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We introduce the notion 6-cluster points, investigate the relation between 0-cluster points and limit points of sequences in the
topology induced by random 2-normed spaces, and prove some important results.

1. Introduction and Background

An interesting and important generalization of the notion of
metric space was introduced by Menger [1] under the name
of statistical metric space, which is now called probabilistic
metric space. In this theory, the notion of distance has a
probabilistic nature. Namely, the distance between two points
x and y is represented by a distribution function F,,; and for
t > 0, the value F, (f) is interpreted as the probability that
the distance from x to y is less than ¢. In fact the probabilistic
theory has become an area of active research for the last forty
years. An important family of probabilistic metric spaces
are probabilistic normed spaces. The notion of probabilistic
normed spaces was introduced in [2] and further it was
extended to random/probabilistic 2-normed spaces by Golet
[3] using the concept of 2-norm of Gahler [4]. Applications
of this concept have been investigated by various authors, for
example, [5-7].

The concept of statistical convergence for sequences of
real number was introduced by Fast in [8] and Steinhaus in
[9] independently in the same year 1951. A lot of develop-
ments have been made in this area after the works of Salat
[10] and Fridy [11]. Recently, Mohiuddine and Aiyub [12]
studied lacunary statistical convergence as generalization of
the statistical convergence and introduced the concept 0-
statistical convergence in random 2-normed space. In [13],
Mursaleen and Mohiuddine extended the idea of lacunary
statistical convergence with respect to the intuitionistic fuzzy
normed space. Also lacunary statistically convergent double
sequences in probabilistic normed space was studied by
Mohiuddine and Savas in [14].

The aim of this work is to introduce and investigate the
relation between 0-statistical cluster points, 0-statistical limit
points, and ordinary limit points of sequence in random
2-normed spaces.

First, we recall some of the basic concepts that will be
used in this paper. All the concepts listed below are studied in
depth in the fundamental book by Schweizer and Sklar [2].

Let R denote the set of real numbers and R, = {x ¢ R :
x > 0}. Amapping f : R — R, is called a distribution
function if it is nondecreasing and left continuous with
inf,.p f(t) = 0 and sup, . f(t) = 1.

We denote the set of all distribution functions by D" such
that £(0) = 0.1fa € R,, then H, € D*, where

1, ift>a,

H, (1) = { @

0, ift<a.

It is obvious that Hy > f forall f € D*.

A triangular norm (t-norm) is a continuous mapping
% 1 [0,1] x [0,1] — [0, 1] such that ([0, 1], ) is an abelian
monoid with unitoneand c+d < a*bifc < aandd < bforall
a,b,c,d € [0,1]. A triangle function 7 is a binary operation
on D which is commutative, associative and 7(f, Hy) = f
for every f € D".

The concept of 2-normed spaces was first introduced by
Gahler [4, 15].

Let X be a real vector space of dimension d, where 2 <
d < 00. A 2-norm on X is a function |- : X x X — R
which satisfies (i) |x, y|l = 0 if and only if x and y are linearly



dependent; (i) [lx, yl = Iy, xll; (iid) lax, yl = lelllx, yll, « €
R; (iv) I, y + 2l < I, yll + Ix, 2]l The pair (X, [l,-]) is then
called a 2-normed space.

As an example of a 2-normed space we may take X = R*
being equipped with the 2-norm ||x, y|| := the area of the
parallelogram spanned by the vectors x and y, which may be
given explicitly by the formula

x=(x%), y= (1)
(2)

In 2006, Golet [3] introduced the notion of random
2-normed space.

Let X be a linear space of dimension greater than one,
7 a triangle, and F : X x X — D". Then F is called a
probabilistic 2-norm and (X, F, T) a probabilistic 2-normed
space if the following conditions are satisfied:

"x’)/“ = |x1y2 - x2y1|,

(i) F(x, y;t) = Hy(t) if x and y are linearly dependent,
where F(x, y;t) denotes the value of F(x, y) att € R,

(ii) F(x, y;t) # Hy(t) if x and y are linearly independent,
(iii) F(x, y;t) = F(y,x;t) forall x, y € X,

(iv) F(ax, y;t) = F(x, y;t/|a] ) for every t > 0, o # 0 and
x,y€X,

(v) F(x + y,z;t) = 7(F(x, z;t), F(y, z; 1)) whenever x, y,
z € X.

If (v) is replaced by

)" F(x + v, 2zt +t,) = F(x,z:t;) = F(y,z;t,) for all
x,¥,z € Xand t;,t, € R, then (X, F, *) is called a
random 2-normed space (for short, RT'N space).

Remark 1. Note that every 2-normed space (X, [-,-||) can be
made a random 2-normed space in a natural way, by setting

F(x,yt) =Hy(t - |x y])> (3)
forevery x, y € X,t > 0and a * b = min{a, b}, a,b € [0, 1].

Let (X, F, %) be a RTN space. Since # is a continuous
t-norm, the system of (g, A)-neighborhoods of 6 (the null
vector in X)

{Ho.(em): >0, ne€(0,1), ze X}, (4)
where
No (&n)={x,ze XxX:F_(e>1-n} (5

determines a first countable Hausdorft topology on X x X,
called the F-topology. Thus, the F-topology can be com-
pletely specified by means of F-convergence of sequences. It
is clear that x — y € #y , means y € /4, , and vice versa.

A sequence x = (x,,) in X is said to be F-convergence to
L € Xifforeverye > 0,7 € (0,1) and for each nonzero z € X
there exists a positive integer N such that

xpz—LeNy, (en) foreachn>N (6)
or equivalently,
X,z € N, (&n) foreachn> N. (7)

In this case we write F-lim x,,, z = L.
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2. The Main Results

It is known (see [16]) that statistical cluster I', and statistical
limit points set A , of a given sequence (x,,) are notaltered by
changing the values of a subsequence, the index set of which
has density zero. Moreover, there is a strong connection
between 0-statistical cluster points and ordinary limit points
of a given sequence. We will prove that these facts are satisfied
for O-statistical cluster points and O-statistical limit point
sets of a given sequence in the topology induced by random
2-normed spaces.

The notion of statistical convergence depends on the
density of subsets of N, the set of natural numbers.

Definition 2 (see [8, 11]). Let K be a subset of N. Then
the asymptotic density of K denoted by §(K) :=
lim,_, (1/n)|l{k < n : k € K}|, where the vertical bars
denote the cardinality of the enclosed set. A number
sequence x = (x), is said to be statistically convergent to
Lifforeverye > 0, 8({k € N : |x; — L| > €}) = 0. If (x;) .y
is statistically convergent to L, we write st-lim x; = L.

By a lacunary sequence we mean an increasing integer
sequence 0 = (k,) such thatk, = 0and h, .=k, —k,_;, — 00
asr — o0o. Throughout this paper the intervals determined
by 6 will be denoted by I, := (k,_;, k,], and the ratio k,/k,_,
will be abbreviated by g,.. Let K € N. The number

8y (K) = 1i;nhi |{k €I, : k e K} (8)

is said to be the 0-density of K, provided the limit exists
(see [17]).

Definition 3 (see [17]). Let 0 be a lacunary sequence. Then a
sequence x = (x) is said to be Sy-convergent to the number
L if for every € > 0 the set K(¢) has 0-density zero, where

K(s)::{kEN:ka—L|2£}. 9)

In this case we write Sy-lim x = L or x;,. — L(Sp).

Definition 4 (see [12]). Let (X, F, %) be a RTN space and
let 0 be a lacunary sequence. A sequence x = (x;) in a
random 2-normed spaces (X, F, *) is said to be 0-statistically
convergent or Sg-convergent to L € X with respect to F if for
every e > 0, € (0,1) and nonzero z € X such that

g (fkeN:xz ¢ N, (em)}) =0 (10)
or equivalently
So({keN:ix,ze N, (en)}) =1 (11)

In this case we write S -lim x, z = Lor x; — L(Sy'™).
Now we define some concepts in RTN-space.
Definition 5. Let (X, F, %) be a RTN space and let 0 be a

lacunary sequence. Let (x;;)) be a subsequence of x = (x;) €
X and K = {k(j) : j € N} then one denotes (xk(j)) by (x)g. If

1
li;nh— [{k(j)eL :jeN}|=0, (12)
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then (x)g is called a 8-thin sequence. On the other hand, (x)
is a 8-nonthin subsequence of x provided that

1
lim sup - |{k(j) €I, : j e N}| > 0. (13)

Definition 6. Let (X, F, ) be a RTN space and 0 be a lacunary
sequence. A € X is called a O-statistical limit point of a
sequence x = (x;) € X provided that there is a 8-nonthin
subsequence of x that converges to A. Let A%’Ti\] denotes the

set of all SgTN—limit points.

Definition 7. Let (X, F, *) be a RTN space and let 0 be a
lacunary sequence. B € X is called a 0-statistical cluster point
of a sequence x = (x;) € X provided that, for every ¢ > 0,
n € (0,1) and nonzero z € X

1
lim sup - Hk el :x,ze N (en)} >0 (4)
T
Let FgEN denote the set of 0-statistical cluster point of the

sequence x = (x;).

Theorem 8. Let (X, F, *) be a RTN space and let 0 be a lacu-
nary sequence. If x = (x;) and y = (y,) are sequences in X
such that

1
hplh— l{k € I : x # y}| = 0, (15)
T
then AI;?;N = A%)TJ,N and F(SN = I‘éf;N .

Proof. Assume thatlim,(1/h,){k € I, : x; # y;}| =0and A €
A%Tyl\] ; say (¥)x is a 0-nonthin sequence of y that converges to

A. Since

li;nhi|{ke1r;ke1<andxk¢yk}| =0, (16)
it follows that

lim suphl l{k €I, : k € Kandx; = y }| #0.  (17)

Therefore, the latter set yields a 0-nonthin subsequence (x) g
of (x)g that converges to A. Hence A ¢ A%)Tf and A%)TyN c

A%’T;\I . By symmetry we see that A%,T)i\I c A};’TyN ; hence A%,T;\I =
Ay Nowlet B € Ty, ™ and letlim, (1/h,)l{k €1, : x,#y;}| =

0. Since B € ngN, we can write

1
lim sup - [{kel, :xpze N, ()} £0  (18)
r

r

for every e > 0,1 € (0, 1), and nonzero z € X. Since x; = y;
for almost all k,

1
lim sup - l{kel,: yoze N, (&n)} £0 (19
r

for every ¢ > 0, € (0,1), and nonzero z € X. Hence, B €

) ?;N and T, gzN c Fg}N. By symmetry we see that Fg;N c ngN;
RTN _ RIN
hence Iy ™ =Ty . O

Theorem 9. Let (X,F,*) be a RTN space and let 0 be
a lacunary sequence. For any sequence x = (x;) € X, one has
ARIN  [RIN

0x = 0x -

Proof. Suppose A ¢ A%,Tf; then there is a 6-nonthin sub-

sequence (xy(;)) of x that converges to A, that is,
1
lim suph—Hk(j) el,:jeN}=d>o0. (20)
ro Iy

Since

{k eN: Xj> % € ‘/VA,Z (8)71)}

2 {k (]) e N: xk(j),z € ‘/VA,Z (8,7])}

for every € > 0, € (0, 1), and nonzero z € X, we have

(1)

{keN:x,zel,, (en)}

> {k(j) eN:j e NP\ {k(j) € N:xyy2 & Haz (em)] -
(22)

Since (xy( ;) converges to A, the set

{k (j) eN: Xi(jp 2 & Nag (e, 11)} (23)

is finite for any € > 0, # € (0, 1), and nonzero z € X. There-
fore,

. L
lim sup— |{k () € I, : x02 € Va2 ()]

> lim Sl:phi l{k(j) e L :jeN}|

—lim s1iphi Hk () €L, : x(jp 2 & Ny (s,n)H

zliphi|{k(j)eI,:jeN}|:d>0.

(24)

Hence,
1
lim sup-- [{k(j) € I, s 5z € Fae ()} >0 29)

which means that A € I‘é{;N. O

Theorem 10. Let (X, F, *) be a RTN space and let 0 be a lacu-
nary sequence. Let LX™ be the set of ordinary limit points of x
and for any sequence x = (x;) € X, Ff;,zN c L};TN .

RN,
re,x >

Proof. Assume that B € then

lim suphi kel :xpze s (en)l>0  (26)

for every ¢ > 0,7 € (0,1), and nonzero z € X. We set (x)g a
0-nonthin subsequence of x such that

K = {k(j) € N: x5,z € Ny, (e,17)} (27)



for every ¢ > 0,7 € (0,1), and nonzero z € X, and

lim sup,(1/h,)|K| > 0. Since there are infinitely many ele-
mentsin K, B € LI;TN.

The converse of the theorem does not hold. O

Theorem 11. Let (X, F, %) be a RTN space and let 0 be a lacu-
nary sequence. If for sequence x = (x;) € X, S5~ -lim x, = x,,
then Alé’TxN = Fész = {xo}.

Proof. First, we show that A%,TE = {x,}. Fixe > 0,77 € (0, 1),

and nonzero z € X. Assume that A%’TF = {xy, ¥y} such

that xy,z ¢ A },0)2(28, 7). In this case, there exist (x j)) and
(%)) 6-nonthin subsequences of x = (x;) that converge to
xo and y,, respectively. Since (x;(;) converges to y,, we have

{l (l) eN: xl(i),z ¢ '/V)’o,z (8, 7’])} (28)
which is a finite set. Consider that
{Ii) eN:ieN}

={l() eN:xz € - (en)] (29)
U {l () eN:xg.z¢ N, , (3,11)}
implies

lim supi [{IG) eI, :ieN}
P
. 1 .
= lim sup-- Hl (el :xg.zeN, (& 17)}|

+lim 31r1phi Hl @) el :xpz¢N, (e, 17)}| )
(30)

Hence,

. 1 .
lim sup - |{l () el :xgpz €N, (e ’7)}' > 0.
31

Since Sy ™ -lim x;, = x,,
1
h¥nh— Hk el :xpz e N, , (e 71)” = 0. (32)
T
Therefore, we can write
lim supl Hk el :x,zeN, (s 17)}| > 0. (33)
r hr 0
For every xp,z ¢ /', .(2¢,17) > 0,
{l (l) eN: xl(i),z € '/V}’o»z (S, 71)}

nikeN:x,zel,  (en)}=0.

(34)

Hence,
{l () eN:x,zel, (e 17)}

c {k eN:xp,z¢ N, , (&’1)}“

(35)
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Therefore,

lim sephi Hl(i) el :xg.zeN, (e 11)}|
' (36)
<lim suphi Hk el xpze N, , (e 17)}| = 0.

This contradicts (31). Hence, A%’TF = {x,}.

Now we assume that Fg)IN = {xy, 2o} such that x,,z ¢

N ,,-(2&,1) for some € > 0,7 € (0,1), and nonzero z € X.
Then

lim 31:phi Hk €l :xpzelN,, (8,11)” > 0.
r @)

Since

[keN:x,zed,  (en)
(38)
n {k eN:ixpzel, , (8,77)} =0,

for every xo,z ¢ N, ,(2&,1),

{k eN:ixz g Ny, (s,q)};{k eN:ixpze, , (8,11)}.
(39)

Therefore

lim suphi Hk el :xpz e N, , (e 17)}'
' (40)
> lim suphl Hk el :ixpzeN, (& n)H

From (37), the right side of (40) is greater than zero and from
(32), the left side of (40) equals to zero. This is a contradiction.
Hence, T, é{EN = {x,}. ]

References

[1] K. Menger, “Statistical metrics,” Proceedings of the National
Academy of Sciences of the United States of America, vol. 28, pp.
535-537,1942.

[2] B. Schweizer and A. Sklar, Probabilistic Metric Spaces, North-
Holland, New York, NY, USA, 1983.

[3] 1. Golet, “On probabilistic 2-normed spaces,” Novi Sad Journal
of Mathematics, vol. 35, no. 1, pp. 95-102, 2005.

[4] S. Géhler, “2-metrische Riume und ihre topologische Struktur,”
Mathematische Nachrichten, vol. 26, pp. 115-148, 1963.

[5] M. Mursaleen and S. A. Mohiuddine, “On ideal convergence of
double sequences in probabilistic normed spaces,” Mathemati-
cal Reports, vol. 12, no. 4, pp. 359-371, 2010.

[6] M.Mursaleen, “On statistical convergence in random 2-normed
spaces,” Acta Scientiarum Mathematicarum, vol. 76, no. 1-2, pp.
101-109, 2010.

[7] M. Mursaleen and S. A. Mohiuddine, “On ideal convergence in

probabilistic normed spaces,” Mathematica Slovaca, vol. 62, no.
1, pp. 49-62, 2012.



ISRN Mathematical Analysis

[8] H. Fast, “Sur la convergence statistique,” Colloquium Mathemat-
icae, vol. 2, pp. 241-244, 1951.

[9] H. Steinhaus, “Sur la convergence ordinaire et la convergence
asymptotique,” Colloquium Mathematicum, vol. 2, pp. 73-74,
1951.

[10] T. Salat, “On statistical convergence of real numbers,” Mathe-
matica Slovaca, vol. 50, pp. 111-115, 2000.

[11] J. A. Fridy, “On statistical convergence,” Analysis, vol. 5, no. 4,
pp. 301-313, 1985.

[12] S. A. Mohiuddine and M. Aiyub, “Lacunary statistical conver-
gence in random 2-normed spaces;,” Applied Mathematics &
Information Sciences, vol. 6, no. 3, pp. 581-585, 2012.

[13] M. Mursaleen and S. A. Mohiuddine, “On lacunary statistical
convergence with respect to the intuitionistic fuzzy normed
space,” Journal of Computational and Applied Mathematics, vol.
233, no. 2, pp. 142-149, 2009.

[14] S. A. Mohiuddine and E. Savas, “Lacunary statistically conver-
gent double sequences in probabilistic normed spaces,” Annali
dell’Universita di Ferrara, vol. 58, no. 2, pp. 331-339, 2012.

[15] S. Géhler, “Lineare 2-normierte Raume,” Mathematische Nach-
richten, vol. 28, pp. 1-43, 1964.

[16] J. A. Fridy, “Statistical limit points,” Proceedings of the American
Mathematical Society, vol. 118, no. 4, pp. 1187-1192, 1993.

[17] J. A. Fridy and C. Orhan, “Lacunary statistical convergence,”
Pacific Journal of Mathematics, vol. 160, no. 1, pp. 43-51, 1993.



Advances in Advances in Journal of Journal of
Operations Research lied Mathematics ability and Statistics

il
PR
S Rt
£ 2 §

\ ‘

The Scientific
\{\(orld Journal

International Journal of
Differential Equations

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Combinatorics

Advances in

Mathematical Physics

%

Journal of : Mathematical Problems Abstract and Discrete Dynamics in
Mathematics in Engineering Applied Analysis Nature and Society

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of
'

al of Journal of

Function Spaces Stochastic Analysis Optimization

Journal of International Jo




