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A finite volume method based on stabilized finite element for the two-dimensional stationary
Navier-Stokes equations is analyzed. For the P;—P, element, we obtain the optimal L? error
estimates of the finite volume solution uj;, and p;,. We also provide some numerical examples to
confirm the efficiency of the FVM. Furthermore, the effect of initial value for iterative method is
analyzed carefully.

1. Introduction

In paper [1], G. He and Y. He introduce a finite volume method (FVM) based on the
stabilized finite element method for solving the stationary Navier-Stokes problem and obtain
the optimal H! error estimates for discretization velocity, however, to our dismay, without
the optimal L? error estimate. It is inspiring that the following further numerical examples
tell us that it has nearly second-order convergence rate. So, in this paper, we introduce a
new technique to prove the optimal L? error of a generalized bilinear form and then gain the
optimal L? error estimates of the stabilized finite volume method for the stationary Navier-
Stokes problem.

For the convenience of analysis, we introduce the following useful notations. Let €
be a bounded domain in R? assumed to have a Lipschitz continuous boundary 8Q and to
satisfy a further smooth condition to ensure the weak solution’s existence and regularity of
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Stokes problem. (For more information, see the Al assumption stated in [1, 2].) We consider
the stationary Navier-Stokes equations

—vAu+ u-VYu+Vp=f, divu=0 xe€Q,
(1.1)
ulpo =0,

where u = (u1(x), up(x)) represents the velocity vector, p = p(x) the pressure, f = f(x) the
prescribed body force, and v > 0 the viscosity.
For the mathematical setting of problem (1.1), we introduce the following Hilbert
spaces:
2 2
X = (H)@)', ,

Y = <L2(Q)> M:{qeLz(Q):qudx:O},

(1.2)
H= {v e L2(Q)% divo=0in Q, v-nly, = o}.

The spaces (L2(Q))" (m = 1,2,4) are endowed with the usual L2-scalar product (-,-) and
norm || - |lo, as appropriate. The space X is equipped with the scalar product (Vu, Vo) and
norm ||Vu/lo.

Define Au = —Au, which is the operator associated with the Navier-Stokes equations.
It is positive self-adjoint operator from D(A) = (H 2(Q))*NX onto Y, so, fora € R , the power
A% of A is well defined. In particular, D(A'/?) = X, D(A%) =Y, and

<A1/2u, A1/20> = (Vu, Vo), ||A1/2u|| (Vu, V)2, (1.3)

0_

forall u,v € X.
We also introduce the following continuous bilinear forms a(-,-) and d(-,-) on X x X
and X x M, respectively, by

a(u,v) =v((u,v)) Yu,veX, d(v,q) =—(v,Vq) = (g, dive) YveX, geM, (14)
a generalized bilinear form on (X, M) x (X, M) by
B((wp); (v.q)) = a(u,0) -d(v,p) +d(u,q), (1.5)

and a trilinear form on X x X x X by
b(u,v,w) = ((u-V)v,w) + %((divu)v,w). (1.6)

Under the above notations, the variational formulation of the problem (1.1) reads as
follows: find (u, p) € (X, M) such that for all (v, q) € (X, M):

B((w,p); (v,9)) + b(w,u,0) = (f,0). (1.7)

The following existence and uniqueness results are classical (see [3]).
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Theorem 1.1. Assume that v and f € Y satisfy the following uniqueness condition:

N
1- AL >0 (18)
where
b(u,v,w)
N; = sup . 1.9
womein e TA2ull [AV20] A 2] 19

Then the problem (1.7) admits a unique solution (u,p) € (D(A) N X, H'(Q) N M) such that

a2 <v Al el lipll < el £l (1.10)

2. FVM Based on Stabilized Finite Element Approximation

In this section, we consider the FVM for two-dimensional stationary incompressible Navier-
Stokes equations (1.1). Let & > 0 be a real positive parameter. The finite element subspace
(Xn, M) of (X, M) is characterized by T;, = T,(€2), a partition of Q into triangles, assumed
to be regular in the usual sense (see [4-7]). The mesh parameter h is given by h = max{hx},
and the set of all interelement boundaries will be denoted by I',. Besides, we also use the
configuration based on barycenter of element K; € T, to construct a dual partition T}, of Ty,
which is shown in Figure 1.

Finite element subspaces of interest in this paper are defined as follows: the continuous
piecewise linear velocity subspace

X, = {’0 € X :v|g € (P(K))? VK € Th}, (2.1)
the piecewise constant pressure subspace
My, ={qe M :q|gx € Py(K), VK € Ty}, (2.2)

and the dual space of velocity subspace X}

Xt = {v € <L2(9)>2 L0l € (Py(K*))?, VK* € T;}. (2.3)

Actually, this choice of Xj is the span of the charaicteristic functions of the volume K*. Note
that this mixed finite element method is unstable in the standard Babugka-Brezzi sense [8].
Define the interpolation operator I} : X, — X,

L= Y up(xi)xi(x), (2.4)

x; €Ny,

where Nj, = {P; : Vertices of triangles in Tj,}.
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Figure 1: The partition and dual partition of a triangular.

Let us introduce the continuous bilinear forms a(-,-), d(-,-), and d(-,-) on X x X,
X5 x My, and X, x My, as follows:

- . . ou
a(up, Liop) =v((un, Liop)) = -v Z f vh(x,-)—hds, Yun, o € Xn,
Kret; ) oK; on

E(I;vh’ph) = (I;vh/ Vph) = Z IaK* op(xi)pn -nds, Nup € Xp, pn € Mp, (2.5)

KleT;

d(un,qn) = —(un, Van) = (qn,div up,), Vup € Xy, qn € My,
where n is the out normal vector. We also define the trilinear forms E( -+, ) on Xy x Xp, x X, by
E(uh,vh,I;wh) = ((uh . V)‘Uh,I;wh), (2.6)

for all uy, vy, wy € Xy, the right side of term

(FLo)= 3 fK* ou(x)f dx, Vou € X, @7)

KIeT;

and a generalized bilinear form on

B((un, pn); (Lyon, qn)) = @(un, Lon) - d(Lyon pn) + d(un, qn).- (2.8)
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Based on the dual partition and bilinear forms defined above, this paper still
introduces the norms and seminorms [1, 9]:

1/2
2
||uh||o,h = <Z ||uh||o,h,1<> ’

KeTy,

1/2
~ ~ 2
Al - |22 / (2.9)
” e KEZTh h Mt onk

2 a2 12\
il = (ol + [ 232))

where

Sv 1/2

2,2 .2
llunllonx = [ 3 (”P,- +tup + qu)

2.10
ae (@Y (om@N] ) o
” h uh”o,h,K_ 0x oy ‘ !

with S, the area of Av;v;vi (see Figure 1).

7

Formally, there are some differences between ||uyl|o,n, ||A;l/2uh||o and ||upl|o, ||A}l/2uh||0,

respectively, but we, actually, have the following results [9-12].

Lemma 2.1. There exist constants c1, ¢z, independent of h, such that

cillunllon < llunllo < collunllon,  Yun € X,

0], - a2 o

o Yuy € Xp,.

So, for simplicity, we also denote ||uylo, and ||unll1,n by |lunllo and [|uy|1, respectively,
without confusion. Below ¢ (with or without a subscript) is a generic positive constant.

For the above finite element spaces Xj and My, it is well known that the following
approximation properties and inverse inequality

||A}/2v||0 < chYolly, Vo€ X
o - Liollg+ k|43 - Lio)| < el awoll, Yo € D(A),

(2.12)
o~ zioll, < ch 4}/

o Yo e Xh,

Yge HY(Q)nM

la—Tnall, < chllq

17

hold (see [4, 13]), where Ij, : D(A) — X, is the interpolation operator and Jj, : H (Q)NnM —
My, is the L2-orthogonal projection.
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In order to define a locally stabilized formulation of the stationary Navier-Stokes
problem, we also need a macroelement partition Ay as follows: Given any subdivision Tj, a
macroelement partition Ay may be defined such that each macroelement X is a connected set
of adjoining elements from Tj,. Every element K must lie in exactly one macroelement. For
each X, the set of interelement edges which are strictly in the interior of X will be denoted by
I' ¢, and the length of an edge e € I' ¢ is denoted by h,. For a macroelement X the restricted
pressure space is given by

Moy = {q € I2(K) : qlx € Po(K), VK € JC}. (2.13)

With the above choices of the velocity-pressure finite element spaces Xj, X}, M, and
these additional definitions, a locally stabilized formulation of the Navier-Stokes problem
(1.1) can be stated as follows.

Definition 2.2 (locally stabilized FVM formulation). Find (up, pr) € (Xi, My), such that for all
(UI q) € (Xh/ Mh)

Bi((n, pn); (I;0,9)) + b (un, un, ow) = (f, Io), (2.14)

where

Bu((un, pn); (I;0,9)) = B((un, pn); (1;0,9)) + Cu(pn,q), Y (un,pn), (v,q) € (Xn, M),

)= 3 e[ ol lal.ds

KeAy el
(2.15)

for all p, g in the algebraic sum H'(Q) + My, and [-], is the jump operator across e € I'x and
p > 0 is the local stabilization parameter.

A general framework for analyzing the locally stabilized formulation (2.14) can be
developed using the notion of equivalence class of macroelements. As in Stenberg [14], each
equivalence class, denoted by & ¢, contains macroelements which are topologically equivalent
to a reference macroelement K. See [1, 2] to get some examples.

The following stability results of these mixed methods for the macroelement partition
defined above were formally established by Kay and Silvester [6] and Kechkar and Silvester
[7]. Throughout the paper we will assume that f > f3.

Theorem 2.3. Given a stabilization parameter p > Py > 0, suppose that every macroelement X €
Ay, belongs to one of the equivalence classes &, and that the following macroelement connectivity
condition is valid: for any two neighboring macroelements Xy and K, with | sk, As#0, there exists
v € Xy, such that

supp v C K1 UK, f v-nds#0. (2.16)
KinK,
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Then,

1/2

el <e 3 ([ (Il +wiepliyax) ([ (lall e @iwali)as) @i

KeTy

orall p,g € HY(Q) + My, and
p-q

Cu(p,qn) =0, Cin(pn,q) =0, Cin(p,q9) =0 Vp,q€ HY(RQ), pn,qn € Mp, (2.18)

where ¢ > 0 is a constant independent of h and f, and Py is some fixed positive constant.

3. Error Estimates

In order to derive error estimates of (uy, pn) in the FVM, we need the existence and some
regularities of the variational problem (2.14) (see [1]).

Lemma 3.1. Under the assumptions of Theorem 2.3, there exist constants y and a > 0 such that

|4 2] + B (P pn) = B () (B ), G1)
| B (G, pn); (Gron @) | < v (|| &Y 24w, + lenlly) (| &2 A0]|, + llanlle),  G2)

~ Bi((un, pn); (T;on,q1))
a(|| &/ 2un|, + llpwllo) < ol ” A”}/th"o +h||Qh”0 (33)

hold for all (up, pr) and (vy, qn) € (Xn, Mp).

For the trilinear terms E(u, op, I;wp) and E(Uh,u, I;wy,), the following properties are
useful [1,2]. Set

I;(u,vh,IZw)
N2 = sup 1 1/2 A1/2 11/2 ’
wonwneH) (@) || AV 2ul| || A, 0 . A w .
E(vh, u, I*w) (3.4)
Ns = Sup 31/2 " A1/2 !
wanonery@ || A3 20| | A2ullo || 4} ||,
N = max{Nl,Nz,Ng,}.
Lemma 3.2. The trilinear form b satisfies
~ ~ 1/2)) ~ 1/2) ~ ~ 1/2) ~ 1/2
Aol B P N T R N P e T

for any up, v, wy, € Xy,
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Lemma 3.3. Suppose the assumptions of Theorem 2.3 and (3.4) hold, and the body force f satisfies
the following uniqueness condition:

4N
1—?||f||_1 > 0. (3.6)
Then there exists a unique solution (uy, py) of problem (2.14) satisfying the following estimate:
712, |1 2
|| A3 2|+ llpulls < =, (3.7)
|42 = ||+ e = pully < b (3:8)

In order to derive error estimates of the stabilized finite volume solution (up, pr), we
need the following Galerkin projection (R, Qp) : (X, M) — (Xi, M) defined by

Bi((Ru(0,9),Qn(2,9) ); (Tron an)) = B((2,4); (Low,n))  ¥(on,qn) € (X, M),
(3.9)

for each (v, q) € (X, M).

Note that, due to Lemma 3.1, (ﬁh, @h) is well defined. Now, we derive the following
optimal L? error estimate of uj, and pj, defined in (3.9). Using an argument similar to ones
used by Layton and Tobiska in [15], the following approximate properties can be obtained.

Lemma 3.4. Under the assumptions of Lemma 3.3, the projection (Ry, Qy) satisfies
|47 @- R )], + a-@@a, < (4], <lall). - @10
forall (v,9) € (X, M),
|14 (0 - Ruw.@))||, + a - Butw.0) |, < cn(iavlo + |42 ). @)
for all (v,q) € (D(A), H'(Q) N M), and
o~ Ruto )|, 1| A/ (v - Ru(o,0)) || + Hl|a - Qu(v,9) |, < c* (vl + llqll,), (3.12)
for all (v,q) € (D(A), H'(Q) N M).
Proof. Equations (3.10) and (3.11) is the directly from [1]. Next, let (v, ) € (D(A), H'(Q)nM)
and introduce the dual Stokes problem: find (@, ¥) € (X, M) such that

B((w, r); (D, ¥)) = (w, I <v - ﬁh(v,q))), V(w,r) € (X, M). (3.13)
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Using the regularity assumption of Stokes problem (See the Al assumption in [1, 2]), there
holds

@l + 1% < c|[o - Ri(v,9)]| - (3.14)

Now, setting w = v — ﬁh(v,q), r=gq- Qh (v,q), using (2.18) and (3.9), we obtain that for
(O, W) = (D, Ju¥) € (Xn, Mp),

o~ Ru(o.0) | = 5( (o~ Ru(o,0),0- Qu(0,0)); @, )

= Bu((0-Ru(v,9),9- Qu(v,9) ); (@)

h<<U - Ri(v,9),q- Qh(v,q)>; (O -Dy, ¥ - ‘Ph))

I
T

(3.15)
= ﬁ(v—ﬁﬂv,q),]ﬂ@—@@)
- d(1(@ - @), q-Qn(v,9))
+d<v—§h(v,q),T—Wh>.
For any vj, € Xj, we have [9-11]
E(v—ﬁh(v,q),I;(q)—(Dh)> = (A((v—ﬁh(v,q» —Ih<v—ﬁh(v,q)>>,12((1)—¢)h)>,
(3.16)

fi(i0-an.0-Ge.0)], seli(0-000- G

Since the dual partition is formed by the barycenter, similar calculation in [10, 11, 16]
allows us to have

(o - Rutw,0), L@ - an) | < xk?]o - Ri(o,9)]),

< ([l e+ U0+ [ 427 (0~ Raer) )

(3.17)
|a(ti(@ - @10~ Gu(o, )|, < cf|d(@-0n),a-Gu(o. )],
<AV @-®)loflq-Cu(w.9)] - o
By (3.10), (3.11), and (3.14), we have
|d (1@ - ®u),q-Gu(v,0)) |, < crl Al (Aol + | 44| )
(3.19)

<o Futo)] (1 + [474]).
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Since Cp,(p, qn) = 0, for all p € (H'(Q) N M), for all g, € My, similarly in [7], we have

(e~ Foom) v, <o (o~ o), o

i (3.20)
<t (lull + P11, (2 - Rao,0)) .

Finally, combining (3.10) with (3.17), (3.19), and (3.20) yields (3.12). O

Next, we will derive the following error estimates of the finite element solution (uy, p)
defined in Section 2.

Theorem 3.5. Assume that the assumptions of Lemma 3.3 hold. Then the stabilized finite element
solution (up, pr) satisfies the error estimates

llu = uplly + h(||A}/2(u - uh)uo +lp - ph||0> < ch?. (3.21)

Proof. 1t is well known that the weak solutions (u,p) € (D(A) NV, H(Q) n M). Hence, we
derive from (2.14) and (3.9) that for all (vp, qi) € (X, Mp)

B ((en, 1n); (Ion, qn)) + E(u - up, u, o) + I;(uh,u —uy, Ijop) =0, (3.22)
where e, = ﬁh(u,p) —upand i, = Qh(u,p) — pi. Taking (v, q) = (en, n1) in (3.22), we obtain

~ 2 ~ -
v”A}/zeh” + PoCr (1, M) + b(en, u, Iren) + b(u, en, Iyen)
(3.23)

< |b<u - ﬁh(u,p),u,eh>| + ‘b(uh,u - ﬁh(u,p),eh> |
We find from (1.10), (3.1), (3.4), and (3.6) that
ol -]~ e = o -2l

> (1= 2 ) | %
(3.24)
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Moreover, By (3.5), (3.11), and Poincaré’s estimate, we have

o (nu = Ri () en) ||+ [[o (- Ru ) wen) ||
<o (wu-RuGuwp).en)||, + B (x - Ruwp) wen)|
+[|B(u-Ru(wp),u=Ri(wp)en)|, + |o(enu-Ru(up)en)|
<l (u- Fatw) || %],
re([|A (e Rutwp) |, [ 4 el YA (- Rater)) | |45

<ol

’ (3.25)

.
Combining the above estimates with (3.24) and using the uniqueness condition (3.4) yield
|4 e, < cn* (3.26)
Finally, one finds from (3.12) and (3.26) that
= unllo < llenllo + [l = Ru (e, p) [l < es]| A} %en|, + bl Aully + Ipll,) < ch®. (3.27)

Hence, combining the above estimates with (3.8) gives (3.21). O

4. Numerical Example

For stationary Navier-Stokes problem, the iteration scheme, in general, is

vAv+ N(v)v+Bp=f
(4.1)
~-BTv + pC = 0.

The submatrices occurring in (4.1) correspond to differential operators as A ~ —diag (vA),
N(@)~v-V,B~V,-BT ~div,and C ~ Cy(-,-). The right-hand side f contains information
from the source information.

In general, this problem can be solved by the following Newton method:

(1) R=f- <vAUold + N<Uold>>vold _ Bpold, r = —BTood,
(2) <vAvmid + N(v"ld>>vmid + N<vmid>v°1d + Bpmid =R, BTo™id = ¢; (4.2)

(3) oW — ,Uold + ,Urmd/ pnew — Pold + Pmld'
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where R, r are the so-called nonlinear residual. Actually the difference between (4.2) and (4.1)
is that, in computing the corrections v™¢ and p™ from R, r, the quadratic term N (v™)pmid
deduced from (4.1) is dropped and gives the linear problem (4.2).

4.1. Numeric Example I

Consider a unit square domain with an exact solution given by

u(x,y) = (m(xy)w(xy)), plxy)=1002x-1)(2y-1),

w1 (x,y) =102 (x - 1)’y (y - 1) (2y - 1), uy (x, ) = —10x(x - 1)(2x - )y (y - 1)°.
(4.3)

f is determined by (1.1). After some computation using stretched gird, we have the following
results.

Figure 2 is the relative error and convergence rate of velocity and pressure when v =
0.005, p = 10. Table 1 lists the different errors and convergence rates of numerical velocity
and pressure for the same v and f. From the figure and table, we can see that the almost
second-order L? convergence is obtained, which confirms our theoretical prediction.

Figure 3 is the L? relative error of numerical velocity versus the number of iterate steps
for different v. The figure tells us the numerical velocities, in general, converge very fast.
Moreover, the figure also tells the bigger the v, the faster the convergence speed, which is
consistent with the really case. If v is not too small, for example, v > 0.01, only several Newton
iterations are needed.

4.2. Numeric Example II

The second example is the classical lid-driven flow governed by stationary Navier-Stokes
equations in a square cavity. We impose watertight boundary conditions, that is, 1,(0,1) =
uy(1,1) = 0 and u, = 1, for 0 < x < 1. From the streamlines in Figures 4-7, we can see there
are some different performances for different v for the problem based on the stretched grid
[16,17] (with 128 x 128 grid).

The left subplot in Figure 4 is the velocity solution of Stokes problem which serves
as the initial guess of Newton method; the right subplot in Figure 4 is the nonconvergence
numeric velocity with that initial guess and 9 times Newton iterations. From Figure 4, we can
see that there is a different performance from Numerical Example I for the lid-driven flow;
if the v is smaller, the initial value needed in Newton iteration has to be nearer the exact
solution. The nonconvergence indicates that we must have a good initiate value for Newton
iteration. For the v = 0.001, the usual Stokes initial value is not sufficient and a better initial
value is needed, which can be computed by the following Picard method:

(1) R=f- <vAUold + N<Uold>>vold _ Bpold, r = BT,
(2) <vAvmid +N (v"ld))vmid + Bpmid =R, BTomid = ¢; (4.4)

(3) oW — ,Uold + Umid/ pnew — pold + pmid'
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Figure 2: The relative errors and convergence rates of velocity and pressure.
Table 1: Numerical results of the FVM (v = 0.005, g = 10).
h ||A}l/2(u—uh)||0/||gi/2u||0 Con.rate |lu—uylly/llull, Con.rate |p—pull,/llpll, Con.rate
1/16 0.06316279 — 0.00391173 — 0.07127911 —
1/32 0.03204341 0.97904713  0.00099767 197116812  0.03572585  0.99651095
1/64 0.01627933 0.97698618  0.00025462  1.97021278  0.01790786  0.99637536
1/128 0.00827253 0.97664010 0.00006499 196996167  0.00897672 0.99633198

The difference between Picard method and Newton method is that the linear term
N (v™id)9°d js also dropped from (4.2), and thus the Picard method commonly referred to as
the Oseen system.

The left subplot in Figure 5 is the initial velocity for the Newton iteration based on
two Picard iterations without Newton iteration, and the right subplot in Figure 5 is the
streamlines of the convergence numeric velocity evaluated at the 2 Picard iterations, using
4 times Newton iterations.

Figures 6 and 7 give the behavior of different iteration results for v = 0.001 and
v = 0.00033. From these figures, we can see that if v is smaller, the initial value needed in
Newton method should be better. The initial value computed by one or two steps Picard
method is already insufficient and thus more Picard iterations are needed. In addition, we
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0 5 10 15 20 25

Iteration steps

—— v=1 —— v =0.005
— =01 —— ©v=0.002
e =001 —— v =0.001
—— v=0.001

Figure 3: L? relative error of numerical velocity versus iteration steps for different v.

Figure 4: Nonconvergence streamlines for v = 0.001, =10 ((a) Stokes, (b) N9).

can also see that the convergence speed of Picard is not as fast as Newton: if the initial value
is sufficient for Newton iteration, the convergence speed of Newton’s method is faster than
Picard’s method.

Actually, the Picard method corresponds to a simple fixed point iteration strategy for
solving (2.14) whose convection coefficient is evaluated at the current velocity. Thus, the rate
of convergence of Picard method is only linear in general; whereas, for the added more linear
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1

0.5

x x (v =0.001)
(a) (b)
Figure 5: Streamlines for v = 0.001, =10 ((a) P2NO, (b) P2N4).
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Figure 6: Nonlinear residual versus iteration steps ((a) v = 0.001, =10 and (b) v = 0.00033, p = 20).

term, if the initial value is sufficient close to a nonsingular solution, the Newton method is
locally convergence quadratic (For more information see [18]).

It is necessary to pay attention to the “finest” number of Picard iteration in the
computation of initial value for Newton iteration. Since the convergence radius of the Newton
method is proportional to Reynolds number (namely, 1/v) in general, in these computations,
we roughly choose the times of Picard iteration to increase proportionately with Reynolds
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Figure 7: Streamlines for v = 0.000333, § = 30 ((a) P5N10 (wrong result), (b) P10N5 (right result)).

number. Many numerical tests show that this strategy is good enough for the success of the
ensuing Newton iteration.

5. Conclusions

The main work in this paper is the demonstration of the optimal order in the L? error of the
velocity and emphasis on some aspects of its associated numerical computation. Both the
theoretical analysis and numerical results indicate the efficiency of the FVM for stationary
Navier-Stokes equations.

Further, numerical computations show the convergence of Newton method is closely
related to the viscosity v. Thus, as it is decreased, better and better initial values are needed,
whereas the advantage of Picard method is that, relative to Newton method, it has a much
large region of trust of convergence. As a result, a good choice is to combine the Newton
method with Picard method in computing, and thus more complicated problems can be
solved efficiently.
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