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This paper is devoted to the qualitative analysis of a class of nonclassical parabolic equations u, — eAu, — wAu + f(u) = g(x) with
critical nonlinearity, where ¢ € [0,1] and w > 0 are two parameters. Firstly, we establish some uniform decay estimates for the
solutions of the problem for g(x) € H™'(Q), which are independent of the parameter e. Secondly, some uniformly (with respect
to e € [0,1]) asymptotic regularity about the solutions has been established for g(x) € L2(Q), which shows that the solutions
are exponentially approaching a more regular, fixed subset uniformly (with respect to ¢ € [0, 1]). Finally, as an application of this
regularity result, a family {&},¢(y ;) of finite dimensional exponential attractors has been constructed. Moreover, to characterize the
relation with the reaction diffusion equation (¢ = 0), the upper semicontinuity, at ¢ = 0, of the global attractors has been proved.

1. Introduction

We study the long-time behavior of the following class of non-
classical parabolic equations:

u, —ehu, —wAu+ f(u)=g(x), inQxR",

u(x,0) =u,(x), (E.)

ulan =0,

where Q ¢ RY (N > 3) is a bounded domain with smooth
boundary 0Q), ¢ € [0,1] and w > 0 are two parameters, the
external force g is time independent, and the nonlinearity f
satisfies some specified conditions later.

When ¢ = 0 for the fixed constant w(>0), equation
(E,) is a usual reaction-diffusion equation, and its asymptotic
behavior has been studied extensively in terms of attractors by
many authors; see [1-5].

For each fixed ¢ = g > 0, equation (E, ) is a nonclas-
sical reaction-diffusion equation, which arises as models to
describe physical phenomena such as non-Newtonian flow,
soil mechanics, heat conduction; see [6-8] and references
therein. Aifantis in [6] provided a quite, general approach
for obtaining these equations. The asymptotic behavior of the

solutions for this equation has been studied by many authors;
see [9-16].

For the fixed constant w(>0), any € € [0, 1], and the long-
time behavior of the solutions of (E, ) has been considered by
some researchers; see [10, 13]. In [10] the author proved the
existence of a class of attractors in H> N Hé with initial data
u, € H*n H, and the upper semicontinuity of attractors in
Hé under subcritical assumptions and g(x) = 0 in the case of
N < 3. 1n [13] similar results have been shown when N > 3
and g(x) € H) (Q).

In this paper, inspired by the ideas in [17, 18] and
motivated by the dynamical results in [19-22], we study
the uniform (with respect to the parameter ¢ € [0,1])
qualitative analysis (a priori estimates) for the solutions of
the nonclassical parabolic equations (E, ) and then give some
information about the relation between the solutions of (E,)
and those of (E,). Our main difficulty comes from the critical
nonlinearity and the uniformness with respect to & € [0, 1].

This paper is organized as follows. In Section 2, we
introduce basic notations and state our main results. In
Section 3, we recall some abstract results that we will use
later. In Section 4, we present several dissipative estimates
about the solution of (E,) when g(x) € H '(Q), which
hold uniformly with respect to ¢ € [0, 1]. The main results



are proved for g(x) € L2(Q) in Section 5. Moreover, in
Section 6, as an application, we construct a finite dimensional
exponential attractor and prove the upper semicontinuity of
the global attractor obtained in Section 5.

2. Main Results

Before presenting our main results, we first state the basic
mathematical assumptions for considering the long-time
behaviors of the nonclassical parabolic equations and then
introduce some notations that we will use throughout this

paper.

(i) f € € (R) with f(0) = 0 and satisfies the following
conditions:

IF' 9] < Co (1415 wser, (1)

lim inf & > -1, 2)
[sf—>0c0 S
where C, is a positive constant and A, is the first
eigenvalue of —A on H,. The number (N + 2)/(N -
2) — 1 is called the critical exponent. f is not compact
in this case, and this is one of the essential difficulties
in studying the asymptotic regularity.

(ii) Assumption on the parameters € € [0, 1] and w > 0.
From the work in [18, 19], we know that a very large
damping has the effect of freezing the system, if the
damping acts only on the velocity u,, and this prevents
the squeezing of the component u. Therefore, the
most dissipative situation occurs in between, that is,
for a certain damping ¢, , which depends on the other
coefficient of the equation. Therefore, in our frame, we
choose w > 1 such that 1/w < €as ¢ € [0,1] in order
to obtain the uniformly (with respect to ¢ € [0,1])
asymptotic regularity about the solutions of (E,).

(iii) A = —A with domain D(A) = H?n Hé, and consider
the family of Hilbert space D(A¥?), s € R with the
standard inner products and norms, respectively,

Cpany = (AT A ey = A7) @)

In particular, (-,-)and | - | mean the L*(Q) inner
product and norm, respectively.

(iv) Z° = D(A™/?), s € [0, 1] with the usual norm
2
lulz: = "A(m)/zu" ) (4)

In particular, we denote # = # 0 = HS(Q) and
Il =1 Nl
(v) For each u € &, we define | - "%2 (e,s € [0,1]) as

A 1 e APy ©

lully: = |
and define 7 as

7, =y, (7') - (6)
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Then (%3, || - l7,) is a Banach Space for every &, s €
[0,1].

The global well-posedness of solutions and its asymp-
totic behavior for (E, ) have been studied extensively under
assumptions (1)-(2) by many authors in [9-14] and references
therein in fact note that (%gﬁ, Il - ||%20) = (%, | - |4) for each

fixed &,.
The main results of this paper are the following asymp-
totic regularity.

Theorem 1. Under assumptions (1), (2), and w > 1, there exist
a positive constant v, a bounded (in H) subsetB ¢ I, and a
continuous increasing function Q(-) : [0,00) — [0, 00) such
that, for any bounded (in F) subset By C

disty (S, (t) By, B) < Q(IBll) e

vVt >0,

Ve € [0,1],

where B, v, and Q(-) are all independent of &, and {S,(t)} 5, is
the semigroup generated by (E,) in 9°.

This result says that asymptotically, for each (E,), the
solutions are exponentially approaching a more regular fixed
subset B uniformly (with respect to € [0,1]) for w > 1.
Moreover, it implies the following results.

(1) For each ¢ € [0, 1], {S, (1)} has a global attractor &,
in %, and

U . c dyp (B). ®)

e€[0,1]

(2) Based on Theorem1, applying the abstract result
devised in [23, 24], for each € € [0, 1] we can prove the
existence of a finite dimensional exponential attractor
&, in . Moreover, our attraction is uniform (with
respect to ¢ € [0,1]) under the #Z-norm (not only
with the % g—norm); see Lemma 19.

(3) Since the global attractor &/, c &,, it also implies
that the fractal dimension of the global attractor &/, is
finite. Moreover, in line with Theorem 1, we prove the
upper semicontinuity of &/, at ¢ = 0; see Lemma 20.

For the proof of Theorem 1, the main difficulty comes
from the critical nonlinearity and the uniformness with
respect to € € [0, 1].

Hereafter, we will also use the following notation: denote
by 7 the space of continuous increasing functions |
[0,00) — [0,00) and by 9 the space of continuous
decreasing functions f3 : [0,00) — [0, 00) such that 3(co) <
1. Moreover, C, C;, and ¢ are the generic constants, and Q(-),
Q,(+) € 7 are generic functions, which are all independent of
&; otherwise we will point out clearly.

3. Preliminaries

In this section, we recall some results used in the main part
of the paper.

The first result comes from [17], which will be used to
prove the asymptotic regularity for the case g(x) € L*(Q).
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Lemma 2 (see [17]). Let X and V be two Banach spaces and
{T(t)},50 @ C°-semigroup on X with a bounded absorbing set

B C X. For every x € B, assume that there exist two solution
operators V. (t) on X and U (t) on V satisfying the following
properties.

(i) For any two vectors y € X and z € V satisfying y+z =
X,

THx=V,(T)y+U,(t)z Vt=0. 9)
(ii) There exists & € D such that

sup|V (1) ylx <« ®) |ylx Vy €B. 10)

X€B
(iil) There are B € D and ] € ¥ such that

supU, () 2], < B®) lzly +7 (1), VzeVo

x€B

Then, there exist positive constants p, K, and 9 such that
dist(T () B, By (p)) < Ke™, Vvt >0, (12)

where By, (p) = {z € V: ||lz|y < p}.

Next, we recall a criterion for the upper semicontinuity of
attractors.

Lemma 3 (see [25, 26]). Let {T)(t)};so be a family of semi-
groups defined on the Banach space X, and for each A € A, let
{T\(t)};50 have a global attractor o . Assume further that A,
is a nonisolated point of A and that there exist s > 0, t, > 0,
and a compact set K C X such that

U .Qi/\ C K,
ret 3 (Agss) (13)

if A, — Ay and x, — x, (x, € Aasn+0),
(14)

then Ty (ty) x, — Ty, (to) Xo-

Then the global attractors of y are upper semicontinuous on A
at A = Ay; that is,

li . ’ -
1mA dlStX(ﬂA 527,\0) 0 (15)

AL — A,

Lemma 4 (see [27]). Let O be an absolutely continuous pos-
itive function on R*, which satisfies for some € > 0 the dif-
ferential inequality

%cp () + 26D () < hy () D (£) + Iy (£), (16)

for almost every t € R*, where h, and h,, are functions on R*
such that

[l =m o). vezrzo @)

3
for somem, > 0 and u € [0, 1], and
t+1
stVmesw, (18)
t>0 Jt
for some m, > 0. Then
D) <p®0)e ™ +p, VteRT, (19)
for some p; = p;(my,u) > 1 and
€
, = B (20)
1-¢e*

For the proof, we refer the reader to [27, Lemma 2.2].
A standard Gronwall-type lemma will also be needed.

Lemma 5. Let Y be an absolutely continuous positive function
on R", which satisfies for some ¥ > 0 the differential inequality

%\I’ (t) + €D (t) < ke "W (t) + ] (t) (21)

for some €,x,1 > 0 and some ] € 7. Then,

V() < e W (0) + e e T (1) (22)

4. Uniformly Decaying Estimates in 7

In this section, we always assume that (1), (2), and w > 1
such that 1/w < eas e € [0, 1] hold and g(x) only belongs
to H 1(Q), so all results in this section certainly hold for the
case g(x) € L*(Q).

The main purpose of this section is to deduce some
dissipative estimates about the semigroups {S.(f)},5o (e €
[0,1]) associated with (E,) in #. Here, using the method
in [19, 20, 22] for a strongly damped wave equation and a
semilinear second order evolution equation, we will show that
the radius of the absorbing set of {S,(t)},., associated with
(E,) in # can be chosen to be independent of ¢ € [0, 1].

Lemma 6. There exists a positive constant M, which depends
only on w, ||gll -1, and coefficients of (1)-(2), satisfying that for
any € € [0, 1] and any bounded (in %g) subset B € %S, there
isatg = t(IIBII%g) > 0 (which depends only on the bound of
IIBII%S) such that

IS: ®)ull,, <M, Vt>tg Vueb, (23)
where both t and M are independent of € € [0, 1].
Proof. Throughout the proof, the generic constants C, C; (j =
1,2,...) are independent of ¢. For clarity, we separate the

proof into three claims.

Claim 1. There exists an M, which depends on w, [Q], [|gll ;-1
(but independent of B and ¢) such that

Vee[0,1], ||S.(t)Bloo <M, ast>Ty  (24)

where T = T1(||B||7/g) depends on ”B”z’f but not on &.



Multiplying (E, ) by u, we have

% (lul® + el Vull®) + 20]Vul® + 2 (f (), u) = 2{(g,u).
(25)

By virtue of (2), we conclude that there exists 0 < A < A,
C, > 0 such that

2(f (u) ) = zj FWudscs 22 ul’ -2C,.  (26)
Q
At the same time, by the Holder inequality, we get

1
2(g,u) < 5||g||§rl + | Vul. (27)

Substituting (26) and (27) into (25) and noticing 1/w < €
as w > 1, we obtain

d
7 (ll’ + el vual®)

+ & (lull® + el Vull®) (28)

< (Il + elval?) + C (1 + | glms)

where { = max{2A — g, &} and ¢, is a small positive constant
such that A > g,/2.

And then applying Lemma4 to above inequality, it
follows that

lull® + e Vul®
2 2 (e0/2)t (29)
< oy [l O + elVu Q)] e /" + p,,

where py = p(0), p, = PICIIglli,-lesn/z/(l — e"®/2)y,
Then, Claim 1 follows from (29) immediately.

Claim 2. There exists an M, which depends on w, ||, and
llgll -+ (but is independent of B and ¢) such that

Ve € [0,1], JOO [Vu(s)ll ds < M,, (30)

Tl B

where T is given in Claim 1.
Noting (25) and taking A = (1/2)A, in (26), it yields

d
= (el + elVul®) + (@ = ) IVul’ < C (1 + | gl;) -
(31)

Then, for any t > T, integrating (31) over [T}, t] and
using Claim 1, we can complete this claim immediately.

Claim 3. Multiplying (E,) by u,, we find

d , 2 2
(w2 [ Fade-2 (gu) .

2 2 2¢ 2
+ allut" + ;"V”t" =0
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furthermore,

d , 2 2
E("V”" +;LF(u)dx—;(g,u>>S0. (33)

Then, from assumptions (1)-(2), Claim 1, and using
Holder inequality, there holds

2 2

Vul? —JF dx - = {g,
[ ull+w 5 (u)dx w(e]u)
>

C _
IVl = 2 (1 1PN o gl ) G

>

N = N

C _
IVu)? - o (1+MYN2 4 gl )

[Vul® + 2 J F(u)dx - 2 (gu)
w Jo w
. (35)
<2 Vul” + =5 (14 M+ g

On the other hand, from Claim 2 we know that for each
u, € Bthereisatimet, € [T}, T,z + 1] such that

[Vu (2o)| < M, (36)

where t, depends on u,.
When t > T} + 1, for each 1, € B, integrating (33) over
[ty t] and applying (34)-(36), we obtain that

2(C, +C,)

IVul < 4My + == =2 (1 MY g ).

(37)

Now, taking M = 4M, + (2(C, +C,)/w?) (1 + MN/(N-2)
lgl?-) (is independent of & € [0, 1]), we can complete our
proof. 0

Remark 7. Observing that above process of proof, we can also
deduce that, for any € € [0, 1] and any B ¢ %7,

IS. ) Bl < Q(@, Bl ), VE20, (38)

where Q(:) € 7 is independent of B and ¢.
Moreover, if B is bounded in 7, then we can obtain

ec(0.1], [S. (Bl < Copm,» VEZO  (39)

for some constant C, g, which depends on w, ||Bl .
Indeed, from the fact that there is a constant ¢; such that
Il - "%’2 < qll - llg for any € € [0, 1], (39) can be obtained just
by repeating the proof of Lemma 6 and taking t, = 0 in (35)
since B is bounded in 7.

On the other hand, from the proof of Claim 3 as follows,
we can get further estimates about u,

(o)
Ve € [0,1], J (||ut||2 + 8”V’/‘t”2) <M,
T g+l (40)

Vt >0, u, € B.
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Lemma 8. There exists a positive constant M such that for
any ¢ € [0, 1] and any bounded (in %’8) subset B € %g,

t
lu, O + €| Vs> + @ j Vi, (9 ds < M,
Tip+2 (41)

Vt>Tg+2,

where u(t) = S,(t)uy, u, € B, T\ is the time given in Claim 1,
and M; only depends on w but is independent of B and «.

Proof. By differentiation of (E, ), we can obtain the following
equation:

Uy, — €Aty — wAu, + ' (u)u, = 0. (42)
Multiplying (42) by u,, we have
Dl + el l?) + 2007 = -2 (" o).
(43)
When ¢ > T, + 1, using Lemma 6, there holds
|2 (f' @ upu )| < C(1+ Ve "N 2) [ Var || | Vess|
< (L9l [+ ]

)
< Crow (||ut||2 + £||Vut||2) + w||Vut||2.
(44)

So, we obtain
d 2 2 2
- (Ll + e Vau]") + ][ Vs | )
< Cyme ("%"2 + 8"V”t"2) :
Therefore, ast > T + 2, for u, € B, integrating (45) over

[T, + 2,t] and substituting (40), we can complete our proof
at once. O

For later applications, we present some Holder continuity
of {S,(t)}50 in 7.

Lemma 9. For any bounded (%2) subset B C 7/2, there exists
a constant C, ) , which depends only on w and ||B|| g such

that

Cotpt_ot
IS: (®) uy = S (1) ”2“7/2 <e ™ fu, ~ ”2”%3’ (46)
Vit > 0,u; € B;
1
Copl ot 5
IS, () uy = S, (1) uz“yzg <e M u, - u2||§,g, (47)

Vt > T,z +2,u; €B.

Proof. Let u' and u” be the solutions of (E,) corresponding
to the initial data u, and u,. Then the difference % = u' — u*
satisfies

U, —eAt —whu + f (u') - f(1¥) =0,  (48)

with initial data %(0) = u; — u,.
For (46), multiplying (48) by u, we have

d ;. _ _ _
—; (Il + el val®) + 2w va)®

=2 {f (W) - £ (). )
<C j (1 sl [1 |u2|‘*"N*”) 7] ] dx

4/(N-2)

4/(N-2) 2 _ _
+u LZN/(,H)) 2l oo [l povicn

cc(+ ]
< Cpeellall® + 20l
(49)

where we used (38). Then, when applying Gronwall lemma,
we can obtain (46).

For (47), when t > T,z + 2, multiplying (48) by u and
combining with Lemma 8, we have

wl|Val®
= —(w,u) + e (A, 1) - (f (u') - £ (u').5)
< /M, (Il + Ve [Val) + eCp I Val + guvauz.
(50)
Hence, by (47) we complete the proof. O

Hereafter, we denote the uniformly (with respect to € €
[0, 1]) bounded absorbing set obtained in Lemma 6 as By, that

is,
By ={u e : |ul}y < M}, (51)
and denote the time by A such that Lemmas 6 and 8 hold

for By; that is,

t
ISe @) Bo|l% + 1 @) + €] Vat, 0 + @ L . Ve, (s)| ds

1B

<M=M+M,,
(52)

holds for any € € [0,1] and all £ > A . Moreover, similar to
Remark 7, noting now that B is bounded in 7, we have

Vee[0,1], ||S: () Bof <Cpp VE20.  (53)

5. Proof of the Main Results

Throughout this section, we always assume that (1), (2), and
w > 1 hold for g(x) € L2(Q).



5.1. Decomposition of the Equation. For the nonlinear func-
tion f satisfying (1)-(2), from [12, 17, 19, 22] for our situation
we know that f allows the following decomposition f =
fo + f1» where f,, f; € €' (R) and satisfy

|fo @)] < Clu™P/ N2 vy e R, (54)
fou=0, VueR, (55)
N+2
|fi )| <C(1+ul") with some y < N+ > Vu € R,
(56)
lim infM > -, (57)

u| 00 U
Now, decomposing the solution S, (#)u, = u into the sum
Se (D) uy = D, () uy + K, (t) uy, (58)

for any t > 0 and any u, € #, where D,(t)u, = v(t) and
K, (t)u, = w(t) are the solutions of the following equations:

v, —eAv, —wAv+ fy(v) =0 inQxR",
v(x,0) = uy, (59)
Vlon =0,
w, - eAw, —wAw + f (u) - fy(v) = g(x) in QxR",
w(x,0) =0,
Wlo = 0.
(60)

Applying the general results in [9, 12, 14], we know that
both (59) and (60) are global well-posed in 7, and {D,(t)},5,
also forms a semigroup.

Moreover, as in Section 4, we can deduce a similar
estimate for {D,(f)},5, in %, and so {K,(t)},5,. There exist
constants C,, (M is given in Lemma 6) and A, such that for
any ¢ € [0, 1] and any u, € B,

1D (0) Byl + v ] + el V[

t 5 o (61)
+wJ- [Vv, (s)|"ds < M, Vt>A,,
2

1Bt

Ve [0,1], |D, (t) By|ls + |IKe () Boll2 < Cass .
Vt > 0.

5.2. The First A Priori Estimate. We begin with the decay
estimates for the solution of (59).

Lemma 10. There exists a constant k > 0 and Q(-) € f such
that

1D, ) Bl < CrzQ(IBoll5) €™

Vt >0 and any € € [0,1],

(63)

where both k and Q(-) are independent of € € [0, 1].
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Proof. Multiplying (59) by v, we have

% (V1> + el VvI?) + 20l VVI* + 2 (fy (v) , vy = 0. (64)

By means of (55), it follows that (d/dt) (|v|* + &|Vv]?) < 0.
Therefore, there exists k; > 0 such that

lv I + el Vv I < v (017 + el Vv (0]

<Q ("BOH%’) e,

forallt > 0 and any € € [0, 1].
As a result, we multiply (59) by v and obtain

w||Vv|? < [Vl vl + & [ Vv IVVIl = (fo (v) 5 v) (66)
Then integrating with (55), (61), (62), and (65), we conclude

w||Vy|* < \/ﬁ(uvu +e|Vy|) < \/ﬁQ(”BO”%)e‘klf.
(67)

Thus, using the following Lemma 11 with (67), allows us to
complete our proof by taking k = k,/2 and some increasing
function Q(-). O]

Lemma 11. Let {S(t)},5, be a continuous semigroup on the
Banach space X, satisfying

IS®) Blx < Q, (IBllx)e™, Vt=>t,
(68)
IS (1) B: t > 0}llx < Q, (IBllx)-
Then
IS(t) Blx < Qs (IBlx)e™, vt=>o. (69)

Its proof is obvious and we omit it here.
The next estimate is about the solution of (60).

Lemma 12. For every (given) T > 0 and any ¢ € [0,1],
there is a positive constant ] which only depends on T,w,
lgll, and \lugllg such that the solutions of (60) satisfy

IK. ) Boll3e <, (70)

where both ] are independent of ¢ € [0, 1], and 0 = min{1/4,
(N+2-(N-2)y)/2}

Proof. Multiplying (60) by A°w(t) and integrating over ),
Then the proof is completely similar to that in [12,
Lemma 3.4], so, we omit it. O

Based on Lemmas 10 and 12, following the idea in Zelik
[21], we can now decompose u(t) as follows.

Lemma 13. Let u(t) be the solution of (E,) corresponding to
the initial data u, € B,. Then, for anyn > 0, we can decompose
u(t) = S,(H)u, as

u®)=vi()+w, (t), Vt=0, (71)
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where v, (t) and w, (t) satisfy the following estimates:

t
J ||Vv1(r)||2d'r <H(t-s)+C,, Vtzs520,
: (72)

||A(”")/2w1 (t)||2 <K, Vt>0,

with the constants C, and K, depending on 1, w, [|Bylls,, and
lgll, but both independent of € € [0, 1].

Proof. The proof is completely similar to that of [12,
Lemma4.6] and [22, Lemma5.4], since the estimates in
Lemmas 10 and 12 hold uniformly with respect to ¢ €
[0, 1]. O

Note that in the above decomposition in Lemma 13, we
can require further that v, (¢) satisfies the following: there is a
constant M; which depends only on w, [yl such that

[vv, @) < Q(IBoll) = My V20,5 € By (73)

5.3. The Second A Priori Estimate. The main purpose of this
subsection is to deduce some uniformly asymptotic (with
respect to ¢ € [0,1] and t) the a priori estimates about the
solution of (E,).

Lemma14. There exists positive constants?, R>0,andQ() €
J such that for each ¢ € [0,1], there is a subset B, C %i
satisfying

and the exponential attraction

— 12
B[,

= sup {Ivul® + el aul®} < R, (74)

u€eB,

distyo (S, () By, B,) < Q, (|Bll;) €™, VE=0, (75)

where all %, R, and Q,(-) are independent of ¢ € [0,1], and
distg (-, -) denotes the Hausdorff semidistance with respect to

the # g—norm.

Proof. It is convenient to separate our proof into three steps.
We emphasize, especially, that all the generic constants in the
proof are independent of € € [0, 1].

Step 1. We first claim that (recall 0 = min{1/4, (N +2 — (N -
2)y)/2}): vy, R, > 0and Q,(-) € 7 such that for each € €
[0, 1], there is a subset B, , ¢ #7 satisfying

.

e = s {laul AT <R,

Uu€B,

and the exponential attraction
distyo (S, () By, B, ) < Q, (|Boflz) e ™', VE20. (77)

We will apply Lemma 2 with X = #? and V = %7 (note
that By ¢ # ¢ %2 foranye € [0, 1]). From (54), we can write

fo(s)=sp(s) with |p(s)| < Cls|™ 2. (78)

Forany x € Byand y € #°, z € #7 satisfying x = y + z,
we decompose the solution of (E,) as S,(t)(x) = Vi(t)y +
U, (t)z, where
Ve®y=v@®), Uz=w(®), (79)
which uniquely solves the following equations, respectively:
7, — eAV, — WAV = hy,
v (%,0) =y, (80)
Vlan =0,
w, — eAw, — wAw = h,,
w(x,0) = z, (81)
Wlao =0,
with h; = —ve(v) and h, = g(x) — f(u) + ve(v), and v(¢) is
the solution of (59) corresponding to the initial data x.

For (80), from (54), (56), (78), and Lemmas 10 and 12, we
can directly calculate that

— 4/(N-2 K _
]| i < CHVIIIVHIY N < C ™ IV
(82)

where k' = (2/(N = 2))k, k is given in Lemma 10.
Multiplying v by (80), we have

d /2 —12 —12 —
= (191 + el Vol1?) + 20 VFI* = 2 (hy, 7)
< 2|y || s [Vl 22
—K't o= 2
< Cizone IV

—2k't _ro—2
< Cprone VYl

+ w|| VY|
(83)

Furthermore, using the similar estimates of Lemma 6, we
get

d g, _ _ _ _
7 (197 + 20 V717) + &y (I + el V1)
(84)

2Kkt (=12 —12
< 2Cx,ne - (IV12 + elVol?),

where ¢ is a small positive constant such that ¢ <
min{Cy; , ve "', 1w} forall £ > 0.

And then applying Lemma 5 to above inequality, there
holds

Ve @yl < € . (89
For (81), since

hy=gx)-fW+f)-f0)+wp()-we ),
(86)



then
[hs] < Jg] + Cluwl (1+ ul ™2 4 |/ N2))
(87)
+Cla| NP 1+ ).
Using Holder inequality we get
[, | 2ssenezaon < 2C1QIF2N | g]

+ ZC"w”LZN/(N—z(Hg))

4/(N-2) 4/(N-2)
(14 ullions + IVIoes)

+ 20 ] -0
+2C (1+ IWIZ9R2)

< Cglllgl +C A% u| (88)
x (14 [Vul 4 vy
+ |2 Al g
+C(1+vy?)

k't || 4 (140)/2—|
< CMw,Ne "A w"

+ Cag g @), VE20,

where we used (53), (62), and Lemmas 10 and 12.
Hence, multiplying A°w by (83), we have

& (bl « )+ af ]
=2 (h,,w)

< 2“]12"L2N/<N+z(14))

AT sz (89)
< 2Cx1ne | AP + 2C5 110 (O
Ao

Furthermore, we have

& (laPaf + jata)

ver (Jaa] + fat " a])

(90)
< 2™ (4] + el

+ Caz g i) )

where ¢, is a small positive constant given in (84).
Then, using Lemma 5 we obtain

MwN/k —sl "Z"%:a +

L 'Cazgi o) © -
(91)
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Therefore, combining (85) and (91), we can verify that all
the conditions of Lemma 2 are satisfied for the cases X = %7,
V = 7, and T(t) = S,(t). Moreover, since there isa ¢, > 0
(independent of ¢) such that ¢, || Byll5 = ||BO||%,2 for any ¢ €
[0,1] and the constants in our estimates are all independent
of & consequently, v, R, and Q,(-) are all independent of
€ € [0, 1], and then we can deduce our claim.

Step 2. We claim that there exists a constant R, > 0 which
depends only on R, such that

Ve e [0,1], <R,, Vt>0. (92)

Multiplying (E,) by A°u(t), we only need to note the
following:

Aa/zu +ela 1+o)/2u +w A(1+o)/2
T R MUY SR MY
= (g, A%u) - (f (u),A%u).
First, since o < 1, we have 0 < (1 + ¢)/2 and then
(g, A7u®))] < |9 | A”4]
< gl A""u] (94)
2 @y, a+v0)2 |2
<do|g|” + E"A e
<f () ,A0u> < CJ (1 + |u|(N+2)/(N—2)) |Aau| dx
Q
< 40l0P + L a0 (95)
16
cj N | | A% dx,
Q
while
J- [ul YN |y |A%u| dx
Q
< L (Il s oy [N A% v,
J- |v1|4/(N_2) |ul |A%u| dx (96)
Q

< v a0

3 %“A(“")/Zu”z +CM, ||Vv1 " ||A(1+a)/2u||2’

where we used (73).
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Moreover, since 0 < 1/4, we have 2 < 2N(N -2)/(N(N —
4-20)+4(1+30)) <2N/(N -2 - 20) and then

J |w1|4/(N_2) u| |A%u| dx
Q
4/(N-2
< C"le ||Léfv/w,z,20) ”u"LZN(Nfz)/(N(N74720)+4(1+3¢7)) 147wl
||4/(N—2)

< C|A" O w,

X "u”LZN(N—Z)/(N(N—4—25)+4(1+30))

'A(Ho)/zu"

4/(N-2
< CK”/( )"u”L2N(N—2)/(N(N—4—2u)+4(l+30))

% ||A(1+a)/2u|| (9‘7)

< CK?,/(N_Z) <CM + 32CK(Z/(N—2) ”A(Ha)/zu“)
n

Ao

< APl ok

< Cuk O 5 A,

where K, is given in Lemma 13.

Hence, substituting the above estimates into (93), apply-
ing the Poincaré inequality we have

& (Jaoul + fateorul)
+ (C _ CM4||VV1 "2) (”Aa/zu”Z + 8||A(1+U)/2u“2)

< 8w||g||2 +Cy (1 + Kfl/(N_Z)) .
(98)

Then using the Gronwall inequality and integrating over
[0,¢] (from Lemma 12), we obtain

Al et

< o o C-CM I s

x (a7 ) +efa™u @)
+CM(1 +K2/(N_2)) (99)

t s
X J e .[: (C_CMA]“v"](J’)"z)d;V ds
0

t s
+oe L lgle” IR DL

Taking # (in Lemma 13) small enough such that # <
C/2CM,, we have

t s
J o L CCm v 5Py g
0

"0 [ M Ivn )P
_ J e els 4lIlVVi(y. Y ds
0

. (100)
< J (Cls0) CM(t=9+CM,C, g
0
t CM,C
< (MG, J Ltz go o 2670
0
o Jo(C-CMIVH©IPds _ ~Ct/2,CM,C, 101
Thus,
cM,C,

t s
[[lpe beesmtraomi ge c 0 yop o

Substituting above (100) and (102) into (99), we get that
forallt >0

Al et

< MO

2C, (1 + K8/WN-2 (103)
+ w( - n )eC‘M5C,1

(MG,

+ m"gnz =R,

Step 3. Based on Step 1 and Step 2, applying the attraction
transitivity lemma given in [28, Theorem 5.1] and noticing
the Holder continuity Lemma 9, we can prove our lemma by
performing a standard bootstrap argument, whose proof is
now simple since Step 1 makes the nonlinear term become
subcritical to some extent. O

5.4. Proof of Theorem 1. Lemma 14 has shown some asymp-
totic regularities; however, the radius of | B, || 4+ depends on &

and the distances only under the %?-norm.
To prove Theorem 1, we first give two lemmas as prelimi-
nary.

Lemma 15. There exsits a constant R, > 0 such that for any
bounded (in %é) subset B C %g, there exsits T, = T1(||B||%i)
such that

Vee[0,1], ||S.(t)B|oi <R, VE=T,. (104)
Proof. Multiplying (E,) by —Au, we find
& (1va? + elva?) + 201 vul?
==2(f (u),-Au) +2{g,—Au), (105)

2(g,-Au) < C,|g| + gnwuz.
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Noting u € #} ¢ ?, from Lemma 6, yields
|2 (f ), -Au)]|

<2 |f )] 19ul 9l dx

(106)
< C(1+ IVul™) laull 1Al

2 W 2
< CpelVul™ + EIIWII ,
hence, we obtain

d
- (1Vul’ + el Vul’) + & (19l + el Vudl®)
(107)

< 2Cy (IVulP +elVul’) + C, gl

where &, is a small, positive constant.
Similarly, with using Lemma 4 we finally complete the
proof. O

Lemma 16. There exists a constant R, > 0 such that for any
bounded (in %i) subset B C %i, there is a T, = T,(||Bllg1)
such that

Vee[0,1], [S.)B|5: <R, VE=T, (108)

Proof. From Lemma 15, we only need to estimate that the
bound of [|Aul? is independent of ¢ € [0, 1].
Applying Lemma 15 again, we have

d
- (IVul> + el Vul*) + (20 - 2CCy — 1) IVull® < C, | 9]
(109)

Taking w = max{1, 2CC,,} which may provide that 1/w <
eand 2w — 2CC,, — 1 > 0, integrating (109) on [¢,t + 1], and
from Lemma 15, when t > T we yield

w,Ry

e (110)
2w —2CC,; — 1

t+1
j lAu(z)Pdr <
t

Hence, multiplying (E,) by —Au,, we can complete our
proof by applying the uniform Gronwall lemma. 0

Now, we are ready to prove Theorem 1.

Proof of Theorem 1. Set
B={ued" :|ull <Ry}, (111)

where the constant R, comes from Lemma 16.

From Lemmas 16 and 14, we know that there is a ¢, such
that Ss(t)Es C B (recall that Es is given in (78)) for all t > ¢,
and any ¢ € [0, 1].

On the other hand, note that 3¢, ¢, > 0 such that

allllgze < Il < cll-llg- (112)
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Then, from Lemma 9, there exists t; which depends only
on ||Byllg and ||§€||%1 (so only on M, R) such that

Ve € [0,1],

] 2

[Se () uy =S, ) uy 5, < e, - u2||;;o,
) (113)

V>t

u €ByCH H, u,eB,cH cH,
Ve e [0,1], S.(t)By Cc By, Vt=>t,. (114)

Therefore, from Lemma 14, we have
distg (S, (t +1t,+1t,) By, B)
< disty (S, (t +1y+1,) By, S, (ty + £,) B,)

(115)

N

. 1/2 Y
< Corfisose, distyy” (S, (t) By, B,)

< Cpreyet, VQ (||Bo||?f)e_(w2)t'

Hence, noting that t,t,, and R are all fixed, we can
complete the proof by taking v = 7/2 and applying
Lemma 11. O

AN

6. Applications of Theorem 1

As for the applications of Theorem1, in this subsection,
we consider the existence of finite dimensional exponential
attractors and the upper semicontinuity of global attractors
for problem (E,) under assumptions (1), (2), and w > 1.

6.1. A Priori Estimates. For the subset B defined in (113), and
from Lemmas 6 and 8 we know that there is a t such that

Ve € [0,1], Hut"2 + s||Vut||2 <M;, Vt>tg, u,€B,
(116)

where u(t) = S, (t)u,.
Now, for each ¢ € [0, 1], define 1§s as follows:

B.= | s.0B, a17)

t>tp+T,
where T, is the time given in Lemma 16 corresponding to B.
Then, for each ¢ € [0,1] we have B, as a positive invariant
under S,(¢) (i.e., Ss(t)gs = Es, for allt > 0) (from Lemma 16)

<2
vee[0,1], |B],. <R (118)
Moreover, we have the following results.

Lemma 17. Under assumptions (1), (2), and w > 1, there
exists a constant I > 0 such that for every € € [0,1], the
semigroup S,(t) satisfies the following properties: S,(I") admits
a decomposition of the form

S (7)=L,+N, L,:B,— % B, — &’

(119)
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where L, and N, satisfy the estimates
1 ~
e < 1~ Uplgpos 1> Uy € D,
||L U, —L8u2||%g Z||u -u || 0 Yu,,u, € B

[Neu, - Nsu2||7f§ < CRzg"u1 - u2||%,g, Yu,,u, € B,

(120)
where the constants Cy g are independent of € and
1, N =3,4,5,6,
0= 4 121
—, N>6. 1)
N-2

Proof. For any two initial data u; € B, with solution S,(t)u; =
u' (i = 1,2), we decompose the difference S, (t)u; — S, (t)u, as
follows:

Se(t)u; =S, (O uy =L, (t) (uy —uy) + N, () (1 — 1),
(122)
where L, (t)(u, — u,) = V solves
7, - eAV, —wAT=0 inQxR",
V(x,0) = u; —u,, (123)

Vlaa =0,
@, - eAw, - wAD + f (u') - f (1) =0 inQxR",
w(x,0) =0,

Wlog = 0.
(124)

Next, for clarity, we decompose the remainder proof into
two steps.

Step 1. For %(t), multiplying (123) by %(¢), we have
d g, _ _ _ _
7 (177 + 20V71°) + 20" (171 + €l V31°)
t (125)
< 20), (91 + £l Vi)*),

where p, is a small positive constant such that y; < wA;.
Using Lemma 4 we can deduce that

ILetty = Lyl 50 = 1950 < Q(||B.

o)l - ”2“;/337#1{

(126)
Hence, by taking T' > 0 large enough, we get
(t+T) (t+T)u2“%0
) (127)
< Z—}"u1 — 0, VE20.

Step 2. For w(t), multiplying (124) by A% (t) (where O is given
in (121)), we obtain

0/2 — 0)/2 —| (1+6)/2 —|
1 I e DR e

=-(f(u')- f(«*).A°D).

1

Case 1 (N = 3,4). Then by using the embedding D(A) —
LP(Q) for any p > 1, we have

= (F () - (e

O (1 [ + )

). AD)]

X "V (u; - ”2)" | Aw||
/( /(N-2)
R i N
X |V (u; = u,)| I AD]

< C, |V (u, - )| 1A
< C e, — Pt
< Cryuo ™y ] + 5 NATI,

where we have used (118) and (46).

Case 2 (N = 5,6). Since 4N/(N — 2) < 2N/(N - 4) and
embedding D(A) — LN/WN-4()), we also have

- (F ) - f (e

). AD)]

s + [l )
x |V (; - uy)| 1A
<0 (1o 2 + e )
x|V (uy - w,)|| AT Y
<c(1e [0+ 1)

X ||V (u; - u,)|| AT

w —
< Cryo€ ™ty = 3|0 + E||Aw||2.
Case 3 (N > 6). Noticing that embedding D(A) —
LPNN-9(0)) and (4 — 20)/2N + (N — 2)/2N + (N - (1 -
20))/2N = 1, we have

|- (£ (') - £ (), 4°)]
< € ity = 1,0 + §||A<1+9>/2w||2, e
therefore, for any N > 3, we have
& (laaf +faraf’)
+ w" A(“")/zw"z (132)

< 2C)R2,u)ec‘*2t||1,t1 - u2||;f0, vVt > 0.
€
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Hence, taking

T=T, L,=L. (), N, =N, (9), (133)
then, from (127) and (132), we can see that 7, L,, and N,
satisfy Lemma 17. O

Lemma 18. Under assumptions (1), (2), and w > 1, for an
arbitrary fixed time T > 0 and any € € [0, 1], the semigroup
S.(t) is Lipchitz continuous on [0, T] ><B in thefollowmgsense

there exists a positive constant CTR such that for any u; € B,,
t,€[0,T),i=1,2

IS, (), =S, (£2) sl 50 < Cre, (1t = ta] + flr = 1120 ).
(134)
Proof. For u;,u, € B, and t},t, € [0, T] we have
IS (£1) 112 = S (£2) 2] 50
< |18 (81) g = S (£2) s 0 (135)

+ ”Ss (tz) U — Ss (tZ) ul"%g'

The second term of above inequality is handled by
estimate (46). Concerning the first one

"Ss (t)u, =S, (tz) Uy "%’g

b4
LS.ty d

L g (D ds o (136)
s 0w,

t
<\
o az

Then from (116) and (117) we can deduce

ds|.

e

ISe (21) w1 = S (82) w700 < M5 [t1 = 5] (137)
So, the proof is completed immediately. O

6.2. Exponential Attractors. We are now ready to prove the
following result about the existence of exponential attractors.

Lemma 19. Under assumptions (1), (2), and w > 1, for every
e € [0, 1], there exists a compact subset & ¢ ", uniformly
bounded in 9", which satisfies the following conditions:

(i) &, is semi-invariant with respect to the semigroup
{Se(t)} 150> that is,

Sst)&. &, Vt=0; (138)
(ii) the fractal dimension of &, is finite, that is,
dimg(&,, ) < A, <00, Veel0,1]; (139)

(iii) for each e € [0,1], &, enjoys a uniform exponential
attraction property of the following form: for any
bounded (in ) subset B C #,

dist, (S, (1) B, &,) < Q, (IBllg) e, (140)

vt > 0.
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Here, A, and Q,(-) may depend on &, but ' is indepen-
dent of e.

Proof. For each ¢ € [0,1], we know that B, is invariant
and compact in 7. Hence, applying the abstract results
established in [23, 24], from Lemmas 17 and 18 we can first
construct an exponential attractor on B, with respect to the
2°-norm. Then, we can complete the proof by using the
attraction transitivity lemma given in [28, Theorem 5.1] from
Lemma 14 and the Holder continuity (47). O

6.3. Upper Semicontinuity of Global Attractors. Since of, C
&, (ii) of Lemma 19 implies that the fractal dimension of
the global attractor ¢/, is finite too. Moreover, we have the
following upper semicontinuity result of &/, at e = 0.

Lemma 20. Under assumptions (1), (2), and w > 1, the global
attractors {4 .} .c(o,1) are upper semicontinuous at & = 0.

disty (o, o)) — 0 ase—0". (141)

Proof. Since the global attractor &, is strictly invariant, that
is, Se(t)dl, = dl for all t > 0, it is obvious to see that

U 9, ¢ B and compact in 7.

(142)
e€[0,1]

Therefore, to apply Lemma 3, we can take K = cly (B)
and we only need to verify condition (14). Let ¢ € [0,1] and
= S.(t)u, with u, € o, alsoletv = S,(t)u, with u, €
B. Denote w(t) = #(t) — ¥(¢). Then @ solves the following
equation:

—wAw + f (@) - f (V) = eAdy,
w(x> 0) = U — Uy, (143)
w|aQ = 0
Multiplying (143) by w,, we have
%di (@IVBI +2 (AT, D)) + |, ",
= (f@m-f(.m,),
|- (f@ - f@.,)
<C(1+1aly™™ + I 2) Ival @] 45

_ 1, -
< Cyy,,, IVD]” + 5||wr||2’

where we used Lemma 19 and (118) and noticed the process
of Step 2 of Lemma 17 for N.
On the other hand, for (145), using Poincaré inequality,

we have
(- 1) Vol - &|val?

< w|VD|* + 2 (AT, D) (146)

1
<w + —> ||Vw|| + & ||Vu||
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So, we obtain

d _ JTR
- (0IVDI® + 2 (A, @) ) + ||@, |

<2Cp, Iv|® (147)
2 o
< 2Cp,, (@IVDI® +2 (eAs, @)).

Noticing B ¢ %' ¢ %l C %2, using (24), Lemma 15,
and Gronwall inequality, yields

_ 1 1 2
Ival® < mZCuBnW ((“’ + A_1> e = o5 + 5R1>

+eM,, Vt=Tz+T,.

(148)

Hence, we know that there exists t; = £,(|Bllg1) > T, +
T, such that

[va (s + DI

1 1
< oo (00 1) e woll + ek,

M,
+ &,
w-1
(149)
which implies
ife, — 07, and o, > u, — ug,
(150)

then S, (t; + 1) u, — Sy (t; + 1) .

Therefore, from (142) and (150), we can directly apply
Lemma 3 to complete the proof. O
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