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Cluster formation in a two-dimensional Lennard-Jones system under different conditions of temperature (T) and particle
concentration (c) has been studied using the Monte-Carlo method with the introduction of real thermal motion of the constituent
particles through a modification of the conventional Metropolis algorithm. The c-T phase diagram determined from the study of
the root mean square displacement of the particles shows features characteristics of the P-T diagram for phase equilibrium in real
systems. The solid-like to liquid-like transition takes place when the average nearest neighbour distance increases by ∼1% of the
equilibrium value in the low-temperature solid-like configuration. The Lindemann parameter (δ) is found to decrease with the
increase of c to reach a steady value of δ = 0.0106± 0.0004 for c ≥ 0.6 .

1. Introduction

The relaxation dynamics in Lennard-Jones(L-J) systems have
been studied using Monte-Carlo(MC) method by various
workers [1–8]. The study of cluster formation, growth, and
ordering under different physical conditions is important
both from theoretical and experimental point of view
[1, 3, 8]. In fact, the phase diagram of L-J system has
received much importance in recent years [9–11], and lot of
theoretical and computational methods have been employed
for the determination of different physical parameters of the
system [12–16]. One important aspect of such studies is the
verification of Lindemann rule for the melting of solids [17–
19]. Parameters like triple point [9], melting temperature
[18] estimated from these studies indicate that, though there
are discrepancies, L-J system is extremely useful in predicting
many physical properties of some real systems.

The dynamical process leading to an equilibrium config-
uration starting from nonequilibrium one depends on ex-
ternal parameters like temperature (T) and pressure (P) as
well as on internal parameter-like interaction potential func-
tion (V). In a recent work [20], it has been shown that in a
two-dimensional (2-D) system of monoatomic L-J particles,
an ordered equilibrium configuration is attained only if T
is less than the depth of the potential function, and the re-
laxation time is proportional to (

√
T)−1. In the present

work, a more extensive study has been done on the dynam-
ical behaviour of the equilibration process using modified
Monte-Carlo process considering temperature-dependent
atomic displacements [20]. The nature of cluster formation
and ordering under different conditions of temperature (T)
and particle concentrations (c) has been investigated consid-
ering root mean square atomic displacements. The method
is described briefly in Section 2, results are discussed in
Section 3, and Section 4 gives the conclusion.

2. Simulation Method

We consider a system of N monoatomic particles confined
in a 2-D square space with constant area LXL representing
a configuration with concentration c = N/L2. The particles
interact with each other through L-J potential given by

V(r) = ε

[(
ro
r

)12

− 2
(
ro
r

)6
]

, (1)

where ε measures the depth of the potential function, and ro
gives the position of potential minimum. For the simulation
process, we take ε = 1 and ro = 1. The particles are
allowed to take any position inside this area. To generate
the initial configuration, the particles are placed at random
positions in the 2-D space, and this represents a high
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Figure 1: Average rms displacement do as function of
√
T . (a) presents the variation for c = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, and 0.8 and (b)

presents the same for c = 0.4 separately showing the transition temperatures Tsl and Tlg.

temperature-disordered state. The system is then allowed to
cool down suddenly. The simulation process representing the
dynamical evolution of the system is generated by Metropolis
algorithm, modified to introduce temperature-dependent
movement of the constituent particles, as described in [20].
The root mean square deviation (d) of the particles from
their respective previous positions is determined as function
of MC steps per particle S for different values of T and
c · T is measured in units of ε (T ≡ kT/ε). Assuming the
evolution process to be exponential one, the average value
of the rms displacement at equilibrium is determined using
standard curve fitting method. For the present simulation,
we take L = 14 and generate configurations at eight different
concentrations, c = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, and 0.8.
At each concentration minimum three configurations are
generated to calculate the configuration average of the equi-
librium rms displacement do. If fluctuation is more, average
is taken over five configurations. The modified Metropolis
algorithm [20] leads to quick equilibration, and 25000 iter-
ations/particle at each temperature are found to be sufficient
to equilibrate the system. At low T and low c clusters of
different sizes are formed. The cluster size distribution has
been determined considering a larger system size with L =
30, based on simulations on fifty different initial random
particle configurations.

3. Results and Discussion

The configuration average value of the rms displacement do
plotted as function of

√
T for various particle concentrations

is depicted in Figure 1(a). To have a clear view of the nature
of variation, the plot for c = 0.4 is shown separately in
Figure 1(b). We observe that the variation of do with

√
T is

linear in the low- and high-temperature region. In the low-
temperature region, the system reaches a perfectly ordered
configuration similar to crystalline solid. We designate this
low-temperature phase as solid-like (SL). In the high-
temperature region, the particles are more or less free to take
any position inside the 2-D space, and no long- or short-
range order is observed in the system. We designate this phase
as gas-like (GL). In between these two do versus

√
T plot

shows nonlinear behaviour. In this temperature region, local
short-range order is observed, and this phase is designated
as liquid-like (LL). The particle configurations in these
phases are depicted in Figure 2. Figure 2(a) shows the initial
disordered high-temperature configuration. Figures 2(b),
2(c), and 2(d) show the superimposed particle positions of
50 configurations taken at an interval of 50 iterations per
particle at equilibrium at temperatures T = 0.04, 0.16, and
0.36, respectively. We see that at T = 0.04 the particles
arrange themselves in a stable ordered solid-like structure.
At T = 0.16, particle movements are larger at equilibrium
and local short-range order can be identified; the behaviour
is liquid-like. At T = 0.36, the particles are free to move
throughout the space showing gas-like behaviour.

The temperatures, at which the do versus
√
T curve

starts deviating from linear behaviour, are considered as the
transition temperatures. SL to LL transition temperature
Tsl and LL to GL transition temperature Tlg are depicted
in Figure 1(b). The transition temperature as function of
concentration (c) is shown in Figure 3. The bars represent the
estimated error in finding the transition temperatures. AB
represents the SL-LL transition line, and MN represents the
LL-GL transition line. We see that Tsl remain almost same for
all the concentration values. On the other hand, Tlg increases
with the increase of c and attains a constant value for c ≥ 0.6.
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(a) Initial configuration (b) T = 0.04

(c) T = 0.16 (d) T = 0.36

Figure 2: Particle configurations at different temperatures. Initial random configuration representing high-temperature disordered state is
depicted by (a). The superimposed particle positions of 50 configurations at equilibrium taken at an interval of 50 iterations per particle at
temperatures T = 0.04, 0.16, and 0.36 are presented in (b), (c), and (d), respectively.

In fact identification of Tlg becomes difficult for higher c
values. This is a consequence of the fact that the particles
are confined in a space with constant area, and at relatively
high T this represents a situation where the system pressure
becomes very high. The particles do not have much space
for free movement, and there is possibility that the system
remains in LL phase. Extrapolation of AB and MN meet at
a point P (the triple point) with T = 0.08 and c = 0.02. It
is interesting to note the similarity of the c-T diagram with
the P-T diagram for phase equilibrium [21]. The higher-
temperature region of MN for c ≥ 0.6, where Tlg does not
change with c, may be indicative for the existence of the
critical point with Tc = 0.3.

Figure 4 presents the temperature variation of average
nearest neighbour distance (dnn) calculated over ten configu-
rations at equilibrium near SL-LL transition (indicated by
dotted line) for c = 0.4 and 0.8. The dnn versus

√
T plot shows

a distinct change in the slope at the SL-LL transition point
where dnn is found to have a value larger by only ∼1% from
its equilibrium value in the low-temperature ordered SL
phase. According to Lindemann rule, solid-to-liquid tran-
sition takes place when the Lindemann parameter δ, defined
as the ratio of rms fluctuation in atomic positions about the
equilibrium lattice positions and the nearest neighbour lat-
tice distance exceeds a threshold value [17–19, 22]. The value
of δ is not constant but depends on factors like crystal struc-
ture, nature of interaction potential and other quantum ef-
fects [23, 24]. The reported values of δ vary from 0.05 to 0.2
[22]. In the present study, we have calculated δ for different
concentrations, and the result is depicted in Figure 5. We
observe that δ decreases with the increase of c and attains a
constant value δ = 0.0106± 0.0004 for c ≥ 0.6. The value of
δ is lower than those reported in the literature. This may be
caused by the lower dimensionality of the system.
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Figure 3: Concentration (c) versus temperature (T) phase diagram. AB represents SL-LL transition temperatures Tsl, and MN represents
LL-GL transition temperatures Tlg. On extrapolation AB and MN meet at P, where T ∼= 0.8 and c ∼= 0.02.
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Figure 6: Probability distribution function for (a) concentrations c = 0.1, 0.2, 0.3, 0.4, and 0.5 at T = 0.002 and 0.02 and for (b) c =
0.1, 0.3, 0.5 & 0.6 at T = 0.2.
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The system of particles is allowed to cool down sud-
denly from a high-temperature disordered state to a lower
temperature. We observe that at low-concentration clusters
of various sizes are formed in a scattered way. At very low-
temperature particle movements are small and only those
finding another one in the range of L-J interaction potential
join together to form clusters. The distributions of cluster
size under different particle concentrations are determined at
temperatures T = 0.002, 0.02, and 0.2. For this, we generate
50 different initial configurations in a two-dimensional space
with L = 30 and find out the probability of getting clusters
of different sizes at equilibrium. A cluster is defined as an
assembly of particles in which each particle has at least one
neighbour within a distance 1.5ro. At this distance the poten-
tial function has a value less than 20% of the peak value, and
the particle can be considered more or less free to move. For
normalization, cluster of n particles is assumed to be of size
n/N . The probability distribution functions are presented
in Figure 6. In Figure 6(a) we have shown the distribution
function for c = 0.1, 0.2, 0.3, 0.4, and 0.5 for T = 0.002 and
0.02. We see that, at very low temperature, T = 0.002, the
probability of forming cluster of smaller size is larger at low
concentration, c = 0.1. For c = 0.2 a peak is observed in the
distribution function. With the increase of c, the height of the
peak decreases and the probability of finding larger cluster
increases. For c = 0.5 there is finite probability of getting a
single cluster (size = 1). For c > 0.5 the particles form a single
cluster. For higher temperature, T = 0.02, a peak is observed
in the distribution function even at low concentration, c =
0.1. Also the probability of formation of a single cluster at
c = 0.5 is larger. This is expected since in our simulation
process we have introduced temperature-dependent particle
movement and at larger T the particle movements are larger
so that the probability of finding another particle in the
interaction range of L-J potential to form cluster is greater.
There is a critical concentration lying between 0.5 and 0.6
above which all particles join to form a single cluster. In
Figure 6(b) probability distribution for c = 0.1, 0.3, 0.5, and
0.6 at T = 0.2 are presented. This temperature is relatively
high, and there is always a finite probability of formation of
small size clusters. As a result a small peak is observed for n/N
a little lower than 1 at higher concentrations c = 0.5 and 0.6.

One important point to be noted is that, the present
simulation leads to SL structures at low temperature T < Tsl,
and long-range order is present in this phase which is clearly
depicted in Figure 2(b). This is in contradiction to Mermin’s
theory [25] showing that crystalline long-range order in 2-
dimensions is impossible for L-J type power-law potentials.
However, for hard-core type potentials, Mermin’s theory is
inconclusive. The observed discrepancy may be due to the
fact that in the simulation process the L-J potential effectively
behaves like hard-core potential due to strong repulsion for r
sufficiently less than ro.

4. Conclusion

We have investigated the clustering and ordering in 2-
dimensional L-J system under different conditions of
temperature and particle concentration using a modified

Monte-Carlo method introducing temperature-dependent
particle movements. The phase diagram determined from
a study of the temperature dependence of the rms distance
of the constituent particles show similarity with the P-T
diagram for phase equilibrium. An estimate of the triple
point coming out of this study is T = 0.08 and c = 0.02 and
the critical temperature Tc = 0.3. The Lindemann parameter
δ calculated at the SL to LL transition temperature is
found to be concentration dependent. With the increase
of concentration, δ decreases to reach a constant value
δ = 0.0106 ± 0.0004 for c ≥ 0.6. The δ value is lower than
those reported in the literature. This may be caused by the
lower dimensionality (2-D) of the system concerned.

Regarding cluster size distribution, it is observed that,
at low temperature and low concentration, probability of
formation of smaller clusters is larger. With a little increase
in the particle concentration, the probability of formation of
clusters of an optimum size is maximum. A further increase
in the concentration increases the probability of finding
clusters of larger size resulting in a decrease in the probability
of finding clusters of optimum size. At somewhat higher
temperature, the probability of finding clusters of optimum
size is maximum even at very low concentration. At low
and moderate temperature, there is a critical concentration
between 0.5 and 0.6, above which all the constituent particles
join together to form a single cluster. With further increase
in the temperature, there is always a finite probability for the
formation of smaller size clusters even at relatively high par-
ticle concentration. This is quite natural in liquid-like phase.

According to Mermin’s theory crystalline order in 2
dimensions is impossible for L-J type potentials. The present
simulation, however, leads to ordered structure at low
temperature. The observed discrepancy may be caused by the
fact that due to strong repulsion for r sufficiently less than ro,
L-J potential behaves effectively like hard-core potential for
which Mermin’s theory leads to inconclusive result.
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