
4- up-ug path: upuzusUsUeU7U I Ug.

5- up-ug path: upyuzususuiuzucuy, by symmetry we find ug-uo path.
6- us-us path: uzusuousuyusuius, by symmetry we find us-uy path.
7- uz-uy path: ugusuoucusuiugly.

8- us-ug path: uzususuyuguyuciy, by symmetry we find uz-ug path.

3- Us-Ug path: UsUsUU U1 U7 UUY.
The following are paths of order 7 between vertices of {us, us, uy, ug, us}.

1- up-us path: upuiuyugususuz, by symmetry we find uz-ug path.
2- up-us path: upyuzusuguyucus, by symmetry we find us-ug path.
3- up-uy path: uyuzusususuiuy, by symmetry we find uz-ug path.
4- up-ug path: upuzususuguy ug.

5- up-ug path: upuzususuucy, by symmetry we find ug-ug path.
2- uz-us path: uzuou uguzucus, by symmetry we find us-uz path.
2- uz-uy path: uzuou ususucuy.

2- uz-ug path: uzususuuyucuy, by symmetry we find uz-uq path.

3- us-uy path: usuguzuyugueUy.
The following are paths of order 6 between vertices of {u3, us, uy, ug, ug}.

1- up-us path: upuiucususus, by symmetry we find uy-ug path.
2- up-us path: upuzusuusus, by symmetry we find us-ug path.
3- up-uy path: upyuzususuuy, by symmetry we find us-ug path.
4- up-ug path: uyuzususugug.

5- up-ug path: upuzusuyuguy, by symmetry we find ug-ug path.
2- uz-us path: uzuou uyugus, by symmetry we find us-uy path.
2- uz-uy path: usuru usuguy.

2- uz-ug path: uzusuuzugUy, by symmetry we find uy-ug path.
3- us-ug path: usuiuouzusug.

The following are paths of order 5 between vertices of {us, us, uy, ug, us}.
1- up-us path: upu ususus, by symmetry we find uy-ug path.
2- up-us path: upuzusuqus, by symmetry we find us-ug path.
3- up-uy path: upuzusuiuz, by symmetry we find usz-ug path.

4- up-ug path: upususuus.
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1- up-ug path: upuiususug, by symmetry we find ug-ug path.
2- uz-us path: uzusuugus, by symmetry we find us-uy path.
2- uz-uy path: uzuou uguy.

2- uz-ug path: uzususuerig, by symmetry we find uy-ug path.

3- us-ug path: usuuzusug.
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