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We obtain a new fixed point theorem in generalized quasimetric spaces. This result generalizes,
unify, enrich, and extend some theorems of well-known authors from metric spaces to generalized
quasimetric spaces.

1. Introduction and Preliminaries

The concept of metric space, as an ambient space in fixed point theory, has been generalized
in several directions. Some of such generalizations are quasimetric spaces, generalized metric
spaces, and generalized quasimetric spaces.

The concept of quasimetric spaces is treated differently by many authors. In this paper
our concept is in line with this treated in [1-6], and so forth and the triangular inequality
d(x,y) <d(x,z) +d(z,y) is replaced by quasi-triangular inequality:

d(x,y) <k[d(x,z)+d(z,y)], k>1 (1.1)

In 2000 Branciari [7] introduced the concept of generalized metric spaces (gms) (the
triangular inequality d(x,y) < d(x, z) + d(z, y) is replaced by tetrahedral inequality d(x, y) <
d(x,z) +d(z,w) + d(w, y)). Starting with the paper of Branciari, some classical metric fixed
point theorems have been transferred to gms (see [8-13]).

Recently L. kikina and k. kikina [14] introduced the concept of generalized quasimetric
space (gqms) on the lines of quasimetric space, where the tetrahedral inequality d(x,y) <
d(x,z) + d(z,w) + d(w,y) has been replaced by quasitetrahedral inequality d(x,y) <
kld(x,z)+d(z,w)+d(w,y)]. The well-known fixed point theorems of Banach and of Kannan
have been transferred to such a space.
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The metric spaces are a special case of generalized metric spaces and generalized met-
ric spaces are a special case of generalized quasimetric spaces (for k = 1). Also, every qms is
a gqms, while the converse is not true.

In gqms, contrary to a metric space, the “open” balls B(a,r) = {x € X : d(x,a) <r} are
not always open sets, and consequently, a generalized quasidistance is not always continuous
of its variables. The gqms is not always a Hausdorff space and the convergent sequence (x,)
in gqms is not always a Cauchy sequence (see Example 1.3).

Under this situation, it is reasonable to consider if some well-known fixed point theo-
rems can be obtained in generalized quasimetric space.

The aim of this paper is to generalize, unify, and extend some theorems of well-known
authors such as of Fisher and Popa, from metric spaces to generalized quasimetric spaces.

Let us start with the main definitions.

Definition 1.1 (see [7]). Let X be aset and d : X?> — R* a mapping such that for all x,y € X
and for all distinct points z, w € X, each of them different from x and y, one has

(@) d(x,y) =0ifand onlyif x = y,

(b) d(x,y) = d(y,x),

(c) d(x,y) £d(x,z) +d(z,w) + d(w, y) (tetrahedral inequality).

Then d is called a generalized metric and (X, d) is a generalized metric space (or shortly
gms).

Definition 1.2 (see [14]). Let X be a set. A nonnegative symmetric function d defined on X -X
is called a generalized quasidistance on X if and only if there exists a constant k > 1 such that
for all x, ¥ € X and for all distinct points z, w € X, each of them different from x and y, the
following conditions hold:

() dx,y)=0ex=y;

(ii) d(x,y) = d(y, x);

(iii) d(x, y) < k[d(x,z) +d(z,w) + d(w, y)].

Inequality (2.7) is often called quasitetrahedral inequality and k is often called the
coefficient of d. A pair (X, d) is called a generalized quasimetric space if X is a set and d is a
generalized quasidistance on X.

The set B(a,r) = {x € X : d(x,a) < r} is called “open” ball with center a € X and
radius r > 0.

The family 7= {Q ¢ X :Va € Q,3r > 0,B(a,r) C Q} is a topology on X and it is called
induced topology by the generalized quasidistance d.

The following example illustrates the existence of the generalized quasimetric space
for an arbitrary constant k > 1.
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Example 1.3 (see [14]). Let X = {1-(1/n) : n =1,2,...} U {1,2}. Defined : X-X — Ras
follows:

(0, for x =y,

1 1 1
—, for x €{1,2}, y:l—Eorye{l,Z}, x=1—;, X#Y,

dx,y)=3n
3k, forx,ye (1,2}, x#y,

(1.2)

(1, otherwise.

Then it is easy to see that (X, d) is a generalized quasimetric space and is not a generalized
metric space (for k > 1).

Note that the sequence (x,) = (1 — (1/n)) converges to both 1 and 2 and it is not a
Cauchy sequence:

A(xn, Xm) :d<1—1,1—l) =1, Vn,meN. (1.3)
n m

Since B(1,r) N B(2,r) #¢ for all r > 0, the (X, d) is non-Hausdorff generalized metric

space.
The function d is not continuous: 1 = lim,_,,d(1 - (1/n),1/2) #d(1,1/2) =1/2.
In [14] the following is proved.

Proposition 1.4. If (X, d) is a quasimetric space, then (X, d) is a generalized quasimetric space. The
converse proposition does not hold true.

Definition 1.5. A sequence {x,} in a generalized quasimetric space (X, d) is called Cauchy
sequence if lim, ;, —, oo d (X, X1,) = 0.

Definition 1.6. Let (X, d) be a generalized quasimetric space. Then one has the following.

(1) A sequence {x,} in X is said to be convergent to a point x € X (denoted by
lim,, . x, = x) if lim, ., ,d(x,, x) = 0.

(2) Itis called compact if every sequence contains a convergent subsequence.

Definition 1.7. A generalized quasimetric space (X, d) is called complete, if every Cauchy
sequence is convergent.

Definition 1.8. Let (X, d) be a gqms and the coefficient of d is k.
Amap T : X — X is called contraction if there exists 0 < ¢ < 1/k such that

d(Tx,Ty) <cd(x,y) Vx,yeX. (1.4)
Definition 1.9. Let T : X — X be a mapping where X is a gqms. For each x € X, let

O(x) = {x, Tx, sz,...}, (1.5)
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which will be called the orbit of T at x. The space X is said to be T-orbitally complete if and
only if every Cauchy sequence which is contained in O(x) converges to a point in X.

Definition 1.10. The set of all upper semicontinuous functions with 3 variables f : R? — R
satisfying the following properties:

(a) f is nondecreasing in respect to each variable,

(b) f(t,t,t) <t teR,

will be noted by F3 and every such function will be called an F3-function. Some examples of
F3-function are as follows:

(1) f(tlltZ/ t3) = maX{tl,tz, t3}/
(2) f(t1,ta,t3) = [max{tity, tats, tat )13,
(3) f(t1, 1o, t3) = [max{t], &5, 511"/, p >0,

(4) f(t1,t2,t3) = (atitr + birtz + ct3t1)1/2, where a,b,c>0and a+b+c< 1.

2. Main Result
We state the following lemma which we will use for the proof of the main theorem.

Lemma 2.1. Let (X, d) be a generalized quasimetric space and {x,} is a sequence of distinct point
(xn#xm for all n#m) in X. If d(xp,x441) < ¢",0 < ¢ < 1/k < 1, foralln € N and
limy, -, oo d(xpn, Xp+2) = 0, then {x,} is a Cauchy sequence.

Proof. If m > 2 is odd, then writing m = 2p + 1, p > 1, by quasitetrahedral inequality, we can
easily show that

d(xnr xn+m) < k[d(xnr xn+1) + d(xn+1r xn+2) + d(xn+2/ xn+m)]
< kd(xn/ xn+1) + kzd(xn+1/ xn+2) + kzd(xn+2/ xn+m)
< ke + K2 + K2d (Xpan, Xpam) < -+ -
(2.1)

< kel + kzcn+1l + k3cn+21 +oee g km—lcn+m—zl + km—lcn+m—ll

< ke + KA + K3 4 -4 K2 4 el

L=k ey

gkc"1[1+kc+-.-+(kc)m-1] = ke"l——— .

Therefore, lim,, _, od(x,,, Xy4m) = 0.
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If m > 2 is even, then writing m = 2p, p > 2 and using the same arguments as before
we can get

d(xn, Xnem) < k[d(xn, Xns2) + d(Xns2, Xp43) + (X3, Xnm) ]
< kd(xn, Xps2) + k™21 + kd (Xp43, Xpom)
< kd(xn, Xpi2) + k™21 + K [d(xn+3, Xpsa) + d(Xpsa, Xnis) + A(Xnis, Xnpm)] < -+

< kd(xp, Xpa2) + k&2 + K23 + -+ K2
= kel (3, Xn12) + ke[ 1+ ke + -+ + (ko)™

1 - (ke)™?
1-kc
1

n+2
< kd(x,, xn42) + kc l—1 e

= kd(xn, Xps2) + k™21

(2.2)

And so lim,, _, . d(xy, Xp+m) = 0. It implies that {x, } is a Cauchy sequence in X. This completes
the proof of the lemma. O

We state the following theorem.
Theorem 2.2. Let (X, d) and (Y, p) be two generalized quasimetric spaces with coefficients ki and
ko, respectively. Let T be a mapping of X into Y and S a mapping of Y into X satisfying the following
inequalities:
d(Sy,STx) < cfi{d(x,Sy),d(x,STx),p(y,Tx)},

2.3)
p(Tx,TSy) <cfalp(y. Tx),p(y,TSy),d(x,Sy)},

forallx e Xandy €Y, where 0 < ¢ < 1/k <1, k = max{ki, k2}, f1, f» € F3. If there exists xo € X
such that O(xo) is ST-orbitally complete in X and O(Txy) is T S-orbitally complete in Y, then ST
has a unique fixed point a in X and TS has a unique fixed point pin Y. Further, Ta = pand Sp = a.

Proof. Let xo be an arbitrary point in X. Define the sequences (x,) and (y,) inductively as
follows:
Xn=Syn=(ST)"x0, y1=Tx0, Yne1=Tx,=(TS)"y1, n>1 (2.4)

Denote

dy = d(xn/ xn+1)/ Pn = P(ynr yn+1)/ n=12,.... (2.5)
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Using the inequality (2) we get

pn = p(Yn, Yni1) = p(Txn-1,TSYn)
<cfo(p(Yn Yn), Pp(Yn, Yns1), A(xXn-1,%1)) = ¢f2(0, pp, dn-1).

By this inequality and properties of f, it follows that
Pn < Cdn—l-
Using the inequality (2.3) we have

dy = d(xn, Xn1) = A(SYn, STXn)
< cfi(d(xn, Xn), A(Xn, Xni1), p(Yns Yns1)) = €f1(0, dn, pn),
and so d,, < cpy,. By this inequality and (2.7) we obtain
dy < Pdy < cdyoy.
Using the mathematical induction, by the inequalities (2.7) and (2.9), we get
dy < c"d(x0,x1), pn <c"d(xg,x71).

So

lim d(xp,, Xp11) = nlgr;op(]/n/ ]/n+1) =0.

Applying the inequality (2), we get

p(Yn, Yns2) = p(Txn-1, TSYni1)
< cfo(p(Yns1, Yn), P(Ynst, Yns2), d(Xn-1, Xps1))

= cfo(Pns Pre1, A(Xn-1, Xni1)) < cmax{c"d(xo, x1), d(xXn-1, Xps1)},

and so
P (Yn, Yns2) < max{c"d(xo, x1), cd(xp-1, Xps1)}.
Similarly, using (2.3), we obtain

d(xp, Xns2) < max{c"d(xo, x1), cd(Xp-1, Xps1) }.

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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Using the mathematical induction, we get

A(xp, xne2) < max{c’d(xg, x1),cd(xp-1,Xn+1)} < max{c"d(xo,xl),czd(xn,z,xn)}

< - <max{c"d(xg, x1),c"d(x0, x2)} = " max{d(xg, x1),d(x0,x2)} = "I,
(2.15)

and so
A(xp, Xpi2) < "1, similarly p(yu, Yni2) < ", (2.16)

where [ = max{d(xo, x1),d(x0, x2)}.
We divide the proof into two cases.

Case 1. Suppose x, = x, for some p,q € N, p#4q. Let p > q. Then (ST)Pxo = (ST)""1(ST)x =
(ST)%xo; thatis, (ST)"a = a where n = p—q and (ST)%xy = a. Now if n > 1, by (2.10), we have

d(a,STa) = d[(ST)"a, (ST)"”a] < c"d(a, STa). (2.17)

Since 0 < ¢ <1,d(a,STa) =0.So STa = a and hence a is a fixed point of ST.
By the equality x;, = x, it follows that y,.1 = y,4:1. We take = (T'S)7Tx( and, in similar
way, we prove that f is a fixed point of T'S.

Case 2. Assume that x,, # x,, for all n# m. Then, from (2.10), (2.16), and Lemma 2.1 is derived
that {x,} is a Cauchy sequence in X. Since O(xp) is ST-orbitally complete, there exists & € X
such that lim,_ ,x, = a. In the same way, we show that the sequence (y,) is a Cauchy
sequence and there exists a f € Y such that lim, .y, = p.

We now prove that the limits & and § are unique. Suppose, to the contrary, that a' #a
is also lim, _, ,x,. Since x, # x,, for all n#m, there exists a subsequence (x,,) of (x,) such
that x,, #a and x, #a' for all k € N. Without loss of generality, assume that (x,) is this
subsequence. Then by Tetrahedral property of Definition 1.1 we obtain

d(a,a’) < k[d(a,x,) + d(xn, Xp1) + d(xni, a')]. (2.18)

Letting n tend to infinity we get d(a, «') = 0 and so a = &', in the same way for f.

Let us prove now that « is a fixed point of ST. First we prove that = Ta. In contrary,
if p#Ta, the sequence (y,) does not converge to Ta and there exists a subsequence (y,,) of
(yn) such that y,,, # Ta for all g € N. Then by Tetrahedral property of Definition 1.1 we obtain

p(B,Ta) <k|p(B,Yn,.) +P(Ynys ¥n,) +p (v, Tar)|. (2.19)
Then if g — oo, we get

p(B,Ta) <k lim p(ynq,Tcx) (2.20)
q— oo
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Using the inequality (2), for x = & and y = y,-1 we obtain

p(Ta,yn) = p(Ta, TSyn1) < cfo(p(yYn-1, Ta), p(Yn-1, TSYn-1), d(a, Syn-1))

(2.21)
= cfa(p(yn-1,Ta), p(Yn-1,Yn), A(@ Xn-1))-
Letting n tend to infinity we get
nli})i; p(Ta,yu) < cfs (nh_i)r;o p(Yn-1,Ta),0, 0). (2.22)
And so,
lim p(Ta,y,) =0. (2.23)

n—oo

Since lim;;oo p(Yn,, Tax) <limy—, p(Ta,y,), by (2.23) and (2.20), we have p(8, Ta) = 0 and
SO

Ta=p. (2.24)
It follows similarly that
Sp=a. (2.25)
By (2.24) and (2.25) we obtain
STa=Sp=a, TSp=Ta=Pp. (2.26)

Thus, we proved that the points a and f are fixed points of ST and TS, respectively.
Let us prove now the uniqueness (for Cases 1 and 2 in the same time). Assume that
a' #ais also a fixed point of ST. By (2.3) for x = a’ and y = ff we get
d(a,a’) =d(Sp,STa’) < cfi(d(a’,a),0,p(Ta, Ta')). (2.27)
And so,we have
d(a,a’) <cp(Ta,Ta'). (2.28)
If Ta # Ta', in similar way by (2) for x = STa and y = Ta', we have

p(Ta, Ta') < cd(a,a'). (2.29)

By (2.28) and (2.29) we get d(a,a’) = 0. Thus, we have again a = a’. The uniqueness of f
follows similarly. This completes the proof of the theorem. O
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3. Corollaries

(1) If ky = k, = 1, then by Theorem 2.2 we obtain [12, Theorem 2.1], that generalize
and extend the well-known Fisher fixed point theorem [15] from metric space to
generalized metric spaces.

For different expressions of f; and f, in Theorem 2.2 we get different theorems.

(2) For f1 = f» = f, where f(t1,t,t3) = max{t, 2, t3} we have an extension of Fisher’s
theorem [15] in generalized quasimetric spaces.

(3) For f1 = fo = f, where f(t1,t,t3) = [max{titp, t2t3,t3t1}]1/2, we have an extension
of Popa’s theorem [13] in generalized quasimetric spaces.

(4) For fi(t1, b, t3) = (atiby+bibrts+citst) /> and fo(ty, b, t3) = (axtith+botats+eatsty) '/
we obtain an extension of Popa’s Corollary [13] in generalized quasimetric spaces.

Remark 3.1. We can obtain many other similar results for different f.

References

[1] M. Bramanti and L. Brandolini, “Schauder estimates for parabolic nondivergence operators of Hor-
mander type,” Journal of Differential Equations, vol. 234, no. 1, pp. 177-245, 2007.

[2] L. Kikina and K. Kikina, “A related fixed point theorem for m mappings on m complete quasi-metric
spaces,” Mathematica Cluj. In press.

[3] L. Kikina and K. Kikina, “Generalized fixed point theorem for three mappings on three quasi-metric
spaces,” Journal of Computational Analysis and Applications. In press.

[4] B.Pepo, “Fixed points for contractive mappings of third order in pseudo-quasimetric spaces,” Indaga-
tiones Mathematicae, vol. 1, no. 4, pp. 473-481, 1990.

[5] C.Peppo, “Fixed point theorems for (¢,k,i,j)-mappings,” Nonlinear Analysis, vol. 72, no. 2, pp. 562-570,
2010.

[6] Q. Xia, “The geodesic problem in quasimetric spaces,” Journal of Geometric Analysis, vol. 19, no. 2, pp.
452-479, 2009.
[7] A. Branciari, “A fixed point theorem of Banach-Caccioppoli type on a class of generalized metric
spaces,” Publicationes Mathematicae Debrecen, vol. 57, no. 1-2, pp. 31-37, 2000.
[8] A. Azam and M. Arshad, “Kannan fixed point theorem on generalized metric spaces,” Journal of Non-
linear Sciences and Its Applications, vol. 1, no. 1, pp. 45-48, 2008.
[9] P.Das, “A fixed point theorem on a class of generalized metric spaces,” Korean Journal of Mathematical
Sciences, vol. 1, pp. 29-33, 2002.
[10] P. Das and L. K. Dey, “A fixed point theorem in a generalized metric space,” Soochow Journal of Math-
ematics, vol. 33, no. 1, pp. 33-39, 2007.
[11] L. Kikina and K. Kikina, “A fixed point theorem in generalizedmetric spaces,” Demonstratio
Mathematica. In press.
[12] L. Kikina and K. Kikina, “Fixed points on two generalized metric spaces,” International Journal of
Mathematical Analysis, vol. 5, no. 29-32, pp. 1459-1467, 2011.
[13] I R.Sarma,J. M. Rao, and S. S. Rao, “Contractions over generalized metric spaces,” Journal of Nonlinear
Science and its Applications, vol. 2, no. 3, pp. 180-182, 2009.
[14] L. Kikina and K. Kikina, “Two fixed point theorems on a class of generalized quasi-metric spaces,”
Journal of Computational Analysis and Applications. In press.
[15] B. Fisher, “Fixed points on two metric spaces,” Glasnik Matematicki, vol. 16, no. 36, pp. 333-337, 1981.



Advances in

Operations Research

Advances in

Decision SC|ences

Journal of

Applied Mathematics

Journal of
Probability and Statistics

The Scientific
\{\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at

http://www.hindawi.com

Journal of

Mathematics

Journal of

Illsmelth alhemaics

Mathematical Problems
in Engineering

Journal of

Function Spaces

Abstract and
Applied Analysis

Stochastic A nalysws

,;,,\K J :1?"
#(ﬁ)}?ﬂ(ﬂﬁf
f. \') :

International Journal of

Differential Equations

ces In

I\/\athemamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization




