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A comparative study between static and dynamic neural networks for robotic systems control is considered. So, two approaches of
neural robot control were selected, exposed, and compared. One uses a static neural network; the other uses a dynamic neural net-
work. Both compensate the nonlinear modeling and uncertainties of robotic systems. The first approach is direct; it approximates
the nonlinearities and uncertainties by a static neural network. The second approach is indirect; it uses a dynamic neural network
for the identification of the robot state. The neural network weight tuning algorithms, for the two approaches, are developed based
on Lyapunov theory. Simulation results show that the system response, equipped by dynamic neural network controller, has better
tracking performance, has faster response time, and is more reliable to face disturbances and robotic uncertainties.

1. Introduction

Several orders of neural robot control approaches have been
proposed in the literature.These approaches are classified into
two main classes: direct and indirect neural controls. If it
requires prior identification of the controlled process model,
it is called indirect control; otherwise it is called direct con-
trol. For the direct one, many architectures of control are
mentioned in the literature [1–5]. For the second class, we
cite neural control via dynamic neural network [6, 7], Model
Reference Adaptive Control (MRAC) [8–10], Internal Model
Control (IMC) [11–13], and predictive neural control [14, 15].
Both of these control classes are robust thanks to their ability
to overcome the nonlinearities and uncertainties in the robot
dynamics.

In this paper, the aim is to compare the performance of
static neural networks to dynamic neural networks in robotic
systems control. For this, two types of control, from the
already mentioned, are selected, presented, and tested for a
two-link robot. One uses a static neural network; the other
uses a dynamic neural network. The first approach is a direct
neural control for improvement of a classic controller propor-
tional derivative (PD), proposed by Lewis [1]; it manages to

approximate the nonlinearities and uncertainties in the robot
dynamics by a static neural network. The second approach
is an indirect neural control via a high-order dynamic neural
network, proposed by Sanchez et al. [7], whichmanages to use
a dynamic neural network for a dynamic identification of the
robot state. Based on simulation results, a comparative study
between these two approaches is presented using different
performance criteria.

The rest of this paper is organized as follows. Section 2
presents the dynamic model of the robot manipulator.
Section 3 describes the direct neural control proposed by
Lewis [1]. Section 4 describes the indirect neural control pro-
posed by Sanchez et al. [7]. Section 5 is intended for the
simulation results, and a comparative study between the two
approaches is mentioned in Sections 3 and 4. And finally,
Section 6 draws conclusion and sums up the whole paper.

2. Dynamic Model of the Robot Manipulator

In this section, the dynamic model of the robot manipulator
is presented. The equation of the robot dynamics is

𝐽 (𝜃) 𝜃̈ + ℎ (𝜃, 𝜃̇) 𝜃̇ + 𝐺 (𝜃) + 𝐹 (𝜃̇) + 𝜏𝑑 = 𝜏. (1)
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𝜃, 𝜃̇, 𝜃̈ ∈ R𝑛 denote the joint angle, the joint velocity, and the
joint acceleration; 𝐽(𝜃) ∈ R𝑛 × 𝑛 denote the inertia matrix;
ℎ(𝜃, 𝜃̇) ∈ R𝑛 × 𝑛 denote the Centrifugal and Coriolis force
matrix; 𝐺(𝜃) ∈ R𝑛 denote the gravitational force vector;
𝐹(𝜃̇) ∈ R𝑛 the friction term such as 𝐹(𝜃̇) = 𝐹V𝜃̇ + 𝐹𝑐(𝜃̇) where
𝐹𝑐(𝜃̇) ∈ R𝑛 is the coulomb parameter; 𝐹V ∈ R𝑛×𝑛 the viscous
parameter; 𝜏𝑑(𝑡) ∈ R

𝑛 represents disturbances; and 𝜏(𝑡) ∈ R𝑛
is the torque vector.

3. Direct Neural Controller via
Static Neural Network

In this section, the approach of direct neural control for
improvement of a classic controller proportional-derivative
(PD), proposed by Lewis [1], is briefly presented. This
approach manages to approximate the nonlinearities and
uncertainties, in the robot dynamics, by a static neural
network.

To make the dynamic of the robot manipulator, defined
in (1), follow a prescribed desired trajectory 𝜃𝑑(𝑡) ∈ R𝑛; the
tracking error 𝑒(𝑡) and the filtered tracking error 𝑟(𝑡) are de-
fined as follows:

𝑒 = 𝜃𝑑 − 𝜃, (2)

𝑟 = ̇𝑒 + Λ𝑒. (3)

Λ > 0 is a symmetric positive definite design parameter
matrix. The dynamic of the robot (1), in terms of the filtered
error (3), is as follows:

𝐽 (𝜃) ̇𝑟 (𝑡) = −ℎ (𝜃, 𝜃̇) 𝑟 (𝑡) − 𝜏 (𝑡) + 𝑓 (𝑥) + 𝜏𝑑 (𝑡) , (4)

where the unknown nonlinear robot function is defined as

𝑓 (𝑥) = 𝐽 (𝜃) (𝜃̈𝑑 + Λ ̇𝑒) + ℎ (𝜃, 𝜃̇) (𝜃̇𝑑 + Λ𝑒)

+ 𝐺 (𝜃) + 𝐹 (𝜃̇) ,

(5)

with

𝑥 = [𝑒
𝑇
̇𝑒
𝑇
𝜃𝑑
𝑇
𝜃̇𝑑
𝑇

𝜃̈𝑑
𝑇
]
𝑇

. (6)

3.1. Approximation of Nonlinearities and Uncertainties by a
StaticNeuralNetwork. Theuniversal FunctionApproximation
Property [16]. Let𝑓(𝑥) be a general smooth function fromR𝑛

toR𝑚. Then, it can be shown that, as long as 𝑥 is restricted to
a compact set 𝑆 ofR𝑛, there exist weights and thresholds such
that one has

𝑓 (𝑥) = 𝑊
𝑇
𝜎 (𝑀
𝑇
𝑥) + 𝜀. (7)

It is difficult to determine the ideal neural network weights,
in matrices𝑊 and𝑀 that are required to best approximate
a given nonlinear function 𝑓(𝑥). However, all one needs to
know for controls purposes that, for a specified value of Neu-
ral Network, some ideal approximating weights exist. Then,
an estimate of 𝑓(𝑥) can be given by

𝑓̂ (𝑥) = 𝑊̂
𝑇

𝜎 (𝑀̂
𝑇

𝑥) . (8)
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Figure 1: The static feed forward neural network architecture.

The neural network architecture, proposed for the approx-
imation of nonlinearities and uncertainties in the robot
dynamics, is shown in Figure 1, where 𝜎(⋅) : R → R is the
activation functions and 𝑁 is the number of hidden-layer
neurons. The first-layer interconnection weights are denoted
by𝑀𝑗𝑘 and the second-layer interconnection weights by𝑊𝑖𝑗.
The threshold offsets are denoted by 𝜃𝑀𝑗.

3.2. Synthesis of the Control Law. A general sort of approxi-
mation-based controller is derived by setting:

𝜏 (𝑡) = 𝑓̂ (𝑥) + 𝑘V𝑟 (𝑡) − V (𝑡) (9)

with 𝑓̂(𝑥) being the approximation of 𝑓(𝑥) by the neural
network, 𝑘V. 𝑟(𝑡) an outer PD tracking loop, and V(𝑡) an aux-
iliary signal to provide robustness. The proposed neural net-
work control structure is shown in Figure 2.

Substituting the control law (9) in (4), the closed-loop
error dynamics become as follows:

𝐽 (𝜃) ̇𝑟 (𝑡) = − (𝑘V + ℎ (𝜃, 𝜃̇)) 𝑟 (𝑡) + 𝑓̃ (𝑥) + 𝜏𝑑 (𝑡) + V (𝑡) .

(10)

Let us define the functional approximation error are

𝑓̃ = 𝑓 − 𝑓̂. (11)

The weight approximation errors

𝑊̃ = 𝑊 − 𝑊̂, 𝑀̃ = 𝑀 − 𝑀̂. (12)

The Lyapunov function proposed for the stabilization of the
error dynamic is

𝑉(𝑟, 𝑊̃, 𝑀̃) =
1

2
𝑟
𝑇
𝐽 (𝜃) 𝑟 +

1

2
tr {𝑊̃𝑇𝐹−1𝑊̃}

+
1

2
tr {𝑀̃𝑇𝐺−1𝑀̃} ,

(13)

with any constant matrices being 𝐹 = 𝐹𝑇 > 0 and 𝐺 = 𝐺𝑇 >
0.

The robotic system is asymptotically stable if the follow-
ing conditions, which guarantee 𝑉̇(𝑟, 𝑊̃, 𝑀̃) < 0, are satisfied.
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Figure 2: Direct neural controller via static neural network.

(i) The neural network weight tuning algorithms are

̇̂
𝑊 = 𝐹𝜎̂𝑟

𝑇
− 𝐹𝜎̂
󸀠
𝑀̂
𝑇

𝑥𝑟
𝑇
− 𝑘𝐹 ‖𝑟‖ 𝑊̂,

̇̂
𝑀 = 𝐺𝑥(𝜎̂

󸀠𝑇

𝑊̂𝑟)
𝑇

− 𝑘𝐺 ‖𝑟‖ 𝑀̂.

(14)

With 𝑘 > 0 being a small scalar design parameter and
𝜎
󸀠 the Jacobian of 𝜎.

(ii) The robustifying term is

V (𝑡) = −𝑘𝑍 (𝑍𝐵 +
󵄩󵄩󵄩󵄩󵄩
𝑍̂
󵄩󵄩󵄩󵄩󵄩𝐹
) 𝑟. (15)

With 𝑍 = [𝑊 0
0 𝑀
], ‖𝑍‖𝐹 < 𝑍𝐵 such that 𝑍𝐵 is the

bound of ideal weights, 𝑘𝑍 > 0 is positive scalar para-
meter.

(iii) PD controller gain is

𝑘𝑉min >
𝐶0 + 𝑘 (𝐶

2

3
/4)

‖𝑟‖
. (16)

In practice, the tracking error can be kept as small as
desired by increasing the gain 𝑘V.

4. Indirect Neural Control via High-Order
Dynamic Neural Network

In this section, the second approach, an indirect neural con-
trol via a high-order dynamic neural network proposed by
Sanchez et al. [7], is briefly presented.This approachmanages
to use a dynamic neural network for the online identification
of the robot state.

The proposed neural network control structure is shown
in Figure 3.

The equation of the robot dynamics, defined in (1), under
state representation is

𝑋̇ = 𝑓 (𝑥) + 𝑔 (𝑋) 𝜏 (𝑡) , (17)

𝑒𝑝
Reference trajectory

Robot system

Dynamic neural
network

Control law
𝜏

+
+

Weight adaptation

𝑋𝑁

𝑋𝑟

𝑋

−

Figure 3: Indirect neural control via a high-order dynamic neural
network.

with

𝑓 (𝑋) = [
0 𝐼

0 0
] [
𝜃

𝜃̇
]

+ [
0

−𝐽 (𝜃)
−1
(ℎ (𝜃, 𝜃̇) 𝜃̇ + 𝐺 (𝜃) + 𝐹 (𝜃̇) + 𝜏𝑑 (𝑡))

] ,

𝑔 (𝑋) = [
0

𝐽 (𝜃)
−1] ,

𝑋 = [𝜃 𝜃̇]
𝑇

.

(18)

4.1. Identification of the Robot State by the High-Order Dyna-
micNeural Network. Theproposed neural network structure,
for the identification of the robot state, is shown in Figure 4.
𝐴𝑁 = −𝜆𝑖𝐼2𝑛 × 2𝑛 is the state matrix of the neural network

with 𝜆𝑖 > 0 for 𝑖 = 1, . . . , 2𝑛, 𝑋𝑁 = [𝑥𝑁1 ⋅ ⋅ ⋅ 𝑥𝑁2𝑛] ∈ R2𝑛

is the state vector of the neural network, and 𝜏(𝑡) ∈ R𝑛 is the
torque vector.

The dynamics of this neural network are resulted by the
state feedback 𝑋𝑁 around a neural structure formed by two
static neural networks RN1 andRN2 shown in Figure 5 [7, 17]:

RN1 (𝑋𝑁) = 𝑊𝑓𝑍 (𝑋𝑁) . (19)

𝑊𝑓 = [𝑤𝑓1 ⋅ ⋅ ⋅ 𝑤𝑓2𝑛]
𝑇
∈ R2𝑛 ×𝐿 is weights matrix of RN1.
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∫

𝐴𝑁

RN1(𝑋𝑁)

𝜏
RN2(𝜏)

++

+

+
𝑋𝑁

Figure 4: The high-order dynamic neural network architecture.

𝑍(𝑋𝑁) = [𝑧1 ⋅ ⋅ ⋅ 𝑧𝐿]
𝑇
∈ R𝐿 is nonlinear operator

which defines the high-order connections, 𝑧𝑖 are called high-
order connections, and 𝐿 is the number of high order
connections.
𝑧𝑖 = ∏𝑗∈𝐼𝑖

𝑦
𝑑
(𝑖)

𝑗

𝑗
, 𝑗 = 1, . . . , 2𝑛; 𝑖 = 1, . . . , 𝐿 and 𝑑(𝑖)

𝑗
are

positive integers, 𝑦𝑗 = 𝜑(𝑥𝑁𝑖), 𝑖 = 1, . . . , 2𝑛, 𝜑(⋅) : R → R is
the activation function of RN1, here selected as the hyperbolic
tangent.

The outputs of RN1 are denoted by 𝐶 = [𝑐1 ⋅ ⋅ ⋅ 𝑐2𝑛]
𝑇

RN2 (𝜏) = 𝑊𝑔𝜙 (𝜏 (𝑡)) = 𝑊𝑔𝜏 (𝑡) . (20)

𝜙(⋅) : R → R is the activation function of RN2, here selected
as the linear one.
𝑊𝑔 = [𝑤𝑔1 ⋅ ⋅ ⋅ 𝑤𝑔2𝑛]

𝑇
∈ R2𝑛×𝑛 is weights matrix of

RN2.The outputs of RN2 are denoted by𝐷 = [𝑑1 ⋅ ⋅ ⋅ 𝑑2𝑛]
𝑇.

Let us denote 𝑊̂𝑓 and 𝑊̂𝑔 to be the estimated value, respec-
tively, for the unknown weight matrices𝑊𝑓 and𝑊𝑔.

The weight estimation errors are

𝑊̃𝑓 = 𝑊𝑓 − 𝑊̂𝑓, 𝑊̃𝑔 = 𝑊𝑔 − 𝑊̂𝑔. (21)

The equation of this neural network dynamics is defined by

𝑋̇𝑁 = 𝐴𝑁𝑋𝑁 +𝑊𝑓𝑍 (𝑋𝑁) + 𝑊𝑔𝜏 (𝑡) . (22)

The identification of the robot dynamics by the neural net-
work is ensured by the following pole placement:

𝑋̇𝑁 − 𝑋̇ = − (𝑋𝑁 − 𝑋) . (23)

Equation (23) is equivalent to the following equation:

𝑋̇ = 𝐴𝑁𝑋𝑁 +𝑊𝑓𝑍 (𝑋𝑁) + 𝑊𝑔𝜏 (𝑡) + (𝑋𝑁 − 𝑋) . (24)

4.2. Synthesis of the Control Law. It is desired to design a
robust controller which enforces asymptotic stability of the
tracking error between the system and the reference signal.
The equation of the reference signal dynamic is

𝑋̇𝑟 = 𝑓𝑟 (𝑋𝑟, 𝜏𝑟 (𝑡)) . (25)

𝑋𝑟 is the reference signal state vector, 𝜏𝑟(𝑡) is the desired
torque vector, and 𝑓𝑟(⋅) is the vector field for reference
dynamics.

Let us denote the tracking error between the system and
the reference signal to be

𝑒𝑝 = 𝑋 − 𝑋𝑟. (26)

To ensure the desired dynamic, the asymptotic stability of the
tracking error must be ensured.

The time derivative of (26) is

̇𝑒𝑝 = 𝐴𝑁𝑋𝑁 +𝑊𝑓𝑍 (𝑋𝑁) + 𝑊𝑔𝜏 (𝑡) + (𝑋𝑁 − 𝑋) − 𝑋̇𝑟.

(27)

Now, it is proceeded to add and subtract in (27) the terms
𝑊̂𝑓𝑍(𝑋𝑟), 𝐴𝑁𝑒𝑝, 𝐴𝑁𝑋𝑟, and 𝑋𝑟 so that

̇𝑒𝑝 = 𝐴𝑁𝑒𝑝 +𝑊𝑓𝑍 (𝑋𝑁) + 𝑊𝑔𝜏 (𝑡)

+ (−𝑋̇𝑟 + 𝐴𝑁𝑋𝑟 + 𝑊̂𝑓𝑍 (𝑋𝑟) + 𝑋𝑟 − 𝑋)

− 𝐴𝑁𝑒𝑝 − 𝑊̂𝑓𝑍 (𝑋𝑟) − 𝐴𝑁𝑋𝑟 − 𝑋𝑟 + 𝑋𝑁 + 𝐴𝑁𝑋𝑁.

(28)

It is assumed that there exists a function 𝛼𝑟(𝑡, 𝑊̂𝑓, 𝑊̂𝑔) such
that:

𝛼𝑟 (𝑡, 𝑊̂𝑓, 𝑊̂𝑔)

= −(𝑊̂𝑔)
+

(−𝑋̇𝑟 + 𝐴𝑁𝑋𝑟 + 𝑊̂𝑓𝑍 (𝑋𝑟) + 𝑋𝑟 − 𝑋) .

(29)

(𝑊̂𝑔)
+ is the pseudo inverse of 𝑊̂𝑔 calculated as follows:

(𝑊̂𝑔)
+

= (𝑊̂
𝑇

𝑔
𝑊̂𝑔)
−1

𝑊̂
𝑇

𝑔
.

Then, it is proceeded to add and subtract the term
𝑊̂𝑔𝛼𝑟(𝑡, 𝑊̂𝑓, 𝑊̂𝑔) in (28) so that we obtain:

̇𝑒𝑝 = 𝐴𝑁𝑒𝑝 +𝑊𝑓𝑍 (𝑋𝑁) + 𝑊𝑔𝜏 (𝑡) − 𝑊̂𝑔𝛼𝑟 (𝑡, 𝑊̂𝑓, 𝑊̂𝑔)

− 𝐴𝑁 (𝑋 − 𝑋𝑟) − 𝑊̂𝑓𝑍 (𝑋𝑟) + (𝐴𝑁 + 𝐼) (𝑋𝑁 − 𝑋𝑟) .

(30)

Let us define

𝜏̃ = 𝜏 − 𝛼𝑟 (𝑡, 𝑊̂𝑓, 𝑊̂𝑔) = 𝜏1 + 𝜏2, (31)

so that (30) is reduced to

̇𝑒𝑝 = 𝐴𝑁𝑒𝑝 + 𝑊̃𝑓𝑍 (𝑋𝑁) + 𝑊̂𝑓 (𝑍 (𝑋𝑁) − 𝑍 (𝑋𝑟))

+ 𝑊̃𝑔𝜏 (𝑡) + 𝑊̂𝑔𝜏̃ (𝑡) − 𝐴𝑁 (𝑋 − 𝑋𝑟)

+ (𝐴𝑁 + 𝐼) (𝑋𝑁 − 𝑋𝑟) .

(32)

Then, it is proceeded to add and subtract the term 𝑍(𝑋) and
𝑋 in (32) so that we obtain:

̇𝑒𝑝 = 𝐴𝑁𝑒𝑝 + 𝑊̃𝑓𝑍 (𝑋𝑁)

+ 𝑊̂𝑓 (𝑍 (𝑋𝑁) − 𝑍 (𝑋) + 𝑍 (𝑋) − 𝑍 (𝑋𝑟))

+ 𝑊̃𝑔𝜏 (𝑡) + 𝑊̂𝑔𝜏̃ (𝑡) − 𝐴𝑁 (𝑋 − 𝑋𝑟)

+ (𝐴𝑁 + 𝐼) (𝑋𝑁 − 𝑋 + 𝑋 − 𝑋𝑟) .

(33)
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Figure 5: The two subnets RN1 and RN2 included in the dynamic neural network.

Then by defining

𝜏1 = (𝑊̂𝑔)
+

× (−𝑊̂𝑓 (𝑍 (𝑋𝑁) − 𝑍 (𝑋)) − (𝐴𝑁 + 𝐼) (𝑋𝑁 − 𝑋)) .

(34)

Equation (33) is reduced to

̇𝑒𝑝 = (𝐴𝑁 + 𝐼) 𝑒𝑝 + 𝑊̃𝑓𝑍 (𝑋𝑁) + 𝑊̂𝑓 (𝑍 (𝑋) − 𝑍 (𝑋𝑟))

+ 𝑊̃𝑔𝜏 (𝑡) + 𝑊̂𝑔𝜏2 (𝑡) .

(35)

Then, the tracking problem is reduced to a stabilization
problem of the error dynamics defined in (35).

The Control Lyapunov Function (CLF) proposed for the
stabilization of the error dynamics is

𝑉(𝑒𝑝, 𝑊̃𝑓, 𝑊̃𝑔) =
1

2

󵄩󵄩󵄩󵄩󵄩
𝑒𝑝
󵄩󵄩󵄩󵄩󵄩

2

+
1

2
tr {𝑊̃𝑓

𝑇

Γ
−1
𝑊̃𝑓}

+
1

2
tr {𝑊̃𝑔

𝑇

Γ
−1

𝑔
𝑊̃𝑔 } .

(36)

Γ = diag{𝛾1, . . . , 𝛾𝐿} and Γ𝑔 = diag{𝛾𝑔1, . . . , 𝛾𝑔𝑛} are sym-
metric positive definite diagonal matrices.

Let us define the function 𝜙𝑍 = 𝑍(𝑋) −𝑍(𝑋𝑟) and 𝐿𝜙𝑍 to
be its Lipschitz constant.

The robotic system is asymptotically stable if the follow-
ing conditions, which guarantee 𝑉̇(𝑒𝑝, 𝑊̃𝑓, 𝑊̃𝑔) < 0, are
satisfied.

(i) The control law 𝜏2 is

𝜏2 = −𝜇(𝑊̂𝑔)
+

(1 + 𝐿
2

𝜙𝑍

󵄩󵄩󵄩󵄩󵄩
𝑊̂𝑓

󵄩󵄩󵄩󵄩󵄩

2

) 𝑒𝑝. (37)

Optimal with respect to the following cost [18]:

𝐽 (𝜏̃)

= lim
𝑡→∞

{2𝛽𝑉 + ∫

𝑡

0

(𝑙 (𝑒𝑝, 𝑊̂𝑓, 𝑊̂𝑔) + 𝜏
𝑇

2
𝑅 (𝑒𝑝, 𝑊̂𝑓, 𝑊̂𝑔) 𝜏2) 𝑑𝑡} .

(38)

(ii) The neural network weight tuning algorithms are
̇̂𝑤𝑓𝑖𝑗 = −𝑒𝑝𝑖𝛾𝑗𝑍(𝑋𝑗) , RN1 weights tuning algorithm,

̇̂𝑤𝑔𝑖𝑗 = −𝑒𝑝𝑖𝛾𝑔𝑗 𝜏𝑗 (𝑡) , RN2 weights tuning algorithm.
(39)

(iii) The parameter of the neural network state matrix is
𝜆𝑖 > 1.

(iv) The parameter which manages the control law 𝜏2 is
𝜇 > 1.

5. Simulation Results and Comparative Study
on a Two-Link Robot

In order to test the applicability and compare the per-
formance of the two proposed neural control types, the
trajectory tracking problem for a robot manipulators model
is considered. The dynamics of a 2-link rigid robot arm on
2D environment, with friction and disturbance terms, can be
written as
𝐽 (𝜃) 𝜃̈ + 𝐻 (𝜃, 𝜃̇) + 𝐺 (𝜃) + 𝐹 (𝜃̇) + 𝜏𝑑 (𝑡) = 𝐷𝜏 (𝑡) , (40)

with
𝐽 (𝜃) = [

𝐼1 + 𝑚1𝑘
2

1
+ 𝑚2𝑙

2

1
𝑚2𝑙1𝑘2 cos (𝜃1 − 𝜃2)

𝑚2𝑙1𝑘2 cos (𝜃1 − 𝜃2) 𝐼2 + 𝑚2𝑘
2

2

] ,

𝐻 (𝜃, 𝜃̇)

= ℎ (𝜃, 𝜃̇) 𝜃̇

= [
0 𝑚2𝑙1𝑘2 sin (𝜃1 − 𝜃2)

−𝑚2𝑙1𝑘2 sin (𝜃1 − 𝜃2) 0
]
[
[

[

𝜃̇
2

1

𝜃̇
2

2

]
]

]

,

𝐺 (𝜃) = 𝑔 [
(𝑚2𝑙1 + 𝑚1𝑘1) cos 𝜃1

𝑚2𝑘2 cos 𝜃2
] ,

𝐷 = [
1 −1

0 1
] ,

𝐹 (𝜃̇) = diag (2, 2) 𝜃̇ + 1.5 sign (𝜃̇) .
(41)
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The robot model parameters are shown in Table 1.
The simulations of the variation of positions and torques,

exerted at each of the two joints, as well as the weights of the
neural network, were carried out over a period of 10 seconds.

The initial conditions are selected as follows:

𝜃 (0) = [20 20]
𝑇
, 𝜃̇ (0) = [0 0]

𝑇
. (42)

The reference signal is

𝜃𝑑 (𝑡) = [45 45]
𝑇
, 𝜃̇𝑑 (𝑡) = [0 0]

𝑇
. (43)

The external disturbances are
[0.1 −0.1] if 𝑡 ≤ 1sec,

[−0.2 0.2] if 𝑡 > 1sec.
(44)

A variation in the coefficients of viscous friction by an
error of 10% at time 𝑡 = 1 sec.

A variation in the masses of the two bodies of the arm by
an error of 10% at time 𝑡 = 2 sec.

Theneural network controller parameters are selected, for
each of the two approaches, as follows.

(i) For the first approach: neural control for improve-
ment of a classic controller proportional-derivative
(PD), we have the following.

After several simulation tests, we have found suitable
values for the initialization of the weights of the neural net-
work and the various parameters as follows:

Kv = 10 × 𝐼2 × 2, Kz = 0.1,

ZB = 5, F = 10 × 𝐼6 × 6,

G = 10 × 𝐼10 × 10, K = 0.1.

(45)

The number of neurons in the hidden layer of neural network
isN = 6.The activation function sigmoid is𝜎(𝑥) = 1/(1+𝑒−𝑥)
and its Jacobian is 𝜎󸀠(𝑥) = diag{𝜎(𝑥)} × [𝐼 − diag{𝜎(𝑥)}].
No initial neural network training phase was needed. The
neural network weights were arbitrarily initialized at zero in
this simulation.

(ii) For the second approach: neural control via a high-
order dynamic neural network, we have the following.

Initial state vector of the neural network is 𝑋𝑁 = [0 ⋅ ⋅ ⋅
0]
𝑇, and the number of high-order connections is L = 13.
The activation function of the subnet RN1 is the hyper-

bolic tangent 𝜑(𝑋𝑁) = (𝑒
2𝑋𝑁 − 1)/(𝑒

2𝑋𝑁 + 1).
Let us have:𝑋𝑁 = [𝑥𝑁1 ⋅ ⋅ ⋅ 𝑥𝑁4]

𝑇

𝑁1 = tangh (𝑥𝑁1) , 𝑁2 = tangh (𝑥𝑁2) ,

𝑁3 = tangh (𝑥𝑁3) , 𝑁4 = tangh (𝑥𝑁4) .
(46)

So that we define the high-order connections of the neural
networks:
𝑍 (𝑋𝑁) = [𝑁1,𝑁2,𝑁3,𝑁4,𝑁1 × 𝑁2,𝑁1 × 𝑁3,𝑁1 × 𝑁4,

𝑁2 × 𝑁3,𝑁2 × 𝑁4,𝑁3 × 𝑁4,𝑁1 × 𝑁2 × 𝑁3,

𝑁1 × 𝑁2 × 𝑁4,𝑁2 × 𝑁3 × 𝑁4]
𝑇
.

(47)

Table 1: Parameters of 2-link rigid robot model.

Parameters Designation Value Unit
Length of link 1 𝑙1 0.25 m
Length of link 2 𝑙2 0.16 m
Mass of link 1 𝑚1 9.5 Kg
Mass of link 2 𝑚2 5 Kg
Position of center of gravity of link 1 𝑘1 0.125 m
Position of center of gravity of link 2 𝑘2 0.08 m
Inertia of link 1 𝐼1 0.0043 Kg⋅m2

Inertia of link 2 𝐼2 0.0061 Kg⋅m2

Gravitational acceleration 𝑔 9.8 N⋅Kg−1

The activation function of the subnet RN2 is the linear
function 𝜙(𝜏(𝑡)) = 𝜏(𝑡).

For this approach, the initialization of neural network
weights is not arbitrary and a training phase is necessary.

After several simulation tests, we have found suitable
values for the initialization of the weights of the neural
network and the various parameters as follows:

Γ = 0.01 × 𝐼13 × 13, Γg = 0.0001 × 𝐼2 × 2,

𝜆i=300, AN = −300 𝐼4 × 4,

L𝜙Z = 0.02, 𝜇 = 1000.

(48)

The suitable values for the initialization of the weights are
shown in Figure 11.

5.1. Simulation Results of the First Approach of Control: The
Neural Control for Improvement of a Classic Controller Propor-
tional Derivative. Each line, that appears in both diagrams of
Figure 8, represents one variation of weight value𝑊𝑖,𝑗 in the
update of weight matrix 𝑊 or 𝑀𝑗,𝑘 in the update of weight
matrix𝑀.

Analysis Results. The analysis of the simulation results of the
response system equipped with NN controller for improve-
ment of a classic controller PD, seen in Figure 6, shows that
this control law can satisfy the stability of the system despite
the presence of disturbances and robotic uncertainties.

However, due to disturbances and robotic uncertainties,
the peak in the torques response makes this control strategy
not reliable Figure 7.

5.2. Simulation Results of the Second Approach of Control: The
Neural Control via a High-Order Dynamic Neural Network.
For this approach, the initialization of neural networkweights
is not arbitrary and a training phase is necessary.

(i)TheLearning Step. Each line, that appears in both diagrams
of Figure 11, represents one variation of weight value 𝑊𝑓𝑖,𝑗
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Figure 6: Response of joint angles: system equipped with NN controller for improvement of a classic controller PD.
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Figure 7: Response of torques in joint angles: system equipped with NN controller for improvement of a classic controller PD.

in the update of weight matrix𝑊𝑓 or𝑊𝑔𝑖,𝑗 in the update of
weight matrix𝑊𝑔.

Analysis Results. The rigorous peak in the torques and joint
angles response, due to disturbances and robotic uncertain-
ties, seen in Figures 9 and 10, was able to be corrected thanks
to the neural network adaptation.

At the end of this learning step, the best weight values,
seen in Figure 11, are obtained.

(ii)Final SimulationResults.The best weights values, obtained
in the end of the learning step, are used as initial values for this
step.

Each line, that appears in both diagrams of Figure 14,
represents one variation of weight value 𝑊𝑓𝑖,𝑗 in the update

of weight matrix𝑊𝑓 or𝑊𝑔𝑖,𝑗 in the update of weight matrix
𝑊𝑔.

Analysis Results. The analysis of the simulation results of the
response system equipped with NN controller via a high-
order dynamic neural network, seen in Figure 12, shows that
this control law can satisfy the stability of the system despite
the presence of disturbances and robotic uncertainties.

The learning step is necessary to obtain the best weight
values, seen in Figure 11, which represent the true initial
weight values.

After the learning step and despite the presence of dis-
turbances and robotic uncertainties, no malfunction was
identified in the torques response, seen in Figure 13 (as the
peak in the torques response, seen in Figure 7).



8 ISRN Robotics

0 1 2 3 4 5 6 7 8 9 10
0

1

2

3

4

5

6

Time (s)

W
ei

gh
ts
𝑊
𝑖,𝑗

First approach: update of weight𝑊

(a)

0 1 2 3 4 5 6 7 8 9 10

0

0.2

0.4

0.6

0.8

1

1.2

1.4

Time (s)

−0.4

−0.2

W
ei

gh
ts
𝑀
𝑗,
𝑘

First approach: update of weight𝑀

(b)

Figure 8: Weights update of the NN controller for improvement of a classic controller PD.
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Figure 9: Response of joint angles: system equipped with NN controller via a high-order dynamic neural network (learning step).
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Figure 10: Response of torques in joint angles: system equipped with NN controller via a high-order dynamic neural network (learning step).
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Figure 11: Weights update of the NN controller via a high-order dynamic neural network (learning step).
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Figure 12: Response of joint angles: system equipped with NN controller via a high-order dynamic neural network.

In Figure 14, it is easy to see that weights have really
achieved their best values in the learning step and they remain
nearly constant.

5.3. Comparative Study. The advantages and limitations of
each approach, of neural network control, are presented in
Table 2.

The run-time performance of each approach is presented
in Table 3.

6. Discussion and Conclusion

In this paper, two approaches of neural network robot control
were selected, exposed, and compared. The aim of this

comparative study is to find the performance differences
between static and dynamic neural networks in robotic
systems control. So, one of these two approaches uses a static
neural network; the other uses a dynamic neural network.The
first approach is a direct neural control for improvement of a
classic controller proportional derivative (PD), proposed by
Lewis [1]; it employs a static neural network to approximate
the nonlinearities and uncertainties in the robot dynamics,
so that the static neural network is used to compensate the
nonlinearities and uncertainties; therefore it overcomes some
limitation of the conventional controller PD and improves
its accuracy. The second approach is an indirect neural
control via a high-order dynamic neural network, proposed
by Sanchez et al. [7]; it employs the dynamic neural network
for an exact online identification of the robot state, and then
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Figure 13: Response of torques in joint angles: system equipped with NN controller via a high-order dynamic neural network.
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Figure 14: Weights update of the NN controller via a high-order dynamic neural network.

Table 2: Advantages and limitations of the neural network control approaches.

Control strategy Advantages Limitations

NN controller for
improvement of a
classic controller PD

(i) Initialization of the NN weights is arbitrary

No reliable response of the system, seen in Figure 7,
due to the peak in the torques response,
facesdisturbances and robotic uncertainties

(ii) Online learning of the NN
(iii) No offline training requirements
(iv) Approximation, by the neural network, of the
function which gathers the nonlinearities and
uncertainties included in the robot dynamics
(v) Overcoming some limitation of the conventional
controller PD
(vi) Guaranteed stability in presence of nonlinearities
and uncertainties

NN controller via a
high order dynamic
neural network

(i) An exact online identification of the robot state
thanks to the dynamic neural network

(i) Initialization of the NN weights is not arbitrary
(ii) Offline training requirements to find the suitable
initial NN weights values(ii) Guaranteed stability in presence of nonlinearities

and uncertainties
(iii) Reliable response of the system faces disturbances
and robotic uncertainties (Figures 12 and 13)
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Table 3: Run-time performance of the neural network control
approaches (on a time-domain 𝑡 = [0–10] sec).

Control strategy Elapsed time
(in seconds)

NN controller for improvement of a classic
controller PD 45.262542

NN controller via a high-order dynamic neural
network 44.088512

it synthesizes the control law from this information recovered
by this identification.

Simulation results under the framework MATLAB, of
a two-link robot in 2D environment, showed the perfor-
mance differences between the two neural network control
approaches studied. Compared to the control with the static
neural network, the neural control via dynamic neural
network has significantly better tracking performance, has
faster response time and is more reliable to face disturbances
and robotic uncertainties. However, the indirect approach
requires offline training to find the suitable initial neural
network weights values, contrarily to the direct one in which
the initialization of the neural network weights is arbitrary.

Although it is clear that further experimentation needs
to take place, simulation results presented here indicate that
dynamic neural networks have demonstrated a very good
potential for applications in closed loop control of robot
manipulators.
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