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Firstly, we study the solution of the equation ¢*¢ku(x) = f(x), where ¢¥¢% is the composite of
the diamond operator and Bessel diamond operator. Finally, we study of the nonlinear equation
OkOku(x) = f(x, AF1OFOK). Tt was found that the existence of the solution u(x) of such an equation
depends on the condition of f and Ak‘lﬂkogu(x). Moreover, such equation u(x) is related to the

elastic wave equation.

1. Introduction

Let (0% be ultrahyperbolic operator iterated k-times defined by

k
|:|k B 62 52 az 62 62 az
N el T T e, e, ox2,, |’
1 2 P p+l p+2 p+q

where p + q = n,n is the dimension of space R" and k is a nonnegative integer.
Consider the linear differential equation of the form

Tfu(x) = f(x),

where u(x) and f(x) are generalized function and x = (x1,x2,...,x,) € R".

(1.1)

(1.2)

Gel’'fand and Shilov [1, pages 279-282] first introduced the fundamental solution of
(1.2) which is complicated form. Later Trione [2] has shown that the generalized function
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Ry (x) which is defined by (2.2) is the unique fundamental solution of (1.2) and Aguirre
Tellez [3] also proved that Ry (x) exists only in case p is odd and n is odd or even and p+q = n.

In 1996, Kananthai [4] has been the first to introduce the operator ¢¥ which is named

as the diamond operator iterated k-times and is defined by

k
() -(5) =
oF = — ) - = , .
= ox? 07

where p + g = n is the dimension of the space R”, for x = (x1,x2,...,%,) € R” and k is a
nonnegative integer. The operator ¢* can be expressed in the form

Ok = ARk = Ok K, (1.4)

where A is the Laplace operator defined by

2 2 2\ k
Ak: a_+a_+...+ a , (15)
ox? x5 ox2

and O is the ultrahyperbolic operator iterated k-times and is defined by (1.1). Tellez and
Kananthai [5, lemma 3.1, page 46] have shown that the convolution (—1)k R, (x) * Rg{ (x) is
a fundamental solution of the operator ¢*, where R, (x) and Rg{ (x) are defined by (2.8) and
(2.2), respectively. That is,

<>’<{ (-1)¥RE, (x) » Rg(x)} = 6(x). (1.6)

Furthermore, Yildirim et al. [6] first introduced the Bessel diamond operator O’g
iterated k-times defined by

p 2 ptq 21"
OIE = <Zsz> - < Z BJ(j) 7 (17)
i=1 j=p+l

where By, = az/ax;? + (2ui/x;) (0/0x;), 20 =2a; +1, a; > -1/2, x; > 0. The operator OIE’ can
be expressed by 0% = AKOK = Ok Ak where

p k
ok = (ZBx,) , (18)

i=1

14 p+q ,
O = [ DB — D, By | - (1.9)
i=1

j=p+1
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Yildirim et al. [6] have shown that the solution of the convolution form u(x) =
(—1)k52k(x) * Rok (x) is a unique fundamental solution of the operator OE, that is,

05 ((<1)"Sax(x) * Rax(x)) = 5, (1.10)

where Syi(x) and Ry (x) are defined by (2.11) and (2.15) with a = y = 2k, respectively.
Now, firstly the purpose of this paper is to study the following equation:

OFOku(x) = f(x), (1.11)

where the operator ¢ defined by (1.3) and 0’; defined by (1.7) with f(x) is a generalized
function and u(x) is an unknown function.
Finally, we will study the nonlinear of the form

Ok ok u(x) = f<x,Ak_1Dk01’§u(x)>, (1.12)

with f defined and having continuous first derivative for all x € QU 0Q, where Q is an open
subset of R” and 0Q2 denotes the boundary of Q, and f is bounded on Q, that is, |[f| < N, N
is constant. We can find the solution u(x) of (1.12) which is unique under the boundary
condition Ak’lﬂkogu(x) = 0 for x € 0Q, and we obtain the solution related to the elastic
wave equation.

Before going to that point, the following definitions and some concepts are needed.

2. Preliminaries

Definition 2.1. Let x = (x1,x2,...,%,) be a point of the n-dimensional Euclidean space R".
Denote by

a2 a2 a2 2 2 2
V=X + X+ X, — X~ Xy Xpig (2.1)

the nondegenerated quadratic form and p + g = n is the dimension of the space R". Let
I'n ={xeR":x; >0and v >0} and I, denote its closure. For any complex number a, define
the function

U(a—n)/Z
——, forxel,,

R (v) = Ku(a) (2.2)
0, forx¢T,,

where the constant K, () is given by the formula

Jl_(n—l)/ZI“((z +a-— n) /Z)F((l — 0!) /2)1-‘(“)

Ky (a) = r((2+a—p)/2)r((]9_a)/2)

(2.3)
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The function R (v) is called the ultrahyperbolic kernel of Marcel Riesz and was introduced
by Nozaki [7].

It is well known that R (v) is a function of Re(a) > n and is a distribution of « if
Re(a) < n. Let supp RY (v) denote the support of R (v) and suppose supp RY (v) ¢ T, that
is, supp R (v), is compact.

From Trione [2, page 11], Ri(v) is a fundamental solution of the operator Ok, that is,

OFRY (v) = 6(x). (2.4)

By putting p = 1 in Ry (v) and taking into account Legendre’s duplication formula for

I'(z)
I(2z) = 222-1ar-1/2r(z)r<z + %) (2.5)
then the formula (2.1) reduces to
u(a_n)/2 f
M) = { Hy@ ' e 26)
0, forx¢T,,
and u = x7 - x3 —--- — x2, where
. (n-2)/2na-1p [ AT+ 2|V a
H,(a) = 22722 r( 5 r<2>. (2.7)

M, (u) is the hyperbolic kernel of Riesz [8, page 31].

Definition 2.2. Let x = (x1,x2,...,x,) be a point of R" and |x| = x% + x% +++-+ x2 the function
R¢(x) denoted by the elliptic kernel of Marcel Riesz which is defined by

(a-n)/2
RE(x) = % 2.8)
where
_ 22T (a/2)
Wn(a) = W (29)

a is a complex parameter and # is the dimension of the space R”.
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Let a and p be complex numbers such that a + f#n + 2r,r = 0.1,2,... The function
R¢(x) has the following properties [9]:
Ro(x) = 6(x),
Rooi(x) = (-1)*a*6(x),
(2.10)
A¥(Ra(x)} = (=1)*Ra-an (),
Ry (x) * Rﬁ(x) = R,Hﬂ(x).

Definition 2.3. Let x = (x1,x2,...,%,),v = (v1,V2,...,V,) € R}. For any complex number a, we
define the distribution family S, (x) by

Joe|*-20
Sa(x) = @ (2.11)
where x| = x2 +x3 + -+ x2, [V|=v + 2+ + v, and
- I
Definition 2.4. Let x = (x1,x2,...,%,),v = (V1,V2,...,V,) € R}, and denote by
V:x%+x§+~--+x§—x5+l—x;+2—~--—x§+q (2.13)
the nondegenerated quadratic form. Denote the interior of the forward cone by
I,={xeR):x1>0,x>0,...,x,>0,V >0}, (2.14)

and T, denotes its closure. For any complex number y the distribution family R, (x) is defined

by

v (y-n=2pv))/2
——, forxerl,,
R)=1 KO (2.15)
0, forx ¢ T,
where
n2-D/20((2 4y == 2|w|) /2)T((1 = y) /2)T
ko) = (@+y-n-2p))/2)T((1-7)/2) (Y), (2.16)

T(2+y-p-20)/2)T((p-7)/2)

where y is a complex number.
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By putting p = 1 in Ry (x) and taking into account Legendre’s duplication formula for

I'(z)
I'(2z) = 222*1f1/2r(z)r<z + %) (2.17)
we obtain
N u(r-n=2p))/2 218)
xX)=——, .
' Eu(y)
andu=x3—x3—---—- - x2, where
_ /24y —-n-2|v Y
— o (n2]v[-1) /2971 Y Y
Eq(y) = 2 r<—2 >r(2). (2.19)

Lemma 2.5. Given the equation A’gu(x) = 6(x) for x € R}, where Alg is defined by (1.8), then
u(x) = (=1)Sa(x), (2.20)

where Sy (x) is defined by (2.11), with a = 2k.
Proof. See [6, page 379]. O

Lemma 2.6. Given the equation Dgu(x) = 6(x) for x € R}, where D’g is defined by (1.9). Then
u(x) = Rox (%), (2.21)

where Ry (x) is defined by (2.15), with y = 2k.
Proof. See [6, page 379]. O

Lemma 2.7. Let S,(x)and Rp(x) be the function defined by (2.11) and (2.15), respectively. Then

Sa(x) * Sﬂ(x) = Szx+ﬂ(x)r

(2.22)
(—1)*S ok () * (-1)*Sax(x) = (-1)* S_aks2k(x) = So(x) = 6(x),

where a and B are a positive even number.

Proof. See [10, pages 171-190]. O
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Lemma 2.8. The function R_px(x) and (—1)kS_2k (x) are the inverse in the convolution algebra of
Rok(x) and (—1)k Sok(x), respectively, that is,

R (x) * Ro(x) = Roogsok(x) = Ro(x) = 6(x),

(2.23)
Ry (x) * Ra(x) = Rpea().
Proof. See [6]. O
Lemma 2.9. Given P is a hyper-function, then
P68 (P) + k6% (P) =0, (2.24)
where 6% is the Dirac-delta distribution with k derivatives and
P=P(x)=x] + X5+ X, = X0 = X0, ==Xy (2.25)
Proof. See [1, page 233]. O
Lemma 2.10. Given the following equation:
Afu(x) =0, (2.26)
where A is defined by (1.5) and x = (x1,x2,...,x,) € R", then
u(x) = 6™ <r2> (2.27)
or
) = e sy 229
is a homogeneous solution of (2.26) withm =n/2-k-1fork =1,2,3,.... The function R®, . ,,

is defined by (2.8) and a = -2(m —n/2 + 1).

Proof. We first need to show that the generalized function u(x) = 6™ (r2), where r? = |x|? =

2,2 2
X7+ x5+ +x;,, and

A u(x) =0, (2.29)
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where A= (8?/0x% + 0*/0x3 + -+ + 0*/0x2) is a Laplace operator. In fact,

%6(’”) <r2) = 2x;80m+ ) (r2>,

(2.30)

88_;25(171) (r2> —pgm+ 2 4xi26(””2) (rz).

Thus

= 260 (1) + 41262 (17
= 260D (1) — 4(m +2)6"D (1)
= (2n - 4(m+2))5" (1),
826 (17) = (2n - 4(m +2)) 2 6™ (r?)
= 2n - 4(m +2))(2n — 4(m + 3))6™+? (r2>, (2.31)
36 (r2) = (2n - 4(m +2)) (2n - 4(m + 3)) (2n — 4(m + 4))5"* (1),
Akgm <r2> = (21— 4(m +2))(2n — 4(m + 3)) (2n — 4(m + 4))
e @ —4(m + k +1)8 0 (1)
2 (3=t 2) (G - )2 (G- r-0)

---22(g = (m+k+1))60 (12).

Thus

60 <25 -m) - (5 m) -G -m) -4

n
2
[(g _ m) —(k+ 1)]5(m+k) (7’2>.

(2.32)

Using the following formula:

(-Dr(=z+k +1)

I'(m+1) (2.33)

(z-1)(z-2)---(z-k) =
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the above expression can be written in the following form:

2k T(n/2-m-2+1)
kg(m) (2 _ (m+k) (2
ak6 (1) T/2-m-2-k+1) ° ()

; (2.34)
— 22k(_1) F(n/Z —m- 1) 6(m+k) <T2>.
I'n/2-m-k-1)
Ifweputm=n/2-k-1fork=1,2,3,...in (2.34), we obtain
8560 (#2) = 069 (52) = 0, (2.35)
It follows that
u(x) = 6 <r2> (2.36)

is homogeneous solution of the equation A*u(x) = 0. On the other hand, by Aguirre Tellez
[11], we have

—1)" /2 -
6(m) 2\ _ ( AT n/2+16
<r ) T(m —n/2 + 1)dm-—n/2:1 (*x)

m E m—E+1
— (_1) ‘71—2(_1) 2 Re

n n (x)
n m-—+1 -2 <m——+1>
- = 2 2
r(m 5+ 1)4

(2.37)

If we putm =n/2 -k —1in (2.37), we obtain

(_1)n/2—k—17rn/2 (_1)n/2—k—1—n/2+1

(n/2-k-1) (,.2\ _
6N (r?) = (/2 —F =1 - n/2+ DA nmt Koam/-k-1-n/20m) (%)

_\n/2-k-1_n/2/ _1\-k 2.38
- T(_k;r4k( YR (0 -

=0.

By (2.36) and (2.37), we conclude
u(x) = 6m (#) (2.39)

or

(_1)2m—n/2+17rn/2

R (x) (2.40)

u(x) = I'(m _ n/2 n 2)4m7n/2+1 —2(m-n/2+1)

is a homogeneous solution of the equation A*u(x) = 0. This completes the proof. O
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Lemma 2.11. Given the following equation:

OFOku(x) =0, (2.41)

where O and % are diamond operator and Bessel diamond operator iterated k-times defined by (1.3)
and (1.7), respectively, u(x) is an unknown function, we obtain

w(x) = REL(u) * (<1)*Sax(x) * Rok(v) + 6 (2) (242)

or

(—1)2m_n/2+1.7fn/2

u(x) = RY (u) * (=1)*Sak(x) * Rox (v) * - R (x)  (243)

(m — /2 + 2)4m-n/2+1""-2(m=n/2+1)

withm =n/2 — k — 1 as a homogeneous solution of (2.41).

Proof. Since
Ok = aFk, ok = AKDIK (2.44)
Consider the following homogeneous equation:
Ok Oku(x) = 0. (2.45)
The above equation can be written as
AFOFARDRu(x) = 0. (2.46)
By Lemma 2.10, we have

Ok ak Ok u(x) = 6 <r2). (2.47)
Convolving both sides by Rg( (u) = (—1)k52k(x) * Tor (x), we obtain

REL(0) # (<1) S ()  Rog () * O Ak Ok u(x) = REE(0) % (<1) Sk (x) * Rax () 6™ (7).
(2.48)

By properties of convolution, we have

ORE () % A8 (=1)*Sap () * D Ry (x) % u(x) = REL(0)  (—1)%So (x) * Rog (x) 6™ (1'2).
(2.49)
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By (2.4), Lemmas 2.5, and 2.6, we obtain
5(x) * 6(x) * 6(x) * u(x) = REL(0) % (~1)* Sy (x) * Ro (x) % 6™ <r2>. (2.50)
Thus
u(x) = REL(0) % (~1)*Spe(x) * Roxe (x) % 6™ <r2> (2.51)

or

(_1)2m—n/2+1jrn/2

_ pH k e
u(x) = R (0) * (-1)* S (x) * Rok (x) * T — /2 + 2) et K 2tmn /241) (%) (2.52)
is a homogeneous solution of (2.41). O
Lemma 2.12. Consider the following:
b u(x) = f(x,u(x)), (2.53)

where f is defined and has continuous first derivatives for all x € Q U 0Q, Q is an open subset of R",
and 0L is the boundary of Q. Assume that f is bounded, that is, |f(x,u)| < N, and the boundary
condition u(x) = 0 for x € 0Q. Then we obtain u(x) as a unique solution of (2.53).

Proof. We can prove the existence of the solution u(x) of (2.53) by the method of iterations
and the Schuder’s estimates. The details of the proof are given by Courant and Hilbert, [12,
pages 369-372]. O

3. Main Results

Theorem 3.1. Given the following equation:
O ofu(x) = f(x), 3.1)

where Ok and OF are defined by (1.3) and (1.7), respectively, f(x) is the generalized function, u(x) is
an unknown function x = (x1,xz,...,x,) € R", and m = n/2 — k — 1. We obtain

u(x) = REL(0) % (—1)*Spe(x) * Roe () % 6™ (#) )
+ RAE(0) * (-1)* RS, (x) * (=1)*Saxe(x) * Ry (x) * f(x)
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or

(_1)2m—n/2+17rn/2

[(m—-n/2+2)4m-n/2+1 RE s m-n 241y (%) (33)

u(x) = R () % (=1)*Sar(x) * Rox (x) *
+ REL(0) * (-1)*RE, (x) * (=1)*Sax(x) * Raxe(x) * f(x)

as a general solution of (3.1).

Proof. Consider the following equation:
OFOfu(x) = f(x), (34)
or
Ok akakoku(x) = f(x). (3.5)
Convolving both sides of (3.1) by Ri(v) * (—1)kR§k (x) * (—1)k52k (x) * Rok(x), we obtain

RE (0) % (~1)FRE, (x) * Rak () * (=1)F S (x) % OF AR a k()

(3.6)
= R (0) * (=) R5y () * Rax () (1) Sax () » f ().
By properties of convolution, we have
OFRE (0) % AF(=1) RS, (x) * 2%(=1)*Sax(x) * Of R (x) * u(x)
(3.7)

= Ryj (0) * (=1)*Rg (%) * Raic(x) % (=1)Sxc () % f (x).
By (2.4), Lemmas 2.5, and 2.6, we obtain
6(x) % 6(x) * 6(x) * 6(x) * u(x) = RE(0) * (=1) R (%) * (=1)*Saxc(x) * Roxe(x) * f(x). (3.8)
Thus
u(x) = REL(W) * (~)RG (%) * (-1)Spe(x) * Rox(x) * £ (). (3.9)
Consider the following homogeneous equation:
OFOku(x) = 0. (3.10)
By Lemma 2.10, we have a homogeneous solution as

u(x) = RE (1) % (—1)* S (x) % Roe (x) % 6™ (r2>. (3.11)
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Thus, the general solution of (3.1) is

u(x) = R (x) * (=1)%Spi(x) * Ro(x) % 6 <r2>

(3.12)
+ REL (0) % (1) R5, () * (=1)" S (%) * Rax(x) * (),
or
_ OH x (_1)2m—n/2+1yrn/2 .
u(x) - RZk (U) * (_1) Sak (x) * Rok (x) * F(m -n/2+ 2)4m—n/2+1 R—Z(m—n/2+1)(x) (3'13)
+ REL(0) % (=1)"R5, () * (=1)" S (%) * Raxe(x) * f ().

The proof is complete. O

Theorem 3.2. Consider the following nonlinear equation:
Ok ok u(x) = f<x,Ak’1Dk<>’gu(x)>, (3.14)

where Ok, Ok, AK1, and O are defined by (1.3), (1.7), (1.5), and (1.1), respectively. Let f be defined
and having continuous first derivatives for all x € QU 0Q, Q is an open subset of R"™ and 0 denotes
the boundary of Q and n is even with n > 4. Suppose f is bounded, that is,

| £x), 6510 0ku(x)| < N, (3.15)
and, the boundary condition for all x € 0L let be
ARIORORu(x) = 0. (3.16)

We can assume Ak’leO’g,u(x) = U(x) and U(x) is a continuous function for x € 082, then we
obtain

u(x) = (1) RSy (x) * RE (v) * (—1) Sk () * Raxe(x) * U (x) (3.17)
as a solution of (3.14) with the boundary condition as

u(x) = 6m (ﬂ) * REL(0) % (~1)* S (x), (3.18)

forall x € 0 and m = n/2 — k. The function Sy (x), Rok (x),Rg(kfz)(x), and Ri(v) are given by
(2.11), (2.15), (2.8), and (2.2), respectively. Moreover,

W(x) = (1) IRy, () % (-1)*S k(%) * U (x) (3.19)
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is a solution of the following equation:

OFOEW (x) = U (x), (3.20)

where (OF, D’é are defined by (1.1), (1.9), respectively, and U (x) is obtained from (3.11). Furthermore,
if we put p = k =1, then W (x) is reduced to

W (x) = ME (u)  NH (u) » U(x), (3.21)
which is a solution of the following inhomogeneous elastic wave equation:

02 0? 02 0?
2 Ao Ao T — ) - (Byy, =By, =By, =+ = By, )W =U(x). 3.22
<ax% axg ax?z) ax%> (Bx, 2 3 OW (x) (%) ( )

Proof. We have

Okogu(x) =A Akileolgu(x)
(3.23)
= f(x, Ak’leogu(x))

Since u(x) has continuous derivative up to order 4p for k = 1,2,3,.... thus we can assume
ATk u(x) = U(x), VxeQ. (3.24)

Then (3.17) can be written in the following form:

ROk u(x) =a U(x) = f(x, U(x)). (3.25)
By (3.2), we have
|f(x,U(x))| <N, VxeQ, (3.26)
For U (x) = 0 or
AFIORORu(x) =0 Yx € 0Q, (3.27)

Convolving both sides of (3.24) by

(“1)FRS oy () * R (%) * (=1)*So (%) * Rox(x), (328)
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we obtain

((DF RS y) () % REL(0) % (<1)F 2 () % Rox () ) 6K <0 ()

= ((“DkR;(k—l)(x) * RE(20) * (=1)"Sare(x) * Rzk(x)> * U (x). o
By properties of convolution, we have
(85D RSy () % (OFREL(0)) # (O5(-1) Sak(x) * R (x) ) () -
= (1R y) (x) % REL() % (~1)*Sax(x) * Rax(x) ) * U (). o
By Lemma 2.8, we obtain
5%6%6*u(x) = ((—1)kR§(k_1)(x) * REL(0) % (1)K Sy (x) # Rzk(x)> « U (x). (3.31)
Thus
w(x) = (“1)FRg gy, (x) * REL(0) * (=1)" 2k (x) % Rax (%)) + U (x), (3.32)
as a solution (3.14).
Now, considering the boundary condition we have
ARIOROku(x) = 0. (3.33)
By Lemma 2.10, we obtain
Ok oku(x) = 6 <r2>, (3.34)

with m = n/2 - k. Convolving both sides of (3.34) by Rg((v) * (—1)k52k(x) * Ry (x), we obtain
REL(0)  (<1) Sk () * Rox (x) 750K u(x) = REL(0) # (~1)* S (%) * Rox(x) x 6 () (3.35)

or

()"
T'(m-n/2+1)4mmn/2+1 RE 201y ()
(3.36)

u(x) = REL(0) % (~1)%Sop (x) * Ro(x) * (~1)™*F2

for x € 0Q.
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Lastly, convolving both sides of (3.36) by (—1)k’1R" )(x) * (—1)k S_7k(x), we obtain

201k
(“1) RS _jo () * (=1)*S o () * () = R (x) % Roxe () * U (). (3.37)

Setting
W (x) = (1) RE 1y (%) * (=1)FS i (x) * u(x). (3.38)

By Lemmas 2.8 and 2.5, we obtain W (x) as a solution of the following equation:

CFOEW (x) = U (x). (3.39)

If we put p = 1, then Rg((v) and Ryk(x) are reduced to Mg( (1) and Ny (u) and are defined

. . _ _ k
by (2.6) and (2.18), respectively. Moreover, if we put p = k = 1, then the operator O and O
is reduced to

o? o2 0? 0?
o oxk g o (3.40)
Bx1 sz - Bx3 e an/

respectively, and the solution W (x) is reduced to
W(x) = My (u) * N3 (u) » U (x), (341)

which is solution of the following inhomogeneous elastic wave equation:

o L o2
=z = _F ... —— ) - (By, = By, = By, — - — B, YW(x) = U(x). 3.42
<ax% 322 axé ax%> (Bx, 2 3 DWW (x) (x) (3.42)
The proof is complete. O
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