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The problem of construction of self-adjoint Hamiltonian for quantum system consisting of three
pointlike interacting particles (two fermions with mass 1 plus a particle of another nature with
mass m > 0) was studied in many works. In most of these works, a family of one-parametric
symmetrical operators {H,, e € R!} is considered as such Hamiltonians. In addition, the question
about the self-adjointness of H, is equivalent to the one concerning the self-adjointness of some
auxiliary operators {T;,I = 0,1,...} acting in the space L,(R., 72dr). In this work, we establish a
simple general criterion of self-adjointness for operators T; and apply it to the cases/ =0 and [ = 1.
It turns out that the operator Ci is self-adjoint for any m, while the operator T, is self-adjoint
for m > my, where the value of my is given explicitly in the paper.

1. Introduction and Statement of the Problem

This paper is continuation of works [1-4] studying the problem of construction of
Hamiltonian for a quantum system which consists of two fermions with mass 1 interacting
pointwise with a particle of another nature having mass m.

Originally, the construction of such Hamiltonian begins with introduction of the
symmetric operator:

1/1
Hj :—§<EAy+Axl +sz> (1.1)

acting in a Hilbert space # = L(R%) ® L;”™ (R x R®). Here, x;, x» € R® are the positions
of fermions, y is the position of a separate particle, and A,, A,,, and A,, are Laplacians with
respect to y, x1, and x,, respectively. The domain of definition of Hy, D(Hy) C # consists
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of smooth rapidly decreasing functions ¢(y, x1,x2) €  on infinity, antisymmetrical with
respect to x1, x, and satisfying the following conditions:

¢(y,x1,x2)|,_, =0, i=12 (1.2)

Usually, some family {H,, & € R'} of symmetric extensions of the operator H is proposed
as a possible “true” Hamiltonian of the system (the so-called Ter-Martirosian-Skornyakov
extensions, see [5]). These extensions were constructed in [1-4]. For some values of mass m,
the extensions of Ter-Martirosian-Skornyakov are self-adjoint (for all values of the parameter
€); however, for the other values of m they are only symmetric with nonzero deficiency
indexes (equal for all €). It turns out (see [3]) that the self-adjointness of all operators {H,}
is equivalent to the one for some auxiliary symmetric operator T acting in the space Ly(R®)
(see below). This operator commutes with the operators {Ug, ¢ € O3} of the representation
of the rotation group O; that acts in L,(R?) by the usual formula:

(Ugf) (k) = f (g‘lk), g€0;, fel, (R3>. (1.3)

Let us denote by #; C L, (R3) the maximal subspace, where the representation (1.3) is
multiplied by the irreducible representation of O3 with weight [, I = 0,1,2,... (see [6]).
Evidently, the space ; is invariant with respect to the operator T, and the restriction
C; = T|y, of this operator to the space <#; is symmetric operator. The operator T is self-
adjoint if all the operators {C;,I = 0,1,...} are self-adjoint. In this paper, we find general
simple conditions of self-adjointness of C; and the form of the defect subspaces (with small
exclusions) when these conditions are broken. Then, we apply these conditions to the cases
I =0and [ =1 and get that the operator T, is self-adjoint for all values of m > 0, while the
operator Cj- is self-adjoint for m > m( and has nonzero deficiency indexes for m < my, the
constant mg > 0 is indicated below (see (5.4)).

By the way, we note that the value of my obtained in this paper differs from that one
given by mistake in [2].

2. A Short Explanation of the Constructions from Papers [1-3]

(1) After Fourier transformation:

¥y, x1,x2) — §(q, k1, k)
1

- o I(R3)3 ¢y, x122) exp(=i(q,y) — i(ky, x1) — i(ks, x2) }dy dxrdxs  (2.1)
= (F¢)(q. ki, ka),

and change of variables:

P=q+k1+k2, pj = P

=——k, j= 2.2
m+2 k]/ ] 1/2/ ( )
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the operator
Hy = FHoF ',

can be represented as a tensor sum:

where H" is a self-adjoint operator in L,(R%):

(ﬁé”f) (P) = p? f(P), PeR’, fe L2<R3>,

T m+2

and ﬁéZ) actsin L, (R® x R®) by formula
(H8) (pr.p2) = G(pup2)s(prpa), g€ L™ (R <),
with
2, 2, 2
G(pup2) =pi+ P2+ == (p1p2) > 0.

The operator ﬁéz) is symmetric, and its domain is

D(HOQ)) - {g eL}™ (Rs X R3> : fﬂ@ g(p1,p2)dp; =0,j = 1,2},

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2) the deficiency subspace R_; C L;Sym (R3 x R?) of the operator ﬁéz) consists of the

functions of the form:

p(p1) —p(p2)

u ’ = ’
p(p1.p2) G(prps) + 1

where the function p(p) belongs to Hilbert space
L=4p: f Mdp < ¢,
R3

with inner product

(p1,92) = (u@vufﬂz)Lz(RSX]Rs) = (Wf)lf@Z)Lz(u@)-

(2.9)

(2.10)

(2.11)
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Here W is some positive operator acting in L,(R?) (see [3]). The domain of the operator
(ﬁéz)) , that is, a conjugate to H (2), is

Uy (p1,p2) }

p((AP)) = {g € LY (R x ) : g(p1,p2) = f(p1,p2) + Up(pr,pa) + G(prp2) +1

(2.12)
where f € D(ﬁé2)), £, € L. In addition, the operator (ﬁéz))* acts by the formula:
() 8) (prp2) = Glprp2) 3 (pup2) - (1) - p(p2)), (213)
where p is defined by (2.12).
The following asymptotics holds for vectors g € D((ﬁéZ) )*)N — oo:
Ilp o g(p1,p2)dpr = 4Ny (p2) + b(p2) + o(1). (2.14)
Here
b(p) = ~(Tp)(p) + Wy) (p), (2.15)

where the operator W is defined in (2.11), and (Tg)(p) is given by the following expression
(n=2/(m+1))

(Tp)(p) = 27r2J <1 - %2> P2 +1p(p) + IR _PO 4 (2.16)

3 G(t,p) +1

defined on the set:
D(T) = {p e L(R*) : |plp(p) € L(R*) }. (2.17)

The above-mentioned Ter-Martirosian-Skornyakov’s extension HY? of the operator Héz) is
obtained by requiring

b(p) =ep(p), (2.18)

where ¢ € R! is an arbitrary parameter.

Lemma 2.1. The operator T defined in the space Ly(R3) by (2.16) is symmetric, and the self-
adjointness of the operators H, (for all €) is equivalent to the self-adjointness of the operator T (see
[2,3,5]).
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The operator T can be represented as a sum of two operators:

T=T+T, (2.19)

where the symmetric operator T (with the domain D(T) = D(T)) acts as follows:

p(t)dt (2.20)
® G(t,p)

(@) () =22\ 1- ol (p) +

and T is a bounded self-adjoint operator. Since the deficiency indexes of T coincide with the
ones of T (see [7]), we shall study the conditions of self-adjointness for the operator C;
(3) as we said, the space #; C L,(RR3) is invariant with respect to T; it has the form:

Hy =1L, (RL r2dr) 2 LL(S), (2.21)

where le (S) C Ly(S) is the space of spherical functions of weight ! (see [6]) on the unit sphere
S ¢ R3. In addition, the operator C; = C|, has the form

T =M;QE, (2.22)

where E is the unit operator in le(s), and M, acts in L (R!, 7?dr) by the formula:

1 © N2 ’ ’
(M, f)(r) = 2x? \l 1- %2rf(r) + Zﬂ'I dxPy(x) () fr)dr , (2.23)
-1

0o 2+ (r’)2 + prr'x

on the domain

D(M)) =V = {u €l, <R1,r2dr> cru(r) € Ly <R}r, rzdr> } (2.24)

Here Pi(x), 1 =0,1,2,..., x € [-1,1], are orthogonal polynomials (Legendre polynomials)
satisfying P;(1) = 1:

51T 7 <x2 - 1)1, x € (-1,1). (2.25)

The operators {M;,I = 0,1,...} are symmetric in Ly(RY,7%dr), and the self-adjointness of
M is equivalent to the self-adjointness of ;. Later on, we shall study the operators M; and
derive a condition of self-adjointness.
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3. Preparatory Constructions

For every function u € V C Ly(R, r2dr), we consider the family of functions
h(u) = {uy =r"u,a € [0,1], up = u}, (3.1)

which we call a chain (with initial element u = ug and the final one u;). All functions u, € h(u)
belong to L, (R}, 7?dr) and have a uniformly bounded norm:

l[uall* < lluol® + ], a € [0,1]. (3.2)

Consider the unitary map (Mellin’s transformation [8]):

w: L, <Rl,r2dr> — L, <R1,ds> cf(r) — f(s) = Jm 2 f(rydr, seR' (3.3)

1
V2 Jo
and its inverse:

<w‘1f> (r) = \/% fo ris‘3/2f(s)ds. (3.4)

For every set of functions B C Ly(R!,r2dr), we denote by B C L,(R',ds) the set of their
Mellin’s transformations:

B = wB. (3.5)
For every chain h(u), we denote by I', the family of functions:
T =b() = {ya(s), @ € [0,1]}, (3.6)

where y,(s) = (wug)(s), uqy € h(u). The family I', can be represented as a function I',(z) of a
complex variable z = s + ia in the strip:

I= {ze(Cl:%ze [0,1]},

(3.7)

ru(z) — —is—1/2+au(

1 *® 1 ©
— dr = —— Iz dr.
T fo r r)dr \/EIO r u(r)dr

The function I';, is said to be associated with the chain h(u), and its values {y,(s)} on the lines
¢y={z=s+ia,s € R,0<a <1} cCIarecalled the sections of T',.
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Proposition 3.1. For every chain bh(u), u € V, the associated function {I',(z), z € 1} is continuous

in a closed strip I and analytic inside this strip. Moreover, its sections {y,} satisfy the following
inequality:

Os;glllru(') 1,y < o0- (3.8)

Inversely, any function {I'(z), z € 1} which possesses these properties is associated with some (unique)
chain W(v) : T =T, v € V. Let call this chain generated by I'. In addition, the functions {v,, a €
[0,1]} of the chain W(v) are obtained by the inverse Mellin’s transformation from the sections of

r={}’“}.‘

Vg = w’lylx_ (39)

The proof of this proposition can be obtained by using the arguments given in the book
by Paley and Wiener (see [9], Chapter I), which are related to the Fourier transformation
of functions analytical in a strip in a complex plane. It is not difficult to reformulate these
arguments in terms of Mellin’s transformation.

Note that the estimate (3.8) for {y,} follows from the estimate (3.2) and the unitary
Mellin’s transformation. Denote by G a linear space of functions I' satisfying conditions of
Proposition 3.1. Let us introduce two maps:

Q:h(u) —TI,€q, Ql:T, — hu). (3.10)

Let N(z), z € I, be a bounded, continuous function in the strip I, which is analytic inside I.
This function generates the family k¥, a € [0, 1] of bounded operators in L,(R!) which act as
multiplication on the functions nY (s) = N(z)|zzs+ia, s € R, 0<a < 1:

(RYg)(s) =nY (9)p(s), g e La(R). (3.11)

Evidently, for any I' € G, the function N (z)I'(z) belongs to G. If the chain h(u) is generated
by I' =I', and the chain h(v) is generated by N (z)I'(z) = I';(z), then

Vg = Kf,,\[ua, a€[0,1], wuye€bh(u), (3.12)
where
&N = w kN w. (3.13)
Denote by IT the following self-adjoint operator in Ly (R}, r2dr):

(I1f)(r) =rf(r), (3.14)

with the domain D(IT) = V.
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It is clear that for any u € V, the power IT¢, 0 < < 1 of the operator IT is applicable to
an element u, € h(u) if f+a <1 and

TP Uy = Ugsp. (3.15)

For the function I', that is associated with h(u),the action of the operator [T = wilPw™! on
the sections {y,} of I', has the form:

I:[ﬂya = Yaip- (3.16)

(againifa+p <1).

4. The Operator M,

The operator M; (see (2.23)) can be represented as

M, = Hl/ZKll—Il/Z’ (41)
where «! = x! /, is an operator in L,(RL, r?dr) acting by the formula:
2 1 © 2 Ndr'
(kof) ) =202\ [1- £ f ) + 27[f dx P (x) (r)"f(r')dr . 42)
4 -1 0 (rr)!/? <r2 +(r)? + yxrr’)
Lemma 4.1. Operator Kll /, 1 bounded and self-adjoint in Ly(RY, r2dr).
Proof. Pass to the operator:
Tcll/z = wxll/zw’l, (4.3)

acting in Ly (R!). It follows from calculations in [2, 3] that 1"611 1218 the operator of multiplication
on the function:

2
nll/z(s) =202 < 1- #Z + )Lll/Z(s)>, (4.4)
where
! ch(sv(x))dx
I fo Pi(x) ch(szr/2) cos(v(x)) for even [,
hi72(9) = ! sh(so(x))dx 49
- f o ) hex/2) costwmy T ddh
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and v(x) = arcsinux/2, 0 < x < 1. As we see the function nll/Z(s), s € R!, is bounded and
real. The lemma is proved. O

We see from (4.4) and (4.5) that the functions nl1 /2(5) and )Lll /p are continued up to
bounded, analytical functions N'(z) and A!(z) correspondingly, defined in the strip I = {z €

C!' : -1/2 < Sz < 1/2}. Let us define the functions J/\T\’(z) = Nl(z — 1/2) which we shall

consider in the strip I = {z € C: 0 < $z < 1}. The operator & /, coincides with the operator

%EIZ from the family {ch,,v l} generated by the function N (see (3.11)). Any other operator of
this family acts as multiplication on the function:

fly(s) = N'(z)|___. (4.6)
Denote by x, the operators
K = w K Iw, (4.7)
acting in Ly (R, r2dr).
Note that
<1cfx>* = Kffa. (4.8)

It is convenient to represent the operator M; in form of three sequential maps

M : ug € h(ug) — IV %ug = 11/ — Kll/zul/2 =012
(4.9)
— H1/201/2 =71 € f](U),

where v = vy, v1 /2, v1 are elements of the chain h(v) generated by the function I', = N'T, € G.
Note that the chain (4.9) can be rewritten in the following way:

1o € H(1tg) 2 Ty — Ty = NIy S h(v) — 01 € h(0). (4.10)

From (4.1) and self-adjointness of x} s, it follows that the operator M; with the domain
D(M;) =V is symmetric. For any a € [0, 1], a representation of M; similar to (4.1) is valid:

M, = T« 1 (4.11)

as well as decomposition like (4.9).

Let us now describe the domain D(M;) 2 V of the operator M; conjugated to M;.
Let ¢ € D(M]) be a function from D(M;) and h = M;g € Ly(RY,72dr). Then for every
u € V= D(M;), we can write

(Mu, g) = <K11Hu,g> = (Hu, (K11>*g> = <u, HKég) = (u, h). (4.12)
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Here we use the representation (4.11) for a = 1 and the equality (4.8). Denote f(r) = h(r) —
(Ilx)g) (r) and apply the following evident assertion.

Lemma 4.2. Let a measurable function f(r) satisfies condition
f f(ryu(r)r’dr =0, (4.13)
0

foranyu € V. Then f = 0.
From this and (4.12), it follows that
Tx)g = h. (4.14)
Hence
wo=xhg €V, (4.15)

and h = w; € h(wy) is the final element of the chain h(wy). Thus the domain D(Mj) of the
operator M; is

D(M;) = {g € Lo(RL,rdr) :xfg e V. (4.16)

In the case when the operator «} has the inverse one, (Ké)_l, which is equivalent to the
condition:

fy(s) #0, for any s € R!, (4.17)
the following equality is true:
-1
D(M;) = () V. (4.18)

Let M;‘ = wM;w™ be an operator in L,(R') with domain D(M;*) = wD(M). Then for g €
D(M;‘), the following representation holds true:

36) = (Ah(s)) " @o(s) = (N'2)) Tuw(@)| (419)

z=s

if condition (4.17) is fulfilled. Here @y (s) = (wwy)(s) where wy is defined in (4.15).

Remarks. (1) Note that the function N (z) is invariant with respect to reflection of the complex
plane around the point z = i/2:

z—z"=—-z+1. (4.20)
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Under this reflection, the strip I is mapped onto itself; hence, for every zero z € 1(z#i/2)
of the function ﬁ, there exists another zero, z° € I, of N! with the same multiplicity. The
multiplicity of z =i/2 = Z" is even;

(2) Since N'(z) — 2724/1 - u2/4 > 0as z — oo inside I, the function N'(z) has finite
number of zeros inside I.
We can now formulate the main criterion of self-adjointness of the operator M;.

Theorem 4.3. The operator M; is self-adjoint if and only if the function N'(z) has no zeros in the
closed strip I.

Proof. (1) Assume ﬁ(z) #0 in the strip I. Then (N\l)_l(z) is bounded and continuous on I

and analytical inside I. Let g € ﬁ(ﬁ;‘). Since 7!(s) #0 for s € R!, the representation (4.19)
holds true. Since

<ﬁl(z)>711”wo(z) =T,eG, vevV, (4.21)

the element ¢ = w™'g € D(My) coincides with v € V, thatis, D(M}) = V = D(M;); it means
the self-adjointness of M;;

(2) assume now the function N'(z) has zeros Zi,...,zx € I. Consider first the
case when all zeros are lying inside I and their multiplicities are equal to p,...,pk,
respectively. Again, let g € ﬁ(ﬂ;‘). Since 7!(s) #0, the representation (4.19) holds true. The
function (Rfl (z))_ll"wO (z) is meromorphic in I with poles zj, ..., Zx having the order p, ..., pk
respectively. For this function the usual canonical representation [10] is true:

Pn n)
(N(2)) Tuy(2) = Lz 3 S bl ) (422)

n=1 m= 1(Z Z")

where L™ (z) is bounded, continuous function on I, and analytical inside I, and the
coefficients bi,rf ) = bf,’: ) (wyp) depend on wy.
Lemma 4.4. The function L™ (z)in (4.22) belongs to the space G.

The proof of this lemma is given in The appendix.

From (4.19) and (4.22), for g = w™'g € D(M;), we have

g(r) =o(r) + mzmbi,?) <w1<<i)m>>(r), (4.23)

where the function v € V is defined from relation
L*(z) =T,(z) €@,

m (4.24)
) =0 () )0 = AR )™y (o),
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where Af,'f ) is an absolute constant, z,, = s, +it,,0<t, <1and

1, r>1,
= 4.25
x() {0’ r<l. ( )

Since linearly independent functions d,,, € D(M;]) do not belong to V, due to (4.23), they
form the basis in the defect subspace U of the operator M; (see [7]). Since the dimension of
the subspace U is equal to ¥ p, and the operator M; is real, its deficiency indexes n, are
equal and have the form:

ny=n_= —an. (4.26)

(It follows from Remarks that the sum 3¥ p, is even). Consider now the case when one of the
zeros of N'(z), say, Zp = s9 € R, lies on the boundary of I and has multiplicity p (in addition,
there is a zero z; = sp + i). In this case, in a neighborhood of Z, the function N !(z) has the
form:

N'(z) = (z-20)"Q(z), (4.27)

where Q(z) is analytic in this neighborhood. Consider the function,

1 1

(—i(z - Zp))"? (z +2i)*

G(z) = (4.28)

whereby (—iw)'’? for Sw > 0, we mean the branch of a many-valued function (—iw)'’? that
takes positive values on the positive part of the imaginary axis. Evidently, the function G(z)
is analytic in the strip I and satisfies condition (3.8). However, this function is discontinuous

at zp and does not belong to G. In addition, the function N\EZ)G(Z) now belongs to G as follows
from (4.27) and (4.28). Thus

3(s) = G(2)|__ eV =wV, (4.29)
but

il (5)3(s) = Nl(z)c(z)L:S ev. (4.30)

Consequently, g = wg€V but xjg € V, thatis, g € D(M;). Thus D(M;) # V, and the operator
M has nonzero deficiency indexes. Theorem 4.3 is proved. O

5. The Operators M, in the Cases /=0 and /=1

Here, we apply Theorem 4.3 to the cases I =0 and [ = 1.
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Theorem 5.1. (1) For | = 0, the operator M is self-adjoint for any m > O;
(2) the operator M-y is self-adjoint for m > mg and has nonzero deficiency indexes for m < my.
In addition, for m < my these indexes are equal to (1,1). The constant my is a unique zero of (5.4).

Proof. We need the following properties of the functions A'0(z) and A=!(z), z € I.
Lemma 5.2. (1) For any | = 0,1,2,... the function Al(z) is invariant with respect to reflection
(4.20);
(2) The point z = i/2 € I is a nondegenerate critical point for both functions A'=0 and A=1;
(3) These functions take real values on the line:

51/2={Z=S+%,S€Rl}, (5.1)
and on the segment:
T={z=it,0<t<1}. (5.2)

Outside the set B = §Al 2 UT, bAoth functions take nonreal valuei; ~ ~
(4) the real values of A, 1 = 0,1, are between 0 and A'(0) = A'(i). Every value of A'|p—
except Al(i/2) —is taken exactly at two points;
(5) the extreme values of A, 1=0,1, Al(0) = Al(i) are given by
A =0 I 1 . H
AR(0) = 8v2r p " sin{ 7 arcsin5 >0,
(5.3)
AH0) = - z—zﬁxzy_2sin3<% arcsin g) =—q(pu) <0,

(6) the function q(u) increases monotonically on the interval 0 < p < 2.

The proof of this lemma is given in The appendix.
Corollary 5.3. (1) The zeros of J/\Tj(z), 1=0,1 can only lie in the set B;

(2) N=0(z)|p > 0 for any value of p, and therefore the operator Mg is self-adjoint for all
m € (0,2);

(3) The function N*=1(z)|p is positive if 2or24/1 - p2/4 > q(u) and vanishes at some point

z € B (and also at z* € B) if 2724/1 - p2/4 < q(p).

In Figure 1, the curves corresponding to the functions 2724/1 — p2/4 and q(u) are
depicted. We see that they intersect at a unique point with abscissa py € (0,2) which satisfies

the following equation:
12
2%\ [1 - ZO = q(uo). (5.4)

Thus, for m > my = 2/pug — 1 the operator Mj-; is self-adjoint, and for m < my
it has deficiency indexes (1,1). For m = my, the operator M;-; is not self-adjoint as well.
Theorem 5.1 is proved. O
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Figure 1

Appendix

Proof of Lemma 4.4. The function (Z/\T\I(z))’l, z € I admits the canonical representation (see

[10])

. P g
(N ’<Z>> =Qi(2) + Z Z (A1)

nlml

where z1,...,zx € I are zeros of ]/\T\’(z) (with multiplicities py,...,pk), aﬁr’f)

a;:) #0, and Q(z) is a bounded, continuous analytic function in I. From this, it follows that

forany v € V, Qi(2)I',(z) € G. Consider some term of the sum (A.1) and write

are constants,

(n) m (")
am n n
mrv (Z) = <P,§1,3}(Z) + Z > ain), (AZ)
n

a-1(z - Zn)

where

n 1 < (n — e
P (z) = m@(z) - ;cfnidu— Zn) d>,

™ = " (v) = r“)( Z.), t=0,1,....

(A.3)

It is clear that P,(,Z )(z) is bounded, continuous analytic function in I. We are going to show
that this function belongs to G. Let O € I be a small neighborhood of z, and yo(z) the
characteristic function of O. Obviously, the bounded function XOP,(n » satisfies condition (3.8).
Every term of the sum

m (n)
(1—xo)P&?L(z)=%(1— 0) -3 E(v)du o) (A4)

d=1 (

satisfies this condition as well.
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Thus for fixed z,, and v € V,

o(z) o, & b (@)
om v _ K A5
mZ:l(Z— )" ()+;(z Z)Y )
where
K" (2) = Za““P("’ (2), (A6)
be" (v) = Za<”) W (@), d=1,...,pn (A7)

Thus, we get the representation (4.22) where
L) (z) = Qi(2)T, () + ZK (z) €q, (A.8)

and the coefficients bi,'; ) (wy) are given by formula (A.7). Lemma 4.4 is proved. O

Proof of Lemma 5.2. (1) It is more convenient to consider the functions N'(z) and A!(z) in the
strip I= {z : |Sz] < 1/2} instead of the functions N! (z) and Al(z) in the strip I. Similarly,
instead of the reflection z — z* we consider the reflection z — —z around the point zg = 0. It
is clear that the functions A!(z),1=0,1,2,... are invariant with respect to the change z — -z,
and it means the invariance of A! with respect to reflection (4.20);

(2) it follows from (4.5) that z = 0 is a nondegenerated critical point of A0 and A7,
if we note that 0 < v(x) < o /2. Correspondingly, z = i/2 is a nondegenerated critical point
for Al(z), I = 0,1. The real axis & = {z = s;s € R!} coincides with the saddle-point line
at z = 0 (see [10]) for A0 and —A"!. More precisely, these functions take real values on ¢
and decrease monotonically to zero as |s| increases from zero to infinity. On the contrary, A=
and —A=! increase monotonically along imaginary axis as |t| increases from zero to 1/2. The
monotonicity of A0 along real axis follows from (4.5), equality Py(x) = 1, and inequality

( ch(v(x)s) )' < Zshx/2-v()s (A.9)

ch((/2)s) /s~ 2 (ch((xr/2)s))?

for s > 0 and a similar inequality for s < 0. The proof of monotonicity of A'*! along real axis,
and also monotonicity of both functions along imaginary axis is analogous if we note that
P1(x) = x on (0,1). Thus the functions Al, I = 0,1, take all values between 0 and A!(i/2) =
Al(~i/2) and every value except A!(0) which is taken exactly twice;

(3) we will show now that the values of functions A’(z), I = 0,1, on the set I \ B are
nonreal. Let us represent this set as a union of four sets, fi, i=1,2,3,4 as shown in Figure 2.

We consider the case | = 0; the case [ = 1 is similar. Figure 3 shows the disposition of
lines of levels for function Ko(z) = RA=Y(z) which pass through the points i and —i between
lines pand g%, p = {z: Ko(z) =0,z >0}, p* = {z: Ko(z) =0,z < 0}.
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All these lines have common tangents at points i and —i, and the line f (resp. f*) lies
above (resp., below) the strip I. The picture represented in Figure 3 is obtained by detailed
study of the explicit formula for A’=0:

1o, _ 4x?sh(zarcsin(p/2))
A7) = u zch(z-w/2) (A-10)

together with the proof that the lines § and * do not intersect the strip I. This proof is given
below.

From Figure 3, we see that the set I; lies inside the shaded domain U that is bounded
by the real semiaxis §j = {z : z = 5,5 > 0}, the segment (0,i/2) on the imaginary axis and the
part of line  which lies in the right half-plane. From (A.10), it is easy to see that the function
w = A(z) maps the boundary U of the domain U into the boundary of the right lower
quadrant M = {w : Rw > 0, Sw < 0} of the plain w. Hence, the domain U is mapped inside
this quadrant, that is, all values of the function A in U are nonreal. It means the absence of
real values of A0 in I 1. For the domains TZ, f3, and T4, the proof is similar. Let us now prove
that § and * do not intersect the line ¢;». It is sufficient to prove that RA'=" > 0 on the line
¢12=1{z:z=s5+i/2,5 € R'} or, which is the same, that

ch(zv(x))

_ >0, A1l
B2 |y (A1D
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for any s € R! and x € (0,1). Write

ch[(s+i/2)v(x)] _ ch(sv(x)) cos(v(x)/2) +ish(sv(x)) sin(v(x)/2)
ch[(s+i/2)r/2]  ch(sx/2)cos(or/4) +ish(sor/2)sin(or/4)

=D(s,x). (A12)

Let s > 0. Then the values of numerator and denominator of D(s, x) lie in the right
upper quadrant of a complex plain, and hence -7 /2 < arg D(s, x) < o /2, that is, RD(s, x) >
0. Similarly (A.11) can be proved in the case s < 0 and for A=0|,_¢_;/2;

(4) let us find the values Al(i/2),1=0,1:

(I) the case I = 0:

A (i/2) = 27° j : coscz(j(sa(c{))i?séi)/ 4) (A-13)
After the change v(x) = ¢, the integral (A.13) becomes
42 J‘arcsin#/Z cos<§>d§ = %ﬁz sin(1 arcsin E), (A.14)
U 0 2 U 2 2
(II) The case I = 1:
Nt (5) = 2w [ w Sl B (A15

The same change v(x) = ¢ reduces to the integral

8+v/2 2 parcsinp/2 324/2 > 1
- ff f sinésin(g)«ﬁ:—Tf%sin3<§arcsing>; (A.16)
0

(5) let us show that the function:

1 : 2)
o2 sin(v(x)/ Al7
q(p) =27 Io xcos v(x) sin(or/4) ( )
decreases monotonically as y changes from 0 to 2. We have
<—Sin(v(x)/ 2) ) >0 (A18)
cos v(x) 4

because the numerator of (A.18) increases, while the denominator decreases with the growth
of u. This implies that

q(u) >0, (A19)

that is, g(u) increases monotonically. Lemma 5.2 is proved. O
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