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The main purpose of this paper is to derive some coefficient inequalities and subordination

properties for certain subclasses of analytic functions involving the Salagean operator. Relevant
connections of the results presented here with those obtained in earlier works are also pointed out.

1. Introduction

Let & denote the class of functions of the form
f(z)=z+>a;7, (1.1)
i=2

which are analytic in the open unit disk
U:=={z:z€C, |z| <1} (1.2)

For 0 = a < 1, we denote by S*(a) and K (a) the usual subclasses of « consisting of
functions which are, respectively, starlike of order a and convex of order a in U. Clearly, we
know that

feK(a) = zf' € S*(a). (1.3)
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A function f € o is said to be in the class () if it satisfies the inequality

zf'(2)
fR( @) ) <p (zel), (1.4)
for some B (f > 1). Also, a function f € o is said to be in the class A/(p) if and only if
zf' € M(P). The classes M(P) and N(f) were introduced and investigated recently by Owa
and Srivastava [1] (see also Nishiwaki and Owa [2], Owa and Nishiwaki [3], and Srivastava
and Attiya [4]).
Sédldgean [5] introduced the operator

Df(2) = f(2), D'f(z) = Df(2) = zf'(2),

Diﬂzy:D<DW{ﬂz» (neN:={1,2,...)). (1.5)
We note that
[ﬂﬂ@=z+iﬂ@ﬂ (n €Ny :=NU{0}). (1.6)
=
Given two functions f, g € A, where f is given by (1.1) and g is defined by
g(z)=z+ ibnz”, (1.7)
n=2
the Hadamard product (or convolution) f * g is defined by
(2@ =2+ S = (32 )@ a8)

For two functions f and g, analytic in U, we say that the function f is subordinate to g
in U, and write

f(z) <g(z) (z€0) (1.9)
if there exists a Schwarz function w, which is analytic in U with
w(0)=0, |w(z)|<l (ze€l) (1.10)

such that

f(z) =g(w(z)) (z€N). (1.11)
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Indeed, it is known that
f(2)<g(2), (zel)= f(0)=g(0), f(U)cg). (1.12)
Furthermore, if the function g is univalent in U, then we have the following equivalence:
f(2) <8(z), (zel) = f(0)=g(0), f(U)cCgU). (1.13)

In recent years, Deng [6] (see also Kamali [7], Altintas et al. [8], Srivastava et al. [9],
and Xu et al. [10]) introduced and investigated the following subclass of & involving the S
Saldgean lagean operator and obtained the coefficient bounds for this function class.

Definition 1.1. A function f € <4 is said to be in the class S, (A, a, b) if it satisfies the inequality

1/ (1-)D"f(z) + AD"2f(2)
ER<1+5<(1--A)19'1J‘(.z)+ADm1/‘(z)_1>>>“ (zel), (1.14)

where

neNy, beC\{0}, 0<a<1l, 0Z<ASZI (1.15)

It is easy to see that the class S$,(A, a,b) includes the classes S*(a) and K (a) as its
special cases.

Now, motivated essentially by the above-mentioned function classes, we introduce the
following subclass of « of analytic functions.

Definition 1.2. A function f € <4 is said to be in the class (1, B, b) if it satisfies the inequality:

sR<1 + %<(1 ~)D™f(z) + AD"Ef(z) 1>> <p (zel), (1.16)

(1-M)D*f(z) + AD"! f ()

where

neNy, beC\{0}, p>1, 0<A<1 (1.17)

It is also easy to see that the classes M(f) and N(P) are special cases of the class
Mn(X, B, D).

In this paper, we aim at proving some coefficient inequalities and subordination
properties for the classes S,(A,fB,b) and M, (A, B,b). The results presented here would
provide extensions of those given in earlier works. Several other new results are also
obtained.
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2. Coefficient Inequalities

In this section, we derive some coefficient inequalities for the classes S,(A, a,b) and

./’ln (‘/\‘I txr b) M

Theorem 2.1. Let

neNy, beC\{0), 0<a<1l, 0Z<A<I (2.1)

If f € o satisfies the coefficient inequality

Ms

[ =077+ 47 [ = 1+ bl - )] || £ b1 - ), (22)

]

I
N

then f € S, (A, a, b).

Proof. To prove f € S,(\, a,b), it is sufficient to show that

(1-X)D™1f(z) + AD"2f (z)
(1-\)D"f(z) + \D™'f(z)

1|<pl1-a) (zeU). (2.3)

By noting that

(1-M)D™!f(z) + AD™f(z) 1
(1-\)D"f(z) + \AD™'f(z)

[ -0GM =) + A" =) a2
1+3%, [(1-X)j" + Ajm1] ajzi-t

(2.4)

_ ZR[a-0Gmt =) 4G -] )]
- 1= 35 [ = 1)+ 1] |ay]

7

it follows from (2.2) that the above last expression is bounded by |b|(1 — ). This completes
the proof of Theorem 2.1. O

Theorem 2.2. Let

neNy, beC\{0}, p>1, 0<A=<1. (2.5)

If f € o satisfies the coefficient inequality
S[a-vim e o -1+j+]j-1-@B-1)b|a| 26I(B-1),  (26)
j=2

then f € My(A, B).
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Proof. To prove f € M,(A, B, b), it suffices to show that

L VD" f(z) + AD"2f (z) .
b\ (1-\)D"f(z) +\D"™1f(z)
(2.7)

1/ (1-1)D™ f(z) + AD™?f(z2)
< ‘1+E< (1-A)D"f(z) + AD™1f(z) _1> _zﬁ"

We consider M € R defined by
M :=| b-1) [(1 ~\)D"f(z) + )LD"”f(z)] +(1-0)D™ f(2) + AD"+2f(z)|

- |@=)D™ f(2) + AD"2f(2) - [(26 - )b+ 1] [(1 - HD"f(2) + AD™ £ (z)] |

bz + i{(b ~D]a -7+ 4+ [ - 07+ 1472 a2

j=2

3 (1= 01+ 2572 a2 - [(26-1)b +1] <z . [ =257+ 2] a]-zf>

= =2

(2.8)

Thus, for |z| =7 < 1, we have

M < |blr + i{w - 1|[(1 — )+ )L]'"“] + (1= L)+ )L]'"+2}|a]~|rj
j=2

- [(2;5 ~1)Jplr - §:| (1= 4 2572] = [(2B- )b+ 1] [(1 - 1) + 4]
i=2

|aj|77]

=2

< <§3{|b U= A

-

# [ =07+ 2572] - [@p - Db+ 1] [ - 05" + 477

Hajl —Z(ﬁ—1)|b|>r-

(2.9)

It follows from (2.6) that M < 0, which implies that (2.7) holds, that is, f € M, (A, 3, b). The
proof of Theorem 2.2 is evidently completed. O
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To prove our next result, we need the following lemma.

Lemma 2.3. Let f > 1and b € C\ {0}. Suppose also that the sequence {B;}2; is defined by

Bi=1 (j=1)
bI(B-1) G 210
f=2| |.(£511) By (jeN\{1}), (2.10)
] pas}
then
B; = : .H[Zlbl(ﬁ D +k] (jeN\{1}). (2.11)
(- 1)k0

Proof. We make use of the principle of mathematical induction to prove the assertion (2.11)
of Lemma 2.3. Indeed, from (2.10), we know that

[e=}

B, =2b|(f-1) = %H[Z|b|(ﬁ -1) +k], (2.12)

" k=0

which implies that (2.11) holds for j = 2.
We now suppose that (2.11) holds for j = m (m = 2), then

m=2
B = s 1),1_[ 21 (8- 1) +K]. (2.13)
=0

Combining (2.10) and (2.13), we find that

_2bi(p-1) imk

Bmﬂ =

2|b|(ﬁ 2 ZIbI(ﬁ 1)

:2|b|(:3_1)_ m—1 2jb|(p-1) ) (2.14)
m 2b|(p-1) " m
=2|b|(ﬂ—1)+m—1Bm
m

=i,':Ij[2|b|<ﬂ ~1) +K],

which shows that (2.11) holds for j = m + 1. The proof of Lemma 2.3 is evidently completed.
O
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Theorem 2.4. Let f € M, (), B, b), then

1 2
a;j| £ — — 21b|(p-1) +k jeN\{1}). (2.15)
Proof. We first suppose that
F(z) :=(1-0)D"f(z) +AD™'f(z) =z+ > Bjzl (z€U;fe ), (2.16)
j=2
where
Bj =j"(1-A+1j)aj. (2.17)
Next, by setting

p-1-(1/b)(zF'(z)/F(z) -1) _
5 =1+hz+hz*+--- (2.18)
(zeU; feMm,(LBD)),

h(z) =

we easily find that h € 0. It follows from (2.18) that
zF'(z) = [1+b(f-1)]F(z) -b(B-1)h(z)F(z). (2.19)
We now find from (2.16), (2.18), and (2.19) that
z+2Byz* +--+jBjz + -
:[1+b(ﬂ—1)]<z+Bzzz+~-+B]-zf+-~> (2.20)
—b(ﬂ—l)(l+hlz+hzzz+---+h]~zf+--~><z+B2z2+--~+B]~zf+--~>.
By evaluating the coefficients of z/ in both the sides of (2.20), we get
= [1+b(B-1)]Bj—b(B—1)(hj-1 +hj2B +---+ h1Bj_1 + Bj). (2.21)
On the other hand, it is well known that

| <2 (keN). (2.22)

Combining (2.21) and (2.22), we easily get

|Bj| =

z'b'](ﬂ Z|B| (B1=1;j €N\ {1}). (2.23)
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Suppose that f > 1and b € C\ {0}. We define the sequence {B; }]21 as follows:

Bi=1 (j=1)
2b|(p-1) 12
B,:%Hmak (jeN\ (1)),

In order to prove that
|Bj| =B; (GeN\{1}),
we use the principle of mathematical induction. By noting that
|Ba| = 2/b|(f - 1),
thus, assuming that
|Bul <B,, (me{2,3,...,j}),

we find from (2.23) and (2.24) that

20bl(B-1) & 20b|(B-1) &
Bl LD Sy < =D 505,y (emy,
k=1 k=1

Therefore, by the principle of mathematical induction, we have
B =B; (jeN\{1})

as desired.
By virtue of Lemma 2.3 and (2.24), we know that

3 1
VTG

ﬁ[zlbl(ﬁ—l) +k] (G eN\{1}).

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

Combining (2.17), (2.29), and (2.30), we readily arrive at the coefficient estimates (2.15)

asserted by Theorem 2.4.

O

Remark 2.5. Setting A = 0,b =1,and n =0 or 1 in Theorem 2.4, we get the corresponding

results obtained by Owa and Nishiwaki [3].

Remark 2.6. We cannot show that the result of Theorem 2.4 is sharp. Indeed, if one can prove
the sharpness of Theorem 2.4, the sharpness of the corresponding result obtained by Deng

[6] follows easily.
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3. Subordination Properties

In view of Theorems 2.1 and 2.2, we now introduce the following subclasses:
Su(ha,b) € Su(h,a,b),  Mu(4,f,b) C Mu(L,p,b), (3.1)

which consist of functions f € &# whose Taylor-Maclaurin coefficients satisfy the inequalities
(2.2) and (2.6), respectively.

A sequence {b; }]f"il of complex numbers is said to be a subordinating factor sequence
if, whenever f of the form (1.1) is analytic, univalent, and convex in U, we have the
subordination

ﬁ;ajb]-zj < f(z) (a1=1z€l). (3.2)
i

To derive the subordination properties for the classes 3\,’1();, a,b) and E(A, a,b), we
need the following lemma.

Lemma 3.1 (see [11]). The sequence {b; };.’21 is a subordinating factor sequence if and only if

§R<1 + 2ib,-zf> >0 (zel). (3.3)

j=1

Theorem 3.2. If f € 5,(\, a,b) and g € K(0), then

D(n,A,a,b) - (f*g)(z) < g(=2), (3.4)
[bl(1—a)+2"(1+ 1)1+ |b|(1 - a)]
RO > @ napla-a] (3.5)
for
0<1<1, 0<a<l, beC\{0}, neN, (3.6)

where, for convenience,

Pl )[1+ A - a)]
O L b) = o A s DA Bl =) (37)

The constant factor

27 1(1 + V)1 +|b|(1 - a)]

b|(1—a) +2"(1 + A)[1+|b|(1 - a)] 58

in the subordination result (3.4) cannot be replaced by a larger one.
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Proof. Let f € S,(\,a,b) and suppose that

g(z)=z+ ic]-zj e K :=XK(0), (3.9)
j=2
then
@(n,\,a,b)- (f*g)(z) =D(n\ ab)- <z + iajc,-zf) (3.10)
j=2

where @(n, A, a, b) is defined by (3.7).
If

{®(n,\,a,b) 'aj};; (3.11)

is a subordinating factor sequence with a; = 1, then the subordination result (3.4) holds. By
Lemma 3.1, we know that this is equivalent to the inequality

& "(1+M)[1+b|(1-a)] .
ER<1 ’ ,z; BA—a) s 27+ D[+ Bl =] “fz]> 0 (D) G12)

Since

TA=A+A)[j-1+bpl(1-a)] (jZ220SA<1;05a<1; beC\{0); neN,) (3.13)

is an increasing function of j, and using Theorem 2.1, we have

2 21+ )1+ b1 -a)] |
SR<1 ’ ; 11— a) + 27 (1 + A)[1 + [b](1 - )] “fz]>

B 27(1+ V)[1 + [b|(1 - )]
- ER<1 Bl —a) + 271+ M1+ b](L—a)] *

1
+|b|(1 —a)+2" 1+ ) [1+|b|1-a)

271+ M)[1+b|(1-a)]

.Ooz"l M1+ b|(1 - iz
] ]é 1+ )[1+|b|( a)]a12> (314)

>1-
= T Bl 27 (1 + )1+ b](1 - )]
1 e |
TRl —a) + 21+ D[+ (1 - )] '];2 A+ DL+ bl = ) a |
. 2(1+ )[1 + [b|(1 - )] 1b(1 - @) .

T+ 2+ N[+l —a)] Bl -a)+ 21+ )[L+ bl - a)]
=1-r>0 (z|=r<1).
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This evidently proves the inequality (3.12), and hence also the subordination result (3.4),
asserted by Theorem 3.2. The inequality (3.5) asserted by Theorem 3.2 follows from (3.4) by
setting

z <
8(z)=1—= lezf € X. (3.15)
j=

Finally, we consider the function f, defined by

o b1 - a) , , ,
fo(z) ==z 2n(lw)[“|b|(1_a)]z2 (neNy; 0SA<1;,05a<1; beC\ {0}), (3.16)

which belongs to the class g:l(i, a,b). Thus, by (3.4), we know that

D(n, ), a,b) - fo(z) < % (z € U). (3.17)

Furthermore, it can be easily verified for the function fj given by (3.16) that

. 1
glelurIl{fR((I)(n, La,b)- fo(z)} = —5 (3.18)
We thus complete the proof of Theorem 3.2. O

The proof of the following subordination result is much akin to that of Theorem 3.2.
We, therefore, choose to omit the analogous details involved.

Corollary 3.3. If f € M,(\,a,b) and g € K(0), then

W(n,\,p,b) (f*g)(z)<g(2), (3.19)
(B + 2 A+ ) (b -1+ 2+ [1- (2B-1)b])

®(f)> 2 A+ N)(b-1]+2+|1-2p-Db]) (3:20)
for
0<A<1, B>1, beC\{0), neNy (3.21)
where, for convenience,
A p) = 221+ ) (jp-1]+2+ |1~ (26— 1)b|) 5

bl(B-1) +2m 11+ ) (b-1+2+[1- (26-1)b])"
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The constant factor

221+ A)(Jb-1]+2+ |1 - (26-1)b))
bl(B-1)+2 11+ 1) (b-1|+2+|1- (26-1)b])

(3.23)

in the subordination result (3.19) cannot be replaced by a larger one.

Remark 3.4. Putting A =0,b =1, and n =0 or 1 in Corollary 3.3, we get the corresponding
results obtained by Srivastava and Attiya [4].
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