Supplementary material

Cascade Theory. This theory starts with the “root” or

zeroth generation of the molecular tree, with a PGF

Fo () =(1—o+ab)f

Where 6 is the dummy variable in the PGF. The first and

later generations must have functional groups reduced by 1,

their PGF are

F, @)=(1—-o+a0 )&t

In a graphical illustration, the connected generations are

represented as layers around one connected chain. The

weight distribution of an x-mer has a PGF given by

W (@) =0F (uy ) = (1 — ) u (8) + au’ (0)



Where ux is called the transformer PGF up to the kth

generations:

ug () = 0F; (...(0F; (BF;(0))) ...) (S1)

So that there are k pairs of parentheses. That also means
ux (0) is the k-fold compounding PGF. All of the above

F(0), uy (0) and W () are PGF. As such, for the PGF F; (0), it

has the following propeties: (i) Normalization condition:
F; (1) = 1; and (ii) the average or the mean: F;’ (1) =
(f-1) o =p..
Similarily, Fo’ (1) = f o and W (1) = <x,> which can be shown
to be
<x> =1+ £Fa(l+B+B*+ ....+PB%) (52)
which is also eqg. (2) in the text.

Proof of eqg. (2).

(a) The simplest case is k = 1 in eqg. (S1)



By the method of mathematical induction, assuming

U’ (1) = 1 + B+P*+.... + Bt

is wvalid,

then

=1 + B+B+.... + B"

which leads to eqg. (2) on substituting into the
expression for W’ (1). The above derivation and proof

are new.





