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We investigate the boundedness and the compactness of the mean operator matrix acting on the
weighted Hardy spaces.

1. Introduction

First in the following, we generalize the definitions coming in [1]. Let p = {f(n)} be a
sequence of positive numbers with f(0) = 1 and 1 < p < oo. We consider the space of

sequences f = { f (n)}zozo such that

AP =111} = 2_;)|f(n)|pﬁ(n)” < . (1.1)
The notation
fz2) =3 f(m)z" (1.2)
n=0

will be used whether or not the series converges for any value of z. These are called formal
power series and the set of such series is denoted by H? (). Let fk(n) = 6k(n). So fi(z) = z*
and then { fx} is a basis such that || fx|| = (k). Recall that HP(f) is a reflexive Banach space
with norm || - ||ﬂ and the dual of H? () is H7(pP/7) where 1/p +1/q = 1 and pP/9 = {ﬂ(n)p/q}
[2]. For some other sources on this topic see [1-12].



2 ISRN Mathematical Analysis

The study of weighted Hardy spaces lies at the interface of analytic function theory
and operator theory. As a part of operator theory, research on weighted Hardy spaces is of
fairly recent origin, dating back to valuable work of Allen Shields [1] in the mid- 1970s. The
mean operator matrix has been the focus of attention for several decades and many of its
properties have been studied. Some of basic and useful works in this area are due to Browein
et al. [13-16], which are pretty large works that contain a number of interesting results and
indeed they are mainly of auxiliary nature. Also, some properties of mean operator matrices
have been studied recently by Lashkaripour on weighted sequence spaces [17-20]. In this
paper, we have given conditions under which the mean operator matrix is bounded and
compact as an operator acting on weighted Hardy spaces. More details of our works are
as follows: the idea of Theorem 2.6 comes from [16]. In Theorem 2.9, we extend the method
used in [20, Theorem 1.2] to show the boundedness of the mean operator matrix acting on the
weighted Hardy spaces. Some inequalities are useful to find a bound for the mean operator
matrix acting on weighted Hardy spaces [21-26]. For example the inequality proved in [26,
Theorem 8] is used in the proof of Theorem 2.11.

2. Main Results

In this section we define an operator acting on H?(f) and then we will investigate its boun-
dedness and compactness on H” (f3).

Definition 2.1. Let {a,} be a sequence of positive numbers and define
Ay = Daipliy. 1)
i=0

The mean operator matrix associated with the sequence {a,} is represented by the matrix
A = [auk], x and is defined by

arp(n)?
_ <k<
ank = An o Osksm (22)

0, k> n.

From now on, by A we denote the mean operator matrix associated with the fixed
sequence {a,} as in Definition 2.1.

Theorem 2.2 (see [12, Theorem 1]). If0 < a, < a,, + 1 for all integers n > 0, then A is a bounded
operator on HP (j3).

Theorem 2.3 (see [12, Theorem 2]). Let1/p+1/qg=1and b, >0forn=0,1,...If

n p+1 1/p
M, =Supzm<@> < oo,
n>0 k=0 Anﬂ(k) bn (2 3)
& agf(n)’! (bn>”q '
M, =su —( — < oo,
S E,; A B \ by

then A = [ank], x is a bounded operator on HP () and || A|| < Mi/qM;/p.
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Recall that if a,, b, are two positive sequences, by a, ~ b,, we mean that a,/b, — 1
whenever n — oo. Also, we write a,, = o(by), if a,/b, — 0Oasn — oco.

Corollary 2.4. Let lim,, _, ,na, /Ay be finiteand 1/p +1/q = 1. If

n akﬁ(ﬂ)pﬂ ﬂ 1/p
Sn‘iﬁ’é na.p(k) (b) =
(2.4)
< app(n)’! <bn>”‘7 o,

su —_— | —
b 24 na,p(k)

then A is a bounded operator on HP ().

Proof. Put lim,,_,,na,/A, = p. Then na,/p ~ A, and so

n akﬁ(n)p+l bk 1/p~ n [1kﬂ(71)p+1 % 1/p
2 nﬂ(k)< ) DY (&) =n—e

a1, \' axB(m)’*t /b, \"
nZ nﬂ(k) < > ﬂZ nanﬂ(k) ( > as k — oo.

(2.5)

On the other hand

n akﬂ(n)p+1
snli%))k 0 nanﬁ(k) <

& axp(n)’! <

k>0 pn=k nanﬁ(k)

1/p
) <,
1/q
1)<,

thus Theorem 2.3 implies that A is a bounded operator on H? (). O

(2.6)

w|w W‘W‘
R} w

Lemma 2.5. Suppose that n°a,/f(n) is eventually increasing when the constant ¢ > 1 -y, and
eventually decreasing when ¢ <1 —y. Let

T & apn) kNP
Si1(n) = Eéanp(k)<ﬁ> '
2.7)

af(n) 1
Sa(k) = k”"Z akﬁ(k) nl/ @)

Ify > 1/p, then lim,,_, . S1(n) = limx ., Sa(k) =1/(y = 1/p).
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Proof. Let1/p+1/g=1and c; <1-7y < c1 < 1. Then in either case there is a positive integer

N such that

G) <SG

for N < k < n. Suppose first that y > 1/p, then

fim 1 1/pa _
n—oo ﬁ
and hence
1N 1ak'[5(7’l) <k>—1/}7 0o
Ten &~ a,p(k) '
Therefore

1 & k -c1-1/p 1 L
< £ = | xaUrgy.
lim sup S1(n) hrn - Z ( > f x dx

noe =~ \ T 0

By calculus integral we get

1

1 1

xS Vrdx=——— - %=,

Io T—c-1/p 74

and so
1 n k —C2 & 1 1/ 1

11m inf S;(n) > 11m - =] xVPdx= ——M——.
1(m) 2 wﬂ,{z}:\[(n) J.O 1-c-1/p

Letting c; — 1 -y from the right and ¢, — 1 — y from the left, we have

1
lim S;(n) = ———.
n—oo 1( ) Y- 1/;9
Also note that
lim sup S;(k) < lim kl/qi k _ClL
k— o b =2 T k—ow n=k n Tll/qull

llmkl/qz< )—C1 1 _ 1
koo nl/atl  1/g—c’

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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Ifc; - 1-y,thenl/q—-ci — y—1/p and similarly we get

y w© 1 1-1/g-c
Jiminf Sy (k) > lim k'/4 Z(-) ,

nek N1
y © /1 1-1/g-c2 1 (2.16)
lim k*/ 97 = =
k— oo Z;( < n) 1/qg-c
Ifc; - 1-y,thenl/q—c; — y—1/p. This completes the proof. O

Theorem 2.6. Let lim,,_, ,na,p(n)? /A, =y, na,f(n)F be eventually monotonic for any constant
¢, and {f(n)} be bounded. Then A is a bounded operator if 1/y < p.

Proof. Let 6, = na,p(n)f /A, and suppose first that 0 < y < oo. Then
On
n(log(A,) —log(A,-1)) =-n log<1 - 7) —y (2.17)
asn — oo, and hence

log(A,) —log(A1) = _”Z log<1 - %) =¢eplogn, (2.18)
k=2

where €, — 7. Consequently A, = A;n°. Now suppose that y = oo, then for n > 2,

0 6

log(A,) - log(A,-1) = ~log(1- 24 ) > 2 (2.19)

since 6, — oo.If M > 0, then there is N1 € Nsuch that 6, > M + 1 forall n > Nj.

Without loss of the generality suppose that there is a positive real number a > 0 such
that 6,, > a for n < Nj. Note that

N11
> = =logNi+c+o(l)-1 (2.20)
ok
If n > Ny, then
il—lo n+c+o(l)-1 i 1—lo n—log N (2.21)
k—2k_ 5 , k=N kD8 i .
— =Np+1
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Also,

Shabu/k a(Zp51/k) + (M4 1) (S, 1/k)

logn ~ logn ’
o V/k+ 3y 1/k . M +1(logn —log N7) + a(log N1 +c+o0(1) - 1) (2.22)
logn - logn
CM+1+ (a—M1—1)logN1+a(c+o(1)—1),

logn

for large amount of n last equality greater than M;. Hence
- Ok
log A, > ;;? = yu logn, (2.23)
where y, — oo. It follows that, for any real number ¢, n°A, = n“. Since

1
nlA, ~ ?ncanﬁ(n)’”, (2.24)

thus na,f(n)? is eventually increasing for ¢ > 1 - y, and eventually decreasing for c <1 —y.
But {#(n)},, is bounded, so there are M;, M, > 0 such that M; < f(n) < M,, and

n‘a, _ na,p(n)?
) pmyrt
nanp(m)’ _ nanp(n)”

ﬂ(n)p+1 - Miﬂ—l

(2.25)

This implies that n°a,/f(n) is eventually increasing for ¢ > 1 — y. Similarly na,/p(n) is
eventually decreasing for ¢ <1 - y. Thus

z”:a pm! (k)‘l/’” B xiakﬂ(n)”” (S)‘”P' (226)

= Aup(k) n&d na,p(k)
By Lemma 2.5
Y < ap(m) kTP
,; e () 227
is bounded and so
n akﬁ(n)”+1 k -1/p
2 a5 () (229
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is bounded. We can see that

S apm (kN
gc Anp(k) <n> (2.29)

is also bounded. Now by Theorem 2.3, A is a bounded operator and so the proof is complete.
O

Lemma 2.7. Let {a,}, {t,} be nonnegative sequences with t_y = 0. Then for all n € N one has

k=1

kZ:)(tkak) < {52]?5):1 <ﬁ§<a]> } <i(1’l —k+1D)(tx —tr_)" +to(n + 1)> (2.30)

Proof. Employing the summation by parts, we get

zn:(tkak) = i <§n:aj> (tk — tk-1)
k=0 k=0 \ j=k

(2.31)

i(i >(tk te1) (n—k+1).
k

0

So

kZ:)(tkak) < {&1&§1<ﬁ§%> } <i(1‘l —k+D(tx —tr))" +to(n + 1)>, (2.32)

k=1

and at this time the proof is complete. O

Theorem 2.8 (see [26, Theorem 8]). Let 1/p+1/q =1, {x,} be a positive sequence, then

j P o0
P
ZI(E%(< —1 Zxk> <qf (kz_(:)xk>. (2.33)

Theorem 2.9. Let {a,} be a positive sequence and

_ tn—k+1/ ag P, (n+1)ag pel
Ms s“£’<kz; 4, (ﬁ(k) e 1)) A W R > (239

be finite. Then A is bounded and || A|| < M3q.
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Proof. Let f(z) = 3%, f(n)z" € HP(), thus

0 n P
Af)= =23, <Z “"fiff) f(k)>z”. (2.35)

n=0 \ k=0

By definition of || - [|;, we have

DBy

n>0

Pt
Zakﬁ(n) f(k)‘ Z<ko Z[i(ﬁn()k) |f(k)|ﬁ(k)> (2.36)

n>0

In Lemma 2.7, consider tx = ax/p(k) and a; = |f(])|ﬁ(] ). Then

arp(n)’*! >
k
;w(k:o g0 [T )P
P
<Z{g§,§ggn k+1Z|f(J)|ﬁ(J)} (2.37)
y n—k+1/ ax a1\, pa (m+Dag, o P
<; Ay <ﬂ(k) ﬂ(k—1)> PO+ 2 gy P >

Now, Theorem 2.8 implies that

P
%{g&%ﬁi}ﬁ(i) |ﬁ(1‘)> } M < MPqPZ|f(k)| Bk, (239
nx0 | U= j=

and sowe get ||Af|| < M3q||f||ﬁ forall f € HP(B). Thus A € B(H”(f)) and indeed || A|| < M3gq.
This completes the proof. O

Corollary 2.10. Let 1/p+1/q =1, ar/p(k) > ax_1/p(k — 1) and

+1
My = supz axpn)” < 0. (2.39)

n>0 f=0 .B(k)A

Then A is a bounded operator on HP (B) and || A|| < Ma.

Proof. Note that

arp(n)’"! ap(m)”*
5 (3 o) < z{ k+1Z|f(])|ﬂ()}< S

n>0 n>|
(2.40)
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Theorem 2.8 implies that

P
1 - | = . . o p
nzm{g?li§z<ml_zk|f(])|ﬂ(])> } M, < Mffq’”;|f(k)| Bk, (2.41)

and so by Theorem 2.9 we obtain ||Af]| < qM4||f||ﬁ for all f € HP(B). Thus A € B(H”())
and indeed ||Al| £ Magq. This completes the proof. O

Now, we characterize compactness of subsets of H”(f) and then we will investigate
compactness of the mean operator matrix on H”(f3).

Theorem 2.11. Let S be a nonempty subset of HP (B). Then S is relatively compact if and only if the
following hold:

(i) there exists M > 0, such that for all 3., f(n)z" €S, |f(i)ﬁ(i)| < Mforallie NU{0};
(ii) given € > 0, there is ng € N such that 3772, |f(n)|p[5(n)” <é€P forall 37, f(n)z" €S.

Proof. Let S be relatively compact, thus there exist g1, ..., g« € H?(f) such that
k
SclJB(gi1). (2.42)
i=1

For every f(z) = 3%, f(n)z" € S, there is g; such that f € B(g;, 1). By Minkowski inequality
we get

® o 1/p . 1/p] P
> |Fm]| By < [<Z|f(n) —§i<n>|”ﬁ<n>"> + <Z|§i(n)|”ﬁ<n>*’> ]
n=0 n=0 n=0
<(If - gl +lslD” (243)
<+ lglD”
< (1+max{|gll :i =1,...,k})".
Thus for every f € Sand n € NU {0}, we get

|f(n)ﬂ(n)|§1+max{||g,-||: i=1,...,k}. (2.44)

So (i) holds. Now suppose that € is an arbitrary positive number. Since S is relatively compact,
thus there exist hj, ..., hx € H?(p) such that

Sc QB(hi, g) (2.45)
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Since h; € HP (), there exists N; € N such that

< | P eP
> | powy < 5 (2.46)
Tl:Ni
fori=1,..., k. Put
No=max{N;: i=1,...,k}, (2.47)

and consider f € S. Then there exists i € {1,..., k}, such that f € B(h;,¢/2). Hence we get

P

< |7, \|P < | = ~ P r < | P r
S| Fm]| oy < [< > |F o) = hu(m)| ﬁ(n)”> ' < > | i) ﬁ(n)”> ]

Tl:No
<(If -mll+3)"
<éP.

(2.48)

So (ii) holds.
Conversely, assume that € > 0 be given and let (i) and (ii) hold. By condition (ii), there
exists ny € N such that

> [Fo| sy < <, 249)

n=np

for all f € S. Let M, be the closed linear span of the set {1, z,...,z""!} in HP(f). Consider
C™ and M, with norms

ny 1/p
||(le'--lzn0)“ = <Z|Zn|pﬁ(n)p> ’ (250)
n=1
for all (z;)2, € C™, and
no—1 ) -1 1/p
2 a7 <Z |ai|”ﬁ(i)’7> (2.51)
i=0 i=0

for all Z":“(;l a;z' € My,. Define L : M,,, — C™, by

i

Tl(]—l .
L<Za,~z’> =(aop,..., Any-1)- (2.52)
i=0
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Clearly, we can see that L is a bounded linear operator. Now, consider the compact subset

{ (zi)iy ilzil”ﬁ(i)” < noMP} (2.53)

i=1

in C™. Then we have
Ny 1
{Zf(l)z Zf(n)z € S} C L-l{(z, Z|z,|?’ﬁ(z)f’ < nOM”} (2.54)
Since
{ (zi)i2 lell”ﬁ(l)” < noM”} (2.55)
is a compact subspace of M,,, so there exist g1, ..., gk € My, such that
B { (=)™, lellpﬁ(l)l’ . noMP} . U B<gz, ) (256)
Hence for every
no— -1
fe { 22 f(z) = Zﬂn)z € s} (257)
thereisi € {1,...,k} satisfying

=y P eP
fm) -gm| peny < 5. (2.58)

n=0

Also, we have

(I -gill,)" < "OZSV(n) - &im| By +,2 |Fon| ey
R o (2.59)

Thus, S is relatively compact and so the proof is complete. O
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Theorem 2.12. Let the mean matrix operator A be bounded on HP (B), and

poy T\ & a N\
m(E5) (BGw)) = =

where 1/p +1/q = 1. Then A is a compact operator on HP ().

Proof. Let Bpyr(p) be the closed unit ball of HP(f). Define S = A(Bpr(g)) and note that S is a
bounded subset of H?(f3). Putr, = |f(n)|an, u, = p(n) p P /AP, v = (B(k)/ax)?, and

- 1/p m 1/q
_ < Zun> <Zv;-q> . @61)
n=m k=0

Note that lim,, . ,E,, = 0. So for every € > 0, there exists my € N such that E,,, < e/(q”‘lp)l/p
for all m > my. Note that if

f(z) = SFK)Z* € iy, (2:62)
k=0
then
Af(z) = i <§n;—“kﬁ (’pr (k)>z" €S (2.63)
n=0 \ k=0 h

Since || || < 1, we have

) ) pz+p n =N P
S |arm)|'smy < 3F (’2,, (Zak|f<k>|>
n=m n= n k=0
= iun <irk>
n=m k=0
<o i(rk)’”vk (2.64)
k=0

<3 || pey
k=0

<éP.

Thus by Theorem 2.11, S is compact and so the proof is complete. O
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